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ABSTRACT

We present an analysis of 45000 T p interactions in the Alvarez
72-inch hydrogen bubble chamber resulting in two charged particles.

' The reactions T p nnim™ and mp - pn®m  and elastic scattering have
been studied at 2.05, 2.17, 2.36, 2.60, 2.86, and 3.22 GeV/ec. -

‘ We flnd that the three-body interactions are dominated by pro-
duction of the p meson. Nucleon resonances, although present, are
not important. The f® is seen at the three higher enefgieé;

" We have used the OPE model, modified by. absorption, to calcu-
late and fit the production and decay angular distributions of the p and
to estimate the s-wave contribution to 7T scattering. On the basis of
the model and the observed (F-B)/(F+B) asymmetry in the wha” state,
good agreement with the experimental data in fhe p region is found, if
6% is allowed to increase slowly through m/2. We do not require a
resonant isoscalar s-wave amplitude. »

We have fitted.t.he diffraction peak in T p ‘elastic scattering to
an exponentlal form and find that between 2.0 and 2.5 GeV/c the expo-
nential slope varies. This behavior is linked to the presence of reso-
nances in the s channel. The fast decrease of the secondary peak is
linked to the exchange of the P' Regge trajectory in the t channel.
Evidence is shown for production of the AZ— inT™ p > T p + missing .

mass.



I. INTRODUCTION

The object of this wofk was envisaged as a systemetic investiga—
tion of the bulk of ‘the 'ﬁ'*p interactions between 2. 0 and 3. OVGeV/c——
those resulting in two charged partlcles in the final state. Our attention
was concentrated on the elastic processes (12 000 events) wh1ch con-
stitute 1/4 of the Tf;p cross section, and the three-body sfca’.tes (14 000
events). _
Te derive elastic and total cross sectidns, it is essential to
~correct any bias againsf forward elastic scatterings. Since we are in
the "intermediate'' energy range, ‘hi‘gh enough for several partial waves
to be important, but not high enough for us to approximate them by some
‘asymptotic form, we are limited in our objectives. We confine our
attention to the diffraction and ‘seconda.ry peaks in the ‘different.:i'a:l Cross
sections and relate them to t-channel (exchange of Regge trajectories)
and s-channel (nucleon resonance) effecte. ' | o

’ ‘For. thye three-body reactions, we are led to the absorptive mod-
1f1cat10n of the one-pion exchange model. We devote much discussion
" to thls top1c and show that it gives good agreement for the productlon
and decay of the quasi-two-body state ™ p - N 0" We also attempt to
use the absorptlon model to learn more about TrTr scattermg, and in
particular the nature of the isoscalar s-wave phase shl_ft, 68 . We find
that it passes through 90° near the p, but too slowly for it to be resonant.

Evidence of‘thle' £0 and fhe AZ_ is seen in n'TT+1T'_ and TT—'p, miss-
~ing mass respectively, but other resonant states, such as nucleon isobars,

are unimportant. No other enhancement in the 7T states is observed.
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II. EXPERIMENTAL METHODS

A. Beam

The data in this experimeht were obtained during two separate
extensive exposures of the Alvarez 72-inch hydrogen bubble chamber
to a separated " beam. The first run, 772, with beam energies
1.55 to 2.36 GeV/c, took place at the Bevatron in early 1962 the second,
™63, started in March 1963 and ran for about 18 months and covered
beam energies from 1.85 to 4.2 GeV/¢. Both beams were designed for
the corresponding K~ exper1ments they are not discussed here.

From these extensive exposures, we selected film at beam en-.
ergies 2.05, ‘2.17, and 2.36.GeV/c from w72, and 2.60, 2.86, and 3.22
GeV/c from m63. In Fig. 1, we have ﬁsed the elastic scz.iht'vcering events

to show the distribution of measured beam momenta in the experiment.

B. Scanning

The definition of the topology of interest here is quire stralght—
forward. It is a two-pronged event (event type 22) the signature of an °
interaction resulting in two charged particles. These form about 2/3 of
the T p total cross section at our energies. Since the other interest in
this film was the study of strange perticles, 1,2 the number of beam
tracks per picture was held to 15 to 20. In the 72-inch chamber, on the
a.Verage, this results in a two—prohg event in every picture. Further,
these interactions ha'\‘/_e a visible proten 1/3 of the time and a stopping
proton 1/6 of the time. It‘is also obvious that many pictures will have
several tWo-prongs, an undesirable state of affairs.

' In general, this is an experiment to study millibarn-type phe-
nomena as distinct from microbarn-type phenomena. About a third of
the two-prong cross section is elastic scattering, most of which is
situated in the diffraction peak. The inelastic cross section has peaks
in certain regions of 'phase space, characteristic of resonances of which"
the p meson is the most important. The p, f?, and nucleon isobars all
have observable cross sections on the order of millibarns. In contrast,

the total strange-particle cross section is about 1 mb. Resonances

[



J 0OE" € )
i F
i
- .
T} oosT'E &
: ’ e
L
3 >
4 000 o~ o
O o
>
: sz (D o -
: = @
5 C
0
o
‘ 00272 m o
) > 0
-‘—
B c .ﬂl.a
_MG\HI
, ’ S 0552 e iy
’ 1]
O 5
O St
& d
. +
N 00b°2Z =]
O]
] . m m
5 5
3 £
0sz'z ()
o]
Q
0LT2 0
o
e t
<+~
=
056" 1 [y
-
1 o081t o0
3 @ 3 @ I3 o ] 2 3 a ° ot
w < < ™ m ~ ~N - - F

SJUBAT




4

decaying into strange particles are in the microbarn region. In partic-
ular, resonances observed decaying into KK, such as the ¢, 2 KiKi’ 3
or the S*.4 can be produced in our interaciions, decaying into K+_K'

+TT—. -Howéver, their low-cross sections make it very hard to ob-

or
serve them in two-prongs, or to describe their bran‘ching ratios into all

T final sté.tes, unless the ratios are very large. In the decay to KtK",
the K's do not decéy and they have to be differentiated from T7's by
ionization alone. In the decay to 1T+TT_-, the resonance is liké a micro-
barn pimple on the 77 millibarn cross section.

What are rare among two-prong events, however, and can be found
only in this topology are backwards elastic scatterings. One is tempted
to bias the scanning s6méhow in order to find these interesting events.
Nevertheless, in this expérimevnt we have attempted an unbiased scan to
_amass'data and statistics in a relatively painless and clean manner.

Our discussion of exotica must necessarily be limited. ‘

Witfl our plethora of two-prongs, we can afford to discard events,
pro&ided that it is done in an unbiased way, if this gives us a cleaner
sample and otherwise makes life easier. N '

Consequently, our scanning instruction has these general features.
Only frames were scanned that had | '
| () no more than 20 beam tracks,

(b) ho bunching of beam tracks; and | ,
(c) no extraneous tracks emanating from the window area.

For cross-section purposes, all skipped frames were recorded
as su\ch. For incoming tracks. to be called beam tracks, they had to
come through the window and be within 5° of the other beam tracks. We
accepted interactions only away from the window area, for good meas-
urement of the beam track, and not at the downstream end, to avoid
trouble with turl)'ulenée,’ poor ionization, and short tracks.

A portion of the events, 50% of lthose at 2.05 and 2.17 GeV/c and
all at 2.36 GeV/c, was originally scanned and measured in the T72 ex-
periment. . It was found that the kinematic fitting programs assigned more
than one hypothesis to about 50% of the events, necessitating reexamina-

tion of the film by scanners to resolve ambiguities. Since this consists

;
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of dec1d1ng whether the ionization of the positive track is consistent
with a pion or a proton that has the fitted momentum, the operation is’
a trivial one. We felt, howeéever, that due to the large number or re-
solvable ambiguities, such a reexamination of this particular class of
events was wasteful and time-consuming and that it should have been
possible to include the ionization information in the first scan.

Accoi‘dingly, scanners were instructed to record the interactions
as beam-track 10, 20, 30, etc., the lowest nufnber being assigned to
the interaction at the left on the scanning table. Those events with ob-
- vious profoné were numbered 14, 24, 34, etc.; stopping protoné, were
15, 25 etc. How this information was used is 'de'scribed/ in the section
" on amblguous events.

Most of the stopping protons are from elastlc scattering events.
~Events with low values of momentum transfer to the proton are subject
to scanning bias. The range of the protor; is a few centimeters (see
Fig. 2); the negative particle follows almost the same trajectory as the
incident pion wit1'1 very little devia’fion; in those events with the scatter-
ing plane perpendicular to the scanning table, these effects are so ac-
centuated that events are unobservable. We attempt to correct for this,
as is explained in the section on biaées, but in order that our 'éutoff in
AZ, the momentuin transfer squared, be conservative, scanners were
exhorted to, look out for small-angle scatterings. A method of finding
therr_i was suggested. All '"beamlike' tracks that appear to be diverging
_at the downstream end of the chamber were to be traced back to the main
body of the chamber, where a dark, short, stopping proton track might
be observed. It should be :c"'-ememberedbthat events with very low valués
‘of AZ .may be observed in this way. A proton of 140 MeV/c momentum,
corresponding to-a kinetic energy of 10 MeV, has a range of 1 ¢cm, or
2/3 cmi on the scanning table. Since

A‘Z 2m_T 2X0.938 T 1
p P

= = P =~ T
W pz ' ‘0018><103 1o~ P

where__.Tp 'is measured in MeV; this corresponds to a Az value of 1 HZ
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{by Glenwood Clark and William Diehg)
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In theory, protons with a projected length of 1 mm on the scanning table

are observable.

C. Measurement and Data Reduction

In Fig. 3, we fepre sent on a flow chart the 763 data—handling
systems to be described below.

The transition of the evernts from the bubble chamber film to data
summary and SUMX tapes is initiated by the recording of the Mindicative"
scanning data on IBM cards. Program LYRIC5 (which replaced LINGOé)
converts these cards to tape and oi-iginates a -Master List, and is then
used at various stages to update or correct the Master List, generate
measurement lists as either paper output or magnetic tape, give a |
summary or tally of the events, and check the status of an event in order

to detect human or programming error during any operation involving

data handling.

The w72 events and about 1/3 of the 3.22-GeV/c events wére
measured on the Franckenstein projection microscope. The rest of the
events were measured ‘6n SMP's. 7 The measurement tapes are input to
PANAL, 8 a measurement editor program. At measuring time, about
1% of the events were rejected by the measurers, either for reasons of
scanner error or for event and fiducial uhmea;surability. The PANAL
tapes are input to PACKAGE, 7 where a further 3% of the events are lost

during the PANG track-reconstruction process. These losses are'dueb

to measurement errors, and are revealed when measured points are out

of order 'along a track, measurements in two views do not correspond, _
or measured points are found to lie outside the chamber. In the process-
ing of 2,60-GeV/c data, 1/3 of events were rejected for these three
reaséns. This was due to changes in the optical constants of the chamber,
which were subsequently accounted for by a new consistent set of param-
eters. About 1.5% of the remaining events fail to fit any reaction hy-
pothesis tried by KICK. Exanlinat'i'bn of these events on the scan table
shows thém to have, for the most part, secondary infer_actions- soo\h

after the main interaction. A further 4% of those with a fitted hypothesis

had XZ values greater than the maximum accepted. For well-measured
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events With the correctly assigned hypothesis, we expect only 0.5% to. ,
lie outside these upper xz limits. A good part of these events also have
secondary interactions. Othé'r obvious reasons are steeply dipping
tracks, tracks with small angle and virtually undetectable scatterings,
and elastic scatterings with vefy short stopping protons.‘ This laét
category features prominently among all the failing events, ‘as 'expected,
and is the only one to contribute a bias. In general, no second meas-

urement of the failing events was instituted. At 2.86 GeV/c all failing

events were remeasured, mainly with the aim of trying to' recover some

of the short—fecoil elastic scatterings. It was found, however, thatin
frames with appreciably more than one event there was always the like -
lihood of a good event's being measured again, whilst the failing event
nearby was overlooked. At 3.22 GeV/c, although an unbiased scan was

undertaken, because the initial interest at this momentum was the re-
0.0

action ™ p—> 7 pr’w?, only evénts with obv1ous protons were measured

at first. When the rest of the events were being remeasured on the film,
the failing events from the first sample also were remeasured. Again,
this affected mainly the elastic séatterings. B

' The PACKAGE output tapes were condensed via two further
Alvai‘ez—'system programs WRING and AFREE T, into so-called Results

~Tapes. At this point LYRIC was called on once again to merge these .

tapes with the final Data Summary Tape (DST). Only events agreeing
with the Master List went on th>e DST;" the others had undefgone trivial
but almost ’untrace_é.ble bookkeeping errors and were usually discarded.
In this experimént, since we were dealing with one simple event type
and the measuring was done on SMP's controlled by a LYRIC-generated
measurement tape, this leakage was not important iess than‘ 1%. |

‘The format of a DST and the use of the decision-making and
"physms output" program DST-EXAM are the standard as used in the
Alvarez experiments 763 and K63,. and are described in Ref. 9. Suffice
it to say here that the tape contains measured and fitted information -
according to the various hypotheses found acceptable in PACKAGE, and
that the program acts upon this information according the XZ. calculated

in PACKAGE to yield a best hypothesis, on the basis of which it calculates
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various kinematic quantities--e. g., effective masses of particle pairs,
momentum transfers, and angular correlations, These quantities are
output as condensed summary tapes, whlch are input to SUMX10 a

data- summarlzlng program. We use SUMX to analyze the data in terms

ms and scatter plots. All the data processing described was

carried out on the IBM 7094 and 7044.

D Decision Making and Ambiguous Events

Three fits are attempted by PACKAGE elastic scattering
m p - T p, a four-constraint fit, and the three-body final states ™ “pomw pTr
and T p = T TT+n, where we have one constraint on the momenta of the
outgoing particles. In addition there are the hypotheses in which more
than one undetected neutral particle is produced, Tp T p+ neutrals
and T p - nnt + neutrals. '

Other hypotheses are available, e.g., T p - K+K_n, pK_KO,
K+TT_A. In the 772 experiment these hypotheses lwere tried and it was
found that almost every event could fit at least one of _these strange-particle
states. To separate out those events that are genuine is a hard matter,
and is best attempted after most of the events have been fitted to the non-
strange hypotheses A good place to seek them is in the missing-mass
hypotheses.

The hypotheses that we do consider divide naturally into two -
classes: those with a proton 1n the final state and those with a neutron.
About 50% of the events have a single unamblguous hypothesis according
to the fitting programs. The acceptable x for 4C fits was taken to be
30: for 1C fits the figure was 13. However, the decisions are made on
the basis of the confidence level, the distributions of which should be
flat if xz is calculated correctly.. To achieve this in practice we have
to multiply our calculated xz by a correcting factor to compensate for
our inability to predict it properly. 11 For one constraint this number
is 0.8; for the four constraints it is 0.6. We exhibit the confidence
o levels for ™ p— pTT T, nTT+TT_, and ™ p in Fig. 4.

A useful yardstick for classifying ambiguous events was whethcr

the confidence level of the second most favored hypothesis was greater
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than 1/3 of the best confidence level. Ambiguous eizents, in which the
momentum of the positive track was less than 1 GeV/c, are resolvable
on the scanning table. Here we used the information contained in the |
beam track number. On the basis of a scanner's indication that a. |
proton was obviously preéesent in the final state, all neutron hypotheses
were discarded.

. An initial sandple of ambigﬁities was examined on the scanning
table. It was decided that only the positive identification of a proton
could be used. Thuvs, we did not define an ""obvious pion." It became
~clear that in several instances frames with more than one two-prong
would have events measured with the wrong beam track number. For
those events with heavily ionizing protons, we merely lost the extra

information and the event was looked at by a scanner in the usual way.

""obvious proton'

However, events with lightly ionizing positives with an
appellatlon had to be treated with care.
DST-EXAM program 2 outputs a subset of ambiguous events.
These are potentially resolvable events in which the ionization of the
disputed track is appre’ciably differenf for thé rival hypotheses, the point _
of view being taken that a ratio of 1.5 is distinguishable. With this in
mind, we acted on the scanners' information only if the ratio of the
ionization “corresponding to a proton to the ionization of a pion was greater
_than 2.0. " This was quite conservative, since a nondipping proton has
twice minimum ionization at 730 MeV/c momentum. In addition, the
dip of the positive track had to be less than 70° (80° for stopping protons. )
For genuinely resolvable proton events this worked qulte satisfactorily.
Lightly ionizing pos1t1ves failed these tests. The only doubtful region
was for pions with momenta of the order 500 MeV/c. Since in addition . .
the events would have to be amblguous and mlslabeled any misidentifica-
tion should have at most a second-order effect. _
v DST-EXAM program 19 writes 'a'_ne,‘w DST. It deletes wrong
hypotheses according to the decisionslma'de during the re-examination
of events on the scanning table. The information is punched on IBM
cards. In addition it tests'tﬁe beam track number, predicted ionizations

and dip and automatically resolves "obvious proton" events.
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There still remain the unresolvable arﬁbiguous events. As the
beam momentum increases from 2 to 3 GeV/c more momentum is '
available to the final particles, with correspondingly less difference in
ionization between the particles. At 2.05 to 2.36.GeV/c, 7.8% of events
are afnbiguous; at 2.60 to 3.22 GéV/c, the figure is 9.8%. However, for
elastic scatterings the figures are 0,45% andv0.85%. The regions of
ambiguity for elastic scatterlngs is in the backwards hemisphere in the
center-of-mass system, i.e., when the proton has momentum in the
vlaboratory system greater than 1500 MeV/c. We shall have cause to
re_furn to this point in discus sing biases in the data.’

To distinguish Tr—/p-> m pmd from T p = T p + neutrals, and sim-
ilarly for T p - artn”, the following prescription12 was adopted in%
DST-EXAM: The missing-mass hypothesis was alloted a reasonable
. confidence level, 0.2, However, this is mOdlfled depending on the values
of missing energy and momentum and on how well the momenta of the
tracks are measured. If the missing mass is less than the minimum--

9, as the case may be--we introduce

i. e., the mass of a neutronora ™

" a factor with a Gaussian behavior, exp [-(x—o)z/oz] , where x =(missing

energy) - (minimum missing enefgy), and ¢ is the measured error of x.
_ 1f there is a good fit corresponding to the fnissing mass--e. g.,

nmtn” 1n the case ofp wtn” missing mass--there is a further factor

[1/- Pﬁt] » where P

corresponding fit. In Fig. 5 we show the missing-mass plot for both

is the probability or confidence level for the

fitted and unfifted events. The separation of events is reasonable.
Without the help of ionization we cannot separate the two missing-
mass hypotheses. If there is sufficient missing energy to make a neutron

and a w°

under one hypothesis or two 195 under the other, neither can
be preferred. In the fits we must rely on the confidence levels alone.

In Fig. 6 we show that the separation is not at all bad.
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E. Biases and Possible Errors

The bubble chamber is an excellent unbiaséd detector of particle
interactions. Naturally, the interactions have to take place in the finite
volur;ne of the chamber, and any decaying particles must have decayed
before they leave the chamber. Our chamber is longer than it is wide,
and some spatial asymmetry is theréby introduced. More importa11t is
that we really observe the events projected onto three planes, the angles
between which are less than 15°." But within limits, unlike spark cham-
bers and counters, \ile do not have different: efficienci'es for various
kinematic regions. This is excellent if we \‘:vant to study angular correla-’
tions or ¢ross sections as a function of effective mass,; for example.

In carrylng out the experlment we naturally introduce blases in
scanning and measurlng and in the as sumptlons that are 1mp11c1t in the
kinematic analysis. The evenjcs may favor certain lgln_ematlc regions,
e..g., low AZ. There are two classes of bias: those we can forsee and
take account of, and those that reveal themselves in thé éourse of an,
experiment. We can do nothing, of coﬁrse, about the ones that do not
‘reveal themselves. '

. On events measured on the SMP's only a limited portion,= 20 cm
of the beam track, can be measured. However, 1n fitting the events We '
use the beam averaged momenturi;, A‘__'sample:of beam tracks is meas -
ured accurately on the Franckensteins to determiné the central beam
momentum, Pave’ and its spread. The beam-averaged momentum is

P pahg a + Pave (1-a), where P pang is the measured beam momentum
as calculated in PANG and a is a comprehen51ve factor that contalns
both the error in measurement and the spread in nominal beam momentum.
Under these conditions the short beam -track does not contrlbute any
appreciable error. What was more serious was the unexpected effect
of being able to measure only a limited portlon of an outgoing fast track.
We shall return to this soon.

That the missing masses correspondlng to the fits are distributed

about the mass of the missing particle shows that there are no serious

systematic biases or shifts introduced in the measuring or fitting. An
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incorrect beam average or contamination from other hyptheses would
result in displacements from the correct central value, or skew distri-
butions. The full width at half-maximum is 0.05 (GeV) for the 7° and
120 MeV for the neutron. /

Contamination of other hypotheses by elastic scatterings was
found to occur. In certain kinematic regidnsl the fitting programs prefer
the wrong inelastic process, sometimes unambiguously so.

