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DISCLAIMER

This document was prepared as an account of work sponsored by the United States
Government. While this document is believed to contain correct information, neither the
United States Government nor any agency thereof, nor the Regents of the University of
California, nor any of their employees, makes any warranty, express or implied, or
assumes any legal responsibility for the accuracy, completeness, or usefulness of any
information, apparatus, product, or process disclosed, or represents that its use would not
infringe privately owned rights. Reference herein to any specific commercial product,
process, or service by its trade name, trademark, manufacturer, or otherwise, does not
necessarily constitute or imply its endorsement, recommendation, or favoring by the
United States Government or any agency thereof, or the Regents of the University of
California. The views and opinions of authors expressed herein do not necessarily state or
reflect those of the United States Government or any agency thereof or the Regents of the
University of California. ’ a :
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'For alloys containing volume fractions of one kind of lamellae Dbeic

THE YIELD STRESS OF ALLOYS WITH COHERENT
LAMELLAR MICROSTRUCTURES (I)

S. D. Dahlgren

gInorganlc Materials Research Division, Lawrence Radiation Laboratory,
University of California, Berkeley, California

ABSTRACT

May 1966

The yield StreSS of alloys with lamellar microstructures is related

o the internal coherency strains associated with individual lamellae.
' The results are as follows: (1) The yield stress is directly propor-

tional to the dlfference in the cubic lautlce parameuews of the two

chemically different lamellae forming the lamellar microstructure; (2)

the critical value of.33 the yield stress is directly proportional TO
" the velume fraction; (3) For alloys containing Volume fractions detween
. critical values (3-_to 3&, the yield stress is independent of the volwne

fraction; (4) The yield stress is independent of the interlamellar

spacing present.



. Sherrer x-ray patterns. These satellites are due to one-dimensional

of the "side-band"” stage, the difference in stages one and Two may

2-

first stage is called the "side-band" stage because. of the satellite re-

flections which appear on either side of the main reflections in Debye-

composition (and therefore lattice parameter) fluctuations in face-centered-

cubic material. - The satellite position with respect to the main Bragg

line is a function of the wavelength of the composition fluctuation and is
zZ

o . . o L
more removed from the main line the smaller the wavelength. A sine wave

Eat

‘has been used to approximate the composition-distance curve although other

nape

. . 8 ~ :
1nvest1gators7’ have suggested that a square or more general wave snape
would be Jjust as appropriate. NNo method has been devised to ascertain

experimentally the exact wave form that exists during the

The second stage x-ray patterns reveal the formation

~

I

gonal structures. 2159 The two non-equilibrium structures have a common

‘"a' tetragonal lattice parameter which is constant throughout both struc-

tures. One of these structures has a c/a ratio less than one while the

<,

other has a c/a ratio greater than unity. The morphology of the

tures is lamellar with the plates lying parallel to {100} planes. Th

two tetragonal "a'" axes lie in the common {100} plane and the "c' axes are

' : L,6 : . o
normal to this plane. ’ t is apparent that the second stage structure

also possesses a one-dimensional lattice parameter variation along the

. "e" axis which probably more nearly approaches a square wave configura-

tion than is the case during the earlier "side band'" stage. Decause

.the fluctuation wavelength of the tetragonal state is larger Than thav

.. . . 10,1 .
be only one of degree. Bagaryatskii and Tyapkin ? have shown ror

N

similar transformations found in Ni-Ti and Ni-Cr-Ti alloys that the
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'twéfstégés described above are observed with soft x-radiation but only

one stage is found with hard radiation. This‘suéports the suggesﬁion
'that the appeafénce of two different intermediate gﬁructures during
aging is only a matter of degree in a?éontinuously chénging systemn.
(Kelly and Nicholson2 have reviewed the work of Bagaryatskii and Tyapkin
and other work pertinent to the present investigation.)

