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ABSTRACT 

Differential cross-sections and polarizations for 17.8 MeV protons 

scattered by nickel isotopes have been calculated by solving the coupled. equa-

tions. The nuclear states were described in terms of their microscopic co;;tposi-

tion in the two-quasiparticle approximation. Two such model calculations were 

used. The effect of the presence of pure "two-phonon" states was investigated 
. , 

by generating them from the collective operator for the 21+ state. The effects 

of the spin-flip term in the direct interaction were included. Comparison of 

- ' + the results Vlith experiments suggests that, except for the collective 21 state, 

the tVJo-quasiparticle method is inadequate for treating nuclear states. The 

vibrational treatment also fails. A much more elaborate structure calculation 

which treats the mixing betVJeen the tVJo-quasiparticle and the "two-phonon" con-

figurations is indicated. 
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1.. INTRODUCT~ON 

As is well laJ.own, the S-wave phase shift for nucleon-nucleon scattering 
... ' 

decreases with increasing relative energy until it eventually becomes negative 

·• around 115 MeV, reflecting the repulsion at short distance. Inside the nucleus, 

rr.· 

the relative energy of two interacting nucleons is on the average rather high, 

so that a reduction .in their interaction energy may be expected. At the surface 
lo~ . . 

.however, the relative energy is/enough that there will be a net attraction in 

the' ~Lstates. Of course this behaviour is not automatically reproduced by the 

phenomenological forces with which it is convenient to work in nuclear structure 

calculations. Moszkowski and Green
1

were thus led to introduce a phenomenologi-

cal force with the above surface localization assured by the inclusion of a 

delta function, which allows the force to.be effective only when the interacting 

particles are at the nuclear surface. This they called a surface delta inter-

action (SDI). The zero range and sharp localization are naturally simplifying 

' ' 2 
assumptions which it is hoped will simulate an authentic phenomenon. 

Within the last year the SDI has been applied to single-closed-shell 

nuclei,3 to doubl,e-closed-sl:J.ell nuclei, 
4 

to the (~,d)-shell nuclei5 and to. 
' 6 

heavy deforme~ nuclei. ,7 In all these cases the simple' SDI .was able to repro-
. ' 

duce the experimental energy spectra as well as conventional forces which have 

more parameters (Gaussian .with exchange forces; pairing plus quadrupole or 

octuvole force model). 
' ' ' 6 

Faessler and Plastina tested the SDI-wave functions in deformed nuclei 

by calculating electromagnetic transition probabilities. They obtained good 

agreement with the experimental results. But it is well known that the infor-

mation which one gets from inelastic scattering with finite momentlli~ tra~sfer 
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is more sensitive to details of the nuclear structure. Here we want to test 

the SDI-funct.ions in single-closed-shell nuclei3 by inelastic proton scattering. 

We compare the results also with the scattering cross section calculated from 

·wave functions for which a residual interaction of conventional form was used.
8' 9 

The importance of the inelastic scattering as a means of investigating 

nuclear structure was recognized already long ago. But only transitions between 

· 1 d 1 d b stud'ed. 10' 11 Aft. e.r h pure shel mo e states ha een ~ t e recognition that col-

lective states, which have a strong coupling with the electromagnetic field, 

have also a large inelastic scattering cross section, considerable success- has 

attended the application of macroscopic collective models to the description of 

. 12 
inelastic scattering by nucle~. 

For vibrational nuclei ~he macroscopic treatment was satisfying as far 

as the enhanced collective transitions were concerned (the 21+ and 3
1
-). How­

ever little success has attended the application of the model to the so-called 

two-phonon states. Whereas a single deformation parameter is associated with 

all the states built up from quadrupole vibrations, in practice one has been 

forced to use almost as many parameters as there are transitions. 13 This reflects 

the well known property that from the two-phonon triplet, perhaps only the 4+ 

is as collectiv~ as described by the vibrational mode1.
14 

The transition from 

the second 2+ to the first .2+ has in most cases about only half the electromag-

netic strength predicted by the harmonic vibrational model. The 0+ is normally 

the least collective judging by the E2-transition from the O+. of the triplet 

to the one-phonon 2+ state. 

li 1 

... 

