
TWO-WEEK 'LOAN COPY. 

-This is a library CirculatingCopy 
wchich may be borrowed for two weeks. 
For a personal reten~ion copy, call . 
Tech. Info. Dioision, Ext. 5545 



.·~ 

DISCLAIMER 

This document was prepared as an account of work sponsored by the United States 
Government. While this document is believed to contain correct information, neither the 
United States Government nor any agency thereof, nor the Regents of the University of 
California, nor any of their employees, makes any warranty, express or implied, or 
assumes any legal responsibility for the accuracy, completeness, or usefulness of any 
information, apparatus, product, or process disclosed, or represents that its use would not 
infringe privately owned rights. Reference herein to any specific commercial product, 
process, or service by its trade name, trademark, manufacturer, or otherwise, does not 
necessarily constitute or imply its endorsement, recommendation, or favoring by the 
United States Government or any agency thereof, or the Regents of the University of 
California. The views and opinions of authors expressed herein do not necessarily state or 
reflect those of the United States Government or any agency thereof or the Regents of the 
University of California. 

'1 

i'' 

.::::, 



.t,. 
: t· . 
. I 

-~ . • 

.l <n 
·.J 

Submitted to: 

A.I.Ch.E. Journal 

UNIVERSITY OF CALIFORNIA 

La'tJrence Radiation I.aboratory 
Berkeley, California 

AEC Contract No. '\v-7405-eng-48 

DIFFUSION IN LIQUID .tviE:TALS 

A. D. Pasternak and D. R. Olander 

September 1966 

UCRL-17179 



r, 
·' 

UCRL-17179 

DIFFUSION IN LIQ.UID METALS 

A. D. Pasternak and 11. R. Olander 

Inorganic Materials Research Division, 'Lm•i.cence Redia tion Laboratory, 
Department of Nuclear Engineering, College of Engineering, 

University of California, Berkeley, California 

September 1966 

ABSTRACT 

Mutual diffusion coefficients in d.ilute liquid metal solutions 

have been correlated.by methods based upon absolute rate theory and 

the theory of corresponding states. Both correlations reproduce the 

experimental data to approximately ±2'J'/o, but the absolute rat.E;.theory 

method is simpler to use and is applicable to a larger number of systems. 
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In the past decade, there has been increasing interest and activity 

in the pyrometallurgical reprocessing of spent fuel from nuclear re

actors.(6,l4) Since these methods invariably involve processin~ the 

fuel as a liquid metal, kno-..rlcdge of the transport properties of molten 

.metals is required for rational prediction of transfer rates. 

The purpose of this study is to discuss tlvo techniques for corr·e-

lating diffusion coefficients in liquid metals. The first, a modifica

tion of Eyring's absolute rate theory(3,l5) due to Olander, (9) has beeu 

developed for correlating mutual diffusion data in dilute binary 

organic systems. The second is an application of the principle of 

corresponding states, which was applied to liquified rare gase? and 

some organics by Thomaes and Itterbeek.(l7) 

Self-diffusion and mutual diffusion in both organic liquids and 

molten metals have often (but not very successfully) been correlated 

by the Stokes-Einstein equation: 

l 
4na or 1 

b1Ta (l) 

The choice of the constant 4 or 6 in Eq. (l) depends on taking this 

hydrodynamic model so seriously as to imagine that either a "slip" or 

"no-slip" condition prevails as the solute sphere moves through a 

"continuous" fluid. The Stokes-Einstein equation gives a correct order 

of magnitude (D-10-5 cm
2
/sec) if a reasonable choice is made for the 

radius of the diffusing solute atom. For liquid metals, it has been 

found that the ionic rather than the atomic radius of the solute atom 

is more appropriate. 