A trivial case is the fitting to ﬂ_p — nm' 7 of elastic scatterings.
with stopping protbns Before applying the general ambiguity operation
as descrlbed above, we made histograms of the effectlve masses of
7t and nm'. The offendlng events are in the first bin in the nm plot,
since they approach the mass of the proton. On the Tr+1T mass plot
they are observed as a sharp peak at about 900 MeV at 2.86 GeV/c
This falls to about 780 MeV at 2.05 GeV/c. The effect is almost com-
pletély removed by applying the beam track criterion. As a further
check all the remaining events in the suspect region were examined; it
is believed that all this class of misidentified events. has been set right.

At this point one somewhat worrying point should be mentioned.
At the lower momenta of the run, any misidentified events that may
somehow remain are in the body of the p peak, but may get interpreted
as evidence of the 27 decay of the w. This is further complicated by
the belief that the 7 p - new cross section is appreciably larger at
2 GeV/c than at about 3 GeV/c. However, the original misidentified
events had an apparent AZ ‘of less than 492,’ as well as falling into one
bin on the nm’ plot, and the final histograms show no evidence of this
(e.g., Fig. 57c). ; '

~ Another class of elastic scatterings fitted the Trv—p-* TT-pTTOIhy—
pathesis, . The situation here is less easy to understand, since we are
dealing with the tail of a XZ distribution which allows about 1.5% of
the elastic scatterings to fall in the wrong category.

We find it convenient to discuss separately the case for AZ less
than and('greater than 20 HZI. The first inkling of something wrong came

0w~ effective mass with that for

from the comparison of the plot of the ™
wha (see Fig. 48). There seems to be a rise in the number of events as

we approach the minimum-mass end.
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Selecting events with AZ <20 MZ, and mpO0q- less than 505 MeV,
"we made a scatter plot of the T decay a.ngle and Treiman-Yang azi-
muthal angle. The surprising finding emerged that the events clustered
about zero azimuthal angle, and the scattering angle tended to be large.

Other pieces of evidence were that on a missing-mass plot for

0o . . . . .
thére was evidence for a clustering about zero missing

T p > W pT
mass. For twelve events with an appreciably nonzero Treifnan—Yang:
angle, we ‘plotted the laboratory-system s.cattering angle against the
momentum (lab) of the proton. In Appendix A we show that, for low
“values of this momentum and for elastic scatterings orily, there is a
linear relationship between these two quantities. Inelastic events lie
on a curve for a given T mass which is above the stralght line for.
elastic scatterlngs. Ten of the twelve events lay along the line and were
appreciably below the curve for m__ = 2.

We refneasured on Franckensteins some 225 events; of these
9% failed, 50% fit elastic scatters, and 6% went into the T p missing
mass category, leaving 35% to fit the original hypothesis. Although the
offending events lay below about 450 MeV, we measured events below
about 505 MeV. We expect any genuine events to have a larger mass
spread when measured again, and do not wish to introduce artificial
discontinuities in the mass spectrum due to remeasurement. We ac-
cepted the second measurement in preference to the first. Our justifica~
tion is this. On a random sample of events there is no statistical reason
to .choose one or the other measurement. However, we hypothesize that
the anomalous behavior of these events is their being elastic scattering
events, and that they are falling into the wrong category either because
a small percentage does this statistically in any case or because large
errors are made in some of the measured quantities (e. g., beam mo-
mentum, momentum of the outgoing w, or the lab scattering angle);
then, if we believe our second measurement is at least ats accurate as
the first, we can expect fewer events to be in the bad XZ tail.,

On comparing the output from the second measurement with the

first W'e'dre\'x/ the following conclusions. The enhancement near 280 MeV
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was mainly a creation of the SMP's. On those events which fit elastic
scatteringé on the _second measurement the momentum of the outgoing

T was consistently higher than when measured with the SMP's. This

was directly related to the greater track length measured by the Fra.ncken—
. steins. In the most extreme caées a 3-GeV/c m Was measured as

1.5 GeV/c, giving an energy in'd momentum imbalance of 1.5 GeV. A

spurious w°

with the same ( as the 1T-» satisfies the energy-momentum
relations, and the mow" sySterri has lowﬁiass and its ”decay“ is naturally
coplanar with the production plane. |

For events with A2 =20 pz the effect is similar. The most
striking feature is that the (F—B)/(F-I-B) asymmetry in the 7T scattering
a.'ngle is strongly negative for events with TT mass less than 600 MeV.
If we choose 7 pm’ events with cos §< -0.5 'and azimuthal angle less
than 50° v_vé obtain the Chew-low plot shown in Fig. 7. Of 230 events in
this category and with AZ =220 HZ, 13% fail, 28% fit elastic scatterings,
and 15% fit other hypotheses, leaving 38% still fitting ™ p - 7 pm° on a
second measurement. Those events which fit elastic scatterings were
characterized by 7%'s of momentum less than 300 MeV/c when fitted as
..Tf'_p - w pmo, Both the outgoing W and proton have high momentum.
Errors in measurement of the order of 10% lead to an energy and mo-
mentum imbalance of a.b few hundred MeV and admit the inelastic hypoth-
esis; 6% of the remaiﬁing inelastic fits were ambiguous with elastic
~ scatterings. They ha_d.the same characteristics as genuine elastic

Org with

- scatterings. Of the 60 unambiguous fits, several alsohad =
about 300 MeV/c momentum. The elastic ‘scatteriﬂng XZ ranged from
90 to 500. Examination of .some of these events made it plausible that
‘these were elastic scatterings that"'failedhr-because of turbulence in the
chamber or small scatterings in the outgoing tracks. If this was so,
we were losing some elastic scatterings with high AZ, and there was
very little that we could do about it. |

' Given a TT'-pTTO final state wiAt.h either AZ- in the region 5 to 10 }_LZ,
and a_iSOO to 2000 MeV/c ™ with a nearly parallel m° having almost

the same momentum, or A large and the w0 slow, then if we make a
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Fig. 7. Chew-Low plot for 7 p- pn®nr~ at 2,05 to 3.22 GeV/c with
'cos 6§ < -0.5and ¢ <50°. The clustering of events with '
A2 >20 mTro_2 and m__ >500 MeV is due to. misfitted elastic
scatterings.
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Lorentz transformation vfrovm the Laboratory frame to the TT rest
frame we will rotate the direction of the incident T away from the
outgoing. In fact, the angle betWéen the two can exceed 90°. Thus
arises the apparent strong backward asymmetry in the T™T scattering

angle. o ;

Parameterization and Correction of Scanning Bias

We attempted to parameterize the scanning bias against short
protons in terms of thé range of the proton. This range is synonymous
with the measured length of -the proton when the proton stops in the
chamber. We use the range in preference to the length, so as to in-
clude nonstop.ping protons. For a given range interval we observed the
distribution of the..scatt.ering plane about the direction of the beam. The
reference plane was defined as that of the beam and the Z axis; the
vertical axis of the chamber. The distribution.is flat but due to scanning
errors is observed as having dips when the scattering plane.is parallel
to the reference plane. We set up as a model that the visibility of the -
events depends on the range R and linéarly on the sine of o, the di-
hedral angle, between the planes. |

We postulate that

82N
9 60R

_ [H(R)+ sin 5
o«  Maximum of | 0 J ’

“where H(R) increases monotonically with the range and hence with the

momentum transfer. H(R) must be very large for large R. By param-
eterizing in this form we avoid singularities when H(R) is equal to O.

In Fig. 8 we show the observed distributions and the corresponding

fits up to ranges of 16 cm--which corresponds to a 'AZ value of SHZ.

Above this value we expect very little scanning bias; see Fig. 9, which"
shows a scatter plot of R against 6. ‘Figure 10a shows a cubic least-
squares fit to H(R.)'. The linear fit did not increase fast enough, and the
qua&ratic fit began to decrease when R waé greater than 16.

If we assume that there is no scanning bias against events that

scatter in the horizontal plane of the bubble chamber, and that this is
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R f_ro_rnv : . ' . : R »f'ro_m

(a) 0to 1 cm (f) 5to 6 cm.

(b) 1 to2 cm. (g) 6to7 cm.

events

(c) 2 to 3 cm.s . (h) 7 to 8 cm.

Number of

(d) 3 to 4 cm. (i) 8 to 12 cm.

/5 — 1 . l
(e) 4to5 cm. A H=A ! (j) 12 to 16 cm.

) 30 180 0 36 180
Azimuth angle, 8 (deg)

s 13847

Fig. 8. 'Azimuthal distribution of elastic scattering
'plane about beam direction for various ranges
of the recoil proton., Fitted curve is proportional
to H(R) + sin 6.
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Scatter plot of & versus R, range of the recoil

Fig. 9.

proton for elastic scattering events.
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units )

(arbitrary

Weight

40 - T - )’ T - T
’ ‘ ~ (b)

3.0~

2.0 Cutoff

" H (R)

0.0

MUB-12545

Fig. 10, (b) Experlmental values of H(R) with cubic
fit, H(R) = 0.01 (9.8 + 0.22R - 0.11 R2 + 0.048R3).
(a) Welghtlng function (H(R)T + m)/ H(R) + 2).
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true above some minimum value of R, then we say that we observed

-the number

~ 0
3‘ [H + sin 6] d& = H7 + 2
O . . )

when in fact there were
T .
S [H+ 1] d6 = Hm + .
0

For an event with range R our efficiency is (Hm+ 2)/(H‘IT+ T), and to
correct this we weight each event by the reciprocal of the efficienc‘y.

In Fig. 10b we plot the weight as a function of R and A'Z. We use the
weight to eo‘rrect._ all proton events since it is, according to our formula-

tion, a function of the range of the proton.

. F. Determination of Cross Sections

Knowing the average distance, L,  a beam particle travels in
liquid hydrogen, one can determine the total interaction cross section

by the formula

g = _1.008/N0 dL ,

‘where NO is ,Avogé.dro.'s number and d is the density of liquid hydrogen,

taken here as 0.0586 g/cm3, In practice, the procedure consists of

~scanning a large number of frames, counting the number of entering

beam tracks, and recording the total number of 1nteract10ns observed

'in the same fiducial volume and under the same acceptance conditions

‘as in the two-prong scan. This 1nforma.t10n plus aknowledge of the path

length (118 cm) in the fiducial volume, an estimate of the p  contam-

ination in the beam, and the correction due to unobserved elastic scatter-

ings yields a value for the mean free path. At 2.86 GeV/c we obtain an

observable total cross section of 29.2 mb, corresponding to L =97. 1£3 cm.
We compare this with the value 32.7 mb interpolated from the results of
Citron et al. 13 A correction to our value amounting to about 11.5% is

indicated.

e '
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To determine our tWo—prong cross section we have normalized
- our total number of interactions, corrected for unobserved small-angle
scatterings, to the precisely determined value of Diddnes et al.}1 for ‘ .
the 772 energy range and of Citron et al. 13 for the higher beam momenta. .
A beam scan had been undertaken in the 772 experiment. Every
ﬁfth frame of abouf a dozenvrolls at each of three momenta;—Z.OS, 2.17,
and 2.36 GeV/c--was scanned. ]i‘rames with too many tracks were ex-
cluded. There was no fiducial volume restriction. In order to find out
how many of these interactions were two-prongs a special USER sub-
routine was written for LYRIC, .' which read the Master List and totted up
the events on the frames that had been beam scanned. It aléo read data
cards on which were punched the total number of interactions correspond-
ing to those frames that the two-prong scanner had looked at, and frame
- numbers that the beam scanner had ignored. LYRIC in reading the
Master List ignored these frames in the totting up. Because of the dif-
 ferent fiducial volumes of the two scans a correcting factor had to be
introduced. _ |
This‘procedure was also carried out for the 2.86 5GeV/c events,
but the same fiducial volume was used.
‘ For the 2.6'0-(.}eV/cv and 3.22-GeV/c film a somewhat different
cross-section séan was pe‘rformed.‘ Six rolls were selected with less
than the average number of beam tracks per frame. Every suitable
frame was scanned and the interactions on a frame were subdivided into
zero-prongs, -two—pi'ongs, and other interactions. In this way the pro-
portion of two-prongs was obtained directly. This method, both sivmple'
and direct, was used on the 2.05- and 2.17—GeV/c film. Consistency .
was found between the two methods.
No correction was made for events overlooked by scanners. A
two_-—prong rescan of a few rolls indicated scanning efficiencies of
89+4%. The two-prong cross section contains this factor in both the ‘ .
numerator and denominator. If we as‘sume that the cross-section scan
is subject to the same efficiency, the net effect on the value obtained is
negligible, but it will introduce most of the error (5%) in our determina-
tion. The total number of interactions used ranged from about 2000 to

4000, introducing statisticalvierrors of 1.6 to 2.3%.
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To determine actual cross séctions, as against observable cross
section, we derived the total elastic scattering cross section, using both
the weighting function that we have derived and the exponential depend-
ence of the differential cross section in the diffraction region (as is de-
scribed in the section on elastic scé,tter-ing)‘. The scanning bias involves
a correction of 13%. The exponential dependence gives a further cor-
rection of 21%, making a total correction to. the elastic scatterings of

A

37%. The actual total and two-prong cross sections are 10% larger

than the observed. In the section immediately following we present the

nﬁ.mbe rs obtained.
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III. EXPERIMENTAL RESULTS .

.

A. Cross Sections

In Table I we exhibit the numbers of events fitting the five hy -

' potheses -~
| mp>ar’ T, (1)
7 p = prlm | , : o ' - (2)
Tp>Tp, (3)
- + - ' .
m™ p-—>T T + neutrons, (4)
T p -~ T p + neutrals . : (5)

at the six diffe‘rent beam energies.

At each momentum interval we have normalized the corrected
total number of events to the total two-prong cross section as obtained
in the cross-section scan. Reaction (2) has a 5% correction for short
.protons: we have already made reference to the elastic scattering cor-
rection. The values obtained for the total two-prong and reaction cross
svectiohs’,A and events per micr'obal.'ri, are shown in Table II. 15 Statistical
errors vary between 1.5 and 4.5%. Due to the way in which absolute
cross sections wére 6btained, we believe v‘that there is about 5% uncer-

tainty in the normalization caused by the spread in scanning efficiencies.

Consequently, we attach this error to all cross sections shown.

B. Elastic Scatte ring

Introduction

~

In this experiment we obtain two pieces of information on the
T™N scattering amplitudes, the total elastic cross sections, and the dif-
ferential cross sections for the process m p - T p. The most complete
information available would involve knowing the polarizations of the
initial and findl nucleons and the elastic and differential cross sections
not only for our reaction but also for the pure isdspin 3/2 reaction,

1T+p - 1T+p.,' as well as for .charge exchange,l T p > m'n,
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Table I. Number of events at each momentum, all final

states,
Nﬁnqber of events
Beam
momentum _ _ _ L
(GeV/c) nm'w  prn’n’ w'p w m neutrals 7 p neutrals Total
2,05 864 624 1045 960 463 3956
2.17 951 701 1177 1158 576 4563
2.36 1005 901 4551 1481 820 5758
12.60 1418 1122 2003 2171 1170 7884
2.86 982 1727 1725 1609 1153 6196
3.22 2540 1939 4326 . 4736 3586 17126
Total 7760 6014 11827 12114 7768

45483
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* Table 1L ‘Partial cross sections.

Cross sections (in mb)x 5%

Events

pex + +

pub nt'w” prn®n” w7 p w w neutrals T pneutrals Total
2.05  0.459 55 445 9.0 6.1 2.9 277
2.47 - 0.178 5.3  4.15 8.7 6.5 3.2 27.8
236 o504 43 3.9 8.5 6.4 34 2606
2.60  0.345 4.1 3.4 7.8 6.3 3.4 249
2.86 . 0,286 3.4 2.7 7.7 5.6 4.0 - 23.4

3.22  0.839 3.0 2.4 7.25 5.6 i 4,25 22.5

Total ~ 2.04
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Until now, elasfic ‘sca‘ttering in fhis energy range (2.05 to 3.22
BeV) has been very hard to interpret. Orthodox partial-wave analyses
“become increasingly difficult to carry out even beloW 2 BeV. The
terms in a cos® or Legendre polynomial expansion of the aﬁgular dis -
tribution are, in general, dependent on a large number of partial waves.
- With good statistics, in an experiment measuring the differential cross
sections andvpolarizatiens of hoth T p and ﬂ+p elastic scattering at
graduated intervals of the incident beam momentum, Duke at al. 16 were
able to pick eut the important partial waves up to ébout 1.6 GeV/c and
determine the spins and parities of the N1 (1688) and A(1920) Yokosa,vva,,‘17
by extending partial-wave solutions at lower energles, was able to re-
produce the f7/2 resonant amplitude at 1920 MeV and to fit polarization
data at 1.70 to 2.50 GeV/c with a resonant g7/2 amplltude at 2190 MeV.
In the same paper, he also discusses an alternative approach to elastic
scattering, namely by the optlcal model. , v
A good discussion of the appllcablllty of the optlcal model to Tp

elastic scattering will be found in Perl and -Corey,'18 which contalns
" many references to previous work. At 2 GeV/c, orbital angular mo-
menta larger than 3 must be -conside.x"ed. Each value of the orb_ital'
angular momentum can couple with the spin 1/2 of the nucleon to give
B two values of the total angular momentum. We thus have two amplitudes
associated with two phase shifts which, because of the inelastic proc—"
esses that are known to occur, are complex. To describe the elastic
scattering at our energies would need 20 or more parameters. . This is
not feasible. - The optical rﬁodel makes specific physical as sumptions

as to the behavior of the phase shifts with increasing 1, the orbital
a;ngula',r'momentum,' In the most snnple form of the model (see Sim-
rnons'1 ) we have one parameter L The nucleon appears as a black
‘ absorbing disk for orbital angular momenta 1 <L, i.e., the first L-
phase shifts are purely:unaglnary'and.fhe rest are zero. The model
| may be refined by introducing an 1nteract10n radius over which the ab-
sorptlor_l decreases. Perl an_d Corey argued that, rather than imposing

a_-priOr shape on the nucleon--e.g., a Gaussian behavior--and employing
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an impact parameter re_p‘resenta,_tion to convert the sumn{ation over
partial waves into an integral, we coﬁld keep the summation and find
the shape of the nucleon from fhe_ angular distributions, since we were
dealing with comparatively few partial waves. They attempted fits td
elastic scattering from 1.A33 to 2.92 GeV/c, using the formula " ‘_
A [_;Tq.- Z (21+1) (a;-1) P (cos ©)] % , (6)
1=0 o '

where the al' are the real parameters to be determined.
In an attémpt to correct the model for its deficiencies, né,mely
the assumptions of zero spin-flip amplitudes and zero real amplitudes,

the fauthors added to the above series an extra set of terms

imax i . : , ' . ' 4
> bi (cos@®)". Despite this addition, the fits give only fair agreement
i=0 ‘ _ o v 4 4

with the data, failing to give the exact shape of the secondary peaks.

~ Since this is to our knowledge the most a_rnbitiousrapplication of
the optical model, we have not attempted to fit the data to any optical
model but are content to present the data and mention some physical -

hypotheses which would seem to have more ‘success in explaining them.

‘Presentation of data -

In Figs. 11 throﬁgh 16, we display the six differential cross
sectiéns, ‘which afé ‘tabulated both in terms of rmomentum transfer
| squared and the c. m. scaftering angle, cos@®, in Tables Illa and IiIb.
We find it convenient and instructive to consider the differential
. cross sections as being made up of four separate regions, of which only
the first two can be discussed,with some certainty by us. The four
regions are the fofward_diffrac_tion peak, the second maximum, the

' »la;rge-vangle région (cos ©®.<0), and the events at 180°,

Diffraction region

‘ If we define the diffraction region as extending from zero mo-
mentum transfer up to AZ = 40 1'nﬂo2 '[0.72 (GeV)z] , We see-that the
‘points seem to lie on a straight line on the semilogarithmic scale. This

suggests an obvious parameterization
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| Table Ila. +"p differcntial cross sections in mb/(GeV)Z,
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Table IlIb. w p differential cross sections in mb/steradian,

I

OCOOOOOO

1
T e e TS

ONON I~ -1 00000 O 0000 OO0

]
LCLrooooroooono0

.