• 
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Such behaviour in spherical even-mass nuclei is at least qualitatively 

. 15 16 reproduced by microscopic calculat1ons. ' It seems therefore natural to 

use these microscopic descriptions for inelastic scattering calculations in 

place of the.macroscopic collective one. Treatments of this problem were re-

. . 17 
cently given by several authors. In these initial calculations the distorted 

wave Born approximation was used. But this method has all the disadvantages of 

a first order perturbation theory. Therefore microscopic treatments of nuclei 

18 19 were incorporated recently into the coupled channel·method. ' 

In this paper we calculate the (p,p')-cross sections to a .number of 

states in the nickel isotopes, by solving the coupled equations. For the de-

scription of the·nuclei we take the wave functions of Plastino, Arvieu and 

Moszkowski, 3 which were calculated utilizing the SDI.
1 

We make some compari-

sons with results of calculations which utilize wave functions produced by an 

interaction which is effective throughvut the nucleus.
8' 9 

In Sect. 2_we review briefly the nuclear model utilizing the SDI. In 

Sect. 3 the scattering theory is sketched. In Sect·. 4 our calculations are descriOed 

and compared with experimental measurements and in Sect.· 5 -we discuss the.results • 
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2. THE NUCLEAR MODEL 

We describe the nucleus in the conventional way with a shell model 

potential and a residual interaction: 

(l) 

' 
For the residual interaction, the Surface Delta Interaction (SDI) is 

utilized: 

(2) 

The capital G is the coupling constant. The parameter 1) _gives .the re-

lative strength of the spin-exchange force p . 
CJ 

The three a-functions ensure 

that particles 1 and 2 only interact if they are at the same place on the 

nuclear surface. If one compares the radial wave functions for an oscillator,. 
. ( . 20 21 

anQ also for a Saxon-Woods potentlal, ' at the nuclear surface, one finds 

that for each potential, all its wave functions, to a good approximation, are 

equal (say to u
0

). (The phase is chosen always in such a way that the tail of 

the radial wave function is positive). In Eq. (2) this amplitude u
0 

= U(R0 ) 

is absorbed into the coupling constant in such a way that the radial integral 

with the two radial a-functions and the factor (U
0

R0 )-
4 

gives unity. 

In that way results are essentially independent of whether an oscillator or 

Woods-Saxon central potential is used. 

•· 

·., 

• 
. ~. 
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Here we are considering only single-closed-shell nuclei. The ·nucleons 

outside closed shells. can therefore only interact in the isospin state T = l. 

Because a zero-range force gives only a finite matrix element for spatially 

s~netric states, the eigenvalue of Pa is always 

of ~ does not enter in these calculations. 

P = -1 and so the value a 

The method of solving the problems whose Hamiltonian is given by Eq. (1) 

is described in detail in Ref. 3. Here we only outline briefly the: procedure. 

The quasiparticle Tamm-Dancof approximation (QTDA) is utilized. The 

numerical calculations are very mu'Ch simplified by the fact that the monopole 

part of the particle-particle matrix element is state independent (pairing force). 

Therefore one can find the quasiparticle (Bogoliubov-Valatin) transformation by 

solving t~o simple BCS-equations. 15 The diagonalization of the residual inter-

action between quasiparticles within a two-quasiparticle basis leads then to the 

following secular equation: 

(3) 

The two-quasiparticle wave function has the form: 

. I JM; 7Ti) 

t ( ) = [c/ t] M AJM a, b a J a ·b (4) 

vhere the square bracket denotes vector coupling. The characters 

+ + . 
o: = U c -(-)Ja-mv c 

am a am a a-m 
(5) 

. ~·. 

.... ' 
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are quasiparticle creastion operators and lo )is the BCS-ground state (quasi-
/ 

particle vacuum). The superscript i distinguishes between different solu-

tions to the same total angular momentum .J and the same parity n. 

