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ABSTRACT 

A method is presented for calculating range-ene,rgy and stopping­

power data for any heavy ion with 0.01 :::::; E: :::::; 500 MeV /amu incident upon 

any nongaseous stopping medium. The method is incorporated into a 
4 12 20 40 

FOR TRAN compute r program. Results for H, He, C, Ne, Ar, 
84 131 238. 

Kr, Xe, and U lons each incident upon H 20, AI, Cu, Ag, Pb, 

and U are presented. 

For ions with Z :::::; 10, the program uses experime~tal data and a 

rn.odified version of North cliffe , s rn.ethod at low energy. For ions with 

,Z > 10, the nuclear and electronic stopping-power theory developed by 

Lindhard et aL is adjusted to fission-product range data at low energy; 

for intermediate -energies, charge -state data developed from, experi.,-, "J;':; 

mental Ar range-energy data in Al is extended to other ions and stopping 

media. A somewhat modified Betlie;~s; theory used by Barkas and Berger 

~s used here for all ions at high energy. The particle ranges presented 

h~re are m.erely the integral of the inverse of the stopping power and do 

not include the effects of high-energy m.ultiple scattering. 
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1. INTRODUCTION 

The proposed Omnitron will make available for experimental 

study heavy ions that are presently unavailable. The behavior, in a 

stopping material, of ions with energies greater than 10 MeV /amu and 

with Z number. greater than 18 has not been thoroughly investigated 

either theoretically or experimentally i~ the past, because no means of 

attaining these ions has been available. Now, the possibility that this 

accelerator may make available such ions for use in radiobiology has 

stimulated a need to generate range-energy and stopping-power data in 

any arbitrary medium for ion energies up to 500 MeV /amu and Z num­

bers through 92. 

In this paper, we propose a method of synthesizing this data from 

presently available experimental and theoretical studies, and present 

the results of stopping-power calculations using the method. 'We.':,.c, 

believe~ that any such results contain some degree of uncertainty and 

thus some adjustments in the data presented is inevitable as experimental 

data from the accelerator becomes available. 

The method, which is proposed below, for obtaining this range­

energy and stopping-power data is designed to be conveniently incorpo­

rated into a compute:: program. This program may be used as a sub­

routine of a main program in which this data is required, or it may be 

.used alone to produce range-energy and stopping-power tables. The 

method is also designed to give results of adequate, accuracy for the 

general case, i. e., for arbitrary ion atomic number and atomic weight 

and arbitrary nongaseous stopping medium. More accurate results for 

particular ions and stopping media can occasionally be found elsewhere, 

when either experimental data is available or a specialized theory good 

for the particular case in question has been used. 

Experimental stopping-power data are available for ions with 

Z < 10 for all energies for which the atom is not completely stripped of 

electrons. Data for such energies with Z > 10, which are difficult to 

treat theoretically, are incomplete. Therefore, it is convenient to con­

sider the problem separately for Z ~ 10 and for four separate energy 

regions with Z > 10. 
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We first consider the low-energy region in which there is some 

fission-product data and in which stopping-power theory developed for 

fission products is valid. This region is defined by 137 f3 ::S;Z1/3, where 

f3 is the ratio of the ion velocity to the speed of light. The second is the 

high-energ'y region in which the atoms are completely stripped of orbital 

electrons. This region is defined by 137 f3 > 3Z. The third is the medium­

high -energy region in which some charge -state da.ta can be generated. 

Here 9 < 137 f3 ::s; 3Z, where 137 f3 = 9 corre sponds to an energy of 2 

MeV /amu. In the fourth energy region for which Z 1/3 <137 f3 ::s; 9, there 

is no experimental data and no acceptable theory available. This we 

call the medium-low-energy region. It is a narrow region in which a 

cubic polynomial, which matches the slope and magnitude of the stopping 

power at both boundaries is quite adequate for our purposes. 

II. METHOD 

A.' Method, for Z Less Than Ten 

Since experimental and theoretical stopping -power data exist for 

ions with Z ::s; 10, it is convenient to calculate stopping power separately 

for these ions by using a method that can optimize the use of these data. 