The microstructure_oiﬁgreatest intérest is the one which gives the
'makimum foom;temperature'yield stress for any given aging temperature.
'Thisvmaximum occurs at a time when the magnetic coercivity and other
propérties9 afe at a maximum and ﬁhen the transformation is stilil in the

"side~band" stage. The "side-band" micréstructﬁre can be cbnsidered 58

- two tetragonal structures with c/a < 1 and c/a > 1 where a is constant
énd_c is a function of position. Thus a one dimensional lattice para-
meter fluctuatiénAoccurs._ The basic assumption employe@‘;n the theory
to be developed is that the tetragonality of the two structures is

o r

caused by elastic strains needed to maintain coherency of two structures
that, if unattached, would be cubic. It has been shown that structures
of all compositions in Cu-Ni-Fe alloys are cubic when guenched Irom above

the miscibility gap™ and they are cubic when overaging has caused a loss

-3

of coherency. One of the strained structures has s cublc parameter T

5 5

lates of this

re]

is too small to match with the other and consequently

+
(&)

structure will be stressed in “two dimensional tension in the coheren

state. Likewise plates of ‘the other structure will be stressed in COn-

N

.
_— T R B T o . o s
pression. It has been suggested ™ that these coberency svroing infzo-o

the transformation such that the composition maxime do not reach those

given by the equilibrium diagram until coherency is lost.



irespectlvely to the properties of the structure with cl/a‘< 1 and to th

: treme compositions existing in the plates,' These two valhes will ©en

“pe parallel to (001). The cross-hatched plane Of Fig. 1 represents

The end effects introduce a complication in the stress analysis, but

if it is assumed that the plates are long compared to their thickness,

_the end effects can be neglected. Moderate deflections at the ends of

long plates cause only slight changes in the strain along the length of
the plates. An electron microscope study of the structures which form

aur¢ng spinodal decomposil ition is in progress and it indicates that the

s A,

. plates in Cu-Ni-TFe alloys are indeed long compared to uhClT width.

THE INTERNAL STRESSES

The method to be followed in calculating the yield stress is to

determine the magnitudes of the internal stresses present in coherent

lamellar microstructures and to resolve these stresses al ng the -sLip

OO, -

plane 1n order to relate them to the f¢TSu large migration of disloca

tions enforced by a gradually increasing load. In +the analysis, a sguare

TS e

wave comp051tlon~d1stance curve will first be assumed The resuliting

strueture will then be as shown in Fig. 1. The subscripts l and 2 refer

“he

SUruCuure with ¢ /a > 1. TLet a represent the common non~equilibriws &

equilibrium cubic lattice parameters for shructures having the mosv X -

-

_to approach those of the equlllbrlum phases pred dicted by the phase ciagral

.The lamellar plates are considered to be parallel To the x-y plane

in the following-derivation but the results are equally valid for plates

lying parallel'to either x-z or y-z planes. The X-y plane is taken O

(O]

e

cut_section through the lamella and the external forces I . and T oo



.in plates of ccmposifion 2

replace the constraints which were present before the cut; A 1s the wave-

" length of the composition fluctuwation and f1 and fp = (1-f1) are the

volﬁme fractions of the two strﬁctures. Because ¢ < a and Co > a

total displacement over many lahellae.in the z direction 'wiIl & be small

i

;ahd therefore the aSSUmptlon is made that 0, #AO where Ozé is the stress
 ':fé1ﬁ the Z directlon The effect of haV1ng R 7 differ from zero is to
| raise the 'stresses in plates of one comp031ulon whlle it lowers the
fgtfes565 in the plates of the other composition by a corresponding amount.
e net effecﬁleventually nearly cancels when the final calculations are

 made (of: Bge (18) ).

Frot 5F, = 0and Fig. 1 it can be seen that

—~
=]
g

Ueed By = “OpMa!

( xxE %ili hadre & negatlve 31gn showing compression because plus X ik
taken to be the p@Sltlve direcion bf stress.) Because the structures

are tebragonal and bre not. orthorhomblc, O = Oyv in both structures.

Y,

s and Gxﬁé are constants wheh a square wave composition-distance curve

xx1L

is assumed.