/ 
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Absolute Rate Theory 

· Li and Chang(?) have developed an equation for self diffusion based 

upon the lattice structure of the liquid state. They obtained the 

equation: 

D!J. 
kT == 

0'-'f 

20' 
(2) 

The data examined by Li and Chang suggested values of about 6 for 

kT (NAv) l/3 
TIIJ, V • It was concluded that most liquids have approximately 

a cubic packing structure, for which .- == 4 and a = 6. The single potnt 

for self-diffusion in lead gave a value of 3.8 for the same group, 

leading to the conclusion that liquid metals have a structure for Hhich 

a== 12 and -r = 6. With these values of a and .-, Eq. (2) becomes: 

1 (3) 

In the modified form of absolute rate theory, mutual 

data in dilute organic systems were correlated by:(9) 

diffusion 

y ~ ( ~~ )(~)( N:v) 1/3 = 
J.l D {6F* -6F*} 

exp RT (4) 

The exponential on the right hand side of Eq. (4) represents the 

difference between the free energies of activation of the viscous and 

diffusive processes. An empirically determined value of s = 5.6 vras 

used in connection with Eq. (4) for organi~ systems, but this figure 

need not apply to liquid metals. Equation (3), for example, sug,;est.s 

a value of ~ == 4. 

For self-diffusion, * &D and Eq. (4) becomes: 

·~ 
'\ 

I 

,. 
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1 ( 5) 

Walls and Upthegrove(l8) have analyzed self-diffusion in liquid 

metals by absolute rate theory and obtained the eXpression: 

_. kT y•l/3 ( 2.._ )2/3 
D- 27rhb(2b+l) NAv 

· [ t-,S * LI-r1(~ 
exp lR - RT j (6) 

The entropy and enthalpy of activation are obtained from viscosity data 

by the expression: 
(3) 

exp (7) 

Equations (6) and (7) can be combined and put in the form of Eq. (5), 

in which case s is specified as: 

= (8) 

Although the parameter b has a theoretical interpretation as the ratio 

of the atomic diameter to the interatomic distance, Walls and Upthegrove 

used the value of 0.419 obtained by comparing Eq. (6) with self.:.diffusivity 

data for mercury. The same value of b >vas used for other metals. Intro-

ducing b 0.419_ and the configurational constant ~ = 4/3, Eq. (8) yields 

a value of s = 5.31, which is quite close to the value of 5.6 determined 

empirically from diffusivity data in organic liquids. 

In applying Eq. (4) to mutual diffusion, the exponential term has 

been approximated by: ( 9) 

&-)(- = RTfo 
D 

(9) 
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where: 

::~B] l/2 
BB 

(10) 

The parameter f is the fraction of the total free energy of activa.tion 

attributed to the "jwnp" of a molecule from one site to another. 'J.'he 

subscripts AA and BB refer to solvent-solvent and solute-solute inter-

actions, respectively. 

Using the value of s ~ 5.31 from Walls and Upthegrove's study of 

liquid metal self-diffusivities, Eq. (4) becomes: 

fo 
e (11) 

According to Eq. ( 7), the enthalpy and entropy of activation of 

a pure component can be obtained from the intercept and slope of an 

A.rrheniu.s plot of the viscosity against temperature. The free energy 

of activation is then determined by: 

&* = Lili:* - Tlill* (12) 

Many diffusion measurements on molten metal systems have been 

performed belovr the melting point of the pure solute. Cavalier(l) 

has measured the viscosities of many liquid metals in the supercooled 

liquid state and found that the date above and below the melting point 

fell on the same Arrhenius line. Thus, values of. t:JI* and 6-S* obt~: ined 

for pure solute metals above their melting point can probably be s2.fely 

used at temperatures belo·.: the melting point >vhere the diffusion e:<-

periments vrere conducted. 

"· 



., . 
-5- UCRL-1'71'79 

A swmnary of data for mutual diffusion in dilute liquid metal systems 

for lvhich viscosity data are available for both the pure solute and sol-

vent is presented in ref. 11. Calculated values of the entropic:s and 

enthalpies of activation and the parameters Y and 6 are also tabubt.ed. 

The 'measurements covered temperature;; from 25° C to 1680°C. 

Figure 1 is a plot of the data according to Eq. (ll). The best 

line through the points as determined. by the method of averages, has a 

slope of 0. 5, which is identical to that observed for organic liquids. ( 9 ) 

The fact that the line passes through 6 = 0 at Y = l.l instead of y =" 1.0 

suggests that the constant t; = 5.31 is somev:-hat large. A ~alue of 4.8 

would have brought the line through the origin. This behavior is also 

similar to that observed for organic liquids. 

