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REFLECTION OF POLARIZED LIGHT FROM FILM-COVERED SURFACES

J. Richard Mowat and Rolf H. Muller

\ Inorganic Materials Research Division, Lawrence Radiation Laboratory,
University of California, Berkeley, California :
:;l}
December 1966
ABSTRACT

Exact equations are derived which relate the (complex) index of
refraction and the thickness of a single, absorbing or transparent film
on an absorbing or transparent substrate to the changes sustained Sy
polarized light reflected by the film-covered surface. Both film and

substrate are assumed to be linear, homogeneous, and isotropic media.
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INTRODUCTION

A practical method for determining the optical properties of materials
is based on changes in the state of polarization which occur when light is
reflected from surfaces or transmitted through layers (films). This re-
port gives a theoretical analysis of the optical properties of an absorbing
film on a metal base, with the emphasis on a self-contained treatment
with uniform definitions and conventions throughout. Some of the theo-
retical results on bare metal surfaces, needed here, will be summarized
briefly below. Reference may be made to a companion report3 for
detailed derivations of relationships between the complex index of
refraction of a bare metal surface and the changes in polarization upon
reflection from it.

When polarized light is reflected from a film-covered metal surface,
the change in the state of polarization depends upon the refractive
indices of metal surface and film and on the thickness of the film. The
polarization state is characterized by the ratio of electric field
amplitudes parallel and normal to the plane of incidence and by the
phase difference between thege two components.

Let the subscripts p and s be chosen to denote components parallel
and normal to the plane of inc;dence respectively. Then the electric
field components are Ep and ES Before reflection and E; and Eg after
reflection. The ratios of s and.p amplitudes of incident and reflected
waves are defined as

(1)

tan wiz
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so that, on reflection, the amplitude ratio is changed by the factor

tapwr

tan ¢ = tany, (3)

Figure 1 illustrates the coordinate system to be used. Figu;e 2
shows both electric E and magnetic ﬁ field vectors for the cases of
electric field barallel to plane of incidence (a) and normal to the plane
of incidence (b). The vector S is the Poynting vector which gives the
directién of energy propagation. The x-z plane is the plane of incidence.
The x-y plane defines’the surface at wnich reflection and refraction occur.

The reflection coefficients, in general complex, are defined by

-ie
E" lEnl e P lEnI —i(e"-¢ )
rz £ = P2 - B e P P ,
p- E . -ig |E_| (L)
P | e P P
B
-ie;
1" 11 1" 3 "
LooBeMED e T IR cilege) (5)
s E -ie |E_]
S IE' e s S



-5- : UCRL-17128

where the epsilons are the phases of the various components with respect

to an arbitrary time origin. If we define the absolute phase changes by

§ =" - €, § = " - ¢ (6)

the ratio of the reflection coefficients is

v [l flen) s
o] E}-—- = ' 2 g ' (7)

lE_l/ IE_I | -18
P P/, P

BN \ (s -5,)

=T ‘E“"' e
&1/ 1) )

]

Substituting'into this equation the ratios
Y 1" "
5,1 / 15| analzll / &

from Egs. (1) and (2) leads to the result

| i -
tanvr el(dp 68)

o = (8)

tanwi

Since 6p-6s is the relative phase difference A imposed between the p and

s components on reflection,

Az 6 -8 ' ' (9)’
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a(l - k%) = n'(1 —«'?) (13a)

n2K = n'2K' cos¢>r (130)
where ¢ is the real angle of refraction (Fig. 3).
In contrast to n and k, the parameters n' and x' have more easily
recognizable physical significance, as n' is the ratio
n' = c¢/v (14)
of the phase velocity ¢ of light in vacuum to the (real) phase velocity
v in the medium. The significance of ' is seen from the relation

k't oz 2 (15)
wn

where o 1s the ébsorption coefficient. The amplitude of the electric

field diminishes by a factor 1l/e after traveling a distance

A

q = 1 c _ _ o)
a w'n' 2nk'n'

where Ao is the vacuum wavelength. The quantity 4 is known as the field

*
penetration depth.

Thnis result follows from the fact that the fields decay as e-'o;Z where

is the normal unit vector to the surface. Often, half of this value,
= XO/MNK'n', is given for the penetration depth. The distance a is then
cefined &z the depth at which the intensity is reduced to 1l/e of its original
value. Since the intensity‘is proportional to the modulus squared of the
field, I« a_2a% the intensity diminishes by a factor l/e after the wave has

penetrated to a'depth z = 1/2a, or one half the field penetration depth.
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If 1ight is incident on the plane surface of an absorving medium from
a transparent medium (o = 0) of refrgctive index ng at an angle ¢ from
the normal to the boundary, then the angle between planes of equal phase
and equal amplitude in the absorbing medium is 9. (Fig. 3) and'is found

from Snell's Law
n sin¢ = n'sin¢r (18)

The (real) angle ¢,. is known as the angle of refraction.
The ultimate equations describing the reflection are put in their

simplest form when written in terms of the complex angle of refraction

¢! defined by

sin¢' = " = ” ' (17)

Atiother relation equivalent to Eq. (17) is

nccos¢' = n'(cos¢r + ik") (18)

in thne chapters to follow, all electric and magnetic fields will bve

assumel to be of the form

2 = 2% e °© (19)

A

» - . .
where A stands for the electric field E or the megnetic field

jest2

. The
N . . . . re ey 4.
vhasce is contained in the complex amplitude Ao. The complex wave veclor

r_ is, in gereral, written as
d
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‘+ jan = 9ol F t2 sin¢g * 2(cosd + ix!') (20)
+ c { r r '

g 2
I
=¥

or, with Eq. (17) and (18), and the definition
Kk =2 =
c

t 4 cosé') (20a)

=¥
i
5
o]
W
<4
4]
[N
o]
e

In Egs. (20) and (20a), the * signs are chosen depending on whether

]
——, has positive or negative x and/or

- ,l+

the real wave vector Xk, kl' s w/v

z components, respectively. Egs. (1) through (20a) are developed in Chapter
I of the companion report3. |

Figure ba shows how a ray of light incident on a film-covered surface
is partially transmitted and partially reflected at the first film surface
taken to be the plane z = —L), then at the film-substrate surface (the
plane z = 0), and finally again at the film-air surface. In the discussioﬂ
that follows the x-z plane is the plane of incidence and all surfaces are
parallel to the yz plane. This convention is illustrated by Figs. 1 ané 2.