Equation (1) can also be obtained for a more general composition-
distance wave form. For this case let Oy VETYY across plates of come-

position 1 according to the expression.

n ' A
2Tz 1
K -
Tyl Oxl | % Al S W (0= 2]
m . 1
n odd
e . L Lyl P 2 .. Pz P
wanere <che maximum amplitude of 5 A, sin =——=, for n odd, is
. : ) . 1 1n kl ‘
to uhity. Th 0 < - s I3 : o
ty. Therefore o .< UXXI! where o, is a constanbt., Also

max max




vhere z =z - /2 and |o_,l < cxxgima © T |

e

. 2z 2
Texe = o2 R T S (g2
max 2 .
n odd
or
) n . Eng b 2 q
T2 T "%x2 l % a SR FACIS —5.) ()
-~ _ ma.x , 2
n odd

is a positive con-~

5.4 max

stant and o is always a compressive stress, l.e., O__. < 0. A and A
xx2 A 3 ’ T T2 ™ 2

are related to the modulation wavelength by

Pt

>\ .
L 2 _ ,
Ttz T

and the volume fractilons fl}ahd f2 are related to hl and KQ oy

HiIHFQ
i

B | )

Again, 3F = O and

Moo . .
‘ 2zt
L 2 O - ‘XA, sin gmz dz = =L /’2 o] I > A, sin =2 g
. .X}C.L. max 1 7\.1 : pio ey nax . >\.2
' n odd : J n odd
o o o :

On integrating both sides of the equation between the given limits

‘ . A . oy
Ny In AL A ‘ ' A n | A A
O —-]1 2 —l-r-l-cosmv--;E-X=cjm! -—?—'(Z —gicosm" 21\
bodi 2 1 n . n XX2 ! 27, n noo
oo max : C J Tmax 1
n odd . _ n odd

- If the two wave shapes are similar such that A, = A, , Then
. . L



: o ) i:_L— g . ?.\_.2..
by xxl[ } em xx2] ' T’
[ . ma,x/ max
; " and using BEq. (&)
W .
;: | o — p , I
t Gxxl] 1T 0xx2| o (6)
max max
The maximum value of o__. is o__ (cf. Eq. (2) ),and the extreme value
xxl x1 ?
| , - max
'of]oxxe’is-oxxg ' ,iees, 0 o= -0 2[ (cf. Eq. (3) ), then again
el 'max max
(1)

cxxl fl = ‘_GXXQ )

!

for the conditions of identical wave form. This is identical to Iq. (1

N~

when L and M\ are cancelled in the earlier equation. Hereafier the sub-

scripts denoﬁing maximum stress will be dropped, and Ol and O e will be

used to indicate maximum values of these two stresses. Only sbress maxima

need be considered in the following analysis because dislocations will en-

B

counter the greatest barriers where the stresses are largest.
The maximum stresses can be determined, when the corresponding strains

are known, from the relstionships of Egq. (8) for anisotropic cubic cyrstals.

- . ’ + + 8 ’
- ?xx' _ Sllcxx Sl2gyy V_QIEUZZ \\\\
e = +5 + 8 // o
}
!
!
i
|

ey = S1p%y T S %y T P12%z

‘;V &+ ' .
&, = Sp0pe T S100y T 5919,
®yz T Shhgyz

i = Su%x

i

xy = ik



e siren subserint s o
‘. .. . The first subscript of the stresses and strains in Eg. (8) refers to the

- normal of the plane over which the stresses act while the second gives the

[&7]

direction of their action. sll’ 812’ and 8S), are the elastic compliance

! by
« o for cubic crystals. As previously mentioned, when the lamellar plates-lie
in the x-y plane, o_ = o__and o__ = O. In addition, o __ = O because the
. plod vy zz A Xy

two structures are tetragonal and the x-y plane is taken perpendicular to

-the four~fold axis»of rotation. oyv

24

and o, are not zero, but for plates

that are long compared to their thickness, these Shear sitresses are small.
cyz and Uxi will be greatest at the boundary between structures 1 anc. 2

~“where they are related £0 Oyr by the ratio of x/L. For thin plotes
. 4 XX | max :

-

A< <L L_and'x/L is small so that oyz and 0, Can e neglected. Thercelore

o= (S 81p) Oy \? -
o

vy = (11 T 8pp) o

o
11

o
|

e, = 2812 cxx

and .
. e | _ ‘
o = v . | - (10)

XX Sll + S12

Applying Eq. (1) or (1),

N | ®rx1 T1 So f2
. . ' - : = = = (11)
o : . ' . + +
: - - L A8p3 T8 (81, * 830)

: . 1 2
i v where the subscripts outside the parentheses refer to the data for structure
. o : a - a
one and two reSpectively. By substituting S = ——g——g into Eg. (11)
o

and solving for a, .