The dashed lirie in Fig. i represents 2~ deviations from the best 

line. The scatter here is greater than in the corresponding plot for 

organic liquids, vrhich in part reflects the accuracy of the measured 

diffusion coefficients. Diffusivity measurements are considerable more 

difficult in molten metals at elevated temperatures than in organic 

liquids at room temperature. 

Corresponding States Theory 

Thomaes and. Itterbeek(l'7) and Rice and covrorkers( 5,S) have attempted 

to establish a theorem of corresponding states for the diffusion coeffi-

cient and viscosity of pure liquids and solutions. Reduced viscosity 

or diffusivity of similar substances should be universal fw1ctions of 

reduced temperature and pressure if the molecules _are simple (monrtto;JLi.c 

or spherical) and if the potential energy of interaction can be repre-

sented by a universal b-ra-parameter function of the type: 
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( 13) 

E and r are the energy and distance coordinates of the ftmction minimum. 

These parameters and the mass m completely characterize the molecula.r 

species. 

The reduced diffusivity is given by: 

== (14) 

where: 

K == (15) 

If a theorem of corresponding states is valid for the substances under 

consideration: 

f5 == f5 (p, v, T) (16) 

where: 

- *3 * p == pr /E (17) 

v = V/NAvr*3 (18) 

T * -- kT/€ (19) 

By use of a universal equation of state, the three variables in 

Eq. (16). can be reduced to two, e.g., p and T. Furthermore, one 1-rould 

* expect that for liquid metals, E would be large, and p very small. 

The effect of pressure on the diffusivity -vrould be slight. Petit and 

Nachtrieb(l2 ) found the self-diffusivity of gallium decreased by only 

2Cf/o as the pressure 1-ras increased from one to 10,000 atm. Hence, it 

should be possible to consider the reduced self-diffusivity as a_ function· 

of reduced temperature only: 

f5 == f5(i') (20) 

. .. ,. 

.•. 
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The reduced diffusivity and temperature depend upon the inter

* * action parameters E and r for the lqiuid metals. Recently, Chapman 

has correlated viscosity data for 21 liquid mete.ls by a corresponding · 

states approach. (
2

) The functional relation developed vas: 

~~2 ( /~) !-LV == f l T (21) 

where the reduced viscosity is: 

1<-2 l 

(m:*Jl72J 
(22) 

In order to establish the function of the right of Eq. (21)~ 

* Chapman used for E the effective Lennard-Janes parameters for liquid 

sodium and potassium as determined from experimental X-ray scattering 

1(-

data. Goldschmidt atomic diameters 'llere used for r . The viscosity 

data for sodium and potassium were reduced as indicated by Eq. (22) 

and plotted according to Eq. (21). The resulting curve 1-ras used to 

establish the energy parameters for the other liquid metals, which 1-rere 

found to be a linear function of the melting point. 

In order to test Eq. (20), the reduced self..;diffusivities of nine 

liquid metals have been computed using Chapman 1 s values for the energy 

* parameter and the Goldschmidt atomic diameters for r • The dependence 

of :5 on T is shown in Fig~ 2, where the best line bcis been draWYl t1u:·ough 

* the points for mercury. · 

Figures 3, 4, and 5 compare the self-diffusi vi ties cnlcula ted. from 

the line of Fig. 2 with the data and with the theory of \{alls and 

Upthegrove. While the latter method is some1vhat better (except f(w 

silver ancl cooper), the agreement behreen the data and the mt.:tho!l. b:;~~~cd 

-X· 
· Data references and additional calculational details can be fottnd iq 
-~4" 1 T 



-8- UCRL-17179 

upon Fig. 2 suggests that self-diffusion in liquid metals can be 

adequatelydescribed by a corresponding states theorem. 

Thomaes and Itterbeek developed the follm-ring expression relating 

the mutual diffusivities in two binary systems with a common solvent A: 17 

( 
E~B )

1
/

2 
( r*B) (me )

1
/

2 

DCA(T) * * m (23) 
E C · r C B 

* . -::-
E B and E C are effective interaction parameters of solutes B 

and C in the B-A and C-A mixtures respectively. Since both solute-
.j(

solvent and solute-solute interactions are involved, E B ar1d * E C are 

functions of composition. The diffusion coefficient in the B-A system 

* * at a temperature TE B/E C is determined by the diffusivity in the C-A 

.·system at temperature T <3nd the ratios of the interaction parameters 

and the masses. Instead of the arbitrary reference system C-A, the 

pure solvent (system A-A) vall be used. The interaction parameters 

of the referency system become the pure component parameters of the 

solvent. Furthermore, if the B-A system is very dilute in B, inter-

lactions of B atoms with each other are unimportant and only B-A 

interactions need be considered/ 13) 

* * * -)(-

E B == E AB r B = r AB 

Equation (23) simplifies to: 

( T 
* 

DAA(T)( 
* 1/2 * 1/2 

€· .. 