The matrix P and detailed expressions for the antisymmetrized 

particle-particle and the direct and the exchange particle-hole elements are 

given in Ref. 3. There also the single-particle energies and the values for 

the coupling parameter G are listed. 

3· SCATTERING THEORY 

The direct interaction. Since the nuclear states are here described 

in terms of their nucleonic structure, the interaction of the scattered particle 

with the nucleus is by way of a two-nucleon potential rather than the one-body 

deformed potential used in macroscopic treatments. For the form of the interac-

tion between nucleons we use 

V(r,r.) 
- -1 

.. ~- ( l.£. - !.i l) 
2
ll a · a.) exp · 

- -1 p J L 
(6) 

where ¢:_,Q. are the position and spin coordinates of the scattered particle, 

and~'~ of the i'th nucleon in the nucleus. The spin scalar and vector 

parts, v0 and v1 , depend in general on the isospin so that, as noted prev-

22 
iously, neutrons and protons may be expected to scatter differently in 

exciting the same nuclear state (except when the excitation is characterized 

by T=O); 

If we use some simple ideas'about the i'ree two-nucleon potential one 

finds that for protons scattering from states described by neufron correla­

tions, the spin-dependent part V1 is small compared to V
0

. 22 Recent evidence. 
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from the analysis of scattering on the zirconium isotopes also supports this 

23 conclusion. Nevertheless the direct interaction that should be used, may be 

. 22 
very different from the vacu~~ interaction, as discussed qualitatively elsewhere, 

and may quite likely depend upon the region of the periodic table and the details 
in 

of the nuclear description. This is so because/practice, both the structure and 

scattering calculations are carried out in truncated spaces of the basic states. 

This causes the interaction within the truncated spaces to be modified from the 

free interaction by terms referring to the eliminated part'of the space. It 

-may therefore be referred to as an effective interaction: effective within a 

prescribedsubspace of basic states. Its structure may be very complicated, 

since in principle, it can be both non-local a,nd complex valued. Our approach 

corresponds to parameterizing it, assuming for simplicity that it is a real local 

central potential ·of Gaussian shape. For the range 'we take 1.85 F, such as has 

often been used in shell model calculations. For most of our calculations V1=0, 

but the effect of spin-dependence was examined for 
60

Ni. 

Form factors. We expand the interaction in a multipole series to isolate 

the parts giving rise to the transfer of specific units of spin, orbital,· and 

total angular momentum: 

(7) 

The s~~ on 8=0 or 1, refers to the scalar and vector parts of Eq. (6). The 

i.," operators as and "!j were defined in Ref. 22. Here the nuclear coordinates, 

~ 
denoted by ,A, are contained only in the factor J ' which also depends on the 

coordinate l.rl of the scattered particle. 
~..~ 

The reduced matrix element of3 
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with respect to a pair of nuclear states a
1

J a2 is called a form factor 

(8') 

and is to speak the way the nucleus appears to.the scattered particle) as a 

function of their separation) for that particular transition. The structure of 

this form factor is actually rather .simple. This follows from the fact that the 

scattered particle acts as a one-body operator· on the particles of the nucleus 
. 24 

because the interaction between nucleons is two-body. Thus if the form factor 

for exciting a valence nucleon from the single-particle state a to b is 

( 9) 

c) 

r:::" 
then Jt is merely some linear· combination of such elementary form factors)· hm-1-

ever· complicated the structure of the states may be: 

11'' 1' t d. sa b) for· th . 1 t . 1 t . t . . ~ne amp ~ u eJ e s~ng e-par lC e rans~ 10n 

(10) 

a ~ b can be calculated 

from the nuclear wave functions. As an example) its form for the transition 

from the ground state to an excited state can be seen in Eq. (36) of Ref. 22. 

Some examples of form factors for transitions in the nickel isotopes can also be 

seen there. These form factors are the physical ingredients of the off-diagonal 

matrix elements of the interaction that appears in the coupled equations describing • 

the elastic and inelastic processes. The diagortal elements are not calculated. in 

\. ) 
~· 



-9-

the same way but instead are represented by a spherical optical potential. 