It will be assumed that the system of reflected and refracted waves
shown in Fig. ba can be replaced by the system shown in Fig. Lb, where

T s . . 5 . .
" is a wave equivalent to all the reflected waves leaving the film,

->

td

' and

E" are the equivalent of all waves in the film, and £ is the equivalent

of ail waves in the metal which is taken to be of infinite extent in the

7,8

+z direction.
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verified if the resulting Eo and Ho satisfy Eqgs. {21-2L) above. For

>
the wave reflected at the film-metal surface kgf can be written

ko= 21z sino - 2(cos¢  + ix')] (26)

Substituting Egs. (25) and (26) into the transversality equation
i()H' . -E>l|' = o (2:1.)
c o

one nas

my E”' + - (AN} EH' . N =
e} 5 51n¢r €y o (cos¢:r + 1§ ) o}

t ) — 1t > 1]
€ sin = g COS¢ + 1K
N ¢ 5 ( ¢ )

A solution which satisfies this equation and which leads to expressions

- ->
for E;' and hg' that satisfy Maxwell's equations is

1y

(cosd)r + ik!')

1my

sin
¢r

-5
Therefore, a4 possible solution for E;' is

A vector field is uniquely specified when its curl and divergence are
. - . . . e =4 -
kriowrnn. Since Maxwell's equations give the curl and diverpgence of E and
(21-24).

-
I, there can be only one solution satisfying Egs.

Fey
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S Pory Frr oo 1@ e - :
=k 'x H n [2 sin ¢ 2(cos ¢r + ix )] x

2
211 s [] - Aty - 1 : [}
[X LS (cos 9. * ik ) - ¥ Lp (1 - x'° + 2ik!' cos ¢r)

+ 2 E"' sin ¢
s T

s

2 i , 2 : Y- - Y-
= -n' [2 sin ¢ E;'(l—x' + 2ik' cos Qr) + ¥ sin” ¢ h;' + 3 n"'(cos ot ik')
+ R E"'(l—K'2 + 2ik' cos ¢_)(cos ¢_ + iK')]
D r r

- 1.2 2
= . Ty "y ‘h| 3 1 t - [ ~o 1 s .
[2 sin ¢_ Ep + ¥ Es + 2 Ep (cos 9. * ix )J n'“(1-x'® + 2ik co @r)

2
d

>
- Eg' n

where the last step follows from Egs. (11), (12), (13a) and (13b). There-
fore Egs. (27) and (28) are the required solutions.

Now that E;' and ﬁg' have been found and have been shown to satisfy
Maxwell's Equations, thé ten electric and magnetic vectors can be summarized.

Writing each electric field vector in. the form

. -> ->
-i(wt - kc T)

there results

~§ﬁi{ct - no(x sing + z cos¢) )
o (T _ . o
E (up cos ¢R + Esy Ep sind2)e
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It will be convenient to rewrite these equations in a simpler
form by using the complex angle of refraction. The relations needed

to make the simplification are the following:

. t = . = ' . . y

n, sin ¢ n_ sing = n' sin ¢, (17)

n, cos ¢' =n' (cos 6. * ik') (18)
. cy = . = 1 s

n, . sin g n sin ¢ n . sin ¢rm (17)

n

n__ cos ¢'
o

T : : T
e n' (cos O * le) (18)

cm

First BEq. (17) is used to replace n' sin ér in the expressions for
->

- - - ) . . . > -
', E', H', and H"' and n' sin ¢__ in the expressions for E_ and H
m rm m m

02

by no sin ¢. Then all ten fields will contain the same ter@ ct—noxsin o)
in the brackets of the exponent. This common term would cancel in the
. calculations that follow, so it will be ignored in the interest of
simplicity. With these changes, and with the definition

ko H 2n/Ao
the ten field vectors can be written as follows (see Fig. Ub)

N ikoznocos¢
7 = (Ep cos¢ & + EY - Ep sin¢ 2) e : (29a)

. —ikoznocos¢
" = (E; cos¢ R + Egy + E; sing 2) e (30a)

. n, n, ikoznccos¢'
o= HT'Eé cos¢' R+E!Y - E% — sing' 2/ e (31a)
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B. Evaluation of Boundary Conditions

When there are no surface charges or surface currents the boundary
‘ - -
conditions require that the tangential components of H and E and the
— - :
normal components of niE and pH be continuous across each interface.

Thus, at the air-film interface z = -L, and with pu = 1 everywhere,

S (B4 ) - 8- ng(B + B - 2 (39)
(% + E) 5 = (gf T (ko)
E+E)x2= (B +8")x2 (k1)
H+H)Yxz2= (R'+B")x2 (42)

When Egs. (29a) through (32a)

into Eq. (39), there results

-iTO iz,
n (-E e + E" e )
o)
where
7 =K In cos ¢ =
o) o ©
= v
T = kOLnC cos ¢

This result can

sin = n
o ¢ c

Thus

are evaluated at z

2
. nc -1
n sin ¢ = F(-EI') e +

2n -

o Lno cos ¢

o)

21 t

Xo an cos ¢

be rewritten since

sin ¢*

E"'eiT

tt

Lo it

-L and substituted

E"?
P

eiT>nc sing®
(43)

(4k)

(17)

-iT )

(45)
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2 o Y L2 _ 2R N

n (E' + B1) .« 2 n E - Z (49)
-~ - - )
(H'* + H'') - & = H Z (50)
- - -
(E* + E") x 2 = E X2 (51)
- - -
(H* + H'') x Z = H X zZ (52)

When Eqs. (3la) through (%3a) are evaluated at z = O and substituted

into Eq. (49), there results

n2 2

< My _ mt o3 v _ _ocm . '

~ (Ep Ep) n, sin ¢* = ar n., sin ¢ Eom

or, since

n, sin ¢* =n_ sin ¢ (17)
2 2
oo , Yem (53)
— (B! -E'') = —=—E 55
n D o n!~ “pm

When Egs. (3la) through (33a) are evaluated at z = O and substituted

into Eq. (51), there results

n n

c -~ A~ c ~ -~
— E! cos ¢* §+ Ef X - —4 E'' cos ¢* §+ E'' X =
n* p s n*' p s

A

n
cm ~
. E cos ¢! ¥+ E
n. pm m s

m

This equation implies two others, namely,

n

ja]

L t A !__.._PE H
= (Ep + Ep) cos ¢ o Epm cos @f (54)

E! + E!' =E_ (55)
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2rL

T, =k Ln cos ¢ = X;_ n  cos ¢ ‘ (43)
. enL
= r— —— ?
T =kLn, cos ¢ x n, cos ¢ (k)
At z = 0 (film-metal interface)
2 2
. Bom
c E'Y _ E = - - E )
O R (53)
nc ncm
1y I} L el t
~ (Ep + Ep) cos ¢ = -Epm cos ¢ (5h)
1 Itr -
E! +El' = E_ (55)
[} - Ity 1 - t .
n, (ES E} ) cos ¢ 0o Bey €08 O (56)

C. Derivation of Reflection Coefficients

For the calculations of the next chaptef it will be necessary to
know the reflection coefficients for the film-substrate interface. These

are defined by

E“t E"'
= 5 = 2
Tog = E! Top = Eé (5Ta,b)

where the electric field amplitudes E are to be evaluated at z = 0. The
pertinent equations are Egs. (53) through (56) derived in the previous

section and summarized on the preceding page.

cos ¢!