NN WL O
CRHNPBNODMINCOODON DO ON DD

2,05 GeV/c 2.17 GeV/c 2.36 GeV/c 2.60 GeV/c 2.86 GeV/c 3.22 GeV/c
g%— Error g‘?r Error g%l_ Error ‘g-gr E.I‘IOI ?RUT Error g%—- Error
10,20 0.8 11,80 0.75 13,50 0.70 12.95 0,55 13,75 0,70 12.70 0.35
9.00. 0,7 9.70 0,65, 9.40 0,55 8.40 0.45 8.20 0.50 8.10 0,30
6.90 0.6 6.35 0.55 5.80 0.45 5.60 0,40 6.25 0,45 5.69 0.25
4,65 0,5 5.05 0,50 5.28 0.40 4,34 0,35 4,00 0.35 3.57 0.18
3.85 0,45 2.70 0,35 3.60 0.35 3.28 0,28 2,75 0,28 2,42 0,16
3.40 - 0,40 3,25 0,38 2.65 0,30 2.38 0,23 2.22 0,25 1,59 0.12
2,05 0.30 2,20 0.31 1.80 0,24 1,62 0.19 1,59 0.21 1,05 0,10
1.80 0.30 1,75 0,28 1,52 0.22 1.45 0,18 1,00 0,17 0.70 0,08
1,10 0,25 1.38 0.25 1,15 0,19 0.92 0.15 0,58 0,13 0.44 0,065
1,15 0,25 0.67 0.17 0.90 0,17 0.65 0.12 0,67 0,14 0.26 0.05
1.10 0.25 0.58 .0.16 0.65 0,14 0.46 0,10 0.55 0.12 0,22 0.05
0.50 0.10 0.53 0,07 0.31 0,07 0.30 0,06 0,22 0,06 . 0,10 0,02
0.40 .0,10 0.29- 0.05 0.14 0,05 0.16 0,04 0.13 0,04 ~ 0,08 0,02
0.13 0.06 0.18 0.04 0,02 0,02 0,07 0,03 0.17 0,05 0.12 0,02
0.13 0,06 . 0,05 0.02 0.06 0,03 0.05 0,02 0,06 0,03 0.10 0,02
0,05 0,03 0.15 0,04 0,09 0,03 0,13 0,03 0,11 0,03 - 0,095 0,015
0.14 0,04 0,08 0,03 0.10 0,03 0.13 0,03 0.08 0,02 0.07 0,013
0,21 0.05° 0.25 0,05 0.17 0,04 0,10 0,02 0.06 0.02 0.05 0,010
0.23 0.05 0.30 0,06 0.17 0,04 0,08 0,02 0,04 0,02 . 0,02 0,008
0.16 0.05 0.23 0,05 0.22 0.04 0,11 0,03 0.07 0,02 0.015 0,005
0,25 0,06 0.19 0,05 0.12 0,03 0.13 0,03 0.04 0,02 ~ 0,002 0,002
0.30 0,06 0.17 0.04 0.13 0.03 0.08 0,02 0,06 0.02 0,002 6,002
0.14 0,04 . 0.13 0,04 0,09 0,03 0,02 0.01 0.02 0,01 0,000 0,002
0.19 0,05 0.16 0.04 0,03 0,02 0.03 0,01 0.02 0,01 0,01 0,005
0.08 0,03 0,09 0.03 0,02 0,01 0.02 0,01 0.00 0.01 0,002 0,002
0,09 0,03 0.06 0,03 0,01 0,01 0.00 0,01 0.01 0.01 0.01 ~ 0,005
0.04 0.02 0,01 0.01 0.01 0,01 0.01 0,01 0,00 0,01 0.002 0,002
0,03 0.02 0.06 0,03 0,02 0,01 0.01 0,01 0.01 0,01 0.01 0,005
0.01 0.01 0,00 0,01 0.01 0,01 0.01 0,01 0.002 0.002
0.09 0,03 0,02 0,02 < 0.008 0.01 0,01 } < 0.004 0.01 0.005
0,01 0.01 0,01 0,01 : . 0,01 0,04 . 0,002 0,002
< 0:006 0.014 0,01 0.02 0,01 0,01 0,01 0,01 0,01 0.01 0,005

" 0.00 0.01 0.02 0,01 0,02 0.01 0.01 0.01 0,01 0.005

0.06 0.03 0,02 0,02 0,02 0,01 0.04 0,02 0.01 0.01 0.002 0,002
0.04 .0.02 0.06 0,03 0,02 0,01 0.04 0,01 .1 0,01 0,01 0.005 0.003
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do do At ' ' ,
dt ~ ‘[dt } t:Oe -7 (7
where -t = AZ. ' |
We hé\.fe taken a conservative cutoff at the lower end of 2.5 mwoz
and have made least-squares fitszo to the logarithms of the distributions
with upper limits 20 m 02 and 40 m 02‘. In Table IV, we have tabulated-
the two sets of A whlch are consistent with each other within the errors
assigned. P(x ) is the XZ probability of the fit to relation (7) above.
In Figs. 17 through 22, the best fit is shown on a semilogarithmic plot
for.the set 2.5 to (40 mﬁoz. These values were used to derive the elastic
cross sections shown in Table II and the zero-angle differential cross
sections shown in Table IV. All the curves extrapolate through or just
above the optical point This is in keeplng with the findings of other ex-
perim.ent'521_23 at these energies, and with dispersion-relation calcula-
tions that any real amplitude is small in the forward direction. 24 We
also feel that it implies that no serious error has been made in 'the
estimates of the efficiencies and overall normalizations. Intei‘preting
the numbers as giving us some idea of the upper 11m1t of the ma.gnltude
of a = Re £(0)/Im £(0), wé obtain the values shown in Table IV.
‘It is apparent from Table IV that the values of A at the lower
threé energies are significantly larger than the upper three. In order
- to say something more definite, we have presented a compilation of A
values from 1.34 to 18.4 GeV/c in Table V, and in Fig. 23 plotted them
against logés,,where s is the square of the total c. m. energy. As is
now well known, in its dependence on the beam momentum the diffraction
peak displays no ob&ious'-monotqnic behavior, and A remains within '
the range 7.5 to 7.8 (_GeV)_Z. However, on the basis of our data points
at 2.05, 2.7, 2.36, and 2.60 GeV/c, and those of Esterling et al. 25 4t
1.70, 1.88, 2.07, 2.27, and 2.50 GeV/c, we believe that there is a
strikingly fast variation of A between 2.0 and 2.5 GeV/c Below 2.0
GeV/c, the peak broadens [A ~ 7.0 (GeV) ], then narrows quickly over
a few hundred MeV/c, finally broadening again to 7.8 (GeV)-Z at 2.6 GeV/c.
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'F_ig.’17. T p elastic scratte'ring diffraction peak. e shows,
the optical point.at 2.05 GeV/c, A = 8.48%0.33 GeV".
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Fig. 18. ™ p elastic scattering diffraction peak. o shows the
optical point at 2,17 GeV/c, A = 8.20+0.30 GeV?2.
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Fig. 19. .7 p elastic scattering diffraction peak. e shows
the optical point at 2.36 GeV/c, A = 8.48%0,27 GeVZ2.
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Fig. 20, T p elastic scattering diffraction peak. e shows
the optical point at 2.60 GeV/c, A = 7.88+0.22 GeVZ2,
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Fig. 21. ©'p elastic scattering diffraction peak, e shows
the optical point at 2.86 GeV/c, A =7-57+0.23 GeVZ,
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Fig.  22. 7 p elastic scattering diffraction peak., e’ shows
the optical point at 3,22 GeV/c, A = 7.87+0.15 GeV?2,
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Table V. Compilation of A values for T p elastic séattering.

Beam Beam - Beam
momentum A momentum A ' momentum A
(GeV/c)  [(GeV)~? (GeV/e) [(GeV)™?] _ (GeV/e) [(GeV) 21, '
. 2.17 8.20+0,30 o _
1.34° 7,5+ 0.,4 , : 3.63 7.95+ 0.40
_ 2.27 ~ 8.88+0.20 ‘
1.48 | 7.5+0.4 - 4,0 8.53+ 0,49
, - 2.36 8.48+ 0,27 ‘ _
1,59 7.2+0,5 - S : 4,13 8.4 £0.3
o _ 2.50 8.16+0.20
1,70 7.1£0,5 , ‘ ‘ 4.95 7.8 0.3
2.50 " 7.60+0,12 '
1.70 ' 7.06+0,2 . 6.0 7.68+0,2
: . 2.60 7.88+0,22 :
1.88 . 7.62+0,2 8.5 " 7.52+0,09
: , - 2.86 7.57+0.23 ‘ .
2.01 7.94+ 0,16 : 10,0 7.50+ 0,34
o - 3.0 7.65+0.10 -
2,05 8.48+0.33 3.15 7.9.£0.3 12.4 7.68+ 0,09
2.07 8,25+ 0,20 18.4 7.53+ 0,21

3.22 - 7.87+£ 0,15

(For other experiments see Fig. 23 and Ref, 27.)
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Fig. 23. Var.ia_,tion’of A, exponential slope in T p elastic
scattering, with c.m. energy. The position of known
isospin 3/2 nucleon resonances is indicated by 1/2.

0O This work: 2.05, 2.17, 2.36, 2.60, 2.86, 3.22 GeV/c.
>  Bertanza et al., 1.34 GeV/c. . ' '
Chretien et al., 1.48 GeV/c. _
® S.0.B.B., 1.59, 2.75 GeV/c. . .
o Allen et'al., 1.70 GeV/c. : ,
- A& Esterling et al., 1.70, 1.88, 2.07, 2.27, 2.50 GeV/c.
¢ Damouth et al., 2.01 GeV/c; ' '
Perl et al., 3.15, 4.13, 4.95 GeV/c;
- Perl, Lee, and Marquit, 3.63 GeV/c.
v Coffin et al., 2.50, 3.00, 4.00, 6.00 GeV/c.
? Bondar et al., 4.0 GeV/c. ' S
P Harting et al., 8.5, 12.4, 18.4 GeV/c.
<4 Brandt et al., 10.0 GeV/c.
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Two physicé.l theories lead naturally to the eprnential behavior
of the forward peak, Regge poles26 and a version of the optical model.
We briefly relate the salient features of each theory and attempt to de-
rive the implications of the behavior of A. _

The contribution from one Regge traJectory to the scattering
»amplltude is given by _

f(s,1) = £(1) B0 [cos © ]““’ | (8)
where a(t) is the Regge pole trajectory functlon,

E(t) is the 31gnature function, and

B(t) is the residue or couplmg function;
£(t) determines the real and imaginary parts of f(s,t). If the 'signatur'e :

of the trajectory is defined as T =#1, which is equal to (- 1) , in the

boson case; for those real particles lying on the trajectory, then

1 4+pe i)

e o | ®)

The @t is the scattering angle in the c.m. for the crossed process i.e.,
t-channel scattering; cos@ is a linear function of s. For small values

of t we may approx1mate :

f(s,1) = £(t) p(t) Te/501 9 . o
Wlth a linear behavior fpr o.(t), ,

i.e., a(t) = a(0) + a't, | C(11)
a.nd an exponentia’.ll behavior for @(t),

e, (1) = B(O) 1, - o (12)
we obtain a conﬁribu@ion to thevdiffeArential cross section, - |

wfel, e w

We draw the conclusion that diffraction scattering can Be de‘—

scribed by one trajectory, the Pomeranchuk P with aP(0)=1 and that

A = ZnP +20'P flog s - log ‘SO] . (14)



-52-

From Fig. 23, 27 the evidence at high energies for T p scatter-
ing is that the slope of ‘the trajectory a'p is small. (This puts the onus
for the péak shrinkage in pp scattering on the residue factor.) How-
ever, . the Regge argument seems to have little relevance to the anom-
alous variation of A at our energies. |

‘In the optical model, if we assume some smooth variation with
1 of a; in Eq. (6), we can write the sc;attering émplitude as an integral

over impact parameter b,

o0
f = iq g Jy (29 bsin%e) [a(b) -1] bdb. . (15)
- ’ ' ~(b/(b%Y)
If we assume a Gaussian behavior for a(b)-1=e " (16)
| 1 /.2\ . -
do _ |do 5 <b > t ‘ :
= [E?L-:o e2 \. ’ (17)

and we identify A = '1/2 <b2> , as a measure of the mean-square
radius of the m™7p interaction.
We may thus interpret the variation in A aé’sa’ying something

about the scattering in a high orbital angular momentum state (L=4 or 5).
When A .is small, the radius of interaction has decreased and there is
little scattering in the relevant 1 state, i.e., Op is smé.ll. Corre-
spondingly, when A is large, 61‘ is large. This behavior is typical
of that eipectéd from an interference between ajrea;l background and a
. resonant amplitude. 28 7 »

N In fact, the variation of A has a distinct resemblance to the
behavior of the total cross section in this region. 1.4 In heither case
can we distinguish the fact that there are, in reality, two (possibly three)
fesdnant amplitudes between 2.0 and 2.5 GeV/c of presumably opposite
parities. It'is tempting to try to correlate béth the fofward differential
cross section and a with the behavior of A. However, due to possible
errors in normalization as well as statistical errors, the variation of.
a is not signiﬁc‘ant. The variation in !f(O) !2_ reflects the increase in
the total cross section. An argument-by Lynch29 suggests that a highly"

 inelastic resonance i.e., x < 0.5-- will increase the cross section and

\

1



“with increasing beam momentum. In Fig. 24 with Vsdme of the curves
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‘therefore [(0)] 2 as the first power of x, but will increase the elastﬂic::

cross section only quadratically in x and the effect will be to sharpen
the diffraction peak at the resonance. He ndtices an effect sifnilar to

ours in K~ p elastic scattering from 1.43 to 2.45 GeV/c prcsun'mbly

- associated with the f7/-2 resonance at 2040 MeV and the g7/2 resonance

at 2140 MeV. 3_0_ A peak sharpening is observed in Tf+p elastic scattering

‘in the region of the A(1920). It will be interesting .to see if there is a

similar effect in the region of the A(2460).
Lastly, in Table VI, we 11st the parameters C, v, (b}, and
L= <b> /q - for elastic scattering. These are of interest in connection

with the theory of the absorption model of pe rlpherdl interaction, which

is dealt with 1n Section IV, where we define C and vy. -

The second maximum

The presence of a seeondary maximum is a promine’nt feature of
7"p elastic scattering from about 1 GeV/c. “) Simmons attempted to -
explain the second peak as a second diffraction maximum. 9 His simple

formula, which is just Eq. (6)

1

with, ' . a;=a for 1 < L

1t

and ' 2, 1 forl>L,

faiIé to reproduce either the main or the secondary peak. Moreover,
since the peak persists over such a wide beam energy interval and
occurs roughly at the same place in momentum transfer squa.re\d, we
reject this explanation. |

Coffin et al. 278 showed that the secondary maximum decreased

£

from this work, we see how data at four of our energies show the same

general behavior. Somewhat arbit&arily, we have defined the secondary

region to lie between 40 and 110 m 02. In cos ©, this corresponds to,

- for example, the interval 0.3 to -1. O at 1.59 GeV/c, 0.5 to -0.3 at

2.05 GeV/c, 0.7 to +0.35 at 3.22 GeV/c and 0.73 to 0.4 at 4 GeV/c.
_[-0.72 da

2.0 dt the cross - |

The nurnbers of events and values of O'

~section, are shown in Table VII.

I f .
In Figure 25, we have plotted o ! against s on a log-log scale

for our six points. We observe that our data and thosc of other published
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Table VI, Absorption parameters for w-p elastic éca’ctering.

Beam o

momentum 0. =T q -1 L :F

(GeV/c)  (mb) 41w (MeV/c) 2Aq [%
2.05 35,0 0.84 882.0 0.076 3.6
2,147 35.5. 0.87 1 912,3 0.073 3.7
236 34.2 0.83 958.5 0.064 4.0
2,60 33.3 0.87 1013.0 0.062 4.0
2.86 32,7 0.89 1071.4 0.058 4.2
322 323 0.84 11451 0.048 4.6
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Fig. 24, Behavior of secondary maximum in 7 p
“elastic scattering with increasing beam momentum,
Curves are taken from Coffin et al, '
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25 30

Figg

15 A 211

Loge . s
IR 0.7 Ca o MUB-11555
25, Varlatlon ma =/ 2.0 dt [-“] as a function of s, - Straight
11ne corresponds to the relatlon 0« -3 95.' ‘See Fig. 23

for key to. symbols
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work in this region abo\‘feli.‘8 GeV/c Ifall (within errors) on a straight
line. A least-squares fit corresponds to the relation oo« 5-3'95t0'3

| In searching for a model that may give rise to this behav101, we
‘remark that although 's-channel effects are 1mportant, it is hard to see
~how they could generate this fast energy variation. ‘One advantage of
integrating over'a t interval is that we smooth out the effect of any
' "ripples in the differential cross section associate_d\zvith‘re»sonances.
| In Regge theory, | thev contribution to the differential cross section
. from one pole according to Eq. (10) is of the form

- do ( s ) ZG,*(t) ~2 :
da < S, *

‘This suggests that in this particular area of s-t space we are observing -

the effect of one trajectory. A similar energy-dependent shrinkage,’
which has been explained by the 'exchange of the p trajectory, has been

discussed by Solldereg‘ger et al. 31 Ekchange of nucleon and isoba1

trajectories in the u channel can account for the backward m— P scatter—-

: ~ing observed by Brody et al, 32

» Three‘trajectorles dominate the t channel in TN scattering, 33
the Pomeranchuk P, the second vacuum P', and the p. We behcve that
there are grounds for: suggestmg that the second maximum is the con- .
tribution of the P!'. 34 Confirmation of this can be p0531b1e only w1th
more experlmental and theoretical work. '
| Measurements of the polarization of the proton by Suwa et al. 35
and Chamberlain et al. 36 indicate a large negative polauzamon in the
reglon of the second maximum, whose behavior is stroncly energy-
dependent This suggests that a spin-flip amplitude is responslble for
the peak. | | -

Extrapolatmg the diffraction peak to t = -1.35 gives rise to a
-small contrlbutlon to the cross section.  Since the slope of the P tra-
: jectory is small we would expect to'have the same energy var1atlon as

for the slope of the diffraction peak, if the P caused the second maxi-

Somum.,




-59-

Since the s].ope.;"a'rp ® 0.85 and the mterupt a p(O) 0.55 of
the p 'tra_jéctory are thought to be close to those f01 the P', we cannot
use the energy variation to eliminatc the p. However, although we ex-
'p‘ect the p to have an important effect on the polarization, its contribu-
tion to the cross s_ect_ion 1s small., The second maximum in charge-ex—

: chang’eris' Vah"order'of'rnagnitude smaller than that for T p elastic scat-
tering, ahd is i.n,ﬂacco_rdance with its being the difference between 7 p
and 1T+p elastic scatterirrg, which also shows a second maximum with
an-energy . dependence 51m11ar to the 7 p case. 3 This would seem to
“rule out the posublhty of the peak 's coming from the interference be-
tween the P and another trajectory, since the amplitudes have opposite
signs in ™ p and Tr P scatterlng _

Although it is p0831ble that the effect is due to an interference
‘between two amplitudes--e.g., the P and the P'--if we a.sbume that the
| vshrinkage is due to the P' alone, we can estimate the slope of P! tra—

 jectory needed to explain the ene‘rgy dependence. | »

Assummg that a .(O) 0.7, we have

oy (;1.35) % -1.0£0.15

n

a_+(0) -1.35a' 1,
p p

14

a' 1.25%0.15.
p

This is a much faster var1at1on than that needed by Rarlta and
Phill_ips32’ 3_4’ 38_. The trajectory will go through zero at + = 0,56 GeVz;‘

t= 1.05 GeV corresponds to a particle with sp1n 2., There is no reason,

however, why the trajectory should not flatten out as t mcreases

. Backward region .
The backward hemlaphere should be a good place to 1solatc the

: effect of any s- channel resonances. Near 180° we might observe the
Regge effects of Lhe u channel We trlcd to illustrate these effects by .
. ch0051ng intervals in- cos O in whlch the data seemed to accurnulate

.__::‘._"In Table VII we have 11sted the cross sections for cos © 1ntervals 0.3
tov -0.68, -0.68 to -0. 88 and -0.88 to -1.0. Although, in co'ntraqt to the

pre\rious region, there seems to be a nonsmooth variation of the cross

section with energy (see Fig. 26), our statistics are too meagre for us

to say anything deﬁmte
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Total elastic cross section

Finally, in Fig. 27, we show how the»total elastic cross section,
like other ™ p two-body reactions in this energy range, 39 falls mono-
toﬁically. This is understandable in view of the competing many-body
channels which become available to the Tr—p' system as the beam energy
increases. Above 7 GeV/c the elastic cross section falls slowly from
5 mb to about 4 mb at 20 GeV/c! 213, 215, 40

Summary v

In conclu81on, the study of elastic scattering shows that both s-
and t- channel effects are important. Resonances show the1r effect on
the slope of the diffraction peak. We feel that a possible explanation
for the behavior of the second maximum lies with the spin-flip arnplltude

for the P' Regge trajectory

C. Three-Body States

In this section we give a descrlptlon of the expe rimental results
from Reactions (1) and (2),
T p —> ant

-, ’ (1)
mp—>pulrT,. ' (2)

Production gc_atte r plots

~ evident.

associated with the p meson at m

In Figs. 28 and 29 we show Dalitz pldts for both reactions at each

of our six energies. The density of these plots is not constant, indicating

Sltrong ‘final-state interactions, the most prominent feature being the band

?;T = 0.56 BeVZ The density along the

band itself is not constant and the question 1mmed1ately a.rlses whether
the concentration of events, partlcularly at low nm' or pm® masses,
is a property of the p- decay angular distribution or is due to the presence'
of TN resonances. This is a difficult question to settle satisfactorily.
For the moment, we shali point out that when we add .ali six momenta
togei‘:her in Fig. 30, it is apparent that there is stru_éture cbrresponding
to bands in thék TN, systems. However, these are less intense than the
mm band. At the three higher energies, we see indications of the £° in

the wlim” system. In the combined data in Fig. 30, its presence is quite

-
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Fig. 28, Dalitz plots for the reaction 7 p - pnln”,

(a) 2.05‘GeV/c : (d) 2.60 GeV/c -
(b) 2.17 GeV/c .‘ (e) 2.86 GeV/c
{c) 2.36 GeV/c | (f) 3.22 GeV/c



-64-

2.56 _
(0) (b)

2,06

1.0~ 30 5.0 1.0 3.0 " 5.0

SEEE T B L) TN e

: 2.06|"
1.6 R TERYSITRI A W v

106}

1.0 3.0 5.0 1.0 3.0 5.0 7.0

M2 L+ [(GeV)?)