• There are two reasons for this departure from a strict microscopic description. 

The first is that the elastic scattering, represented by the diagonal parts, is 

a highly coherent process (every nucleo~ must recoil) and·is therefore hard to 

calculate accurately. The second is that there may be important contributions 

from channels that are not explicitly treated. Such contributions can be 

accounted for approximately in the optical potential. This makes a phenomenolog~ 

ical treatment of the diagonai parts desirable even if the first difficulty could 

be surmounted. 

Coupled channel method. Within the subspace of channels chosen, .the coupled '';<· ,, 

channel method solves the scattering problem to all orders in the interaction. 

It does however require appreciable computer time, and one wants to establish 

first whether the distorted-wave Born method, which solves the.problem to first 

order, would be ade.quate. It is clear that for the collective states it should :' 

be fiarly good. For the non-collective states however, multiple scattering may 

compete with the direct transition from the-ground, and was shown to be important 

for some of the levels in the nickel isotopes.19 Therefore we must in general 

use the coupled channel method when we are interested in non-collective as well 

as collective transitions. All results reported here have been obtained by 

solving the coupled equations. 
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4. RESULTS 

Two-auasinarticle states. Proton cross-sections for the coupled 

+ + . + 
system comprising two 0 , four 2 and one 4 state in the nickel isotopes of 

mass 58, 60, and 62 were calculated using the two-quasiparticle description 

of these isotopes. Two nuclear des.criptions were used, one based on the surface-

delta-interaction calculation of Faessler and Plastina, and one on the volume 

finite-range interactionS calculation (referred to for brevity as VFI) of Arvieu, 

Salusti, and Veneroni. The results of the coupled channel calculations using 

these microscopic descriptions can be compared in Figs. 1-3, where the experimen­

tal data25 is also shown. 

The parameters of the calculation consist of those describing the optical 

model potenti~l and the direct interaction between nucleons. The optical model 

parameters are essentially fixed by the elastic scattering and therefore are not 

available for adjus:tment of the excited s~ate cross-sections. (See Table I.) The 

range of the direct interactions we take as having the fixed value of 1.85 F 

typically used in shell model calculations. The scalar form factor of the 

~o::..1.2cti ve 2+ state is dominant over its vector form factor so that V 
0 

can be 

determined by adjusting it to obtain agreement in magnitude with this level. 

The angular. distributions based: on both structure calculations · are seen to b.e 

in quite good agreement with experiment •. The strength v
1 

of the spin-dependent 

part of the interaction is relevant only for those higher lying states whose 

vector form factor (giving rise to spin-flip transitions) is comparable to the 

scalar form factor. Since the wave functions of these states are not established, 

we cannot use them to determine v1 . As remarked earlier, there is some reason to 

believe that v1 << v0 . We therefore have performed most of our calculations \·l:i.th 

• 

· . ..; 

.. 
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v
1

=0. In comparing the results for the higher lying levels with experiment. it 

should thereforebe kept in mind that no adjustment of parameters was made. 

In Fig. 4 we do show the effect of taking various values for v
1 

including 

a repulsive value. The cross-section to the collective 2
1
+ state is insensit;Lv~ 

to any of these variations, as are several of the others. The 2~. level) whic~, has 

a vector ·form factor bf magnitude comparable to its scalarJis quite sensitive to 

the value of v1 , especially the polarization. However there is no data available 

on this level, which lies presumably in the region above 3 MeV. The excited 0+ 

level, which cannot be excited directly by the spin-flip interaction, nonetheless 

is fairly sensitive to V1 , especially the polarization due to its coupling to 
-'-

other excited states. There is no polarization data, and the computed differential 

cross-section is not in good agreement with the data. 