Divide Eq. (53) by Eq. (54) and multiply by to get

cm
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or
- - t
(1 rgs) n, cos ¢ (1 + rgs) n . cosp (60)
ro r ' !
n, cosp T, 0, cosd no. cosqbm + ncm rgs cos¢ -
Thus‘
n _cos¢p' - n__cosp'
. _ c em m (61)
2s n cosp? + n__cosp!
c em® %%y
Note that ' .
H
1+ o nccos¢
l1-r T n__coso! (602)
2s cm m

Equations (59) and (61) are the Fresnel coefficients for reflection

at the plane boundary between two linear, homogeneous, isotropilc, ab-

sorbing media.

D. Summary - Fresnel Equations for Two Absorbing Media

The.Fresnel Equations for an interface between two absorbing media

are as follows:

n cos¢$ - n_ _cosp!

E ref c cm
r = I8 - (59)

P . n cosp! +.n__cosdt
p inec c m cm
E n cosp' - n__cosp!
s ref c ¢ cm ¢m 6
r = o/ = 3 T (l)
s . n _cosep' + n _cosp
s inc c cm m

In Egs. (59) and (61), n, and n_ are the complex indices of re-
fraction of the incident and base medium respectively. They are the

complex square roots of the quantities ‘ -
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CHAPTER II. REFLECTION FROM A FILM-COVERED SURFACE

In fhis chapter an exact, general equation is derived which describes
the reflection of polarized light from an absorbing surface covered by a
single, absorbing film. As in the previous two chapters it will be assumed
that the media are linear, isotropic, and homogeneous.

For the derivation of the equation it will be necessary to know the
reflection coefficlents for the incident medium-film interface. These
are found from Egs. (59) and (61) of the last chapter by replacing the
complex refractive index n, and the complex angle of refraction ¢' by
1 and ¢ respectively (where ng is the real refractive index of the
incident medium and ¢ is the real angle of incidence) and by replacing
n _and ¢& by nC and ¢ Thus‘the reflection coefficients at the incident

cm

medium-film interface can be written as

cos¢p - n, cosp'

n :
r = 2 (62)

1s n_ cos¢ + n, cosgt

n cospt - n, cosp

T = =2 (63)

1p n_ cospt + n, cosp

The analogs of Egs. (58a) and (60a) are

1+ nO cosp!

> (64)
1 - rlp n, cosp ,
L+ r n_ cosg
e (65)
1s n, coso

The equations summarized at the end of Chapter I, Secﬁion B will yield the
ultimate result. To begin with, the eight equations (45) - (48) and (53) -

(56) are condensed into two equations (68) and (71) in the following way.
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vhere the last step i1s made by the use of Eq. (58a). Division of Eqg.

(55) by Eg. (56) gives

Pt n_ cosp*t 1+r

o= — = 2s (70)
[ tre T [ - -

E Es ncmcos¢m L Tos

where the last step is made by the use of Eq. (60a). Equations (69) and
(70)'can be summarized as

E' + ErUT 1L +r
v v 2v

EY . gttt = I -7 (71> »
v 1% 2v

where v stands for p or s.
Next, Egs. (68) and (71) are solved for the ratio EU/Ev_which is the
desired reflection coefficient of the film-covered surface. Divide

. numerator and denominator of the right-hand side by EL to get

—21?0
i + +
e + EV/EV B 1 ry, 1 ry, © (73)
-2it I Ty, - op G2iT
e - E;/Ev v 2v

2it

Define the complex reflection coefficient of the film covered surface by

Ty = f& (%)

and set the right hand side of Eq. (73) equal to the variable & for
convenience. Then

-QiTO
€ *tr

-2it
o
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complex optical distance, and 2To is an overall phase angle resulting
from the particular origin chosen for the calculation.

This result (Eq. (75)) was originally obtained by Drude,6 but in
his equation the exponents are negative while here they are positive.
This difference is due to a different representation of the electro-
magnetic wave in the complex notation which was here

= -

¥ -7 oot -k - r)

o}

The spatial dependence is in this case

Drude, on the other hand, chose to represent the wave by

- =
i(lwt - k - )

— —
E = E e
ol
for which the spatial dependence is

- -
-ik * r
e

=
0 \:

__)
E =
s

Therefore, the two derivations yield opposite signs in the exponents of
Egs. (29a) through (38a).

In our calculations the different sign has carried all the way through
. >
to Eq. (75) where we have a positive exponent and Drude has a negative one.

Others using Drude's convention are Winterbotton,7 McCrackin,15 and

Leberknight and Lustman.u
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Fig. 5 Tllustration of Meaning of Reflection Coefficients Ty rlp’ Thes
Top? Lo and T The electric field vectors ﬁo’ ', B, and "

are defined in Fig. Ub and by Egs. (29a), (30a), (3la), and (32a)
(the ﬁo of this figure is tue E of Eq. (29a)). The electric field
vector El results from reflcetion at the first interface only and
corresponds to reflection from an infinitely thick film. " is the
resultant of all reflections at both interfaces as indicated in Fig.
4b., The various waves can be written as sums of component waves

parallel (p) and normal (s) to the plane of incidence.

- - E,
Eo Lo = . fr?
w' \ a No
4 :-L .
._E.' E.lll nc=n(|+iK)
z=0 '
\ \\\\\\\\\\\ncm:nm (|+ iKm)
MUB-14177
E = (B -85+ (T - 88
i?l = rlp(ﬁo . PP+ rls<fo . 8)8
o= (B .p)p+ (@ - 88
o= rzp(f’ < BYP o+ rgsﬁé . 8)8
B o= rp(ﬁo CP)p + x (B - 9)8

The unit vectors P and § are parallel and normal to the plane of

incidence, respectively.
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CHAPTER TIT. COMPUTER SOLUTIONS OF FILM EQUATIONS

The basic equation describing the reflection of polarized light from
a film covered metal surface, as derived in the previous section, is
iD

E r +r e iD
v reflected _ lv 2y e © : (75)

Ev incident i +r, r elD
1v 2y

where Ty Tps D and Do are given in the preceding summary. The complex

quantity r, 1s the reflection coefficient of the film-metal combination,
giving both the phase and amplitude changes of the reflected light.

By analogy with Egs. (7) and (10) we write
p = rs/rp = tany e (17)

~where tamy is the amplitude diminution and A the relative phase change
caused by the reflectibn.*

In practice one is primarily interested in finding the thickness L
and refractive index n, =n + ink of a film on a substrate of known pro-
perties from measured values of ¥ and A. Although L and nc are related
to ¥ and A through Eqg. (77), and although Eq. (77) can be solved ex-
plicitly for L as a function of 1, ¢ and A& (as in Section B below), it
is not possible to solve Eq. (77) explicitly for n,. Two methods will now

be presented.for obtaining.nc and L with the use of a high speed computer.