MUB-12436

' : . - + -
Fig. 29. Dalitz plots for the reaction ™ p - nm 7 |
(a) 2.05 GeV/c - (d) 2.60 GeV/c

(b) 2.17 GeV/c . (e) 2.86 GeV/c
(c). 2.36 GeV/c (f) 3.22 GeV/c
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Fig. 30, Dalitz plots for all beam‘.momenta.,
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Since ;the Dalitz plot suppresses all production-angle information,
to reveal this we plot the data, in two dimensions, on a Chew-Low plot.
Generally, this presupposes the importance of some particular Feynman
exchange diagram. In our case, we plot the 7mm effective mass against
the mementum transfer squared between tﬁe initial and final nucleons.

The pertinent diagram is that of one-pion exchange, OPE, Fig. B-1.
Figures 31 and 32 show not only that the events cluster about the p mass,
but a_.lso that they occur predominantly with AZ <20 nqﬂo.2 . Further,

' A_z values less than 20 m_rro2 are in the physical region only if the beam
momentum is greater than 2.36 GeV/c. Since it is apparent that the fo,v

like the " p, is made at low AZ (see Fig. 64), it is obvious that only at

energies above 3 GeV/»c will the kinematics fav_ox_ its ‘prod‘uction. Figure

31d suggests that in p~ production at 2.60 GeV/é there is a secondary
clumping of events at about 50 mﬂoz. The combined data at 2.75 and 3.0
GeV/c pr'cscnted by Hagopian et al. 41 show a similar effect, and remark
that a calculation by Jackson, based on a model in which w exchange

® exchange, does not explain their effect. However,

interferes with ™
at ‘,2..86'. and 3.22 GeV/c in our data the effect is no longer seen, (Figs.
3'1é and 31f). (At 2.86 GeV/c, we show the effect of the contaminating
elastic scatterings at low 7w ma‘ss, These have been removed in the
other plots.) The combined energies show a further feature, in Fig. 33,
that there is a general concentration of events along the lower edge of
the plot. This allows us to refer with some justification to OPE outside
the p region.
AZ distributions

In Figs 34—39, we plot the AZ distribution for all events and for

the p region; we define the latter as mzﬁﬂ, 0.41 to 0.76 (GeV)Z. We

have incorporated a crude test of the OPE energy dependence suggested
by Alfred Goldhaber. > We multiply do/dA® by the square of P)_
the beam momentum--and the resulting quantity should be energy-in-
dependent. For p ﬁroductic')n, fhe height of the distribution (uncor-
rected for short proton tracks) varies between 28 and 38 mb. For p?
productién, the variation is greater, from 40 to 65 mb. We leave

fitting the AZ distribution to some model until the next section.

st ke

sm s e ST AR ik




-67-

- (a) . {b) —
200 - : . 200 , . - (e)
‘ . ' C200f -

100 100 ool .. ¢

0.0 0.0
Nh
S 300
o ‘, 200 Sy
<d 200}

250

100 ||

100 |
. 100 ]~

1.0 20 30

o L i s, . - 1 S
0.0 . 0 - 0.0 . - 2. 00 .

MZ..-  [(Gev)']

MU B-12437

 Fig., 31. Chew-Low plots for the reaction m p — pm ™ ,
(a) 2.05 GeV/c . (d) 2.60 GeV/c

(b) 2.17 GeV/c (e) 2.86 G¢V/c
(c) 2.36 GeV/c : (f) 3.22 GeV/c
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Fig. 32. Chew-Low plots for the reaction m p — AL A

(a) 2.05 GeV/c (d) 2.60 GeV/c
(b) 2.17 GeV/c (e} 2.86 GeV/c .

{c) 2.36 GeV/c (f) 3.22 GeV/c
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‘ MUB 12559
Flg 37. 2.60-GeV/c AZ distributions, Events shown
as solid are in the p region, Msz 0.41 to 0.76 (GeV)~.
(a) m p->pnim" |

(b) m™ p >nrn’
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TT mass spectra .

Figures 40 thrb.ugh 45 show the 7w éffecti\;e mass spectra for
both charg'e states at each energy. The shaded events are those with
AZ less thé.n 20 m 02. The curves are least squares fits, as deter-
mined by MINFUN, 43 to background and a p-wave Breit-Wigner reso-
nant form. For the latter, we have used an integral over the relevant
AZ interval of the Chew-Low formula (Eq. -B-25) with only the p-wave
contributing. For the backgroﬁnd we use phase space, excepf that for
the events with a AZA cut, we have modified it by the OPE pole term
AZ/[AZ + p‘z] 2. We believe this is a more realistic description at low
AZ and accounts, in a simple-minded way, for any s-wave 7T’ in.ter- :
action. | | |

We remark that p production is the most important single effect
present. At the highei‘ energies, we see the effect of the f° above the
curve. Oanig. 46 we have selected events with AZ <20m_o 2 at 3.22

GeV/c and fitted the distribution to modified phase space and a d-wave
Breit-Wigner. Our best fit of ndc = 1267 MeV and 'y =99 MeV is in-
.cluded in Fig. 45b. (Visual estimates for the f° préduction cros sec-
tlons will be shown in Table X. ) A

We do not see enhancements cutside these regions. At 3,22
0

GeIV/c, we see a 3-standard-deviation one-bin fluctuation in the m%m"
distribution ‘at 780 to 800 MeV. With the combined data in Fig. 47a, we see
these eVeﬁtS'_ distort our peak from the Breif—Wigner shape assumed by
our fits for the b_. No evidence has ever been presented for any effect
other than P production in this region, and §ve regard the excess of
events at 795 MeV as not significant. In Fig. 47b we see a definite '
narrow peak centered about 780 MeV. It is tempting'to associate these
events with the 2 decay of the w. We discuss this preSently,v

In Table VIII we tabulate the parameters and '.sz probability for
each of the 24 mass plots of Figs. 40 through 45. it is evident that by .

taking the weighted mean, we can determine the mass of the p and p°

with some certainty. The widths and percenta.geé of background rcquired |

vary considerably. If statistics permit, a fit can be preferred with an
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unrealistically la‘rgvé width and correspondingly small amount of phase
space. This occurs at eherg’ies 2.05, 2.17, and 2.86 GeV/c. We con-
clude that for the .widthé, the more extreme numbers tell us more about
our istat‘istics than they do about the p. Itis amusing to note that widths
as low as 77 i\/IeV44 and as high as 210 Me,V'23 have been reported for
the p. ) '

In order to check the values of the mass: énd width of the p ob-
tained for _Az < 20 m“oz and to avail ourselves of the greater statistical
accuracy afforded by corribining the' data at all energies, we _a,lsb carried

out the three-parameter fit with a background consisting of the sum of

the six phase spaces weighted by the numbers of events at each momentum.

The fitted curve for the p case is shown in Fig. 48. The mass and
width agree well with the previous result (See Table IX)., The param-
eters for the p° are also in agreement, but the probability is bad,

0.06%.

p Production cross section

To say something about the' p prdduction cross section it is im-
portant to be able to estimate the background. We have been circum-
spect about the numbers in Table VIII and have combined them judi-
ciously with an eyeball estifﬁate of the data to'give the cross s'ectio‘ns in
Table X. In Flg 49, 45 we plot the cross section for fché total thrée—body.
Reactions'.' (1).and (2) and for p production. Both cross sections are.
falling between 2 and 4 GeV/c. The quasi-two-body reaction T p - Np
fulfills the OPE prediction that it should decrease like P, "% The
dashed line whichis to be regarded as a useful visual guide is 12/Plab

(7/Plab2) for the p® (p7). The other OPE prediction of the ratio.

-

(opo/(r_p-) = 2 is not rea_li'zed.

Possible presence of w

To investigate whether we are observing an effect of the w, we \
have attempted a'vfour—parameter fit based 'on an interference model due
in pé.rt to Durand and Chiu. 46 Initial and final-state absorp‘tionAad'mi-ts ’_ché
possibility of an interference between p exchange in w production and

T exchange in p production. They write down a formula.-giv:ing the
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_Fig. 48, 7w invariant-mass spectrum for combined momenta

2.05 to 3,22 GeV/c and A% < 20 m _o%. The events shown

.shaded are misfitted elastic scatteq'ings which were re-

moved by remeasurement. Curve is a three-parameter
fit to 25% background and a p-wave Breit-Wigner form
with m =.750 MeV and I‘O = 137.5 MeV.
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Fig. 49. Cross sections for the reaction T p- Nrwand n°p ~ Np
as a function of beam momentum, : »

|
O
Q

Present work,
Bacon'et al., 1.70 GeV/c.
S.0.B.B., 1.59, 2.75 GeV/c.

2,05, 2,17, 2,36, 2.60,

2.86, 3.22 GeV/ec,

¢ Hagopian, 3,0 GeV/c. v
¢ Bondar et.al., 4.0 GeV/c,
(8) mp—>nrw, wp->np?,
(b) m'p-pr’w”, wTp-pp

Dotted line is 12/P

2 .
e 2 lab".
Dotted line is 7/p1ab‘
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2 2 o
dependence on m__~ and A containing three terms:

d2 o . m T d o'p
dmZaa’® 2 2° 2., 2 P gnt
T[(m“-m %) +m T "]
p PP
: I - do y -
+ = — [(ran_n)pZ)a + mpzl“pa]
' [('1n2~rn 2)2-i~ m ZI“ 2] dAZ ,
w w
’ ' 2 2
: ‘ do (m -m '\/(m U erp 1-‘p
+ [rr T —E7

P w
. d.A [(mz-m 2) +m P 2]
The flrsL term is the contribution from pure p production.
For dU /dA we use the Chew-Low formula. The second term is pure

W p_roductlon, where we assume the w makes an electromagnetic tran- .

sition to the p®. The third term is the important one for the 7n mass

/T

- 217w
is small. For do /dA we have used the experimental d1:.t11bution

.spectrum, and can glve rise toa large effect even if r = F

’pubhshed by Cohn, Bugg, and Condo 47 We have used Fig. 1 of Ref., 47
to set daw/dA equal to da /dA at cos@mm = 0.85 at 3.22 GeV/c,
and have taken do /dA constant and equal to the same value. We
have allowed the phase space background m , I 0’ and r to vary.
Our value for r is not to be interpreted as the w —> 27 branching 1at1o
_since it has the strongly energy-dependent variation of the 7N - Nu
production cross section folded in. - The order of magnitude needed for
" r is about 1%. _ ._ '
Figure 50 shows a fit to the Tr+TT dlstrlbutlon, with AZ 20 m 02
It is not surprlslng that with one extra parameter we are able to makcp a
better_ fit. Yet, in the above formula, the mass and width of the » were
fixed at 783 MeV and 12 MeV. The mass of the p® is about 4 MeV less,

and the width is 20 MeV less than that required without the .
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By selecting events with .AZ in the rang,e" 5to 10 mnozb, we en-
hance the sharp peak af 780 MeV.. Figure 51 shéws a fit to the mass
plot both with and without w interference. If we choose events at the
lower momenta only, the peak is still evident but does not accbunt for
most of the effect. Since the cross s‘ection is known to be larger at
lower energies, 48 we would expect the narrow péaking to bredominate
at lower energies, According to the known AZ dist'ributionl;:7 for the o,
we should expect a genuine « - 27 peak to be even more distinguishable

from the p in the 'Az region 10 to 20 m,noz', but it-is in fact absenf,
Caéting in doubt the interpretation, without some artificial restrictions,
of the observed peaks as due to the w.

Desa.i49 considers that a better alternative is the presénce of a
2* particle at ® 780 MeV. - He is able to fit both the mass and decay

angular distributions under these assumptlons.

p Parameters

- To determine the parameters of the 'p optimally, we do so where
' the OPE model should be most valid, at very low AZ. We choose as

low a A~ interval as possible without sacrificing statistical accuracy.

: With a yardstick of 1000 events, we pick 4 m_o2 for the p® and 6 rnTro'2
for the p . These are shown in Figs. 52 and 53. We determine

for the p°, m_ = 758 +5 MeV, ', = 141£10 MeV,

for the p___,' m_ = 754% 5 MeV, FO = »146i'10 MeV.

We have summarized the data on the mass and width of the p in
Table IX. We see no obvious dependence .-of. mp on AZ The mass
difference,l (Mpof mp_) seems to be ;bout 5 MeV. Both widths are of
the order of 140 MeV. At certain A~ regions there may be distorting
effects, possibly due to the w, which cause the observed po width to be
“about 120 MeV. |

Events at high A

In Fig. 54 We have plofted mz against u, the ‘square of

T _ v
baryonic momentum transfer between the beam pion and the final nucleon.
This is the valid plot in case of baryon exchange, and has the effect of

superimposing on one another the tails of the AZ plots shown in
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52. ’TT+11' invariant - nlass spectrum for combined momenta 2.05
to 3.22 GeV/c and A%< 4m_o2, 1500 events; 242 shaded events
have |cosf| < 0.3. Curves are three-parameter fits to 27.5%

. background and a p-wave Brelt Wigner form with m_ = 758 MeV

and I‘ = 1441 MeV.
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Figs. 34-39. Though no backwards peaking was observed in the AZ
distribufions,‘ it is clear that more TT+TF__ events in the p region are

77, An obvious question is

produced with high AZ (or low u) than ™
-whether these ére really w events. In Fig. 55 we show the mass plots
for .u <110 mﬁoz' The charged events in Fig. 55a are consistent with
weak p production. The narrow peak in the neutral combination is

centered ';t the p%. We ha&e checked these events for possible biases,

mismeasurement, or misidentification. There is no evidence for w

- production in these events.

N® mass spectra

In F1g 56 we show Dalitz plots for all data with A; less than
20 mnoz. The de-r}sity df p'qint‘s and character of the p and f° bands
is unchanged, suggesting that these are not due to TN resonances. If
we were producing the A+(1238), we would ekpec’c twice as r_nuéh in-

® as in nmt, Checking this in the presence of the p is

ten.sity in pm
-bdifficult, but the indications are that the production of this state is not
important. In fact, experiments in the same energy range, studying
~ the re»acvtions . '
| at p pnfno

~ and - ' ﬁ+p — ' o,
while showing substantial e (1238), show small amounts of
A+(1238) - p7® and very little of A+(1238)-> nTrd}'° SO—VVBZ . We conclude
‘that the concentration of events is due to the way in which the 77 system
_tehds to decay, with the final w~ cohtinuing in the same direction as the
beam 7w . This becomes more pronounced at highér ™ masses.

- In Fig. 57 we show the NT effective-mass plots for all six
energies combined. The background due to phase space is the same in
all four plots. waéver, the forward outgoing T distorts the distri-
bution, so that there is a tendency for high ™ p and T n and for low
Tfop ‘and . Tr+n _effective masses. As.we shall show, in Reaction (2) the -
m17 decay distribution up to the p regionis symmetric, which is re-
flec_te_d in Fig. 57a at the low-mass end. This makes it difficult to say

how much A°(1238) is formed. It is also hard to say whether any
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A°(1.920)l is made. The most prominent feature in Fig. 57a is the

formation of the N*%(1688). The N*+(1688) is also evident in the "pﬂo

and nmt distributions. . There seems to be evidence for a small amount

of A+(1920) in fhese_distributions, in Fig. 574 we have clear evidence
of the A (1238). We have not considered the possibility of N*p inter-

| ference in any of these processes.

1f we examine these distributions at each individual momentum,

- considering only those peaks which emerge clearly above the background,

despite the bad statistics we can estimate the production cross sections.
These are shown in Table XI. Entries are left blank where either we
have consistency with the absence of the resonance, or we are unable

to estimate the effect above the background

De ca.y angular distributions

We present here mainly a qualitative descrlptlon of the decay
angﬁlar distributions. In the next section their significance for the OPE
model is discussed. The two decay angles are 6 and ¢. They are
defined in Fig. 58: 6 is the 7T scattering angle in the w7m rest frame.
- It is the polar angle that the outgoing T makes with the direction of
the bearﬁ pion which we take as the Z axis; ¢ is the angie between t_he
- T scattering or decay plane and the production plane; ¢ = 0° occurs:
when the normals to the planes are parallél. :

In Fig. 59 we select events in the p band, 650 to 850 MeV and
plot AZ vs cos f.. In the neutral case, we note a strong forwards-back-
wards .asymm.etry, which is largest at the lowest values of A%, In con-
trast, the p plot is syr:imetric. Both tend to become isotropic as A2
increases. It is evident that if we choose e&ents with low A, less than
4 mnoz, v:we Wili acce}nt.ua‘te the characteristics of the angular distribu-
tions.

In Fig. 60 we plot m against cos 6. The chargéd combina-

m
tion in Fig. 60a is isotropic below 700 MeV. Above 800 MeV, there is-
_a definite tendency for the T to go in the forward direction. In con-
trast, the neutral combination is always asymmetric. No further

‘structure, e.g., a diagbnal effect, is evident. ‘The similar plots for ¢,



-103-

*UOTINGTIISTP %do.mﬁ - d ayj yo 309330 oyl wody 31 ajeredsas o3

o.ﬂ@wmmomaﬁ ST 3T IT ..ﬂo,n—noﬁoon.mﬂmm N SNOTAQO OU ST 9I9Y3} JT Yu®[q }JO od® Sorijuy ‘e

20°0%90°0 - - zoo®soo o~ 22°€,
- . - S0°0F 1°0 - 982
S0°0F50°0 S0°0FL0°0 S0'0FL1°0  §0°0F 10 092
1°0¥52°0 - - S0°0¥F01°0 $0°0¥L0°0 - 9¢°2
T0¥520 - |  S0°0FGT°0 - ) 5
- - - 170 5€°0 - | S0°2
IR B T B T @ Te/aer
_ -Elww@:fz %mimwﬁfz _uu<(8¢71) V- tElmwms N . wnjuswows
: . 8 S0 v 0 0 wresg

e °SUO0T}09s ss0Jd uoijdonpoxd Ieqosl "IX 9[qe[]



-104-

Production
plane

MUB-12424

Fig. 58. Definition of mrdecay angles & and 6 ; ¢ is angle -
' in wm rest frame between decay and production planes;

0 is angle between outgoing'and'_in\cident T,
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Fig. 61, show that it is iso'tropic in the charged combination but appears
to have some ,as'yrnmet‘r’y in the region of the p%. In Fig. 62, we have
se’lécted various mass bands for events with AZ <10 mﬂoz and plotted
the w017 cos 6 di,étribut‘ic)ns. The curveé are least-squares fits to a sum
of Legen_dre polynomials, 1%() aiPi (cos 6). Because 'of their orthogonal-
ity, if we attempt a higher-order fit--i.e., n = n + 1--the various
a, i=0---n do not change appreciably. This makes it .easier to de -
cide when the higherorder f{it is preferable. In Table XII we have
summarized the coefficients needed for the nfa” distributions in Fig. 63.
The new features which emerge are that order 2 is good up to
1 GeV and is in accordance with the p wave's being resonant in the
region 700 to 800 MeV. We note that A has the same behav1or as AZ’
but as we show in the next section, this 1s not evidence _for either an’
" s-wave resonance or a background that peaks at the  p. The nte”
distribution is symmetric in the 1020- to 1110-MeV band. We show a
fourth-order fit. The probability for second order is 2%, but since the
next band contains a large amount of Py, vcoming. prcsumably'from the
£%, we do expect some d-wave to be coming in. - The. 'r” band con-
taining the f° is shown with a sixth-order fit. The probability for
fourth order is less than 1%. Experiments with higher-energy

T~ beams--for example, Biswas et al. 53

" at 8 GeV/c--show evidence.
that for T masses above 1600 MeV most of the events have the out-
going 7 going forward. At these energies TN scattering becomes
diffractive, which implies that several partial waves are .contribu’cing.
“We believe that the existence of f-waves in the region 1110 to 1380 MeV
~is thus not unreasonable. ‘We are reinforced in this belief 'by the un-
importance of fh’e'A+(1238) in our events and by the fact that in Ref. 53
it seems to be entirely absent. The ©%n  distribution has a 28% prob- B
ability for a vsixth-ovrder fit, but‘..only 7% for second or fourth order.