Two-phonon states. The available .experimental evidence concerning so­

called two-phonon states indicates considerable departures from the pure harmonic 

vibrational model. The evidence consists of the sometimes large splittings 

between the members·of the two-phonon triplet, deviations from the predicted 

. t . , f ""2 d. t . 14 d th f t l ~ ln e~slty ru~es or ~ ra la lon, an e ini e static quadrupo e moment or 

+ the tvlo-phonon 2 state in those nuclei for which the measurements have been 

made. Nevertheless some of the two-phonortcharacter is expected to persist, 

though it may be shared by other neighboring states. The type of nuclear struc-

ture calculation described in Sect. 2 does not produce two-phonon states because 

they involve four-quasiparticle configurations which were not included. However 
' 

,,,e can use the coherent operator that produces the 2~ state to generate a "two-phonon" 

t-riplet of wave functions.. Presumably these are not eigenfunctions of the 

problem, and would mix,with neighboring two-quasiparticle states, but we can 
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consider them as an extreme limit. The form factors by which each member of 

+ . 
the triplet is connected to the .collective 2

1 
state can be obtained easily 

upon using the quasiboson co~~utation rules for the two-quasiparticle operators 

introduced in Eq. · (4). The coupled equations for proton scattering on a model 

nucleus having excited states consisting of two 2+ states calculated in 'the tv1o-

quasiparticle model, including the collective one, plus a triplet of states built 

on the latter, were solved and the results are shown in Fig. 5. 

Surface direct interaction. For the same reason that the residual inter-

action in the structure calculation is thought to be concentrated at the nuclear 

surface, the direct. interaction of the scattered particle with the bound nucleons 

of the nucleus may also be most effective inthe surface. We therefore recah 

culated the cross sections for 
60

Ni after introduc~ng a radius dependent factor 

that suppresses the strength of the interaction in the interior. The factor used 

is 1 - af(r) .where f(r) is the Woods-Saxon form factor and a determines the . . 
degree of suppression. The shape· of this suppression factor is such that the 

interaction has its full value outside the nucleus, is reduced by the factor 

1 - 1j2a at the surface, and by 1 - a . at r = 0. For the shape parameters of 

f(r) we used those of the real part of the optical potential. The results of 

the calculation for a= 0.5 are shown inFig. 6. The polarizations are little 

effected while differential cross sections for several levels were somewhat 

altered, mainly in magnitude. 
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. 5. DISCUSSION 

We take the point of view that the reaction calculation has been 

handled ~o1ell enough to allow conclusions to be drawn about the nuclear descrip-

tion by comparing calculated cross sections with the data. It is 'true that the 

direct interaction is subject to considerable uncertainty as discussed earlier. 

Assu.rning a real central potential with a fixed range· about that of the vacuum 
_,_ 

interaction, the one well depth v0 was determined by the collective 2
1

· state. 

Variation of the remaining parameter v
1 

was not successful in achieving an over-

all agreement for all the remaining levels. The effective interac.tion may be 

more complicated than the one used so that our criticism of the nuclear descrip-

tion of these nuclei is somewhat blunted. Nevertheless we reach the tentative. 

conclusion that aside from the fair ~uccess with the collective 2+ state, the 

tivo-q_uasiparticle method has not so far, and possibly cannot, provide a very 

satisfactory description of the states that are weakly coupled to the ground. 

Saine of the angular distributions are not bad, but often the absolute cross-

sections are in error by a factor of two to three. 

We can draw attention to the following points. For 58Ni the quadrupole 

strength going to the levels above the collective one is stronger than the tv1o-

quasiparticle description predicts but when one. of the levels is described as a 

"two-phonon" state, the strength comes out about right. 
6o 

However in Ni the 

observed strength is greater than predicted in either case. On the other hand 
60 .. 

the 0+ excited state which is known only in N~ and may therefore be assut;:ed 

small in 58Ni 1 is weaker than predicted when described either as a two-quasi­

particle or "two-phonon" state. The 4+ level is weaker than predicted by the 

t';~o-quasiparticle description, but stronger than the "tivo-phonon" description. 
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There is a suggestion in this that the overall p-icture vlbuld be improved 

by a four quasiparticle description of the nuciei since presumably some two-

phonon like character would emerge, possibly admixed among several states. 

