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ABSTRACT 

It has recently hcrn demonstrated by Goldberger and ,Jones (I) 

nnd by Frcedmnn and Wnng (II) thnt Rcp;ge Hsymptottc behavior obtnins 

nt high energy even in rcg"l ons in which the crossed-channel coo e 

vr.1riable is constrain,~<! by uneqw.tl-mnos k.i.ncmntics to remn.in finl te. 

Approaches I and II diff0r, however, jn other important respects. 

In this note it is shown that the method of I cnn be ndnpted and used 

to prove the existence and properties of the Regge daughter trajectories 

found in II. In thin ariJ,llrnf'nt, an extra a.ooumption necessary in II 

is avoided, and the restriction a(o) < '1/2 found in I is elimir~ted • 
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Rrcent1y tva diff'nrent nrgl.llncnto have been p,i ven to show 

tho.t the lkf?',p,c asymptotic _brl-mvior tia(s) io mn.intnined in tllc 
-eo 

backward scattering of unrqunl-niasa po.rticlf's even though the cosine 

1 2 of the u-channe1 acattering nnp).e remains BITV:I.ll. ' In both methods 

the persistence of the behavior ua(s) is a consequence of the 

analyticity of the full amplitude at a = 0 , a property not ohnred 

by the individual Rcgge pole termo. 

In I, dispersion rcln.tions are uoed to correct the analyticity 

of the original Regge pal(' terms, wherellB in II a representation of the 

scattering nmpli tudr ll.fl thr: Sommc1·feld-Wntoon transform of power 

aeries in the Mn.ndeln tam vn.r lablco u o.nd t , called the K1mri 

representation, is cmpl0yr.d. For the asymptotic contribution at 

a = 0 of the 

dominant term 

leadi~g Rcp;r:r,e pole 
a

0
(o) 

r(o)u and thP. 

a
0

( s) , both methods find the 
a (o)-1 

-~ 0 next uomino.nt term au ,which 

has an -1 
s aingulnri ty not ahu.rcd by the full ampli.tude and which 

must, therefore, be cn.ncf:'U.r.rl. 

The mn.in difference between I and II lies in the mechanism 

by whi.ch this oingulnri ty Js co.nccJ.led. In I 1 t is argued thut the 

singula.rity io cancelled by the buckgr0und term of the Regge representa-

tion,and the restriction a
0

(o) < l/? is therefore found. In 

II it is argued that the singularity io cancelled by contributions 

of other Regge poles, anti it io found that to effect this cancellation 

there must occur daughter trajP-ctorieo ak(a), correlated with 

the lending or pnrent traJectory by the conditions ak(o) = a ( o) -k • 
0 
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No restriction on the poni t:l.on of the lending tru..lectory atronger 

thnn tho.t of Froiaaa.rt ( nn.mrly, a0( 0) ~ 1 ) is found. 

Ma.themo.tically-there docs not seem to be any!! ,erlori reason to 

prefer ci ther mechanism, but it lo found in II thnt the daughter 

trajectory mechanism is oo.tioficd in o.ll Bcthc-So.lpeter models 

which Reggeize,and empirically it is knowtl tho.t the Pomcranchuk 

trajectory vtolntcs the constraint a(o) < 1/2 • 

The nno.lyticlty of th~ Khurl power-sP.ries coefficients o.t 

a = 0 is important to the nrp;umcnt of II. It wn.s made plauu1hle 

there but not rigorously proved, o.nd waa left as o.n extro. aamunption. 

The purpose of this not, is t.o nhow tho.t the existence o.nd properties 

of the first daughter trn.jcctory can bf" proved -without such o.n extra 

assumption by uning the technlqueo of I and demanding consistency 

between tht:> Rcr;ge reprcnent:~ Lion nnd Mandrlstnm ano.lytici ty in the 

cnoc where there arc Hege;e poles to the rif.')lt of Ret = 1/2 for 

s = 0 • In this way we climinn.tr: the rcntrictlon a(o) < 1/2 and 

asymptotic fixed powers larger thnn br~ckr;re>tmd (See I). 