- For consistency, we show the sixth-order fit.
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Fig. 62. DlStrlbU.thnS of cosf.for pr® 7 events with A2<1Om1;02,

showing least-squares fits to sum of Legendre polynomaials.
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600-720 MeV, 346 events. (f) Mn'Tr 930-1020 MeV, 134 events,

, 720-780MeV, 394 events. (g)M ’ ,1020-1110 MeV, 79 events,

, 780-840 MeV, 364 events. (h)MmT, 1110-14380MeV, 112 events,



6'1F 8'W S 1%

- 6'2F L'ZF T'CF 8TF  9°ZF  0°zF  §°0F 82 6'1F 8w 1HE O S0F £°87 8ET-11°%
'€ 9'9 107 ST e 8'ST 677 LY UV 6% 0% 9% s 6 ;
91F FIF GIF IF G0F 101 . VEFE O O8°0%  pooF €Ly VET1-20°1
9% 03 10} S0 7°S 8°'c L2 €€ , v .
LVF SF ST0F gy TVFOVIF O 9°0F  1°09 - 20°1-£6%0
6°G1 T0Y ¥y . 1’6 9°g 0°9
¥ZF 0°ZF. 0% 9°88 LVF O OLTF go0F 9°97 £6°0-¥8°0
6'¥2  0°'1z 0712 9°LY VY 0'zy .
L2F  £2F 71+ S°1¢ €°7F  g°1F  6°0% 8°L8 ¥8°0-8L°0
'S¢ €'%7 8Lz YLV - ¥S 7Ly
6°7F $ZF 1 F £°0 £°2F  6'1F - 0IF 2°ST 8L°0-2L°0
iy 6°62  1*.2  L°0€ £°€7 671 961
~ €CF  172F 11 ¥ 8°6¢ 2°ZF  L1F 6°0F 2°Le 2L°0-09°0
5 L°0Z €L 6°¥7 60V BT ¥°91
¥IE 0% F 90F £°5¥ ¥'0%F 09°0-1570
0°€ 8°g €9 ¥°9y .
6°0F 80F - G0% 1oLs Le “16°0-9€°0
00 0% by T
e Se Ve te .Nm Te O Awﬁhmvnm, e e te 0 g Ze ‘e 0e ( ANMWM HMA\DMWWW
- — : s5TI

: 0=t
. ‘suolnqraisip ze[nue Aesep ui jo Smouvmmwm .W = mlm%lww

t

N

uotsuedxs ur ‘e Jo sanfep  CIIX a[qel



=111 -

Fvents

Fig.

63. Disfributions of cosh for nm m” events with AZS 1'O-mn0
least=squares fits to sum of Legendre polynomaials.
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Density ‘matrix elements for the p

By expanding the cos § distribution as a sum of Legendre poly-
nomials, we have in fact found the m = 0 mﬁltipole moments.. We can

~extend this to the p and expand

do _ 'dzo

dQ ~ dcos 6dé

T

as a sum of spherical harmonics and determine the various <Y1m ) from
. M do m
(v = [ an, S v,
. M

To relate this to the well-known density matrix expansion of the
:angular distribution, which we discuss in the next section, we make use

of the Clebsch~Gordan series, 54_ which we write in the form

= Y7 (6,6) Y, (6,4)

\[(21+1)(-21"+1)

_ "xl..' : AL TR 4 LI
= Z.(l.frn,lm I_]m‘*m><lh-m,l“m|30'>' _(TJ_ITijn m(@;,dp).

We may derive the density matrix elements from a linear combi-

nation of the multipole moments.

£° production and decay distributions ‘

In-Fig. 64 we pr.esent the Az distribution for f° production,
where we have selected e‘ve‘nts with the maés between 1140 and 1340 MeV.
Figure 65 shows a scatter plot of ¢ and cos 6. The_asymmetry and
strong polar effect in cos § are obvious. The distribution in ¢ seems
to be isotropic, exhibiting little correlation with cos 6. We contrast
this with similar plots for the p (see Figs. 68 and 69). " To describe
 "the decay of a spin-2 pai'ti'cle, eight independent density fnatrix ele-
ments, .pirzllny , are reéuiréd. We ha&e not attempted to d.etermine

them.
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We conclude this descriptive section with an overall sur vey of

the data contalned in Figs. 66 and 67. This method of displaying data,

due to Dr. Vasken Hagopian, shows the variation of the cross sc¢tion

with m A, cos 0, and ¢. A quantitative description in terms of the

wmw?
OPE model as a function of these quantities is contained in the next

section, which goes far towards cxplaining the observed distributions.

D. 7w Scattering and the Absorption Model

Discussion of peripheral interactions

We have shown in the precedlng section that the reactions

T p —>nTr+Tr o - (1)

!

Tp s prlnT B L@

are dominated by .p'x;oduCtion o:f the p meson, Taken over all ava11ablo '
values of mornentum transfer, the quasi-two- body reactmn T p = Np

is 1/3 to 1/2 of the three-body reaction. At low momcntum tranbfo.*
AZ <£5m 02 » the ratio rises to about 80%. 1hc p is thus typlcally
formed at low values of AZ and thc reaction T p - Np is gharagtcrm—
tically a perlpheral interactions This leads one qulte naturally th a

model in which the reaction proceeds predominantly by OPE. The present
form of the OPE model has been refined since its inception, but not
beyond recognition. '

A peripheral interaction is characterized by small momentum
transfers. The colliding systems see each other only through a' com- -
palatlvcly long-range interaction; the reaction takes place mainly through
the high- angular -momentum components in a. pa rtial-wave expansion o[
the scattering amplitude. All thesec effects are characteristic of a r«.ac-
tion in whlc__h a single virtual particle is exchanged by the colliding
sy'/sterns., - In general, in ‘an inelastic reaction, one would like to select
the exchanged virtual partlcle to correspond with the smallest momentum

transfer between an 1nc1dent and an outgoing particle. (FHowever, in p®

production, due to the 5D€‘C1 11 circumstances of th "“,j‘o asynunetry,
the srnallest momentum tlansfor is. usually be tween the 77 incident and

T outgoing, and not b\-,‘t\.\'u,_n. the two nucleons:, )
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Chew and Low, 25 by considering the proxim:’tt);r to the physical
region of the pole in the one-particle exchange amplitude, proposed a
- method of extrapolatlon from the physical to the unphysical region.
Such an extrapolation was tried by Carmony. 56 Slnce the extrapolatlon
procedure needs good statistics, . and as a degree of arbltrarmess was
1nvolyed in its use, >1 it was found more convenient to extend the Chew-
VLo’w formula (see Appendix B) to the physical region of low momentum
transfer. In the parlvancev of Ferrari and Selleri, >8 this is the pole
;_‘ approximétioh. Their contribution was twofold. In Ref. 59 Selleri
makes the reasonable assumption that the effect of the virtual particles
being off themass shell--i.e., that Az # ..-MZ, is not to alter the m-
phase shifts but to modify the mT-m scatte rihg a'mplituc.ie by what is, in

effect, a kinematic factor. In practicél terms the Chew-Low formula

for

. ) 20 _
_ _ dw 0A"

be‘come_s modified by a factor 5

i+

K s

where a, is the'momentum of the beam pion in (for our case) the =
rest system, and k the momentum of the decay pions. Jackson and
Pllkuhnéo. derive K U/BA for various types of meson exchahge. The
off—m.ass -shell factor occurs naturally from the coupling at the upper--
i.e., threve—meson—-vert'ex. The second proposal of Selleri’59, is the

controversial one. If, for sn'npllcn:y, we ‘eXamine pseudos calar ex- -

change, we see that

: 2
o0 2,12 2 AN
z " FBOT Al e
oA : [A +p]

where F(A ) is some form factor whlch arises when the exchanged

particle is off its mass shell; (F(-n -) = Also,

ot 17 g T iy




-119--

which, for large A-Z, “AZ.. [ma is the mass of the beam pion. ]

Hence

, for lafge AZ, increases with AZ. An £ -wave resonance
A S : '

according to this formulation will have a differential cross section as a
function of AZ that goes like A2f, To maintain some sort of agree-
ment with experiment, for pseudoscalar exchange producing a vector
>meson, F(Az) must necessarily go as 1/A2 Thus there arises the

61

famous form factor,

. N ’ . Z‘
2 2 : 2 2°
F(a% = 0.72/ |1+ é\”z} +0.28/ 11 +]2 “g ] ,
' - 4.73 32

S

“which pPrevious experiments21 23,52 ‘have shown glves good agreement

~ for the dlfferentlal cross section of the reaction m~ P = Np. Since, for
vector exchange and most other processes, besides p produc’clon more
drastic and arbltrary form factors are requlred——such as exponential
factors whose effect really masks out the basic peripheral mechanism
~and which do alter the one- particle exchange model out of recognition--
doubt has been cast not only on the whole business of form factors,
malnly because their behavior is different from what is expected from

a form factor, but also on exchange models in general.

Angular cor relations

Treiman and Yahgéz pointed out that for all pProcesses going by one-
pion exchange there could be no correlation between the production
plane of the process and. the decay plane of the mw-m systen as seen in
the T-T rest frame because the exchanged particle is spinless and
cannot, - therefore, transm1t any angular momentum information from
One vertex to another, = - _ '

While all the above is perfectly true, it remained for Jackson63
to point out that although the Treiman-Yang angle can be defined in
more than one way, what is really ‘being descrlbed is the azimuthal
angular dependence of the scatterlng of the incident beam particle by
the exchanged particle.  For OPE it is just w-w scattering. In the

. T-T restframe the contribution to the magnetic quantum number m
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and along the incident T direction comes from the orbital angular mo-
mentum, the incident_ pion, and the exchanged pion; m=0. There is no
azimuthal angular dependence for simple 7-T scattering. For other

' exchange. processes things are obviously more complicated. Gottfried
and Jackson64 65 considered this problem and showed how the angular
decay correlations gave information as to the angular momentum and
parity properties of the exchanged system. In this work they first intro-
duced the now familiar expression for the density matrix of the decaying
system.

For the process TN = N7T, the partlcles that can be exchanged
are few. They can have only negative G parity. For T p = prlnT the
exchanged particle has_to have zero charge. The possible candidates
are. 1T°, w, and Ag: For Tr_p - nTr+vr" there is no available vector ,
particle, and only the T and Aé can be exchanéed In the Az distri-
butions for p production, Figs. 34 through 39, apart from the small
effect at 2.60 GeV/c we observed no obvious secondary maximum that
could be linked to w exchange. They are qualitatively similar to the
pOAZ distributions. As to A‘2 exchange, according to the principle of
Occam's razor, there is no need to invoke its presence until one is °
forced to. In any ca.se, experimental agreement with the predictions of
the exch‘ang.e model decreases as the spin of the exchanged particle in-

creases. v _ _

" So, for mp - N7WT we are in the fortunate position of hax)ing to
.consider only OPE. - For p preduction, the anguia.r distribution should
have p E)iu) =1, and anything else should be zero. The %ecay angular
distribution should be, apart from the background, cos”6 in the polar
angle and flat in the azimuthal angle, . '

' Experimentally, the cos 6§ distributions (Figs. 59, 60, 62, and -

63) show the presence of a linear term, which suggests an interference.

We shall return to this. The dlstrlbutlons in ¢, Fig. 61, tend to be flat,

- except for some asymmetry near the p? and a slight but definite accu-
mulation near 90° for the p . .It would seem that the Treiman-Yang

condition for OPE is fulfilled. However, only when we make a scatter
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plot of the svcatktering angle versus azimuthal angle does the s.urpri'sing
fact emerge that there is definite structure in the Treiman-Yang angle,
Figs. 68 and 69. The deséription of the reaction as involving -7
scattering must be 'r'nodi‘fied.A Is it possible to keep the peripheral model,
preserve the cdncept of exéhanging a pion, and yet explain the presence
of nonzero magnetic quantum numbers.along‘ the incident beam direction?
Beforé attempti'no’ to answer this we should note that no ad hoc form
factor will give rise to the observed nonzero elements in the dens1ty

matr1x

Absorption ; ' ‘
Beginning about 1962 a phenomenological theory has grown up
known loosely as the absorption correction to Rériphe ral interactions.
It seeks to correct the defects, as outlined above, of the one -meson
-exchange model. The basic idea is the folloWwing. : The peaking of the
reaction cross section at low .AZ tells us that predominantly high-
angular-momentum states are involved. The one-meson';exchange '
‘diagram involves mainly the high-angular—mornentum stétes, but the
observed differential cross section is even more peripheral. The wrong
distribution of angular momentum states is being loaded into the matrix "
element. We must invoke another physicai method of cutting down the
lo'w—angplakr'-momentpm states. In'coricept,j the answer is easy. The
lqwér the angular momentum, the larger is fhe cross section for non-
‘peripheral prbcesSes and the lower the available cross sectibr{ for any
given pefipheral‘process. The‘iﬁresence of highly inelagtié channels
depletes further the lOW-ahgqlar-momentum amplifudes, and the result 'b o
is a sharpening of the | Az distribution. It also results as we shall
vdemonstrate later, in a depolarization of the angular momentum states .
of the resonance. Thus the absorption model has the requlred mgredlents
‘to eéxplain the deviations from the predictions of the unmod1f1ed OPE
‘model.. - .
_ In most of the formulations of the absorption model the relation-
s‘hip befween fhe_ absorbed -amplitude‘and the unmodified Born amplitude

is given by
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b oo o i) J J
Fei = NS¢ B Sii

0

‘Where S

initial and final states, and the j is a label to represent the components

£ Si‘i represent the S matrix for elastic scattering in the

in a partlal ‘wave expansion. For these S- matnx elements, by assum-
ing a Gaus51an dependence for the elastlc dlfferentlal cross section
do e—AA'2
aQ :
and that the elastlc amphtudes are 1mag1nary we can write the ela.stlc

amphtude as :
o

fla,q] = 4 e [- EAAZ]

and carry out'a Fourier-Bessel transfarm to obtain

Nsd = 13X oy | 5 ‘-.[J “Imm” .
o T 4mA ZAqZ

]2

- When this eﬁpressionis put into the above formula for the ab-
sorbed amplltudes we see how the partlal wave amplltudes get reduced
and how the reductlon is greatest in the s- and p'-wave components, ’

It is agreed that the formula for absorption gives generally.
good agreement with experlment but it has so far been. 1mp0551b1e to
derive the formula rigorously. To mention just one 1ncon31stency, he
formula can be derived in nonrelativistic quantum mechanics, by use of
the Schrdd1nger equatmn and the concept of potent1a.ls; in this case a
necessary condition is that the range of the exchange potentlal should
‘be less than the extent of the absorptlon region, whereas this is pre-
cisely not so, and the best agreement with theory, OPE, rnaxlmally
vielates the condition. We shall not discuss the theoretical bases tor
absorption nor dlscuss the commonly presented development of the-
theory as it is applled to experiment by Gottfried and Jackson and by
Durand and Chiu, but will make reference to a different presentation

.of an absorption calculation by Robert Huff.
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Above we decomposed the amplitude into partial waves and intro-
duced the absorption at.each' value of the c.m. angular_momentum,
making‘e'xpl'icit the varying absorption with the c. m. angular momentum.
In Huff's formalism the absorptlon is 1ntroduced into a framework built
round the canonical conjugate varlable to angular momentum, namely,
angle:

‘Without analyzing any inherent virtues of this ''linear momentum

.- representation' which might make it a more suitable vehicle on which to

mount an absorption calculation, we could make two simple observations.
The expressions for the ab‘sorption came from the elastic scattering
differential cross section, and are thus explicitly functions of the scatter -
ing angle. Secondly, the summing over all intermediate states at which .
the reductlon of amplitude is made con51sts of 1ntegrat1ng over all. values
of the c.m. scattering angle. As aprocedure thlS seemed more accurate

and simpler than the approx1mat10ns involved in the angular momcntum

: approach in which the summation over 3 gets. replaced by an integra-

tion over 1mpact parameter, and the rotation coeff1c1ents of the first
and second kinds,’ dJ)\(G)) , €° }\ (z) , by Bessel and Hankel functions,
respectively. However Durand and Chiu 8 and Hbgaasen et al. 66 have
shown that it is pos sible and fairly straightforward to perform an exact
summation. Further, to evaluate an inte’_g.ral numerically on the com-
puter involves a éummation, and as it turned out in the Huff approach,

a double integral comes into absorbed matrix element [see Egs. (C -34)-
(C-36)]. As regards computing pro-cedure, the advantages of the Huff
procedure are not so attractive as they initially seemed. As in the an-
gular momentum approach, there are two parameters for the absorptlon,»
a total cfros‘s section 0., from which we derive the forward scattering

T
amplitude, and an exponential elastic scattering slope A. In Appendix C

- we have included, 'by courtesy of Dr. Huff, a full exposition of the ab-

sorption calculation in the llnear momentum representai:lon° . In it we

~arrive at formula (C- 34)

FM[@]: m[.@ .)dcos e B, [@]Q°[®O]

y

il
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which relates the Born he11c1ty amplitude to the absorbed amplitude.

Qo is itself an integral,
0o ~ 9. 1 £[e
Q g&%RK%dfﬁlﬁfQJ,
where f is a function of the angles such that !flz =1 and | >

RO, ] ~e~Aqq' [1-cosBi0],

where Gid is the ang’lébetween the direction of. ©, the c. m. scattering

angle, and the intermediate scattering angle [@ P. ] . |
We see that the maximum contribution to QO comes from the |

~ region where ©® and ‘Qi are collinear, i.e., @iO = 0. The effect of fhe.

integral operator on BH)\(O)‘ is to generate a new function, which is a

smoothed-out version of- BW\(@)o " Subtracting a smoothed-out version

of itself from B X(O) gives rise to the collimation effect. Where B (@)

is'already smooth—-l, €., at high AZ—— the two functlons are s1mllai‘ and

the’ difference is small. . At low AZ, where B (@) has a peak and a

large derivative, the two functions are d15$1m11ar and their d1fference is

large.

Depolarization

It is obv1ous from the discussion above how the differential cross
section as a function of AZ gets modified: What is not so ObVlQUb and
what should be demonstrated is how the depoiarizafibn of the m-w states
comes abbuto'. We shall discuss this first purely in terms of productlon

of the p meson, but by then it will become more tranbparent how to
account for interference effects and still adhere to the absorption model, i
For unmodified OPE we can erte, for the 1nvar1ant TT scattering '

~amplitude, ' ‘ ‘ - ,
JTTTT = 8Trwf(6) ‘ A . . . ) . ’ o | o ] .

a

- - . 1 R
: 61 .. w | _ : , .
= 8w i—) Z [21+1] el_ 7 sind) lr—“l—t—)] 'Pl[cos 6], .

where we have pedantically included the off‘—fthe -mass-shell correction,
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Resfric-ting the summation to 1=1 gives the p-wave scattering
amplitude

S a .
er- -817—1'12— '3eléls;n61 {—fﬁ] cos 6

1

k

w

s
—— 10 w | o1
8m 3 N12m e Pl sing, |2 v~ [o,
kv Doy K O[ ]

1]

11
Ay Yy le, el

which gives rise to the & decay angular dlstrlbutlon
W (o, ¢) 3/417 cos 6

Here p( ): 1 and all other den51ty matrix elements vanish. The dis-
’ cussmn so far has all taken place in the mm rest frame. However,

absorption effects are calculated in the overall c.m, frame in a helicity

representation, since we compute the effect of initial- and final-state

absorption on amplitudes that connect the various helicity eigenstates.
Hence it is instructive to transform the mm scattering amplitude and
densi.ty matrix to this same overall c.m. frame.

‘ | If © is the c. m. scattering angle, and ¥ is th_é angle between the
incident beam pion and the direction of the p meson and incident pion in
the p rest frame, we have the following relationship arising from the

Lorentz transformation from one frame to the other:

sin ¥ = aq' sin © ,
’ w
E. .
cos ¥ = [cos® - a] L
qQ'E - w
where a = an’ ,
w

where the symbols are defined in Appendix B.

The p amplitudes transform like a vector under Lorentz trans -

~ formation,
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. 1 1 A1 A1
i.e., ﬂ\m de .(.- ) /{m —_AM.

where /1\ ! and 5(1), are the mT scattering arﬁplitudes and density
‘matrix in a hili’city regiesentation ' -

~ The Born helicity amplitudes for the OPE process contaln ‘the
factor ,(k s> . where p denotes the_ p helicity, as well as the contribu-
tion from the NN7m vertex and the propagator. When we Lorentz-
'transform back to the 7T c.m. we rotate the matrlx elements by the .-
angle ¥, and arrive back with onlyAO nonzero and p( ) = 1. However,
any tampermg such as that outlined in Appendix B due to absorption, or
what have you, of the he11c1ty amplitudes followed by the rotatlon will |
certainly give nonzero (C( .4 amplitudes as well as nonvanlshlng
off vdllagonal density matrix elements. v o

The effect of the absorption, which we take as the model producing
this depolarlzatlon, may be represented by writing the invariant ampli-
tudes for the p as 4
(4; = 8m % m ei‘si s'in‘f)1 -a—(;(-— C,

2

im

1m C ml] S"l.,v‘

Where ' 'Ciml <1 and Tr .[C

 The question arises as to the significance of amplitudes with non-
zero m. For genuine T-T scattering there can bé no terms with m# 0.
But the effect of the initial- and f1nal state absorptlon on the process, d
looked at as 7w scattering, is that ‘the incident wave can no longer be
thought of as a plane wave. The presence of the proton in the initial
state causes an asymmetry in space, giving ‘rise to the dependence bn
azimuthal angle: cp.' v v

~ The extension of these ideas to other partial waves »iAs now seen toi

be trivial. -
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For the invariant scattering amplltude we have

T 74 | (6, 9),

| . e e fa
'where (4 gl Nam NZ i1 e Plsing | < | c

k _ Il k| 7lm
and the den51ty matrix : ‘ . : .
p 1) Am Ao J
A T [AmAs ]

where in the computation of the bilinear form the summation over

nucleon helicities in the OPE model is also implied.

One could ,proceed fron'l here to treat the angular distributions
1, 1
W (0, ¢) = }}: L)yl (94>)Y .wep)

and fit them with a reasonable set of pa_lré.meters as follows. The ele-
me.ht.s of the density matrix are determined by the average value of the
various phase shifts over the mass interval considered and the amount
of absorptlon, which depends on the AZ 1nterva1 and is reflected in the

m"s. ‘A suitable pa.rameterlzatlon would then be a set

values of the C
of phase shifts--some of which may have been determlned previously by
other means ——and a set of values for Clm' This would be a most general
-sort of parameterlzatlon, and makes no assumptions as to the nature of
the cause of the depolarization. For the events of interest in this ex-
- periment this was not done, but a more ambitious parameterization
‘was attempted based on the absorption model.