¥ McCracken™? and other authors use the definition p = tany eiA =r /rs.
Owing to this and other differences in convention the ¥ given here Sill

be the complement of that found in much of the literature, while the A
given here is essentially the same as that in the literature (i.e.,

A = Bp -8, Eq. (9)). In practice one solves the exact Eq. (77) for tanA
and not A. When only the tangent of an angle is known (and not its sine or
or cosine) the quadrant in which the angle is to be placed is ambiguous.

Thus, further differences arise in the literature.
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140° 130° 120° 110° 100° 90°

150°

160°

I'70°

180°

190°

200°

210°

220° 230° 240° 250° 260°270°

XBL671-299

Fig. 6 Transparent film on Transparent Substrate (CaF, on glass).
Values of ¥ and & calculated for increasing film thickness
for wavelength 5461 A, angle of incidence 60°, base constants
ng = 1.5190, K, = 0 and film constants n = 1.4339, « = 0.

The curve is labeled for various thicknesses and closes on
itself at a thickness of 2373.6 A (optical thickness).
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- -
180° ‘ %

190° 350°

200° 340°

210° 330°

220° 320°

230° 240° 250° 260° 270° 280° 290° 300° 310°

XBLETI- 298

Fig. 8 Absorbing Film on Transparent Base (Chromium on Glass).
Values of ¥ and & calculated for increasing film thickness
for wavelength 5461 A, angle of incidence 60°, base constants
ng =1.519, K, = 0.0, and film constants n = 2.96, nx = 3,45,

* - The curve does not close on itself but spirals from ¥ and

A corresponding to the bare glass to the values corresponding
to bare chromium.
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B.. Method of McCracken 23_31.15’16

A method similar to the one described above, but more efficient has
been devised by McCracken gt al. By this method the film thickness is
calculated directly_from measurements of ¥ and A and from assumed values
of n and nk. With this method one need not assume values of film thick-
ness, but only of n and nk. Thus, in the example of Section A ﬁhere
would be_i6 times fewer combinations to try.

The equations from which the film thickness can be deduced will now
be devloped. The starting point is Eg. (77). Substituting from Eq. (75)

into Eq. (77), one has

iD
rls + s e
iD
Tr 1+ r e .
o= == = Ls 2s = tany e (78)
T r + r elD
P 1p 2p
iD
+
1 rlpere

The value of p can be found from the measured values of ¥ and A, and is
thus assumed to be known. Eq. (78) is reduced to the standard form for

a quadratic eguation in the variable elD as follows. Write

iD ip
(rls ¥ rES © > (l * rlp rEp € >

D D
<l * Y15 Tos © _) <rlp M r2p © )

+ (r, r._ T ) e+ v 1 r. &0
o = 1s ls "1p "2p 2s lp "2p "2s
B iD 12D
+
Tip T Ty Tog Tog *Tp,) €t Ty Ty Ty @

r + r

or, multiplying both sides by the denominator of the right side and

collecting terms,
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Taking the complex logarithm of both sides of Egs. (82) and (83)%

and letting E stand for either E, or E, and D for Dl or D2

1 2
i ' -l Im E
iD = Log |E|] + 1 tan = (84)
where
5] = WE - EX

and Im E and Re E are the imaginary and réal parts of E, respectively.

Thus, with the original definition of D

Ly .
D = X; L n, cos ¢ (76)

Equation (84) becomes

hril, ' . -1 ImE

- = +

n n, cos ¢* = Log [E| itan © o=
or

LrT, n, cos ¢ 1 InmE

N = tan =TT - i Log |E|
o
Solving for L gives
o 1 ImE j
L = w05 7 [tan =5 - 1Log lElj (85)

Since there are two solutions for E, there will be two solutions

for L. The film thickness L must be a real quantity, so the right-hand

*
Ref. 18, p. 55.
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APPENDIX T

Single Film Computer Program "FILM"

The program "FILM" finds the thickness and gomplex refractive index
of a single, absorbing film on an absorbing substrate. It does so by
systematically combining all prescribed values of film thi;kness L and
refractive index n(l + ik) and calculating the relative phase change A
and amplitude diminution tamy for each combination. Whenever a particular
combination of L, n, and nk yields agreement with the experimentally
determined quantities A andiy within a specified error € and €¢ this
combination appears in the output as a solution.

The equations evaluated by the program are the following:

cos ¢! = from Eq. (17)
cos ¢! = from Eq. (17)
n cos¢p - n cosp’
r = o < (62)
1s n _cosp + n _cosge'
o c
n cosp' - n éos¢
r = ° < (63)
1p n_cosp' + n _coso
o) e
| S '
; ) nccos¢ ncscos¢ < (61)
2s n cos¢p' + n_ coso'
c cs s
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Sequence and Format of Data Cards for Program "FILM"
Card Col. 1 Col. 10 Col. 20 Col. 30 Col. 40 Col. 50

1 Title and comments (up to 80 columns)

2 Ranges of n, nk, and L (up to 80 columns)

3 n A n n_K

o o 8 s's
L n 5n n nK . BnkK nK

(initial) (increment) (final) (initial) (increment) (final)

5 L . dL . L
(initial) (increment) (final)

(O

¢ (4 A y A

These six cards constitute a set.' Any number of sets may follow. Two
blank cards must follow card 6 of the last set of data, and a card with
0.0 punched in the first field (columns 1 - §) must follow these blank
cards. Cards 1 and 2 of each set may contain any comments (or none at

all) désired by the user. Their contents appear printed verbatim at the
head of the output. The two cards serve to conveniently identify the out-
put'data. All numbers entered on cards 3 - 6 mus£ contain a decimal point,
and may be located anywhere in the nine columns beginning with the one

indicated.
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Variables -- real
Name Syﬁbol Description
DELM A (measured). relative phase change (degrees)
DELC A {calculated) relative phése change (degrees)
DTN2(1) Sn . iteration increment of film index
DTN2(2) snk iteration increment of film nkx
T T iteration increment of film thickness
EPSIM ey experimental error in ¢ (degrees)
EDELM e ' experimental error in A {degrees)
PHI1 ¢ angle of incidence (degrees)
PSIM ' (measured) arctangent of amplitude diminution
‘ ' (degrees)
PSIC | 1/ (calculated) arctangent of amplitude diminution
(degrees)
TNFI n, refractive index of incident medium
TN3 (1) n, ' n of substrate
TN3(2) n Ky nk of substrate
TNI n, lower 1limit of iteration span.for n
of film
TNKFT (nK)i lower liﬁit of iteration span for nk
of film
TN2(1) n n of film (result)
TN2(2) n« nk of film (result)
TN2M(1) n, ﬁpper limit of iteration span for n
of film
TN2M(2) (nK)m ) upper limit of iteration span for nk
: of film
TI L lower 1limit of iteration span for

1 ' ‘ film thickness
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Variables -- Complex