- %10 2o{f (S +81p)p T E(81 T 8y5),)
: - (5., 80, * agfplo,7 1) (22)
5 250t 1 S1p/p T 10t P11 P12/1
Equation (lO)‘cah be rewritten
. e} -
-+ - .
o (BT R p)a,

go that when the elastic compllances and cubic Tatiice pulaueters are

'known, Eq. (15) can be 1 usea to evaluate the principle stresses in each

plate.

From Egs: (9) and (10),

- shear componenus of these stresses on the slip plane and in the slip

e _ QSlEexx
' - F
o T2z Sll 312 “
" C - aé»? 2815 (& - ay) .
and = 3 T35 = , ‘therefore-
‘ o 11 12 o :
. 25 ,
12 - .
c=8a +o——c—0— (& ~a_) (1)
TS, - /
°  S;3 T Sp. ©

.or, if a and the c/a ratio are known for each structure, then the cublc

parameters can be obtained by rearranging Eq. (14) and
1
a, =

0 8yp = Byp

.{Ksli 1p)¢ - 2312 2} . (15)

THE EFFECT OF INTERNAL AND APPLIED STRESSES ON DISLOCATION MOTION

In order to flnd the effects of © wx1 and o© wxo O d&bLOC&ulOﬂ mot 10“.

/

direction must be found. TFor FCC crystals the slip plane is {111} and

M

the slip direction is (110) . Resolution of these stresses can be done

with the aid of a stress tensor. On using the tensor method, the stress



10~

in the vidiréétipn,?when.the-normal:tofthe?31ipfplanénisfg1ven_by:u; is

1 g =3

y o . Loy Asy (16)
u 33 il
2

i = xy,z2-

J = XY,z

P I )

 where liu and zjv are direction cosines between the given lines. Letling

o LI
22

L be normal to the (111) plane and v be in [10I], then, when the lamellax
platés lie in the X~y plane,

' e, e o . + - ISy
o f(a)oI) T %xx fr1007[1217% 1200772017 © Oxx’[0107[12177[0203{20T]

" where

; , 1 1 S}
)/ : = e ) [N 2 e
[100][111] ~ 3 s “[1007[101] Jé’ [0107[111] 5 ?.

G .
X

——
-

and Iroigriory =00 TREXETOTe O(ia1ypory T

N

h O

a

; . _ _' XX . ~ _
. p1kew1s§, U(lll)[Oli] = 7z but °(111)[110] = O,

These stresses are pure shear components because v 1s normal to p.
Consider a dislocation in the (111) pléne with Purger's vector

1

to The

1.
1

g{lOI]. For plates which are parallel to (001), (i.e., paralle
' ' ' Oynr
X=y plane), we have seen that 6(111)[10i} = Jéé-. An adjoining set of -

plates will be parallel to either (010) or (100). For plates parallel o

<
.(OlOL'cxx,= 9, and ¢ = O so that the shear stress acting on the cbove
; .‘!!’v, : : . . . .. . . . g - .
: dislocation while it is in these plates is
. . , - P
o S : g = o 44 +o 1 1
- : (111) {1017 xx XXy zz zpzy
: -1 1 1
= — + g <" ) = O’

l.
C. ; >
XX ,J3 Jé >LXJ 3 Jé'



n ~ For plates'paréllel to (100), o, =0, and o = 0, SO that

A

= + f
G(lll)[lOi] ~O&yfyuzyv Oézlzusz
v ) .
?: o | B  . . | | : . o
. S . . . = g .._:L—. (O) + g .._l__ (,_ _—;:._ = o v B
- W JB vy -JB- 2 J6

P _' "~ The magnLtude of ¢ for-plates parallel to (lOO) is the same as the

v =

magnitude of - _ for pTates parallel To (001) «

Because 2 dislocation will interact with these three plate orien
tions w1th equal probability, one~third of a unit length of dislocation
.Wlll experlence ‘an accelerating stress from plates pwralLe¢ to (001) when
T o . ioxx > 0, one~third w1ll experience zero stress from plates parallel To
(010), and the remainder will experience a retarding stress Irom plates

parallel to (100) when G&y > 0. The portion of the dislocation vhich 1is

sccelerated will move until it encounters an adjacent tetragonal plate

. . 1 G,
[N
that is loaded in compression so-that o < 0 and G,Wjj)rlm;] = - lf, by
. ) XX (et ) LY NES
. ’ B . e
which is now a retarding stress. Conseoueﬁuly, the dislocation will be

retarded along one~third of its length by plates which are in compression,

j&]