As we have outhned already, the effect of the absorption model
is to give depolarlzatlon of the mm angular momentum states. It re-

quires two parameters, which implicitly determine the Clml’s' The

phase shifts still remain to be determined.
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To write down the Born helicity amplitudes, as is done in Appen-
~dix B, is perfectly straightforward, and follows from the foregoing dis-

cussion. What is not clear conceptually is the physical meaning of an

absorption modification to such an amplitude. A given helicity amplitude e

relates to a OPE process where the two final pions are in some angular
momentum and isospin state. Such-a three-body final state will have a
final-state interaction; but we are presented with an imponderable if we
attempt to describe it. Omnes, _69 .howevér, in talking about eigenstates
of the S matrix (see Appendix C), maintains :that his treatment of absorp-
tion is ''not restricted to the case in which the final system of particieé
excluding the nucleo_ﬁ can be treated as a particle.'" Accordingly we have
v ‘gone ahead and used the same formalism irrespective of the nature of
the 7mm final state and, as it turns out, have even used the same param-
eters A, C. The two absorption parameters rn1ght change as the mass of
the 77 system varies, but we have suppressed this degree of freedom.
We note, however, that the parameter vy :-1./2quA is a function of mm
mass. ' v _

In effect the fit is a.phase-shift analysis of -7 scattering, where
T we have corrected the OPE modei by absorption. The question may be
asked: if the main interest is really the determination of the phase
shifts, is the introduction of absorption really.necess_ary or does it
obfuscate the issue? It has been stated7.0 that the dependence on the
azimuthal -:angle is not large and, in any case, is of such a éymmetry
as to cancel out its effect. While this may or may not be true, we make
the point that a fit that includes the extra 1nforrnat10n in the ¢ depend-
ence and which does not introduce too rnany extra parameters is to be
preferred to one that makes an assumptlon that is blatantly partially
' wrong. We make two further points. To investigate the behavior of
the s-wave phase shift we direct our attenfion, “in the main, to the
(F-B)/(F"f'B) asymmetry in the cos 8 c_listribution. For a given set of
s and p phése shifts the value of the observed asymmetry depends on th?
absorption--the maximum asymmeti'y being observed when there are no

absorption effects. Lastly,. any fit to the data in terms ofa power-series
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expansion of the decay angular distribution in cos 8 that makes no ref-
erence to the depolarizetion will yield some false conclusions. Let us
illustrate this point by reference to Fig. 70. This shows data with
'Icos 9,£ 0.3 and AZ < 4H2" We see enhancements in the mass distribu- .
tion in the i'egion of the p° and the p . The presence of these events
can easily and naturally be accounted for by the absorption. The ele-
ments of the density matrix, pi(i) and p(_11)’ W are nonzero. However,
according to the simple OPE model, the probability for finding events
with lcos 6 ‘ 0.3 is very small, and explanations outside the model
must be sought. Resort can be made to a background term (see Flg 9
of Ref. 71) or some other resonance in the region, Ref. 72, If we
return briefly to the effect of absorption on the s-p interference it is

- possible to show that a phase-shift analysis based on a power sériee in
cos 6 will come up with the wrong value of the pnase shifts if absorption
is neglected. ‘

| Including the interference terms, we have

27 .
W(6, ¢) d¢ =

> pg%) 2— [p(i)cos 6 + pgii)sm 0] + '\/-_ O)‘ cos 0

. o2+ ifhs 2nfl -

- As we have stated earlier, the density matrix elements and, in
I

- particular, p((;lé 0) s depend on the phase shifts and the C s
v Ignorlng the C1 ts is tantamount to puttlng in a dlffe rent value
for 6

We may' write

where if we have Clm:: 'C
1

61 :.61+X
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and :
' sin[éSl + x ]

T |C, | sin6
A Im! 1
ny could fake an inelasticity, but it is possible for !Tl ll >1.

In the absorption model treatment, following Gottfried and
Jacksvon, 73 we have assumed a purely imaginary elastic scaﬁtering
amplitude. Thus our »Clm’s'are real. Any phase shifts we may de-
termine will also suffer, in part, by including any phase that the actual

absorption may introduce and that we have neglected.

Fit to the data

We have set up a very elaborate model with which to compare our
experimental data. As‘a model it is .the only one that predicts the sort
of angular 'co-rrel'a'tions that are observed. There are two parameters
in .the absorption theory which we must somehow choose, if we can, so
that the model will give gobd quantifative agreement with experiment.
We must also do the 'sarﬁe with the phase shifts, but in this case we can
make some simplifying assumptions. For the range of 7w effective

mass that we are dealing with, m__ < 1.5 GeV, it seems reasonable to
. . e I_ .1 .o 2 .o 2 .
consider five phase shifts, 61 = 61, 60, 60, 62, and 62. Two of the

'phé.se shifts are associated with peaks in the mass spectrum, and we

use this to represent them by a Breit-Wigner formula. There are

52,72

grounds for believing that 622 is small, with the same sign as

68 . "In our fits to the w°

P-4 below’ m__ = 1 GeV. In this section we have considered its effect

77 cos 6 distributions (Fig. 62) we did not need

to be less than the approximations of the theory as applied to this sample

of data. 63 itself is represented by the Chew-Mandelstam effective

range formula

i

'cqség

- ‘ . 1
: _ 2 k> w }
where a - loge — .
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This leaves 68; we defer discussion of this until we consider the
p? in detail. _

In a thr\ee-body'final state, there are five indepehde'nt scalar in-
variants that we can construct from the various inifial and final momenta
of the particles. We can keep any four fixed and obtain the differential
cross section with respect to the fifth. In this work, the obvious vari-
ables to choose have been wz, Az,v' cos 6, and ¢. The fifth variable is
the total c. m. energy, Ec. m. The OPE model tells us exactly how

c. m comes into the matrix elezrnent. At low beam energies, 2 GeV/c
or less, certain low values of A"~ will not be available for « above a
certain value. However, the major‘dependence on Ec. m. comes in
through the flux factor, 1/.F 2 . With the introduction of absorption, -
further c.m. energy-dependent effects could be introduced by alldwing
0 m and A, the two absorption parameters, to vary with ‘EC-O . We
know, however, from Table VI that the absorption parameters vary
slowly in this region for 7 p. We therefore regard O and A as in-
dependent of beam energy, and in our parameterization they are aver-
aged over the span of beam momenta 2.05 to 3.22 GeV/c. We have
already shown in Table IX and in Figs. 34 through 39-and 48 that there
is general agreement with the OPE energy dependence, and in partic-
ular the factor 2.5 = [3. 215/2 05] 2 between the two extreme energies.

- Accordingly in our treatment of the data we have lumped all six beam

energies together.

Determination of pa rarriete rs

We use the follow1ng values for the mass and width of the p found
at low AZ in the previous section:
for the p?, m_ = 758+ 5 MeV, PO
for the p , m_ = 7545 MeV, r
‘For the % we found '

m_ = 1267+ 10 MeV, F =99+10 MeV.
The phase shifts are then related by formula (B- 26),

(1) _ (D)
r —1"0[

141 £10 MeV,;
146+ 10 MeV.

t

0

where

a w

a, J 21+1 mc
c
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With res'pecf to the determination of the other phase shifts and the
absorption parameters, two alternative procedures suggest theméelveé.
In the first, we could consider both final states, Tr—p-?pTTOTT_V and
T p > nTT+Tr-, together.” As we have demonstrated earlier; the ratio of
p° to p~ production is ndt in accord with the OPE prediction of 2:1. We
would be obliged to use the model to explain the discrepancy by using
different absorp.t‘ion parameters for the p  and the p°. We would
prefer to.test'the theofy in this experiment and leave this particular
question until more light can be shed on it by other sorts of experiments,
€. g., ‘actual form-factor effects. The other advantage that might
accrue to us is that we would be treating the T =2, s-wave 17 interaction
sn*nultaneously However, the gain from including the extra informa-
tion 1n the Tr+TT | distributions would be more than offset by the fact that.
in the ntn” case the T = 2 intei‘action cbntributes to the s”—wave émpli-
tude coherently with the T = 0 intéracti'on, ..Whose effect is difficult '
enough to describe properly and which is, in actuality, our main interest.

We therefore followed the second procedure, which avoids these
pitfalls, and study the two final states separately. Ideally, to get at the
T = 2 interaction We would like to study ntat or ™ T states, e. g+,

T p - A++((1238) T T, to determine the behavior of the s- and d-wave
T =2 phase shifts. However, in this experiment we use the pm? n~ final
state, not only to findvthe p absorption parameters but also ag, the

T =2, s-wave scattering length in the Chew-Mandelstam formula. We
then use these parameters in considering the nTT+Tr_ final state.

We undertook a maximum-likelihood fit to the pm®n~ data with
results that were only partially successful. Events were chosen with
2\ 20 p,z. For each event the probability of its occurrence was con-

structed by computing ' 840/8 w28 AZE)Q ,"_ using absorbed OPE helicity
-amphtudes and was normalized by d1v1d1ng by the integral of the rate
over the phys1cal 11m1ts of AZ, wz, and . For the integral we used
one setting of beam momentum 1nter2val, For the rate itself we used the

. - ... 2 , .
five measured quantities EC m. @ A", cos @, and ¢ of the event in

question.
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The vac’tual mechanics of the program were as follows. A maxi-
mum value of AZ was read into the computer. The input file containing
the events, ordered by increasing momentum transfer, was then read in
Auntil the maximum value of AZ was reached. For each event the five
_kinématic quantities were read in and stored together with a weight. This
weight compensates for the scbanning bias against protons with low mo-
mentum transfer, and is calculated from the beam azimuthal distribution
of elastic scatterings (q.v.). With this set of parameters we compute
the integral over the relevant area of the Chew-wa plot for all six
beam-momentum settings. We then calculate the probabilities of events
in the sample and form the logarithm of the likelihood function. We aléo
calculate the probabilities with parameters incremented by small amounts
to o‘btai‘n numerically the first and second .derivative‘s of the likelihood
function. This part of the program is due to Dr. Philippe Eberhard, and
seeks a maximurh likelihood by a Newtonian method. It should be ob-
vious that demands ‘6n‘storagé space and the complexities in the computa -
tion of the rate--which involves a double integral--make it absolutely
essential for the calculation to be done on a big fast computer. In Dec-
ember 1965 a CDC 6600 was delivered to the Laboratory. Without it,
-'this maximum-likelihood method could not have been carried out.

Because of the ordering of events, the preliminary runs with a
restricted'sample invoived small values of AZ, where the model should
be most applicable. With 1300 events and A” <6, a maximum like-

lihood was found with _
C =1.82, A =2.23 (GeV) %, acz) =.0.55 fermi.

A subsequent run with provision for a noninterfering phase-space

- background ga;ve A
10% phase space, C = 1.69, A = 2,48 (GeV) 2.

As regai‘ds the scattering length, on the basis of the fits with the

above sets of par‘ame'ters and the set to follow, we feel that a good value

is ag = -0.55£0.05 fermis.
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Taken over.the_ whole _sample of 2775 events, AZ <20 pz, the
parameters C =1.82, A= 2.23 were consistent with a maximum in the
ov_erall likelihood. H'oWever', the likelihood was much smalJler and not
consistent with a mere doubling of events. The reason appears to be

that we are attempting to describe simultaneously differential cross

: . . : 2 TR 2 .
‘sections with respect to angle and A~ (the distribution in w  1is taken

care of by the resonant form), and th‘e' likelihood method is most sen-
sitive to the angular distributions. The data are con'centrat.ed at low
values of AZ before the parameters, as it were, have got a chance to
sté,rt attenuating the differential cross section, and so their values are,
in-the main, set by the angular distributions atthe lowest AZ In short,

(1 )

it was found that to match the experimental falloff in Po the parameters
were driven to the values given above, with the consequence for the A
distribution that it did not fall off fast enough (see Fig. 71). The angular
distributions are fitted very well with this choice of parameters, perhaps
better than similar fits by Jackson. However, in the density matrix ex-

pansion the absolute cross section is divided out, and although one feels

‘that the fit to the density matrix elements is the sensitive test of the

absorption theory, in view of the distressing disagreement of the A
dlstrlbutlon, these parameters were rejected. ‘

By inspection of the behavior of the AZ distribution and density .
matrix elements for various values of the absorption parameters, it
became evident that we could not reproduce both simultaneously. How-
ever, a choice of C'= 1.15and A = 10 (GeV)_Z--corresponding to the
solid curve in Fig. 71--reproduces well the observed A d1str1but10n for
the p . There is no arbltrary normalization. We have taken G /4Tr =15
to yield an absolute calculation.

The situation with respect to the density matrix elements is, of

~course, less satisfactory (Fig. 72). The calculated curves have the

general features of the data, of which there are enough statistics to show
how the density matrix elements do vary with A", but quantitative agree-
ment is absent. In the regions of low A~, the calculated density matrix

elements differ by less than 10% from the observed va.lues.v At values
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of ~A2 =z 15 HZ’ the obsefved points contain the effect of background
and are less than the actual density matrix elements for the p at these
values of AZ. - Since the disagreelment is least where the greater part
of the dvata is, i.e., atlow AZ, we have used this new pair of absorp-
tion parameters in all further calculations.

The implications for the phase-shift determination are reflected
in the (F-B)/F+B) asymmetry. In Fig. 73 we plot th‘e_ won” asymmetry
as calculated with the new parameters.and ag = -0.55 fermi. We see ‘
that the effect is to slightly overestimate the asymmetry--certainly in
the p region. We shall return to this in considering the asymmetry in
the p®. . The other feature of some importance in Fig. 73 is that below.
700 MeV, the cos § distribution is substantially symmetric. This is
in disagree'ment with other groups; some discussion of this is found
in Ref. 76. The calculated asymmetry is negative in this region. How-
ever, we would mention that only 55 events--i.e., 2.5%—‘—are to be found
below 620 MeV, therefore, statistinally, the disagreement is not serious.
The fit to the scattering length is determined by the increasing asym-
metry through the p region. The addition of some d wave may help
to reduce the interference, but this is unlikely at the low values of wmw
mass, where the discrepancy is observed. _ » |
o Before .proéeeding further, let us examine the paramete,r‘s we have
obtained and compare them with those obtained by other authors. Al-
though Durand and Chiu68 66’_ 73,77 use the

angular momentum adpproach, our parameters can be used in their

and Jackson and co-workers

formulation. Durand and Chiu use thé parameter v, where v = [1/2A
and C=1. At4 GeV/c, for mp ~ p’p, they use v = 0.24 GeV. With
A =10 (GeV)_2 our value of v is vO.2'24. In Refs. 77 and 78 the param-
eters C+ and y are defined for the initial and final states: C- is 1,

maximal absorption, and y-/y+ = 0.75; y is related to A via the relation

Yy = 1/ZAq2 .

Our parameters give an effective exponential elastic scattering

slope and an effective total cross section of 57 b, which we take Lo be
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the geometric means of these quantities for the initial and final states.

This glves A_=12.5to0 13 (GeV)—2 and UZ%T 90.to 100 mb, and there-

fore 2 ]

v oo M oexaas®

Y+ A q? 12.5
Lastly, weé would like to comment on fhe values of A and GT_OT.'
Recent expei‘iments with p? photoproductior_l79 seem to suggepstpthat

the exponential diffraction slope is of the order of 10 to 15 (GeV)-Z.

Drell and Trefil, 80 on examining the energy and momentum dependénce
of coherent p° photoproduction as a function of the atomic number of
the target nuclei, present an argument to show that at 4 GeV/c the p°N
total cross section lies between 66 and 94 mb Both these findings seem

1
. to suggest that our ch01ce of parameters is not unrea,sonablg.?3

nTT+1T final state

We pretend to understand the absorptive effects in the pN case and

the behavior of the T = 2 s-wave phase shift, and' now we 'tufn our atten-

tion to the p®. There is a case to be made for using different absorp-

tion parameters in the p’n case, since this is a different final state

from p p, but the state of the art does not really warrant it. The ques- -

tion arisesas to the abso’rpti\./e effects in the s and d waves.- Since the
T = 2 s wave is small, we used the same absorption parameters as in
the p . For the s-wave T = 0 1ntera.ct10n, the two obvious alternatives
are to use no absorption or the same parameters. We used the latter .
and were guided to this choice by the fact that the p? asymmetry de-
creases as AZ increases in the range 0 to 10 pz, where we do not
expect.background to be important; see Fig. 74, also Ref. 70, Fig. 3,
Where the same effect is seen in good agreement with our data. The
implications of this are that the s-wave interaction falls off relative

to the p-wave as AZ increases The s wave has no off-the-mass-shell
correcting term (a /k) , and so the AZ distribution is dominated by the
2 2] 2. '

propagator term 1/[A%+ If the p wave gets abs'orbed and the s wave

does not, the least we can expect is that the as-jrmrnetry remain roughly
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constant. Since the reverse is seen, we believe our choice is quali-
tatlvely correct. '

We have alluded many times to the steady and strong asymmetry
in the m'm’ decay angular distribution. The suggestion that this is due
to a strong T = 0 s-wave amplitude is not a new one;82 we should like to
inve{stigate the statement83 that this amplitude is, in fact, necessarily
resonant, Hagopian et al., ’84 on the basis of equatorial 'cos ] ! <0.,3,
events at low AZ < 4“2 , with something like 45% of the statistics in this
experiment, aver that they see an 1nd1cat1on of this scalar particle.

0n0 effectlve -mass distribution at

Feldman et al. 85 see ‘a peak in the ™
700 MeV in a spark chamber experlment to study L p-> nTTO ° but only
at one beam energy, 1.52 GeV/c.

' To determine' the T = 0, s-wave phase shift, 6(0), twelve valnes of
mo. o were chosen, with five concentrated in the mass interval 670 to
800 MeV. Associated with these ten points were ten values of 68. A
quadratic expressi‘onl in 68 was put through any three adjacent points,
and gave 68 at any other mass value. In this way, we ensured a smooth
and continuous variation in 68 The maximum- llkehhood fit indicated
.that 68 increased slowly through 90° in the region gf the p° '

With this information, we can compute the A~ distribution and
density matrix elements for the p° and_take into account the strong
3 —Wave_ contribution. . v ‘

In the AZ distribution, Fig. 75, to which the s-wave contributes
about 8% of the cross section, we have normalized arbltrarlly to the
area between 5 and 20 ptz'. The absorption calculation gives a slower
falloff in the cross section than is observed, casting in doubt our assump-
tion for p°n of the same absorption parameters as p p.

- The effect of the s wave on the density matrix elements will be to
reduce the pure spin—l components--since we are normalizing by a
cross’ s'ection that contains more s wave--but our measured p( ) will
have the effect of the s-wave cross section added to it (see earller)

Thus Fig. 76 is similar to.that for the p density matrix elements, Fig.
72. |
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In Fig. 69 we showed a scatter plot of cos 6 vs ¢ for the p° as
compared with the p , Fig. 68. The elements of the density matrix
were calculated from the model and averaged over the mass and A
interval, and used to calculate the contour curves. In both cases, good
agreement is ‘obtained. By projecting the dlstrlbutlons on both axes, we
obtain the angular distributions shown in Figs.77 and 78. The agreement
with thoery is good.

Figure 69 is very similar to that shown by Durand and _ChiL183 and
by Derado et aLl..86 Further, our calculated density matrices are very
similar to those calculé,ted by Durand and Chiu and quoted by.Derado et
al.. From these plots alone, it is very hard to give preference to a
th‘eory with a resonant 60 ,-as Durand and Chiu malntaln, or to one that
merely has it climb slowly through 90° near the p, since we are averag-
ing mass-dependent effects, and both theories agree that’ 6‘00 is 90° near
the p°. ’

We may use the calculated density-matrix elements to show that in
the. p 'r'egion and AZ < 15, taking events with lcos 9»‘ < 0.3 will reduce
the cross section to 1/7, of which the s wave is just 1/6. Hence, con-
sidering equatorial evebnts, although we gain a factor of two in the s-wave
- cross section, is still not sufficient to distinguish it from the p-wave
cfdss section. (We may mention here'that without absorption we expect
the ''equatorial' cross section to be about 6% of the total, of \%/hich 58%
would be s wave. ) With a AZ lirﬁit of 4 “2 the proportibn of s wave is |
enhance.d to 25%, at"mosvt, of the equatorial events.