Name . Symbol . Description
CPHI2 cos ¢! complex cosine of complex angle of

refraction in film

CHPI3 cos ¢! complex cosine of complex angle of
s refraction In substrate
PL D complex optical path length
R1S ' g * Fresnel reflection coefficient at air-

film interface for polarization normal to
plane of incidence

R1P r Fresnel reflection coefficient at air-

1p film interface for polarization parallel
to plane of incidence
R2S Thg Fresnel reflection coefficient at film-
metal interface (normal polarization)
R2P T Fresnel reflection coefficient at film-
' p metal interface (parallel polarization)
RS ry reflection coefficient at film-metal
' combination (normal polarization)
RP r : reflection coefficlent of film-substrate
P combination (parallel polarization)
RHO p = rs/rp = tamy e

A, B, C, D temporary variables

A flow sheet and reproduction of the program appear on the next two pages.
The output for the program "FIIM" is almost the same as the output for the
program "“SFIILM" for which a sample oufput is given at the end of Appendix
II. In the. output from "FILM", however, the line beginning with "RANGES"
might (if desired by user) be amended to include information concerning the
range of film thibkness”COnSideredvaiong with the iteratidn‘increment. Also

the line regarding imaginary part of film thickness does not appear.
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"FIIM" program, Fortran II version

TCC IN2€Z) = TNZ2(2) ¢ DTN2(2}

FORTRAN 11 PRCGRAM FILMLUIAPUT,QUTPUT,TAPE2=INPUT,TAPE3=OUTPUT) co 16 20

THIS PROGRAM CALCULATES THE THICKNESS ANC COMPLEX REFRACT IVE 8CO IF CTNZH(1) - (TN2(1) + CTN2€(13)) 1000, 10€0, 900

INDEX OF 4 SINGLE ABSORBING FILM Ch AK ABSCREING SUBSTRATE SCC TNZU1) = IN2(13 ¢ DIN21)

DIMENSION A(2), B(2), CU2), B{2)s CPHI2(2), CPHI3(2), TN2(2), 6t TC zc

COTNZE2), TA2MI2) s TN3U2), R1S(2)y RIF(2}, R2S(2), R2PI2), PLIZ), 1CCC 6O TC (2€CC,y 13 M

€ RS(2)e RP(2), RHC(2)s TETLELB), RANGE (3) 2CC0 WRITE (2, 11) PHI1, TN1, WAVE, TN3(1). TNI(2)

COR = C.C17452 WRITE (3.12) PSIM, DEL¥

1 READ (20€) TITLE, RANGE 60 T¢ 1

Z READ (2,7) TK1, WAVE, IN3(1), TH3I2) E] N

1€ (TN1) 2CCC, 3€CC, oce o .
3 READ (2,8} INFI, unzn). TNZM(1), TAKFI, CTN2020, TK2ZM{2)

4 READ (2, S) TI, DT, T¥ :
5 READ (2,10) PHIle PSIM, DELM, EPSIF, EDELM
& FORMAT (£A1G/E€ALC)

7 FORMAY (FS.C, 2F1C.C)
8 FORMAY (F9. SF10.C) SUBRCLYINE CM{C+ 4, B)
S FORMAT (FS.C, 2F1C.CH C COMPLEX MULTIPLICATECN SUBRCUTINE (C = AP WHERE C, A, B COMPLEXY
1€ FORMAT (FS.0, 4F1C.C) CINENSION C(2), AL2), B(2)
11 FORMAT (1HQ./6HPHE = ,F5.2 ,10X,4KEN = ,F7.4, 10X, 12FWAVELENGTK = , Cl1) = A(11*B(1) - A(2)%B(2)

C F5.0, 114 ANGSTROMS//33H REFRACTIVE INDEX CF SUBSTRATE = o F7.4, C(2) = ALZ1*8(1) + A{1)*B(2)

C 2Xy 4K+ Iy FT.4) X RETURN
12 FORMATY (1HC» 2TMREFRACTIVE INDEX CF FILF = , FT7.4, 2Xs END

C 4H+ Iy F7.4//18H FILM THICKNESS = , F7.2, 10H ANGSTROMS,
C //€F PSIC = , F10.5, 10X, THDELC = , F10.5y
C //8+ PSIM = , F1C,5, 10X, 7HDELN = , F10.5)
13 FORMAT (1K1, EAL1C//EA1C) .
14 FORMAT (1HCs THPSI® = o F10.5,10Xs 7HCELM = , F1C,5//32H NO SOLUT

CION BITHIN GIVEN LIMITS) SUBROLTINE CC(Ce A, B} -
MRITE 2,12) TITLE, RAMGE [4 COMPLEX DIVISION SUBROUTINE (C = A/P WHERE C, 4, 8 CCMPLEX}
PHI1 = COR®PMIL CIMEASION C(2), £1(2), €42}
LR E = BUYI*2Z & BL2}4%2
. TNZ(1) = TKFI Cl1) = (A(LI*B{1)} + A{2)#B(2))/E
ZC TN24Z). = TAKFI CLZ) = (A{2)98(1) ~ A(LI*BU2})/E
¢ T =71 RETURN
CALCULATICN OF COSINE CF ANGLE CF REFRACTICN IN FILN END

1€C AL1) = —TA1*$24SINF(PHIL) #22

At1) = —TA1##24SINF(PHIL ) 902

AlZ) = C.C

BE11 = TNZ{1)*e2 - TN2{2)es2

BL2) = 2.C*TN2¢1)¢TA2¢2) SUBRELYINE CE(C, €)

CALL CD(C. Ay B) C COMPLEX EXPONENTIAL SUBRCUTINE (C = EXP(IE) WRERE C, B COMPLEX)
C{1) = 1.C + CH1) DYMENSICN Cl(2), B2)

CALL CSRI{CPHI2, C) Cl1) = EXPF{-8(2))9CCSFIB(L}

CALCLLATICN OF COSINE CF ANGLE CF REFRACTICN IN SUBSTRATE C{2) = EXPF(-B(2}1*SINFIB(1))

Bl1) = TN2{1)*#2 - TN3{2)es2 RETURN

B{2) = 2.CoTRI(1I*TA3(2) END

CALL COIC, A, B)

Cl1) = 1.C + C(1)

CALL CSR(CPHIZ, C)

CALCULATICN CF FRESNEt COEFFICIENT A1S
CALL CHM(C, TNZ2, CPHI

All) = —C(1} + YNl‘CCSFI PHI1) SUBRCOLYINE CSR(Ce A)

At2) =« ~CH2} 4 COMPLEX SCUARE ROOT SUBROUTIMNE (C =SC. RT, CF A WHERE C,A COMPLEX}
BC1) = CL1} + TNLI*CCSFIPHIL) CIMENSION C(2}, A(2)