) 
E AB l (:~r:~; DBA 

AB 
-*- = *· EAA EAA 

* 

(24·) 

(25) 

The distance parameter rAB is taken as the arit1wetic average of the 

pure component values: 
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* rAB. = 

There remains only to estimate the energy interaction para~eter. 

(26) 

Equation (25) will be applied to experimental self- and rimtu3.l diffu

* sion measurements to compute . EAB• These "e:>..-perimental" values >·rill 
-1(-

then be co!'llpared to several methods of predicting E B from thermo-
. A 

dyna!h.ic or transport property data. Solving Eq." (25) for DAA (T): 

* 1/2 -l(- 1/2 * 
DBA ( T E~)(:B). ( E-'~<·AA) ( r~) ( 27 ) 

EAA A E ,AB r AB -

Beginning with the experimental mutu~3l diffusivity at a temperature 

* * * "* TEAB/E AA' a trial value of EAB/EAA is assumed and divided into the 

experimental temperature to give T. Then DAA(T) is obtained from the 

experimental curve of the self-diffusion coefficient versus temperature. 

DAA(T) is also computed from "Eq. (27) using the assumed value of 

* * EAB/EAA • 
-)(· -)(-

When the two values of DAA(T) match, the correct EAB/EAA has 

been chosen. The energy param~ter ratios determined in this manner for 

seven binary liquid metal systems are shm-m on Fig •. 6.- The ratios are 

essentially temperature independent in the experimental range. 

The most common method for obtaining the binary interaction para-

meters is by taking the geometric mean of the pure component values: 

·* EAB = (28) 

This approach has been utilized in deriving Eq. (10) in the absolute 

rate theory method; 



.! 

-10- UCHL-17179 

Oriani (lO) and Shilnoji (l6) have ~xtended the _cell-model·theo:i'ies 

of Prigogine to the prediction of excess thermodyna.mic propertie~~ o:f 

metallic solutions. From these studies, it is possible to extract 

the binary interaction parameters from the thermodynamic data on 

liquid alloys. In particular, the partial molar heats of solution 

at infinite dilution are given by: 

( Oriani) 1.435 * 2 
D...BB NAV z EM (-e + 4.5op ) (29) 

(Shimoji) * (-e 2 
llll:R = NAV z EM + 0.5p ) (30) 

~There: 

(31) 

(32) 

The pure component parameters are calculated from the heat of vaporiza-

tion: 

(33) 

Z is the coordination number, usually taken as 12. 

Table 1 compares the average values of the energy parameter ratio 

obtained from Fig. 6 with those calculated from Eqs. (29) and ·(30). 

* * The last column of Table 1 lists values of EAB/EM calculated from 

Eq. (28} and Chapman's viscosity-based pure component parameters. 

Significant deviations from the experimental ratios hn.ve been under-

lined, and the average deviation o:f each method is s:b0'.-711. For tlte 
I ..._..._; 

seven systems examined, the best agreement is obtained from Orir,mi' s j 

Eq •. (29) -vrith pure component eneq;;ies from the he:tt of vaporization. 
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Table l Comparison of Experimental and Calculated 
Interaction Parameter Ratios 

* -l(-

System 
EAB/EAA 

Experimental Calcllls.tecl 

(Oriani) (Shimoji) · Eq • (28) 
. Eq.(::?9) Eq. (30) 