To determine the phase shifts outside the .p, region, we. evaluated
the (F—B)/ F+B) asymmetry as a function of mass, varying our input
v6'° ‘at the 12 fixed points, until it most closely resembled the experi-
mental points. The result is shown in Fig. 79, and 6 itself is shown
on Fig. 80. Except for the region 620 to 700 MeV, we are‘abl‘e to fit
' the asymmetry from about 400 MeV up to 1000 MeV. Above 1000 MeV .
we have arbitrarily let fhe T = 0, s-wave amplitude vanish. Patently,
we do not reproduce the asyfnrnefric decay of the £°, _ ”

In the region immediately below 700 MeV, no value of 68 is able

to generate the large asymmetry, about 0.5, in this region. To make
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this clear, the following calculation is in order. Ignoring the T = 2

contribution, we can express the asymmetry in terms of the phase

shifts,
. : e0 - 0. v
-8B ) 2 sin 60 Sln61 COS(50 - 61) _ .
F+B - 3sin261+ésin25°
_ 9. 0

For a givenv value of 61 this is appr'oximatély ‘a maximum for
(260 - 8,) = g- ~Thus for 6, =5, 63 = ~ will give a maximum asym-
metry of 18/31 = 0.58. At m_ . %670 MeV, &, is about 40°. Taking
60 = 65° gives an asymmetry of 0. 64. However, in OPE these would be
the values obtained only at the pole AZ -pz. As we have shown, the
asymmetry decreases with A so that at the 0, averaged over 0 to
10 }J.Z, it falls from 0.58:to 0.39.‘ At m__ % 670 - MeV the maximum
asymmetry we can generate in the calculation is about 0.45. We do not
pretend to u‘nde rstand the data in this interval and would not like to ad-
vance any one hypothesis over another, whether it be an upward fluctua-
tion in the data (we are in disagreement with Jones et al. 0), lack of
absorptive effects in thls region, or othér 77 interactions that have
not been considered. ' '

In the f® region we predlct zero asymmetry, -since we do not
. have enough p-wave amplitude if a p Brelt -Wigner form is used. We
must invoke elther f waves or a p-wave amphtude 1ndependent of the p.
Our arguments in the previous section seem to favor the former.

With a slow increase of 60 through 90° we can reproduce the in-
creasing asymmetry up to 900 MeV and account satisfactorily for the
= dec_reasé to zero at 1100 MeV. Because of the approximations and in-
abcura_.cies we have introduced with our absorption model we believe
that we have estimated the right order of ‘magnitude of the absorptive
effects, but the 60 could change by £15°. In the region an error of
+ 8° would be more sultable. . _

If one makes the transformation 68 - % - [600 - 6,] the asymmetry
does not change. In the expression for maximum asymmetry this is -
associated with the solution (260 61') = :;— . Near the p the two solu-

tions are 31m11ar Outside the p the transformed solution will have a
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more complicated behavior than the present solution. In theory, a

determination of the s-wave cross section will distinguish between the

‘ two. In Ref. 76, the attempt was made to do this, but between 400 and

500 MeV, 61 is small and both solutions are near 45°.

We should therefore like to present.our solution for the behavior
of 68 as a plausible one and to point out that the resonance invoked by
Durand and Chiu 83 (see Fig. 79), is not only unnecessary but also in-
capable of fitting our data. We may measure the slope |

Eié’-
dk

9 is changing fast enough through TT/Z for it to be

870
called resonant. At the o

0
d60

dk
slowly varying and not resonant.

k

~ 0.42, and so we aver that 68 is

Lastly we should like to remark that although we let 68 increase

from 0 at threshold, we could have let it decrease from ™, as Chew

has suggested. 88 This would bé in disagreement with the positive asym-

metry below 400 MeV shown by the data, since a decreasing phase shift
would make the asymmetry change sign. However, there are only 20 to

30 events in this sample below 400 MeV, and Jones et al. 70 with a total

of more than 1100 events below 450 MeV find a negative asymmetry.

- In summary, we have shown that the absorption model gives qual-
itative and reasonable-to-good quantitative agreement to the experimental
data. Possibly, we have introduced too much absorption into the s-wave
amplitudee. The Huff formalism does not seem to generate so much

"absorption' as the angular momentum approach. With our absorptive

o correctlons in, we are in agreement w1th other workers on the magni-

tude and sign of the T =2, s- wave TTTT 1nteract1on, and have shown that

the T = O.s-wave phabe shift is 90° near the p but not resonant.
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E. Missing-Mass Hypotheses

In Fig. 81 we show the .missing—rnass plot for Reaction (5),
T p— T p+ m.m.

We have summed over all energies and selected events with Az = 0.3
(GeV) in order to reduce the background in the region of the m. The
M signal at each energy is not strong. In Fig. 81 we also show the
mass plot at 2.86 GeV/c, where 7 production seemed to be higher.
In Table XIII we present our estimates of M production at each energy. .
In Fig. 82a, b, c, we show the mass spectrum for ’_che combination
us ('nl‘,m..)_ at 2.60, 2.86, and 3.22 GeV/c for all momentum transfer and
for A% <0.65 (GeV)Z. As the beam energy increé.ses,‘ the peék of the
four-body phase space with no A'Z cut goes from.about 1250 MeV at
2.60 GeV/c to about 1450 MeV at 3.22 GeV/c. Consequently, although
the presence of the AZ’ 89,90 with mass .and wid'ph in agreement with
those of Refs. 89 and 90, is evident in all three plots, it is very hard
to estimate it above background at the two lower energies. With the
AZ cut from 0 to 0.65 (GeV) the background is flatter and the A‘2
effect is’ enhanced, ‘although at 2.86 GeV/c (Fig. 82b) our statistics are
poorer and we can say only that the histogram is consistent with the
presence of the AZ‘ In Table XIII, we present cross sections for the
reaction Tp > pA2 ‘based on estimates of the number of A2 's pro-

duced at 2.36 to 3.22 GeV/c. At 3.22 GeV/c we note that the estimate

for A, production, A5 = p m° of 0.15 mb, is in good agreement with

89

that of Chung for A_ - pln”, The equal branching ratio of A - p%n7,

® has been reported prev1ously in Ref. 91.

A2 - p_Tr
The A1

the cut, we cannot rule out the presence of a shoulder near 1100 MeV.

is not apparent in the mass spectra with no cut. With

However, our h1stograms are dlfferent from those for the ot combl—
89, 90 92

nation with A < 0,65 (GeV) » and we are in disagreement -

with Ref. 92, which sees a definite narrow peak at 1100 MeV in 7~ m. m.
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Flg 81, Distribution of missing mass in the reaction.

T p-- m p + missing mass at 2,05 to 3.22 GeV/c and
A3> O,3TGeV,Z, Shaded events are 2.8(; Ge\/'/c only,
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Table XIII m and A2 production cross sectlons in
in m p > w p + neutrals, '

Beam Momentum 0’1 O'AZ
(GeV/c) (ub) (nb)
2.05 0485 _ -
2.47 ' 165+ 75 : -
“2.36 » 105+ 50 " 60+ 40
2.60 15060 145+ 50
2.86 235+ 90 ' 350+ 100
3.22 : 140+ 65 300+ 75.
T is production cross section for T p - pAZ—,

2 : :
o is production cross section for wp -~ W pn.

Bot_h cross sections include corrections for modes not seen in this

experiment,
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Fig. 82, Distribution of (7 p missing mass) in the reaction
' ™ p— T p + missing mass. oy ' 5
2.60 GeV/c; events shown shaded have A< 0.65(GeV)".
2.86 GeV/c; events shown shaded have AZ < 0_.65(GeV)A_2. '
3.22 GeV/c; events shown shaded have A" < 0,65(GeV)Z_
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By making the cut AZ 0.15 to 0.65 (GeV)z, not shown, we find
' the AZ' is. unaffected but the events at 1100 MeV are depleted. In Fig.
82d we add the data at 2.60 to 3.22 GeV/c. The" A2 is prominent. How-
ever, 'by making the cut AZ‘ < 0.15 (Ge'\~/')2 we see a strong peaking at
1100 MeV. To give an unamblguous interpretation of th1s is almost
impossible. Refe rences 89 and 90 have shown that the A effect may
be explained in good part by a OPE diagram where there 1s‘- T scatter-
ing at one vertex and ‘Tp scattering at the other. The situation for us,
in that case, is very similar. The wow’~ scattering is dominated by the
o and we have 7% scattevring The amplitude for m™p > w0 p is the

mean of T p - T p and mt P~ nt p- We should therefore expect an A1

enhancement at low AZ' Since this is a dynamic effect, depending on

various amplitudes, we do not expect any constant ratio for an A1 going

+

Oq0 g01ng to m'w T, The worsened mass resolutlon will

to m%m%n” and A1
also tend to wash out any broad A1 peak. -

In surnmary, we find evidence for the production of the A2 reso-
‘nant state. We see no strong A1 effect. This supports. the vizew_ that
the A1 is not'a resonant state. The excess of events at low A” near
1100 MeV, while consistent with phase-space predictions, may be in-

terpreted as a kinematic effect of the " and 7% diffractive ‘scatterin .
p p P g
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APPENDIX A

Relation between Proton Momentum and its Scat’tering Anglé

in the Laboratory vSys tem

The effective mass squared of the resulting particles accompany-
ing the recoil protonina T p collision is given by

QZ:(E. -E)Z—(P. -P)Z,'
in p in P

where the notation.is obvious.
We compute this in the laboratory frame of reference:
.wzzm".z-l-mZ—ZE.E + 2P P cos@ ,
: in P in"p lab " p lab
where ®lab 1s the lab scattering angle of the proton.

Since m, is the square of the overall c. m. energy,

m.2=m2+m2+2E m
in l P T p
@ -mZ = 2m? - 2E. E_+ 2E.m 2P, . P cos®
™ P inTp TTwp lab™ p 77 Ylab”
Let us write - E =m_ + T
p P P
and v v .
" E. =m_+ E_;
. 1n P i
' 2 _ m%.2p b © . -2T [E.+m]
e @ -m = lab pcos.lab s - mp .

Nonrelativistically, i.e., Pp < 400 MeV/c,

we may write T = PZ /2m_ ,
N : P P P 5
e 5 ' Pp :
W - mﬂ = 2 Plab Pp cOSs ®lab -—In—- [ETT + mp].

For elastic scattering only, the left-hand side vanishes and we have

P [E_+
p[1T mp],

cos@lab= o
: lab "p

The curves for w # m_ for P, = 1.59 GeV/c are shown in Ref. 93.
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APPENDIX B

Helicity Amplitudes for One-Pion Exchange

We generally follow Jackson and Pilkuhn60 and Gottfried and
Jackson73'in the definitions of the sy’rnbols used, except that we use
Ea’ Eb' -+ for ag; bO. .-, For momentum transfer squared\, we use
A% = -t. (See Fig. B-1.) '

The invariant amplitude for the process is

M= GE () vy ) F[A] v (B4

wera2 "

i is the mass of the exchanged pion. F(A ) is some form factor, taken
here as imity. (\7““ is the invariant mn 'scattering amplitude. Equa-

tion (B-1) should be compared with JackSon and Pilkuhn's formula (8), 60

S N 1 1 _ '
Q/ T 2/40 YO (6,0] , (B-2)
7 :

partial-wave expansion in 7T rest frame,

/41 ‘ o » e.161 sin6l . a 1
where ¢ O:8Trw'\/4Trf\/21+1' — k‘*’ _ - (B-3)

is the lth partial-wave amplitude, is the mass of the ©TW system and
Ew' the energy in the c.m. sYSte‘m, k is the momentum of the decay

pions in the wm rest frame, = (6,¢) ™r decay angles, a is the

IR
momentum of m,, the incident beam pion, in the 7T rest frame, and .

is thus both a function of AZ and w:

1 J 2 2., .2 2 -

aw = -2-—; (A + (rna-I-w). )(A + (ma—w) ) .v (B—4)
To compensate for the exchanged pion's belng off the mass shell, v

/'z%) becomes a function of Az via the factor [ T ]'1 59 Below, we shall

try to justify the presence of this factor. .
We now wish to write Lq (B-1) explicitly in the overall c. m.

94

frame and in a helicity representation.
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Nﬁcleon Helicities

. The four different expressions for G'j" ys ays ‘according as the
initial and final nucleon spin projections are parallel or ahtiparallel

to their momenta directions, now follow.

A ., Final Nucleon ., Initial Nucleon o Guty u,
d’ =7 b , o , o J s )
- i G§ cos’@— '
2 2 - 2
1 -1 | G, sin®
> 2 ‘ _ + 2
(B-5)

- = 1 G§+ sin —
2 2

-~ _1_ - 1 : - Gé COSE)—
2 . 2 )

Here © is the c.m. scattering angle, and

Eb. + rnb

E

d+md

J

(B-6)

We note here that averaging over the initial nucleon helicities and sum-

ming over final nucleon helicities gives

§f_ sibn2 % O+ g%c'oszii(*)-: [(mb— md)z' +.A2] . » (B-7)
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Dipion Contribution

Spin amplitudes undergo a unitary transformation as one goes from
onée Lorentz frame to another. This can be expressed as a rotation
through some angle of the amplitudes. Using helicity amplitudes makes
it simple for us to see what angle this is. We know that under a Lorentz
transformation along the helicity direction, i.e., in the direction of the
momentum of the particle, the helicity states are unchariged Suppose
we have some 2z ‘axis defined in the particle's rest frame; we will -
obtam the helicity states by rotating the axes in such a way that the new
z - axis is the direction along which the particle will move, i.e., the
direction of the Lorentz transofrmation. Thus, generally, the angle
in question is the one between the directions of the Lorentz transforma -
tions as seen from the rest frame of the particle, '

For us, the "particle" is the dipion system and the angle is be-
tween the axis in the rest frame, which is the 1nc1dent beam direction,
and the T momentum direction in the c. m. frame. The angle is ¥

(see Fig. B-2), where

a sin¥ = g sin® ,
w
._ E_
a,  cos¥ = q[cos@® - a] — . (B-8)
'E
. q Ej
@ =2 (B-9)
qE -

- However, since we are, in fact, rotating the axes, thé argument in the
rotatlon matr1ces will be - ¥ ,

In the 77 rest frame, the partial-wave amplitudes are
1,2 1, .2
AL 03 -AL e, - (B-10)
where /{1 ' isvgiv'en' by_-(B-3).'
0 .

In the helicity' re'preéentation, therefore,
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2
- Fig. B-1, ' Feynman diag;am, in the Born approximation, for
OPE process. Notation follows that of Jackson and
Pilkuhn, , ‘ '
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-
90_@\\‘///
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-

— 7w left frame

--- Overall c.m.

MUB-12538

Fig. B-2. Relation between pérticlerdirections in overall c. m.
and nw rest frame. :




1]

S S N 12
A 89 dm.m(-\II)Anm)

"
E
,A
’5

- /21+1 m.( v, O)Al K (B-11)

OPE Helicity Amplitudes

Let the helicity projections of the four particles be

Mar My M) Mg

with RIS U Y

and let us write B( ) for the OPE helicity amplitude, where the ww

system is in an angular momentum state 1:

", o .
£ cos = §+ sin = , 1
B:})\):G CElA] o (B-12)
v 3 sin@ - £ cos@ botA ' ’
- 2 -
We write down some selected Bﬁlz
0) o (0)
Bli/2,1/2= O+ B [ -
= G, mn% F—Z[A-Zi gm 2 190 g3y J (B-13a)
. pot0
g{1) _ (1),
_1/2 1/2 ° (0+ "I_B I +)
' 24 Lo a
=GE_ cos © —F—z[—A—lz- 8m % 3e1z,51 sin61[ %]cos\lf ,
2 B tA g .
(B-13b)
(1) _ Ta(1) : ‘
3/2 ~1/2 = (- B . I'J’-)_ _
W21 . ‘ a
= G&, sin & EZLAT] ss_wi"]t2 3e101 siné, [ — | sin ¥
(VRS AN ' , k N2
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(2)
Bli/2,-1/2

(0+ [.B(Z)| +)

2 . a 2
_ D Fla™] w . 16 . w 12 3cos W-1
_Gg_cosz— —T——M +A28WE5€ 51n62[ k] > ,

(B-13d)

B(32/2, a2 = (b | B+

2, . a
.0 F[a"] w g 162 . wzf?.»
G§+s1n-— ———5 87 - 5e sméz[—-—k] ,§51n2\11,

H

a2 K
(B-13e) |
(2) L a(2) B
Bs/a,1/2 = (2- B9
2 . a
= —Gé_cos@ FZ[A]Z 8w 5e16251n62 [ 2‘\/2? sin® ¥ .
(B -13f)

Having obtained these OPE amplitudes in the helicity representa-
tibn, we are at will to alter them by some mechanism,. for example,
absorption. Then, in ordei' to get deéay angular distributions, we go’
back to the Tr rest frame, i.e., we perform the inverse rotation '
'through the angle ¥. Then we constru.ct the bilinear forms from
mp”’lp sum, and average over nucleon helicities, and we arrive at

the density matrix elements,

S 1) . 1"
Z B\ BH.xﬁ
o = ' L (B-14)

Tr‘.[z o (D .BH::;\(}”

A
)\b’ )xd

l. €.,

Cross Sections

In this section, we derive expressions for

‘———a 20 and ____8.30' —
awzaAZ - aQ A

™
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and show the connection with the Chew-Low formula and the formulae

of Jackson and Pilkuhn and of H3gaasen et al

The cross section is given by

4 —.
. [2w] 1 _ 21,
do —-F > >1 |Mp| dp ; (B-15)

f

Jis the flux, ' &2

(a'b)z_ - (mamb)2

i

glab 2 _ 2
[alab b ] _[chm]

) | (B'ié)

dp is the three-body phase space (Loréntz invariant)
‘With normalization of states,

(k'E /kE) zJ 5 EE! (2n 6(k k)

1 1 ~2A

) 2 4 4 -

.dp = : (Zn)3 6 (pi m, )d'k; | 6 (k.l-n—kout) | (B-17)
dk. | :

- L Lotk -k J- (B-18)

if(2m)3 2E, mooou ’

We choose to write dp in a form which shows that we are considering

the three-body as the product of two two-body phase spaces

dp = —— X de__a.%| 4 an
(2m)° | 4w 4E
: cm . -
= L X dcosgapdn? | an?|, (B-19)
2m?| 4w | s F
Z !/’l - g4 E[A ] E,f sin® € 4 £2 coszg ., (B-20)

which by (B-2), (B-3), and (B-7)
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3 .2 2 |
- G* [f-z——[A ] J [, -mp)* + &%)

p‘.+A2
2 — T a 1+1' '
X 64 me iz 4w >J [J(21+1)(21'+1)[—1-:i} (B-21)
~
_ e _ _

, . ,
X sin b; sinb,’ Ho1-61) YD (6.4) Y] (6, ¢) ] .

(The absorption model introduces partial-wave amplitudes with m # 0.

We can replace the summation in'the last expression by

[y a L+t
Z {JTZlH)(ZlH»i),[%] sin 6, sinby:

ERTL

. : 2 m m| sk - i : o\
X >j Clm Cpr Y7 (0:0) Y (6,¢)] , | (B-21a)
and the following discussion f)roceeds analogously.)
' For 'vconvenie_nce‘, let us consider first one partial wave, and then '

we have, from Eq. (B-15),

; 4 . 2, 42 SN
ac )= L2m ‘ GZ[ ——-—T—F 2] ] [(mb—vmd)z'd}‘ A_Z]

4(\7 HZ+A
' o - 2Tra 2l : :
- 2 a2 . 2 : 2
X 64m [21—}—1] sin 611 %[Tw] [Pl (‘cos, 0)]
x & k1 o4g. awtaal, . (B-22)

mw

S 2m? 16w
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- . S, w2 ‘
9% par® w sz Fa%] 2 2
. = > [(m, -m,)"+A"]
. 2.2 5 64F 2, .2 b d ,
90, 8w dA - (2m) - Lp%a | .
21
2ra ° :
2 .2 | 2
X (21+1)% sin §1 i-z_ [‘T?‘] [P [cos 0]

' 5 5.2 L,
1 (G El] -m )%+ a%) X @ur1)sin®s, 2
2% |4 p2+A2J e, md)_ ] w( | =0 K\ k
Yy (6 ¢) % - | o (B-23)

‘ Evaluatmg thls expresuon at AZ = -pz, we make the -"pole ap;
prox1mat10n, " and by summlng over 1, we derive the Chew -Low
formula 25 At AZ = -p.z, [A ] =1 and a = k, smce the exchanbed

pion is now considered to be on its mass shell

| . 9 ‘_’ s = 12 [ G ] ;’ zdz Wk (21+1)
ot e swtan® 24 [5+a%) -
S1n2 61 .
—z 1Y, (6, ¢>l (B-24)
8% 1 [a°] 2. .2 O
= | 2 - )P HAS ok —— 0 . (B-25)
8,0 A2 gnF2 | an J[(nb _md 2l [2+n2]2

To connect formula (B-23) with ckpressions for the production of

vector6 and 2t meson566 by pion exchange, we have to show the re-

lationship between the phase shift 6l ‘and the coupling constant g(l)

For those phase shifts that are resonant at w= m_, we can write
"~ down the Breit-Wigner form for the scattering amplitude, ‘
(1

I'm
c

i6, . o
€ lsmc'Sl— >

[(®-m ) =i T ), o (B-26)
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C

" %f si'n26>dw2“= rl m_ . . R o (B-27)

Instead of this last equation, let us define ]__'"(l) ‘in

. 21 . 21 . -
1 ol L2, 2. Mmoo ag (1) o

'nere a. and k are the values of a, and k at w= mc.
We can also describe the resonant particle as decaying into two
pseudoscalar particles by the coupling ’
S | | S
=1 (a-¢€) :tl, . (B-29)

I
C

where '(a-e)l is a tensor of the 1th rank, formed from the four-vector
(a-e), i.e., a "raw" tensor in the Zemach95 sense, and tl is a sym-
metric traceless polar12at1on tensor describing the spln states of a

spin-1 particle.