B2} = C(2) IF GAlZ)) 4, 1, 4

CALL 'CD(R}S, A, 8) 1 IF (Af1)) 2, 2, 3

CALCULATICN OF FRESNEL CCEFFICIENT R1P 2 Cl1) = C.C

A(1) = TIN) C(Zl = SOR”F(ABSF(A(I)])

atz) = C.C 60

CALL CM(Cy Ay CPHI2) ) 2 C(l) = SCR1FIA(1)I

A€1l) = CCSFUPHIL) €lz) = C.C

[N (o

E = C.S*SORTF(ALLI®A(L) + AL2})0A(20)
C{1) = SQRYF{C.E%A(1) + B}

€C(2) = SQRIF(-C.5%A(1) + E}

CALL CF{D, A, TIN2) : RETURN

Al1) = CL1) - D(1) END

Af2) = C(2) - (21

Bf1) = Ct1) + D(1)

8(2) = C{z) + D(2)

CALL CO{(R1Ps A, B}

CALCULATICN OF FRESNEL CCEFFICIEAT 82§ :

CALL CM(C, TN2., CPHIZ) . SUBRCUTINE ATNL(X, Y, 2)

F

CALL CM{D, TN3, CPHID) C THE FCLLCWING SUBRCUTIAE GIVES THE PRCPER CUACRANY CF THE ANGLE
Atl) = CC€1) - DC1) c X WHEN TANX = Y/Z AND Y, Z BARE GIVEN
A€2) = C(2) - DL2) IF (2)11,¢6411

atly = C(1) + D(1} 11 R=Y/Z

B{2) = C(2) + D(2} FF{Z12e€4])

CALL CD(R2S, A, B) 1 X = ATANF(R)

CALCULATICN OF FRESREL COEFFICIENT R2P ! GO T0 1C

CALL CKIC, TN2, CPHI3 2 TFLY)2.5,4

CALL CMID, TNZ, cPlel 2 X=ATAN {RI-2.14156

All) = C(1) - DL1) ce Y€ 1C

242Y = CL2) - DC2) 4 X=ATAN (R)$3,1415€

8(1) = C{I) + D(1} . ¢0 TC 1C

8(z2) = C(Z) + D{2}) EX = (ol

CALL CO(RZP, A, B) GG ¥C 1C

CALCULATICN OF PATH LENGTH PL . € Xe1.57C7S

CALL CMIC, TN2, CPHIZ} 1¢ RETURA

PLEL) = 4.C92,141552701%CI1)/7WAVE . . END

PLIZ) = 4,.0%3.14155270719C(2)/hAVE

CALCULATEICN CF THE NORMAL REFLECTICN (OEFFICIENT RS

CALL CE{C, PL)

CALL CM(Dy Co R2S)

CALL C¥(C, RIS, D)

A{l) = R1S{1} + D(1Y

AC2) = R1%(2) + D2}

B(1) = 1.C + C{Y)

Be2) = CLZ}

CALL CO{RS, A, 8)

CALCULATICN OF PARALLEL REFLECTION COEFFICIENT ﬂP

CALL CE(C. PLY

CALL CM(D, Cy R2P)

CALL CM{C. R1P, D)

AL1) = RIP(1} + DI1}

ALZ) = R1IFC2) + DI(2)

Bil) = 1.¢ ¢ C{1)

B8(2) = CL2)

CALL CO(RP, A, B)

CALCULATICN OF RHC

CALL CD{RMC, RS, RP}

CALCULATICN OF PST (DEGREES)

TPSI = SORTF(RHO(19902 ¢ RHC(2)422)

PSIC = AVTANF{TPSI)/COR

CALCULATICN OF DELTA (DEGREES})

CALL ATNI(DELC, RHO{2).: RMG{1})

DELC = DELC/CDR

IF (EPSIM — ABSFIPSIC - PSIP))} 400, 200, 200
2C€C IF (EOELM — ABSF(DELC - DELF}} 400, 300, 200
3¢C PHIL1 =~ PHIL/COR

WRITE (3, 11) PMI1, TNL, WAVEs TA3(1)y TN3(2)

WRITE €3,12) TN2{1D, TN2€20s T, PSIC, DELCs PSIF, CELM

ez
ACC IF (TM = (T & OT)} €0C, 60C, SO0 .
SCC T = T 40V
G0 10 1CC MUB-12593
&Ce IF LIN2M(2) - (TN2(2)  OTN2(21)) 800. 800, 700
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Variables -- real

Name Syﬁbol Description

DELM A (measured) relative phase change (degrees)

DELC A (calculated) relative phase change (degrees)

DINL on iteration increment of refractive index n

DTNK 8(nk) iteration increment of nk

DT dL iteration increment of film thickness L

EPSIM ew experimental error in ¢ (degrees)

EDEIM €p experimenﬁal error in A (degrees)

PHTL o) angle of incidence (degrees)

PHI . o) angle of incidence (radians)

PSIM 1/ (measured) relative amplitude change (degrees)

PSIC ¥ (caleulated) relative amplitude change (degrees)

TNL n : refractive index of incident medium

TNS ns(substrate) refractive index of substrate

TNKS nSKS(substrate) nk of substrate

TNI n, lower limit of iteration span for film
index n

TN n n index of film

TNM n. upper limit of iteration span for film
index n

TNKI (nk)y - lower limit of iteration span for nk
for film

TNK nk (film) nk of film

TINKM (o), ' upper limit of iteration span for nK

: for film _

TI Ly lower limit of iteration span for film

_ thickness L :

T L : film thickness

™ Lm upper limit of iteration span for film
thickness .

WL A vacuum wave length



Name

CSQRT(C)
CEXP(C)
caBs(c)
ATVMAG (C)
" REAL(C)
cos(Xx)
SIN(X)
ATAN(X)
ATAN2(X,Y)

ABS(X)

CMPIX(A, B)

-57=

Chippewa FORTRAN Functions

Je

lc|
finds the imaginary part of C
finds the real part of C.
cosx
sinx
tan"Yx
tan™ (x/y)
|x]

construets A + iB from A, B

Where C is camplex, A,B,X, Y are.real.