This apparently would yield better results than if it were concentrated into 

the triplet. Scime progress on this difficult probil.em has been reported recently. 26 

' 
Polarization data is becoming available. Examination of the f_i_gures 

suggests that it could be useful in deciding between alternate descriptions of 

a given state. However the available descriptions of the nickel isotopes are 

not yet good enough to take advantage of this potential. 

,_) 

, I 
t· 
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Table I. Optical model parameters (lengths in Fer~i, energy in MeV) (after F. G. 
Perey, Phys. Rev. 131, 745 (1963). · 

<..1 

v w wo r r a a vso rso a so r . v w v w c .. 
58Ni 47.59 0 10.0 1.251 1.245 0.677 0.414 9·77 1.251 0.677 1.25 

' 
6oN. 

~, 

1.245 0.677 0.414 
62Ni 

47.59 0 12.5 1.251 9·77 1.251 0.677 1.25 
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Fig. 1. Differential cross sections and polarizations for 17.8 MeV protons on Ni. 
Curves represent coupled equation calculations using the microscopic descriptions 
of the nucleus mentioned·in Sect. 4; solid line corresponds to the SDI and dashed 
to VFI structure calculation. . Optical model parameters are listed in Table I. 
The direct interaction, Eq. (6), had the parameters Vo = -65 MeV, V1 = O, p = l.85F. 
Data is from Jarvis, Harvey, Hendrie, and Mahoney, Ref. 25. 
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Fig •. 2. Differential cross sections and polarizations for 17.8 MeV protons on '· 

60Ni. See caption to Fig. 1. Direct interaction, Eq. (6), had parameters 
Vo = -55 MeV, V1 = O, p = 1.85 F . . 
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Fig. 3· Differential cross sections and polarizations for 17.8 MeV protons 
on 62Ni. See caption to Fig. 1. Direct interaction, Eq. (6), had 
parameters Vo = -55 MeV, V1 = O, p = 1.85 F. ' 
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Fig. 4. Differential cross sections and polarizations for 17.8 MeV protons on 
60

Ni. 
Curves illustrate effect of different values for the spin dependent part, v1, 
of the direct interaction, Eq. (6), computed by solving the coupled equations 
using the microscopic wave functions of the SDI structure calculation described 
in Sect. 2. Other direct interaction parameters are v0 = -55 MeV, p = 1.85 F. 
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6o Fig. 5. Protons on Ni at 17.8 MeV. Calculation includes two-phonon states 
described in terms of their microscopic structure as described in Sect. 4, 
as well as two-quasiparticle states generated by the SDI model of which the 
lowest 21+ is the collective one. Direct interaction as in Fig. 2. 
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Fig. 6. Protons on 
60

Ni at 17.8 MeV. Using the microscopic description of the SDI A 
model described in Sect. 2, the coupled equations for the scattering ~ere solved. 
including a radial suppression factor that ~eakens the strength of the direct 
interaction in the nuclear interior as discussed in Sect. 4. Results for this 
case are sho~n by dashed line for ~hich the direct interaction Eq. (6), had 
parameters v0 = -65 MeV, v1 = 0 MeV, p = 1.85 F. Solid line corresponds to 
no suppression and parameters as in captions to Fig. 2. 
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This report was prepared as an account of Government 
sponsored work. Neither the United States, nor the Com­
mission, nor any person acting on behalf of the Commission: 

A. Makes any warranty or representation, expressed or 
implied, with respect to the accuracy, completeness, 
or usefulness of the information contained in this 
report, or that the use of any information, appa­
ratus, method, or process disclosed in this report 
may not infringe privately owned rights; or 

B. Assumes any liabilities with respect to the use of, 
or for damages resulting from the use of any infor­
mation, apparatus, method, or process disclosed in 
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mission, or employee of such contractor, to the extent that 
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to, any information pursuant to his employment or contract 
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