1o

,4

experience zero stress along one-third of its length, and be retarded i
, B Uity
+he remaining third by plates that are loaded in tension. Dislocaztions in

other slip systems will encounter identical conditions. The maximum re=

tarding force on a unit dislocation will be. =

R A | | (1
s Po= Snloe g o (1)
where ]Tll is the absolute value of the resolved shear stress acting on

dlsLocatlons with Burgers vector b from plates which are in tension (for

plate orientations where Tq £ 0),and [« is the absolute vaTue of the

i L2]



o

¥

resolved shear.stress from plates which are in compression (for plate

segments will have either zero shear stress or an accelerating stre

net effect is that plastic flow can easily take place. The applied stres

1E12?

N

g o]

) = o - X%1 Lo XXp
orientations where t, # 0). Now |1 [= —F— and [t ] =~ —F so
ST : 1 J6 < N
. 11 : \ , . . o
that F = 5 TEf (oxx1 = oxxg)b where the negative sign appeiérs before Guxp
N ; o
because of its compressive nature. The applied stress which must overcome
s c o s . . F
this force if dislocations are to move 1is Toon = 5 or
‘”a.;.
l 14 o
T = — (o -0, 5) - 18)
app ,5J6 ('xxl xxa) N

‘However, when Tépp > Irel, which can happen when f2 is large and structure

2 contains a small strain, then Eg. (18) no longer goverms the stres

the first dislocation motion. In this case the applied stress will cause

" the dislocation segment inhibited by s to move through structure 2 untll

it reaches structure 1 where it will be accelerated. Thus only one-thivd

2l A "’C‘._'."' Ie)

of the unit length of dislocation line will be retarded while the ouhex

R

ba)

]

- Ty on
FEIN ae

[¢]
3}

Bl

o

7

Tapp needed- to start this chain of events is
Oyx2
H -
o=t o=- : (19)
ebp 206

S CRITICAL VOLUME FRACTIONS

‘The shear stresses Ti and T are dependent on the voliume fractions

of the two structures present. By equating the applied stress to ETziin
Eq. (18), a solution for the critical volume fraction where Bq. (18) will
" break down can be obtained. Therefore,
o}
XX2
= (o -G (20)

il -- T
T?’ Jé 5 J6



- (13), and (18) can be combined to give a simplified equation for the applied

" yield stress of alloys which have volume fractions between the critica

13-

and

' 20XJ(2 = = UXX_]:

~ Using Eqs;‘(i) 6f (75 ;

xxX.1 T f :
T .2
o =-f =~ T-7.. " "°
Xx2 1 2
. . 2 1 . I
Solving for f2 thus yields f2 =3 and fl = 3 - Similar equations can be
derived for the case when Tapp = ]11]. The solution for this case will
- ; - ;
give f; = % and f, = % . Thustequation (18):1is good for % <f < %
+ = + 8.
SIMPLIFICATIONS WHEN (sll 512>1 (sll S12)2

o . . + = + VY . then Tcs. (12)
If Eq. (18) is valid,and (sll 812)1 (sll Sip)ps then Fas. (12),

-
E

limits. Thus -
. 210%0(f1™ ) | N
& = TTF Fa 7 ? ' (21)
20°1 © %1072

and

.. %0 _ 1 [ 2o 1\\

= prw = ; -  + 2 e - /2

e By Spplegg (8,9% 850 \%20"1" %1072
and

R 1 “10 7\\

- = 3 + a. T Bl
ey (8 F Spp) | 220f17 21072 |

Therefore, from Eq. (18),



_ -/ -
| L 20~ %10
BPP g ST S %ot f10fe
| ) L C | J
A but because a a ”'aEO ’

10 *

: 1 1
T’ .
T 5 (S1p * Spp)

@)

n

/
. (22)

4

Y

-Thus the yieid‘Stress-is_difectly proportional to the difference in lattice
parameters of the two extreme compositions When Eg. (18) is valid.
- the elastic’moduli‘do not differ widely in metal systems. and direct propor-
' tionalityicgnioften»beﬁexpected;.