Sn in~-Pb · 1.231 l. 306' l. 263 - -974 

Bi in Pb .922 1.009 1.005 .872 

Sb in Pb 1.160 1.157 1.131 1.158 

Cd: in Pb 1.108 .834 .758 1.087 

Bi in Sn .954 .921 .830 .898 

Sb in Sn .970 .902 .912 1.190 

Pb in In .946 .959 .902 1.030 

Avg. deviation 0.079 0.103 o. 097 

·Figures 7, 8, and 9 compare the experimental mutual diffusivHy 

data with those calculated using Eq. (25) and measured self-diffusion 

coefficients. Goldschmidt atomic diameters "Yrere used in calculating 

* r AB from Eq. (26) and the energy parameter ratios were taken from colunm 

3 of· Table l. The agreement between theory and experiment is .satisfac-

tory in all cases except Cd in Pb. For the three other solutes in lead, 

the theory predicts the correct relative size of the diffusion coefficient, 

An alternative procedure 1vhich is useful when the self-d:i_ffusivity 

* of the sol vent is not available is to employ tr:e calculated E AB in 

conJw:v;tion with the general correJation of Fig. 2. The raUo of the 
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* -)(-
interaction parameters, cAJ3/cAA' is calculated from Eq. (29) as des-

cribed earlier. However, since the generalized plot of Fig. 2 is based 

* * on Chapman r s viscosity values of EAA' the interaction parameter EA..S is 
-){- -)(-

obtained by multiplying the ratio EAB/cAA by the viscosity v~lue of 

* EAA' and not the value derived from the heat of vaporization. The 

reducing factor for diffusion is computed from Eq. (15) and the reduced 

temperature from Eq. (19). The value of D correspondiue; to T js tak.c:m 

from Fig. 2and the diffusion coefficient from Eq. (14). This method 

is compared with experimental measurements in Table 2. 

The method utilizing the generalized correlation is about as 

accurate as that using self-diffusivity data as the reference system. 

The latter technique generally gives a better estimate of the temperature 
\ 

dependence of the mutual diffUsion coefficient, but on the basis of the· 

seven systems compared here, there is little to choose beb1een the tHo 

methods in terms of predicting absolute values of the diffusion co-

efficient. However, the method based on the generalized plot of Fig. 2 

has the decided advantage of not requiring self-diffusion data of the 

solvent. 

Comparison of Absolute Rate and Corresponding States Theories 

The absolute rate and corresponding states theories can be compared 

for ease of use, amount of data required, and g2neral accuracy. 

The absolute rate theory method requires only pure component vis-

cosity and density data, which are available for many liquid metals. 

For those metals for which viscosity data are lacking, the correlations 

of Chapman ( 2 ) or Grosse ( 4) can be used. 



........ - .. __ ._,.._ .. . - ·- ., .. -- -"':---··_, ..... · .. 
-13-. UCRL-17179 

Table 2. Calculation of Xutual Diffusion Coefficients 
r: in Dilute Liqu.ici i'oietals Syster:1s Using the 

Generalized Correlation of Fig. 2. 

•'o €";.:. 
~:3 D ca1'd D 

CX[1t' l System ~'3 (OK) T(°K) T f5 (lo-5) 5 2 ) ") 

{ 10- c:':'i L sec) po- c::.L L '~~r. l 
Sn in Bi 2900 154 723 • 21·9 . 0261+ 4.1 5-5 

773 .266 • 0302 4.6 6.5 
823 • 28l~ • 03~2 5.3 7-3 

_]73 .301 .0382 5.9 8.2· 

Sn in Pb 3660 169 723 .197 • 0164 2.8 2. 6 . 

783 .214 .0194 3-3 3-9 
823 .275 .0215 3.6 4.3 
873 .239 .0244 4.1 5-5 

Bi in Pb 2820 120 723 .256 .0280 3.3 5.0 
773 .274 .0320 3.8 6.2 
823 .292 .0361 4.3 7-3'· 
873 .310 .0405 4.9 3.3 

Sb in Pb 3240 158 723 .223 .0211 3-3 3.1 
773 .238 .02111 3.8 4.1 
823 .254 .0275 4.3 5-5 
873 .269 .0309 4.9 6.4 