It is not clear how to take the Rep;gc bo.ekr;round intcr;ro.l to 

thr> left of net "" - 1/2 wlth this tcchnlquc bcco.usc of the threshold 

accumulation of poles there, o.nd therefore the diocussion of lower 

lying do.ught•Jr trajector lr.o from thiB polnt of view may be difficult. 

In the treatment here we rely h~nvily on references to I and II. s> 

For simplicity we follow I in assuming that the amplitude has only 

the s-u double apectro.l function. The roles of a o.nd u have 

been interchanged from those in II. Impli~i t in thin work nrc the 
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nsoumptions thnt cute in the nngulnr momenttUTI plnne nre absent 

and that Regge trajectories do not intersect. 

We write the Regge representation 

A(e,u)) = B( s, u) ( 

r2 _ u ) 
-1 + _s~--

2v 

(1) 

where and 

v = [s - (m - ~)2 ] fa - (m + ~)2 ] 2 2 2 2 
- -- l,a - -- ' r == (m - ll ) ' 

(2) 

The summation index in· (1) runs over the finite ntUTiber of Rcgge poles 

that appear in the region Ret > - l/2 + ~. for nny real energy 

s , -a • .,;; s <+ oo , where a :io any small positive number. 'I'he 

bn.ckground function B(o,u) has the asy1nptotlc behavior 

B( s, u) = ( -~ + E) o u aB u -} ro , for all pool ti ve a 

We begin at negn.tive u n.nd express the runplitude as n 

single vn.rin.blc dispers:lon relation 

A( s, u) . ~ [ ds' 
Im B( s I' u) 

1 ~I rls' 
s' - s + - a' - u 1( 

80 0 

Im [71(s') (v' t'i Q_1-a
1 

(-1 
2 )]. r 

sr - u 
K + ::.?v' (3) 
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From the asymptotic behavior of B(s,u) we expect that the first 

. ( ) -! + E term on the right stde of 3 to behave like u for all 

s .3 As in I the Regp;e pole term is expressed as a contour integral 

Md evaluated ns 

where the contour 

from s = 0 to 

( 

r
2 

_ u ) 
-1 +_a~----

2v 

( 
~~ - u ) } 

-1 + -"""""":""-:'--2V' 

c encloses the cut of ( 
~- u 

-1 + 2v' 
2 

r 
8 =

u 
in a. counterclockwise direction. The 

suppressed arg1@ent of the functions ai is s' . 

) 

In Ref. 1, it wn.s tacitly aSSl@Cd thrtt the residue functions 

?'i(s) arc analytic n.t 6 ·- 0 and therefore the contour integral 

in (I~) wus collapsed to the cut. We now wi sh to nllow for the 

possibility that ri(G) may have poles of o.rhltrary order n.t 

s == 0 •
4 

If such poles are present, collapse of the contour C to 

the cut may not be possible. 

The essence of the method here is to dclllllnd the asymptotic 

consistency of equations (1) and (3). Thls requires that the 

correction term to the R!'p;[,C pole contri but:l.ons, as expressed by 

the contour intcgrn.l in ( 1,) summed over all poles, must be of buck

ground siz.e {bounded by u -l for u --. oo ) in the region 

8 
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Thcreforr, w~ exn.mj ne the asymptotic behavior of the 

contour integrals in (h). On the contour c the function 

Q-1-a
1 
{s) 

2 
r 
ar (-1 + 2v 1 

u) 
can be npproximntcu by 

-1-a(a') 
2 1 

~ 
r (-al(al )1 

f' [-axi(s 1 
)] 

-a (s') 
(2v') 1 

-~2~)] . ()) 
c_B 

Since thio approxinnte rxprcMlon is uniform, it can be integra.tcd 

to give the a.~>ymptotic b<'lulVlor of the contour :tntegrals. For residue 

functions with poles of order n at s 1 
"" 0 , ve are led to 

consider integra.ls of the form 

1 1 f( G I ) lla,( 0 I ) 

s 1 n (o 1 - n) 
ds 1 

, (6) 
2ni 

whi~h cnn be evaluated unlng residue theorems. l'"or n = 0 the 

intce,ral vanlshes, and for n = l it is equal to 

r(o) s-1 u.a(o) For n > 1 , the most singular tenn at a = 0 

r,o(! fi 11 ke , and :l.n addition there are terms involving 

lens singular powers of a multiplied by JX( 0 ) , po~ro of 



UCRL-17113 . 