UCRL-17128

Converts

complex
complex
complex
complex
complex
real to
real to
real to
real to
real to

real to

to complex
to complex
to real

to real

to real
real

real

real

real

real

complex
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"FIIM" program, Fortran IV version

[aN el

PROCGRAM FILM2UINPLY, OUTPUT, TAFE2=INPUT, TAFEZ=CUTPUT)

THIS PROGRAM CALCULATES THE THECKNESS AND CCMPLEX REFRACTIVE

INDEX GF A SINGLE ABSOFRBING FILM CM AN ABSCREINC SUBSTRATE

COMPLEX TN2, TN3, CFHI2, CPHI3, R1S, R1P, R2S, R2P, C, RS, RP, RHO
OIMENSICN TITLE (€), RANGE (8)

READ {Zs2)} TITLE, RANGE

FORMAT (EA1C/EALC)

WRITE (2,4) TITLE, RANGE

FORMAT (1K1, EALC//EALC)

READ (2,5) TAh1, WLy TNS, TAKS

IF LTN1) 2CCCs 3C(Cy 6

& READ (2.10) TAI, DThs TNM, TAKI, DTAK, TNKF

7 READ {Z,11) T1, DV, TN .

8
9

[ Ty N

READ 1Z,12} PHIl, PSIM, DELM, EPSIM, ECELM
FORMAY {FS.Ce 3F1C.C}
1C FCRMAT (F<.C, SF1C.C)
11 FGRMAT (FS.Cy 2F1C.C)
12 FCRMAT {FS.Cs 4F1C.CD
13 FORMAT (1H0,/€HPHI = oF5.2410X¢4HN = 4FTa4, 10X, 13HWAVELENGTF = ,
C F5.Cs 11H ANGSTRCMS//33H REFRACTIVE INCEX CF SUBSTRATE = 4 F7.4,
C 2Xxe 4F+ 1, Fl.4)
14 FORMAT (1KC, 2THREFRACTIVE INCEX CF FILM = , F7.4, 2X+
C 4K+ I, FT.4//18H FILV THICKAESS v F7.2+ 10H ANGSTRONMS,
C /78+ PSIC = , FI1C.%s 1CX, 7HDELC » F10.5,
C //8¢ PSIM = , F1C.5, 10X, 7HDELN s Fl10.5)
15 FORMAT (1HC, 7HPSIM = , F1C.5,10x, 7FCEL¥ = , F1C.5//32H NO SOLUT
CION WITHIN GIVEN LIVMITS)

[

¥ =1

PHI = C.C174E2#PHIL
CP = CGS{PHI

SP = SINCPHI)

TN2 = CMPLXITAS, TAKS)
CPHI3 = CSCRY(1.0 - TRL**2%SFE222/(TR34%2))

TN = TN
ZC INK = INKD
T = 11

1C€C TNZ = CMPLX(TA,y TAK)
CPHIZ2 = CSORT{1.0 ~ TNL=#25SP*2/{TN2%%2))
RIS = (TN1%CF — TN2FCPHI2)/(TAL#CP + TAN22CFK12)
= (TNIXCPHI2 - TNZ2#CP)/(TINLI#CPHIZ 4 TN2#CP)
R2S = (TNZ#CPHIZ - TN3*CPHIZ)/(TN2ACPHIZ + TA32(PLI3)
= (TR2%*CPHI3 - TN3SCPHI2)/{(TA2*CFHI2 + -TA32(CPRI2)
0 = (Ca0s14CI*14.C*3.141592T73T/WL)#TR29CPHI2
RS = (RIS ¢ R2S*CEYP{(D}) /(1.0 + FYSH¥R2S*CEXPIC))
RP = (R1F + R2P*CEXP(D)) /(1.0 + R1IPER2P2CEXP(D})
RFC = RS/RF
PSIC ATAN(CABS(RHC)}/0,017452
CELC ATANZ(AIMAG(RHC), REAL(RHC}}/0.017452
1F (EPSIM - ABS(PSIC - PSIVM)) 4CC, 2CC, 200
2CC IF (EDELFM - ABS(DELC ~ DELM)} 400, 30C, 200
3CC WRITE {2,12) PHILls TAl,s WLe TMS, TNKS
WRITE (3,14) Th, TNK, T, PSIC, DELC, FSIM, CELM
M=z
4CC IF (TM - (T « OT)) €CCy 60C, 500
ECC T =1+ D%
GC TC 1CC
€CC IF {TINKKM - (TNK &+ DTAK)) 8CC, 8CC, 700
7CC INK = TNK ¢ DINK
¢0 1C 2C
8CC IF {TA¥ - (TN + DTN)} 1000, 10CO, 900
SCC TN = TN 4+ CTA

€C 1C 2C

1ICCC GO TC {2CCC, L} WM
2CCO0 WRITE (2,12) PHIL, TAl, WL, TAS, TAKS

WRITE (2,15) PSIV, DELPM
cCc 1C 1

30CC CCNTINLE

END

MUB-12591



L

meas

| 2

1,2

~tan ¥ e
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n cosp'! - n cospt
c ¢ cs ¢ s

n cospt + n cosp'
c ¢ cs ¢ s

n cos¢pt - cosp!
I ¢ s Ues ¢

n cosp' +n coso’
c ¢ s cs ¢

N

meas
neas

(o - r1p> Tosop

+r, ) - <rlsrlpr2p+ r2s)

p<rlprlsr2s 2p

Pr1p ™ T1s

1/2
[Be - 4ac)

(-B + X)/(24)

>\o ' - ImEl 2
—2C
ﬂﬂnccos¢ tan 1( ReE

1,2 -

UCRL-17128

(61)
(59)

(77)

(79),(80)
(79),(80)
(79),(80)
see (82)

| see (82)

) - 1 Log ]El 2! (85)

real part of L1 or L2, whichever has smaller imaginafy part

bri '
. nc coso
o .
D
+
T1s Tog ©

ls"2s

(76)

(75)
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Sequence and Format of Data Cards for Program "SFILM"
Card Col. 1 Col. 10 Col. 20 Col. 30  Col. Lo Col. 50

1 Title and comments (up to 80 columns)
2 Ranges of n and nk (up to 80 columns)
3 n A n - n K

"o o s s's
L &n n ' nK BNk nK

n .
(initial) (increment) (final) (initial) (increment) (final)

5 ¢ (4 a v A

These five cards constitute a set. Any number of sets may follow. Two
blank cards (these are dummy title cards.and need not necessarily be blank)
must follow card 5 of the last set of data, and a card with 0.0 punched in
the first field (columns 1 - 9) must follow these blank cards. (When the
computer reads this card it sets n, = 0.0. It thus transfers to the end
of the program.) All numbers punched on cards 3 through 5 must contain

a decimal point and may be located anywhere in the field of columns 1 - 9,

10 - 19, etc.