Cd in Pb 2330 136 723 .310 .0405 5·5 3·9 
773 . .332 .o46o 6.3 5~0 

' 823 • 353 .0515 7.0 ' 6.0 
813. •375 .0571 7.8 6.8 

Bi in Sn 2440 . 106 723 .296 .0370 3-9 3.6 
773 .317 .0422 4.5 4.6 

~ 

823 -337 • 0474 5.0- 5.8 
873 -358 .0528 5.6 6.6 

~ 

Sb in Sn 2390 129 723 .302 .0385 5.0 5.0 
773 ~_323 .0437 5.6 5. 7 

'" 823 .344 .0492 6.4 6.3 
873 .365 . 0546 7.0 6.9 

Pb in In 2l100 1.03 6G1 .270 0"'0'" • )<-) 3-3 ·3.85 
7G0 .317 • Ol~~~2 4.) l,. 7~ 
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The corresponding states method utilizing the generalized plot of 

Fig. 2 requires vis,cosity data for the solvent to determine the para-

* * meter EM• In the absence of viscosity data, EM can be estimated 

from the melting point. (2 ) If solvent self-dif'fusivity is used in 

the reference system method, self-diffusion coefficients are required; 

such data are available for only nine liquid metals. Both of the 

methods based on the corresponding states approach require partial 

molal heat of mixing data, which may not be available for the binary 

alloy of interest. The method based on absolute rate theory, on the 

other hand, requires only pure-component data. It is thus the simpler 

of the two methods and can be applied to more systems. 

The accuracy of the absolute rate and corresponding states methods 

is about the same. Of the eight systems for 1-1hich inter-comparison 

of the two methods is possible, only the Bi in Pb system lies com-

pletely outside of the 25% confidence limits of Fig. 1~ Each of the 

two corresponding states methods fails significantly for at least one 

system: the Cd in Pb pair when the reference system method is used 

and the Bi in Pb pair when the generalized correlation is employed. 

On all counts, the absolute rate method is preferable to the 

corresponding states method for estimating mutual diffusion co-

efficients in dilute liquid metal systems. 
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NOTATION 

a radius of solute atom, em 

, b.. factor in theory of ·Halls and Upthegrove 

2 
DAA self-diffusion coefficient of solvent, em /sec 

UCRL-17179 

DBA mutual diffusion coefficient of solute Bin solvent A, cm2/sec 

D diffusion coefficient, cm
2
/sec 

f factor in Eq. (9) 

6F* free energy of activation, cals 

h. Planck's constant, erg-sec 

~* enthalpy of activation, cals 

cal 
~B partial molar heat of solution of ~B in A at infinite dilution'mol 

~ heat of vaporization of pure component, cals/mol 

k Boltzmann constant, erg/°K 

m molecular or atomic mass, gms 

N AV Avogadro's number 

2 p pressure, dynes/em 

r interatomic distance, em 

r* position of mini!l).um of interatomic potential energy curve, em 

R gas constant, cals/mol-°K 

63* entropy of activation, cals/°K 

T temperature, °K 

V molar volume, cm3 /mol 

Y defined by Eq. (4) 

Z coordination number 
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GR1'EK LETTERS !'•• 

-y configurational factor in theory of Halls and Upthegrove 

o defined by Eq. (10) 

E* minimum energy of interatomic potential curve} ergs 

cr structure factor in Eq. (2) 

~ structure factor in Eq. (2) 

2 
K reducing factor for diffusivityJ Eq. (15)J em /sec 

8 defined by Eq. (31) 

~ viscosity} poises 

p defined by Eq. (32) 

; structural factor in absolute rate theory method 

¢(r) interatomic potential energy} ergs 

Subscripts 

A solvent species 

B,C solute species 

AA interaction between solvent molecules 

BB interaction bet1-reen solute molecules 

AB solute-solvent interaction 

~ viscosity 

D diffusion 

Superscripts 

reduced parameter 
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FIGURE CAPTIONS 

l. Correlation of mutual diffusion coefficients by the absolute rate 

theory method. 

2. Generalized plot for liquid metal self-diffusion according to 

corresponding states theory. 

3. Comparison of correlations and experiment for self-diffusion in 

liquid mercury, sodium, and cadmium. 

4. Comparison of correlations ancl experiment for self-diffusion in 

tin, gallium, and zinc. 

5. Comparison of correlations and experiment for self-diffusion in 

liquid lead, indium, copper, and silver. 

6. "Experimental" values of the energy parameter ratio from diffusion 

data. 

7. Comparison of corresponding states theory -vrith mutual diffusion 

data for bismuth, cadmium, antimony and tin in lead. 

8. Comparison of corresponding states theory with mutual diffusion 
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