The tl's are 'nbt unit tensors, but ha__ve the normali-zation96
2114 1!
”1 tity L—-I-'] . . (B-30)

.Wlth expression (B-29) for the coupling, we derlve the partial decay
rate into two partlcles of momentum k : '
' 1 4k
EXOIr G

k . .

K )

: o . - (B-31) .,
4m mCZ 2[21+1| .

in Table B-I we summarize these results for 1=0,1, and 2.
Note that for 1 = 2, our normalization differs from that of H8gaasen
et al., 66 with consequences for the definition of g(Z)‘

In the evaluation of (B-29), for the various spins and helicities in
Table B-1, we have transformed the momenta into the . 7T rest frame.
This is because the pola117dt1ons are then formed from three-vectors s,
1..e. » they have no "time" components. In this way, we relate to the
A previvous work, where we transformed the spin states from the w rest
frame to the c.m. frame using the matrices d (-‘If), which depend on

the same Lorentz transformation.



471 -

2
P S
. Z . . 31 £
- logms Lo’ T
- O dwa .
AR L (02 (0> *
Pl Tw e b | z 2 < 2
A 3 [Pesolome b gm 9z -y = w 2 * ) 3 = 5 ?
¢ ¢ : Aﬁm. ict : ()
o . :
) o uis b =7 S=pN-z=w A {122+ 2 uu,.h_z
A S Y (+)700)” o) (17 e
. . . Re]
. . , = [o-2):%3 :[0-0] X aml\‘
) .. . = {a-®] %3 :[a-"] 3 TLwTLw = .
. . ‘ . : 2
CRLRS SN 1 -] = =)
NME. RARNE S 4 : w?- sodlb 87 )= 1w 1Tw-ma 3 = 3 = 3 -
5, 7 (1),3 5 05922119 1 = (g B C R . Z (o) IR } }
g T | v - 2
ous bzf )8 o el =y
ra n - . ] N : -
oe R , - “)? , ! °
lerizk Jwy ozp - SRR PR £ S8 t i
e ﬁw_vnu A:um u:v..p . . . 3 .Amo ®j \A:w swely 3521 wu ur 1y :.—|«|-.|w~|w =iy i
. , T-4 °qel

7 pue ] ‘Q = [ 10] sajer Kesop vsd‘ uwonvyuasardar £310179Y ® Ul movsuﬂnﬁcd qJO ‘sxosua} .soﬁmﬁu.m.ﬁom
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From (B-28) and (B-31.) we see that we can vc_lo,rlive g {from

. o 21 ' L
2 1%t o m? ra wr [a®l ok

1 wlw .2 2 c c g C c

mJ k| k. o c c - _ mCJ 2(2141)

. S _ g ) . o - "
.e., = - - . : B-32
e o (212 T o B

Let us return now to Eq. (B-23), integrate over w , and use the

last -e_qﬁation:

3 (1) : 2 2, 12 |
= = — '[G ]l—F[ZA ]z] [(mc—md)2+A2]

_aQWaAZ IPTeC UPE LI
W2 (42 %)l 0 | |
: ez 1Y) (0.9 i | (B-33)

X 4w
: c
"For l =1, this is identical with Jackéon and Pilkuhn?o Ecq. (10).

For 1l = 2--apart from the different normalization factor of 3/2--this

is Eq. (2.4) of Hdgaasen et al. 66

‘With this identification, we have attempted to show that, because
of the nature of the coupling of a spin-1 particle to two pseudoscalars--

Eq. (B-29)--the inclusion of the kinematic off-the-mass-shell factor

k

a 1 : : _
[ < ] ~ in the partial-wave expansion formulae.is justified. . -
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APPENDIX C

Absbrption Calculation in a Linear Momentum Representation

This unpublished work is entirely due to.Dr.' Robert'Huff; and is
" included here with his kind permission. _
Om‘nesé9 introduces the concept of eigenstates of the S matrix
|0.>, Iﬁ) - to be contrasted with the physmally observable states
o), |b)-- o | | |
,a) = uaa|a> (summation convention), . (C-1a)
la) =4__ |a) ; - o (C-1b)
" where 'u is a unitary matrix;
S)d) = %% Joy., | | (C-2).
where 60, is the real eigen- phase shift,
The relationship between F, the absorbed matrix, and B, the

- Born matrix, is glven in the eigenstate representatlon by

1( 66-}-60.)

(B IF[a) (8 |Bla). . (C-3)
Thus (b|F|a) ='Z Hﬁbuda(BlF'la) | . (C-4a)
. a,ﬁ
=ar 'bi a, B 1(6B+6a)_ﬁb .Bb'u u '<b |B|a
2 P a Uy (C_4b)
-Y B sl B (et
albl .
.whe‘re | éa'a = /, Eaa" u ei.6a = (;' |s1/2'[=a>_,; . 5 (C-5a)
2 Lo _

and <b|s1/,2|b'>. ‘ - (C-5b)

0
o
o,
] |
=]
»
T
W
=2
[¢]



~174-

Hence we have the matrix relation

F-s1/2551/2 , , (C-6)

In the usulal angular momentum representation, the physical
states |a), |b) are labeled |i,J, M, Npodp) and | £ 0, M )
for the initial and final states; J, M refer to the c. m.. angula.r momen-
tum; )\n- are the helicities of the four particles in the quasi-two~body
reaction; all the other quantum numbers, including the c. m. energy,
are contained in the labels i and f: \ = )\1 )\2,- M= )\3 )\4

With this representation, Eq. (C-6) takes the form

(EIMAN, [FliT M N)=

1/2 ' ! t ! . 1 i

74 (fJMK3>\4!S | [fJMK3>\4 WEIMNSN ]BIUMM Ny )
)\I
n

X (1T MA |s1/2 [LTMAN, ). (C-7)

. However, in a linear momentum -repreSentation the physical

states are |f, Qe As, K4) and »A>), where Q = direction [9,8].

We note the relationships

- Orthonormality
S. Z j9x1>\2><x ISR | : (C-8a)
' %1K2
- Z | TMA Dy (TMAN, ) (C-8b)
JM>\1>\2

Connection between two representations

. | . . J* .
L . _ ' 2J+1 ~
@n g, [ IMA Ny = 6)\)\16)\2)\2, / i 0®M)\(Q) (C-9).

94

[see Jacob and Wick’™ Eq. (24)].
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Relation (C-6) in this representation becomes

(£ NN, [Fli0N Ny =

Sdﬂdﬂ \ <f£2)\3>\4|si/2|f9 Ny Ay ) {(c-10)

n

N T A R R 2
X (EQM" Ny |B|1Q.-i_>\1 R ECUR IS ERSEULVR V!

We now try to simplifﬁr the above equation, Using Eq° (C-9), we

have

(£2 00, [Blig n ) =

‘y(fJM)\3)\4|B|1JM)\1)\2)2J+1 J (Qf)ﬁj NGR
M

_ N L 2T+ J* A
s 2<ij>\ |B|1JMx 2) S 0@)\” 127", (C-11)
J‘ .
where we have used the unitarity and group properties of the p@'s and
also the fact that <fJM)\3)\4 IBI JMX‘1K2> is independent of M.
Let us write the Euler angles for the rotation

-~ _1 B . .
@70 = [200,-T5) 2 (C-12)

A1, iNDLe T Sip Ty '
= f Mot -
bjxp,[gi 2] =" %ifa) [0,] e . (C-13)
But we have, again using relation (C-9)
(f@ifx3>\4 |B| ioxixz_ ) =

Y <fJM>\ Jh, [B]iTMA >\2>3‘%+_1 d“;\p

Lo
J

[Qif] ° (C"14)
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Thus (£ AN, [B| i AN, ) = .
AN @i -ipnTif : ' | _
e " e 1 (f@if)\3>\4|Bl.1O>\1)\2> . (C-15)

In Appendix D we quote Huff to show

@, O o o, ie,-o]
1/2 [@ -w. ] o cbs—-z-—" cos —5- + sin > sin 5— €
Nyjf =€ ifd = '
g0 ‘ _
: 11 B cos _Z_elf
. (C-16a)
1/2 [‘f‘ -+ ] cos —21 sin —Zf eléf - sin —71— cos————éf elq)i
Pif = il = .
if = ’ o | o
- sm.z_

(C-16b)

It will be useful to relate matrix elements which differ by having

the angles Q. and £, interchanged. To obtain this we start from

’

T¥ 615 1 -8 (S -1o . -ipdis imLf J _ ,
T 197 ] _ﬁi)\ (27 0= PPt Ml e, @) . (Ca)
But . 4, (@) = (-1)" " a5, (©,); | . (C-18)

we thén have

1)\\I/f1p.@f J

ﬁrf 2] sz] (-0 o tay ley]

‘ Nep i if < T S g
= [ [ H][ if 1f1 B 197 . (G-19)
Thus  (£2:3;), |B| iSZi NN )

| K-u' iMp][@5e-i5] | |
=(-1) e (£, N30, [Bligun Ny . (C-20)
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For the specialvcase of 2. =0

(£ |B|10>\1>\2>—( 1)" EEL RSN }Bim 1>\é>.

We apply these relations to BS1/2, using \ = X;—XZI s p': )\v3—)\;:

v ' o 1/2
(E3h | BST / |1ox )

- DA Pyt 1/2 .
= [-1] (£0N3N, |BS | | 120,05

f

- (C-21)

g <, . 1/2
=[-1]" S‘dszi Z (fO)\ x |B|1Q NMo) (A9 )‘1"2 [s™/ iy
1

!
VRN

1
)\)\2

We cari_ now write the full absorbed matrix element of Eq.,

(£ON N, |F[i0 2 ASE

N ] : L . ! 1. | ‘
S' dcos®; Z (£, 50 |B|10X\, yQ(O,0;),
Ny '

Wher‘e v : . '
Q [@,@1] = S‘d @idﬂf[_,l])\f)\ e)‘@i. [)\' =~ ]
X (£@N5), |S |£9, N3Ny ) (i M, st/ 2lig

2 1M -

Define S_'l/z =41 - R -

Q[6,08;] = 53\ axzx 6>\3>\3 5>\4>\4 [;os® - cos @]

| \ ,
-2;[0,0,] 8x 15 8,0, - Q.[0,0,] 5x M 6NN,

Q. ‘[@,61] ,

e r URTER 1/2 A
Sdg. Z <fQix3}\4|B|1ox1>\2><1Q N >\2|s i, 1>\»2>(—1)‘

(C—,ZZ_)

(C-10),

(C-23)

(C-24)

(C-25)

(C-26)
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where

: | 1@ N-pt ' o _
Q[0,0,] = gd@i  1®ilM-p ](f®?\3>\4 [R{f2 Ay, (C-27a)

' - i
Qi[®’®i] = S‘dcbi(A) ~ il

‘and

NN y U '
Qi¢[©.0,] = Sd@idgf[-q Jd2i[A -u] X

Ty 1ot N . '
(fON N, [R]£02E A 0) (A2 NN [RELQ N, Y . ~ (C-27¢)

-To simplify further these R matrix elements with = [0,9, 0],

(C-28a)

. A -1 A . L
we deflne Ql Q = [@10 ’6i09 - \II].O] ’. . (C_28b)
ﬁ -1 é = [@ e - I ] . ' (C_28C)
£ - f0* ~f0’ £04° _
* cos @io = cos ®i cos® + sin@)i sin® cos c}i, (C-29a)
®i o ®i @ id.
'_- .1/21[@.0 —\II'O]— GOs > cosT-I- 31n-2 snn-z—- e 1
nio = e 1 1 = - @ |
‘ i0
cos —
0. o S . (*)i [9) (5
- Mo v ] SO SIng msiny cos e ,
Pig = e 1 107 = 5
| } sin i0
2

and s imilarly for

cos efO’ Py and ﬁfO‘

We simplify our notation.

)\'—H] . ] - . :
TN [REION M), (C-27D)




-179-

F©0) = (10 @4 | F ]Mio'xixz ), o | - gc;30)
R;, (@) = (£© x»3>\4 R0y, | (C-31a)
| Ri)\(e)vvz (IO N\ IR | 10,0, ), __ | (C-31Db)
anci similarly for BM(@).

Specifically we consider the two matrix elements in Eq. (C-27c), but
the discussion proceeds analo'goxisly for (C-27a) and (C-27b). Hence,
applying Eq. (C-15), we have '

| Cipl®, -iw

_ f0 M ¥0
(FOM N, |R[£Qe 00 )= Re, @],
’ 1 3 N
- B L -
and by Eq. <‘c 16), Mo Pig RfHL [efo]. (C-32a)
By Equation (C-20) we have
NN i), - @]
g-1) <1Qi>\1)\2|R| 10N ) = e :
XO(AQENN [RTi 0, ),
and again by Eq. (C-15) = oI N Ry, [O,], (C-32Db)
‘and again by Eq. (C-16) = 7 XN AN g (9 1. o (C-32¢)
g y =q it Pif in 19l - |
Therefore we have, for Eqs. (C-27)
i®i[N-p'] ntt g - | ,
Q,(0,0.] Sdcbi e Blo RfH [©,,]. . (C-33a)
_ io; [N —p] = AN A
o,0.0) - as, e T B0 R [0,), (C-33b)

| _ ‘ i@ [N -t} |J.+}J. b AN AN '
Ql©,0,]= gd,q’idﬂf o Bfo Tip o Bir Ry, [0 R, (0]

(C-33¢)

3-,‘\7 .
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~In Eq (C-23), as well as the integration over allvva.lue.s of cos@i,
there is a summation over all intermediate helicities M} ; assuming
- that only the nonhelicity flip terms con‘tfibute is not a bad approximation,
'sin‘c_e the majoi' contribution to elastic scattering is in the forward
direction, where any helicity flip terms are alréady falling off to zero,
at least in the  TmN. state. '

- Accordingly, Eq. (C-23) becomes’

where
Q (@ @ ;) = f(® 9,) + Q, (@ @) Q:(0,0)) , (C-35)
o [®’@i] - yd@i_e@ il 50 Rey[050] - (C-36a)
Q?[@’Qil - 5 de; ei@.i[_)\"_“] Mo zx Rin[@q » (C-36b)

0 _ 183N -p] b2
Qide.e, - ngidee e TR [

if Ry 1>\[®if] - (C-360)

We ‘.jnow mgke our final simplifications. Unaer the substitution
0 ~ 0, @b#’—» $; - D
”io Ty and 9,5~ 0,,
Hence, réplacing <I>i by <I>i + v@f in t}}e .expression (C-‘3,6c) for Qif’ we
obtain

0 O 0 ‘ .
SACKRIE gdcosequ[@,ef] Ql(e,.e, . (C-37)

Further, since ®i0 »_810 and N0~ Ny under the substitution

(Eq. C-29), we may write
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The question remains, what function do we use for R, -and Ri

%,
Following a suggestion by Huff, we talk about an effef:%ive sca’i\tering
amplitude T, which gives rise to an effective elastic cross section .\NhivCh
may possibly behave like ‘, “the g.éometric mean of the initial- and final-

state elastic scattering (for some justification of this approach, see

Appendix E:) - .

ive., aa(;el :v41r"_ 'T

aq

if We assume T 1is purely imaginary by the optical theorem, we have

T | (C-39)

) !
T - 149

e—Aqq"[i - cos®] . | ' (C-40)
8 né |

g

Knowing the relationship of T to the S matrix and with the definition of
R in Eq. (C-25), to first order we have

!
R [@] = qq-'-z O-T e'Aqq [1 - COS@] S (C-41)
16m

B
O

Here q,q' are initial and final ¢. m. momenta; O'T,A are two absorption

- parameters, an effective total cross section and an effective elastic

»

scattering exponential slope. We may define

' g
c=—1 (C-42)
4TA o
and - o y = — -, - (C-43)
' 2Aqq -
and R>_[®]' = C ¢ -1/2¥[t-cosO]. , _ - (C-44)
.. gy . _

For consistency we have C < 8my .,

\

0 _ ™ - . i@'[)\—p.], “Zp C — L
ofle,e,] - 2 SO a8, Ry, [0;) Rele M HInZey (C-38a)

Org | T S [h-p] 2 o
Qi[a,ei] =2 50 da, Ri)\.[@io] Rel[e™* 1F ] nig 1 - (.C-.38b) |
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To find what corresponds to r.nax1mal absorption, we use the
orthonorrnallty relations (C-8a) and (C-9) to find the absorptlon in the

§ wave. In fact, this is just the average absorption over all angles,

e, ROV=4 .1 Corpe)an, (C-45)
3 . -1/4y° |
which, from (C-44), ‘is 1 - C[1 - e 1], _ . (C-46)

which brings us back to Jackson's condltlon of C €£1. We obtain fits with -

1 <Cc«< 8ﬂ'y,, because our difinition of R is true only to first order,

R = /1,-1“=4‘-«%1?- % TZ-—i%’T3~--, ' (C-47)

and therefore the values of C that we derlve compen%ate for our

since

neglect of higher-ordexr terms. _
~ For computlng the absorbed amplltude from the Born amplitude,

the term Q if [e,0; i} was dropped, since it involves a quadruple integral.
Its effect is second order, tendlng to reduce the absorptlon The steps
involved in obta1n1ng F: )\[G] are the following '

1. For a given value of production angle ©® and mass of the wmw
' system, we evaluate BHX[E*)] for a given initial and final helicity state.
2. We now vary @ "the intermediate scattering angle, ' between
0 and 180° and’ evaluate B >t[@ ]. ‘

3. For a given value of @ and 61 we vary @. between 0 and 180°
and evaluate cos ©. i0° 1]2“, and o'%i (2] as well as R[O ol

4. The results of step 3 give rise to the integral over @i, and yield
Q[OO]andQ[O@] o

5. We multiply QO and Qo by BH)\[O] and evaluate the integral over
cos@ The 1nte0rrand subtracted from B )\[O] gives F [@]

.
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~ APPENDIX D

Determination of N o ﬁif '

We examine the relation
o6 i e G B B
B(@lf’ Olf’ _\I,lf) - ﬁ (Ql) ﬁ(g‘f) : )

for J = 1/2, obtaining
B Ry 1. A 1.
e-z.1¢>ifaz ——‘-1YC. o, zil,0o

1, 1. - 1, 1, 1.
_2i %9, 3160, Fidjo, -5idi0, -5i0.0
e e e C e e
1. 1. »
sif®.. -w ] Fife. + v ]
Defining n..= e? i i and (.. = e ,l-f it ,
if Yif T
"—;—i@q T "
and using e Y =cos € +io_ sin =0,
v 2 y 2 .
. ©..
if - . Af
._ . Mig €5 —3— . “Pyg sin ——
we have _
| B:r sin gl—f— 7..C08 eif
if 7o 2 f 2
- 61 -i<I>i’ @1
Fcos — e sin —
‘ 2
i® @i _ €
-e sin—z— COS —~ _
e -i®
X rc:os -i -e
2
i® Gf G)f
e sin - cos =



Thus -

o, S O, G o ile,- o]
N¢ COS 5— = cos —-Z-acos-2~—~} sin—z—sm-z—e
O. o €. io 0. O, is.
. _ i . f f . . 1
ﬁif $in —-— = cos = Sin - e - Sin - cos €

- These equations give n

But cos@.. = cos 6. cos
if i.
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¢ and B, once we determine cos eif'

@f + sin 61 sin ®f cos [<I>i - <Df] .

»
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APPENDIX E

Effective Scattering Arriplitude

In the angular momentum approach; it is straightforward to use
an '"intermediate' S matrix whose partial -wave components S( )are the
geometric means of the initial- and final-state S matrices, i.e.,

(J) = (S(J) (J) 1/2, which is exactly what we need in the absorption
forrnulastL |

There is no corresponding averaging in the linear momentum

alpprdach Starting from ‘8 Fiastlc/ and aaleiaStic/E)Q -we cannot
arrive at some intermediate R(€) that relates to 9 oeff/asz ‘
Define () [slsz Ny Ny
+ ~
Z ZJ 1 S ﬁj (Q) '&J (Q:
J, M
with S(J) (S( (I;T\ N1/2 (see Eq. C-11).

-But, from the orthonormality relation (C-8a),
de"(Q)\j §4|s[9" ERIPICURS n,|s]ong M)

2J+1 2 Jk =
(5% D7* 9.
J, M

However,
fd&'z”(f 21, N, sl Q“k Ny )

(i @A N s[4, 0, )

- Z 2T+1 2T '+1 (J) S(J)
41 41 - fp ik o
J, M, J

% 0®,J (Q)fo@J Qn) ”@J o ﬁn) dor _. |
27 41 3
.y | st ,D @

JJ!

[2J£+1 }[d[COS ®“]'dip' [;@n] di;\ [®||]] .
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Ifp =X\, the 1ntegra1 in brackets reduces to & 1 but otherwise the
linear momentum relatlon analagous to [S(J)] = s(fi)'s(ii) does not hold,
ie.; ‘ ‘ o ]

A ‘fdﬂlilﬂ'."_)\‘j )\4><Qn )\é )\‘,l! =4
only“if

- = A! - !
»)\3 )\4_ >\3 7\4.

We know the initial-state absorption from n “p elastic scattermg,
but since the final-state scatterlncr is unknown nothing-is gained if we
try to parameterize in terms of the final -state absorption parameters,
Itis better to go directly to the 1ntermed1ate function R(©) and param-

eterize that
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