Name

CPHIZ2
CPHI3

El, E2

N2

R1S

RIP

R2S

R2P

RS

RP

RHO
RHOM
T1, T2

{
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Variables -- Complex
Symbo Description
A intermediate variable
B intermediate variable
C intermediate variable
cosp! cosine of angle of ref. in film
cos¢é cosine of angle of ref. in substrate
D complex optical path length
D
Aol =1 imaginary unit
n + ink refractive index of film
ng + inSKs refractive index of substrate
Ty g Fresnel reflection coefficient at
air-film interface for polarization
normal to plane of incidence
Ty Fresnel reflection coefficient at
P alr-film interface for polarization
parallel to plane of incidence
The ' _ Fresnel reflection coefficient at
film-substrate interface for polari-
zation normal to plane of incidence
r, Fresnel reflection coefficient at
p film-substrate interface for polari-
zation parallel to plane of incidence
T reflection coefficient of film-
substrate combination for polari-
zation normal to plane of incidence
T reflection coefficient of film-
p substrate combination for polari-

zation parallel to plane of incidence

o= rs/rp= tamy e (calculated)

rs/rp= tany eid (measured)

Ly

o

L calculated complex film thicknesses

l}

A reproduction of the program SFILM appears on the next page, followed by

~a sample output. The flow diagram is the same as that of the program "FILM"

with two exceptions. Since film thickness is calculated, not guessed, the
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"SFIIM" Program

on

PROGRAM SFILM (INPUY, CUTPUT, TAFE2=1MAPUT, TAPEZ=CUTPUT)

ThIS PROGRAM CALCULATES THE THICKNESS ANC CCMPLEX REFRACTIVE
INDEX OF A SINGLE ABSCRBING FILM CN AN AESCREING SUESTRATE
COMPLEX CPHI2, CPI12, 02, M3, R1S, R1F, R2S, R2Ff, RSy RP, RHO
COMPLEX Ao, By Co» Te E1,4 €2, I, RHCM, Tl, T2, X

REAL NY, NS, AKS, NI, MM, MKI, AKM, A, MK

DIMENSICN TITLE{8), RAANGE(E)

CCR = C.C174%2

I = CVMPLXIC.Ce 1.C)

READ (Z,2) TITLE, RANGE

FORMAT (8A1C/8ALC)

WRITE (2,4) TITLE, RANGE

FORMAT (1K1, EALC//EALQ)

READ {2+E) N1y WLe PS,o NKS

1F (N1) 1CCCy 1CCC, &

&€ READ (245) Nlo DNo AV, NKI, CAK, NKN

7 REATC (2, 1C}) PHI, PSIM, CEL¥, EFSI¥, ECELM

& FORMAT (FS.C, 3F1(.C)
<
C
1

NS W R e

FCRMAY (FS,.Cy EF1C.C)

FCRMAT (FS.Cs 4F1C.C)

FORMAT (1HC./EHPHI = 4F5.2410X44FN = FT.4, 10X, L3FWAVEL ENGTF = ,
C F5.Cy 11H ANGSTRCMS//33H REFRACTIVE INDEX CF SUBSTRATE = , F7.4,
C 2Xs 4F+ 1, Fl.4)

12 FORMAY LIHC, 2THREFRACTIVE INCEX CF FILM = , FP.4, 2X,

C 4r+ Iy F7.4//18H FILV THICKNESS = o F742, 10H ANGSTRONMS//
C 36K IVMAGINARY PART CF FILM THICKNESS = , F10.5, 1CH ANCSTROMS,
C //8+ PSIC = , F1C.5¢ 10X, THDELC = , F10.5,
C //8F PSIF = , F1C.S, 10X THDELN = , F10.5)
13 FORMAT (1HC. THPSI¥ = , F1C.5,10Xx, T7THCELVM = , F10.5//32H NO SOLUT
CICN WITHIN GIVEN LIMIYS)
¥ =1
N3 = CMPLX(NS, NK$S)
RHOM = TANIPSIMECCRI#CEXP(I*CELM®CCR)
SP = SIN(FHI®*CCR}
CP = CCS(FHISCCR}
T CPHI2 = CSCRT(1.C — NL*%28SF3%2/(N2%32))
P = WL/(4.C%3,1415527)
N = N1

zC NK = AKI
1CC N2 = CHPLXI{N, NK)

CPHIZ = CSORT(1a0 - N1 #%2%5P082/(N22%2))
RIS = (N1®#CF — N22CPHIZ)/(NL3CF & A2#(CFHI2)

1
1

R1P = (NI#CPHI2 - N2#4CF)/(ML*CFHI2 + N23(P)
R2S = (N29CPHI2 ~ AN2#CPHI3)/(N2¢#CPFI2 + N22(PHI12)
R2P = {(N2#2CPHI3 -~ N2#CPHIZ2)/(A2*CPKI3Z + N23(FHI2)

A = (RFCM*RI1S - R1P)PR2S*R2P
= RFCMS(RIP*R] S*R2S ¢ R2F) - (R1ISPFLF2R2F + R2S)
€ = RHOM®RIP - R1S

X CESQRTY(B®®2 -~ 4,(*A3C)
El (-B + X)/(2.C%8)
E2 (-8 - X)/12.C%*8)

Tl = PO(ATAN2(AIMAG(EL)y, REAL(EL)) - ISALCG(CABS(ELN)}/(N22CPHI2)

= PX{ATANZ2(AIMAG(E2), REAL(E2}) - I[#ALCG(CABSILE2)))/(N2¢CPH12)
fF (ABS{AIMAG(TL1)) - AES(AINMAG(TZ2))) 110, 110, 120
11C T = REAL (711} .

ERRCR = AINMAG (T1)

G0 TC 13C
12€ T = REALIUTZ)

ERRQR = AINAGIT2)
12€ D = (4.,0%2,1415927#Y/wL)} #1 *N2F(PHI2

RS = (R1S + R2S*CEXP(D)} /(1.0 + FLSH#F2SHCEXP(C)?

.

RP = (R1P + R2P2CEXPIDII/{1.0 + FLF*R2F2CEXP{D})
RHG = RS/RP
psSIC ATANICABS{RHC)) /CCR
DELC ATAN2(AIMAG(RHC)}, REALIRFCI)I/CER
IF (EPSIM ~ ABS{PSIC - PSIM))I400, 200, 200
2CC IF (EDELVM ~ ABS{DELC - DEL¥))400, 200, 200
2CC WRITE €(2,11) PHI, N1, WL, NS, MKS
WRITE (32,12) Ny NX, T, ERRCK, FSIC, CELC, PSIM, CELM
Mooz
4CC IF (MKM — (MK + CAK))} €0C, 5CC, 500
€CC NK = NK ¢ DNK
GO TC 1cCC
&6CC IF {NM — (N + ON)) ECCy 70C, TCO
TCCN = N + DA
GO TC zC
8CC GO TC (S0C, 1} M
€C{C WRITE {2,11) PHI 4 N1,y WLy BS, AKS
WRITE (2,12) PSIM, DELW¥
GC 10 1
1CCC CCNTINLVE
END
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This report was prepared as an account of Government
sponsored work. Neither the United States, nor the Com-
mission, nor any person acting on behalf of the Commission:

A. Makes any warranty or representation, expressed or
implied, with respect to the accuracy, completeness,
or usefulness of the information contained in this
report, or that the use of any information, appa-
ratus, method, or process disclosed in this report
may not infringe privately owned rights; or

B. Assumes any liabilities with respect to the use of,
or for damages resulting from the use of any infor-
mation, apparatus, method, or process disclosed in
this report.

As used in the above, "person acting on behalf of the
Commission" includes any employee or contractor of the Com-
mission, or employee of such contractor, to the extent that
such employee or contractor of the Commission, or employee
of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.