-6-

log u , and derivatives at a' = 0 of a(s') and f(s' ). 

With these remarks in mind, we consider the correction term 
,~<~ 

as defined by the contour integral (4) of the leading Regge 

trajectory ao(s) Using the asymptotic expansion (5), we conclude 

that the residue r
0
(s) must be annlytic at a = 0 if 

a
0

(o) > - 1/2 • · Othcrwioc from the first term in (5) there would 
a0(o) 

be n power u la.rp,er th11n background which cannot be cn.ncP-lled 

by lower-lying trajectories. If a
0

(o) 

(5) then contributes the anymptotic power 

> 1/2 1 the second term in 
2 -1 ao(0)-1 

r s u which 

is lnrger than the hHckrr,rrnmd, pluo terms which nre of bnckground 

order since a
0
(o) is reotrictetl by the Froisonrt bound to be less 

a0 (o)·l 
than 1-. Since the asymptotic powc-r u is larger thnn 

bo.ckground, it must be cancellerl by other Regge pole contributions. · 

This co.ncelln.tion cnn occ11r only if there io n second Regge 

trajectory a
1 
(s) satiafy.ing a

1 
(o) = a 0 (o) -1, and which, by 

the discussion in the preccdl.ng paragraph, must. ho.ve residue 71 ( s) 

with an -1 singular! ty .o.t- 8 = 0 (that is, with = 1) The s n . 
deaired cancellation requires that the coefficient of this 

slnt:,~larity must have the value indicated in Eq. {46) of II. We 

have thus proved with the techniques of I that each Hegge trajectory 

with ~(0) > 1/2 must be accompanied by n daughter trajectory 

with exactly the propertleo found in II. 

Since the residues of parent tra;)ectories are c~nalytic o.t 

8' = 0 their contour inteP.'_,rn.l eontr1 but ion in (I~) can be collapsed 

to the cut and the form (3.)) of I obtained. The first daue,.hter 

. ' 
i 
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residues have poles at a' = 0 , but since they lie one integer 

below the parents the factor v ,cxi (a') makes it possible to 

colin pee O.f,flin the con tour 1 ntcp,.ral to the cut and the form ( 3. 5) 

of I ma.y be used. The rest of the progrnm of I can then be curried 

through without change and the Rcgge aoymptotic behavior 
a(s) 

u 

established for the oco.ttcring tunpli tude throughout the backward 

region. In the present v,~rsion, the restriction ex( 0 )_ < 1/2 

found in I hao been removed. 

The advantage of this mrthod ia that the extra auswnption 

made in II about the analyticity of Khuri ampUtudes at s = 0 
• 

is unneceasary here. In fact the present techniques can be used 

to prove this asswnptlon for v (the Klmrl variable in II) in the 

region Re V > - 1/2. The disadvantuge of the present method 1 o 

that it is not clear how to move the background contour to the left 

of Ret = - l/2 and establinh the existence of lower-lying 

dnur~ter trajectories. 

The asymptotic contribution of a parent and· its first daughter 

trajectory to the full runplitudc lo given explicitly in Eq. (47) of 

II. At s = 0 this .contribution takes the form 

A(O,u) = cx(o) 
au + 

') 

b(m' - 2 )
2 a( o) - l 

1 
a:( o) - 1 

1.1 u n u + cu 

+ ••• (7) 

The logarithmic term is pectuiar to the unequal-mass case and may be 

significant when accurn.tc fits to hif")l-enerf!,y dn.tn nre possible. 
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FOOTNOTEf-.i ANP REF'F~RENCEG 
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3. Althouv.h it is not. nccf'ssnrlly true t.ha.t the infinite integral 

4. 

of an asymptotic rxp'lnf'·l on haa the name behavior as its integrand, 

ve asnumc that it ls true in this cane. 

It is proved in II that the -,. ( r,) cannot hu.ve branch points 
:L 

at s = 0 , but may have multiple poles. 
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