.When“Tapp is given by Eq. (19), a general relationship between ylelid

stress and volume fraction can be obtained 1f it is again assumed that

sumsof the elastic moduli are the same for both structures. From Igs. (13

-.a-nd <l9):‘-.
- ) o o o L
B RS M Gl .
EPP = J& Je  B1it Sraleng
L » — : a 3 s A
When (Sllﬁ SlQ}l = (Sll + 812)2, & is given by Eq. (21), and

1 1 (/ %10 ) -1\
/

T = = . = T ray A ) >
arp g (5117 Spp) | 20"1 " %072 J
and Qnurearianging
. 1 1 ' 1
- . ‘ _ ,
23 NS (81;% 53p) L <0
‘ : Aao Il
but
a
10
MTF ot

o1l

then



. 'vc'

--volume fraction of structure 1l for the above conditions. For fl << 3

e (B e
app ~ g (53 FSp) \*10/

Thus the yield stress is directly

]

Equation (23) is valid for f, <

proportional to the difference in cubic lattice parameters and the

1

Eg. (25) will not be reliable becausé of the loss of uniform strain

fields for small volume fractions of precipitate. This is the case for

most precipitation hardening systems. Tt is clear from this discussion

that Eq. (22) gives an estimate of ﬁhe maximum attainable yield stress

for any precipitation hardening system having plate-like precipitates

n
2]
jol}
o}
o
0]

where coherency strains are controlling because the yield stre

not increase after the critical volume fraction is exceedéd.
SUMMARY AND CONCLUSIONS

 For al;oys‘uhat have (sll + 812>1_= (511 + 312)2, Egs. (22) an@ (23)

show that the yield stress is directly proportional to the difference in

- s . + + \ L 17+ £
_cubic lattice parameters. When (Sll 812> % (Sll 812,2, the results of

Egs. (12), (13), and (18) can be combined to give the yield stress if the
elastic constants, wvolume fractions, and cubic lattice parameter for the
<

Cas : . R
extreme compositions are known. - Numerical calculations using Egs. (12),

(13), and (18) have shown that the yield stress is proportional to the

Qiff E ic ] i mete ' ' of +
difference in cubic lattice pa?ameters even When,(sll + 812)1 /A(Sll 812)2

“for a given alloy.

The equations derived above show four significant points:
1. The yield stress is directly proportional to the difference in

the cubic lattice parameters of the two chemically different lamellae

" forming the lamellar microstructure.
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2. Tor alloys containing volume frac +ions of one Ki:

below the critical value of %;, the yield stress

+to +this volume fraction.

3. For alloys ccntalnlng vo;umc fractions ©

L. The yield stress is independent of X, the

wavelength, which means the yield stress is indep

lemellar spacing or partlcle size present.

Points 1, 3, and I have been experimentally ver

Cu—Vl-Fe w1th volume fraCulons between the critic

-'sults w1ll be found in a subscquent rcnoru.
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FICURE CAPTIONS

Iy ' ’ Fig. 1 Model used to determine the stresses in coherent lamellar
plates. Front surface (shaded) represents a plane cut
through the lamella and the forces Fxl and F &2 represent

‘replacements for the constraints which were removed by cutting.
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This report was prepared as an account of Government
sponsored work. Neither the United States, nor the Com=
mission, nor any person acting on behalf of the Commission:

A. Makes any warranty or representation, expressed or
implied, with respect to the accuracy, completeness,
or usefulness of the information contained in this
report, or that the use of any information, appa-
ratus, method, or process disclosed in this report
may not infringe privately owned rights; or

B. Assumes any liabilities with respect to the use of,
or for damages resulting from the use of any infor-
mation, apparatus, method, or process disclosed in
this report.

As used in the above, "person acting on behalf of the
Commission"” includes any employee or contractor of the Com-
mission, or employee of such contractor, to the extent that
such employee or contractor of the Commission, or employee
of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract
with the Commission, or his- employment with such contractor.