Charge exchange is ~ significant process only for partiCles of less than 

10 MeV/amu with Z ::s; 10. Thus we calculate stopping power for these 

lower-energy ions separately~ using a method proposed by Northcliffe 1 

with some minor modifications. For energies greater than 10 MeV /amu 
. . 2 

the proton stopping -power data of Barkas and Berger are extended to 

heavier ions by using the relative stopping -power formula for two ions 

of the same velocity, 

dE 
- dX = 

where Z is the atomic number of the ion, 

stopping powe!" in u!1its of MeV / g -cm -2. 

1. Energy Less Than 10 MeV /amu 

(1) 

and -(dE/dX) is the proton 
p 

Let us designate the ion and stopping medium for which we want 

the stopping power by their atomic numbers Z and Zt' respectively. 

Let us designate the stopping power for ion Z· in medium Zt by 
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dE
Z 

/dXZ ' the superscript representing the ion, and the subscript the' 
t 

stopping medium. 

First we calculate the relative stopping power for protons in two 

different stopping/media. One medium is Zt' the other is AI. That is, 

we calculate as a function of energy ,the relative stopping power for pro­

tons 

This quantity is calculated in four steps. First" we find the relative 

stopping power at 2 and at10 Me! /amu. Second, from these two points 

the constants p and q are found where 

d~Zl/d~: 
where E is the energy in units of MeV/amu. We assume "that this func-

tion is the same for ;1 ~ Z ~ 10, so that 

dE
Z 

jdE
Z 

dX
Zt 

dX"U 
(2 ) 

Third, using a formula for electronic stopping power derived by Lindhard 

and Scharff
3 

using the Thomas -Fermi atomic model, we predict that in 

the limit of low energy this relative stopping power is the constant 

K = 27 Zt (Z2/3 + 13 2/ 3)3/2 ~:~ 
13 At (Z 2/3 + Z 2/3)3/2 

t 

(3 ) 

"'When there are several atomic components in the stopping medium, this 

expres sion become s 

'Here ,.there ,are 'c. Nl':a t'O.mi<}":CQmp<?nents:., 

n. At 
p. = P 1 i 

1 .En. A 
i= 1 1 ti 

p. 
1 

where n. is the relative abundance of the ith component, p is the density 
1 

of the stopping medium, and Zt. and At. are respectively the atomic 
11" 

number and atomic weight of the 2,th component. The effect of chemical 

binding is ignored.' 
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Fourth, we solve for the intersection of Eqs. (2) and (3), that is we 

solve for E: 0' where PE: oq = K. Then the relative stopping power is 

::: / d~: = pe
q

: , (e >e O) (4a) 
t 

and 

dE
Z 

/ dE
Z 

= K 
dX

Zt 
dX

13 
(4b) 

To calculate the relative stopping power for protons at 2 and 10 

MeV /amu required in. step one above, we use 

dE
1 

/-2 -dX
13 

- 112.31 MeVg-cm 

at E: = 2.0 MeV /amu and 

dEl /-2 
- dX

13 
= 34.28 MeV g -em 

at E: = 10.0 MeV /amu together with Barkas and Berger's polynomial ap­

proximations to Bethe's theory. 2 The polynomials (for protons only) are 

2 
-- dE _ E: { ~ 
- dX - r: LJ 

, n=1 

where 

2 

r m n-1}-1 n a. (log I d'), (log E) mn a J 
m=O ' 

2 2 

(1~E~7MeV),' 

(SA) 

[1: a. {log I .)m{log E)n - 3 log 10; 
mn adJ 

n=O m=O 

and 

r 3 ' 3 

_, ~ ,= ~ ,l \'.". \' m n-1}-1 UA I\. l ~ D' n a.mn (log Iadj ) (log E) 
n=1' m=O 

where 

(SB) 

(7 ~ E ~ 1200 MeV) 

(6A) 

t 
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3 
log X. 

. At ~- 3 
= log - + \' 

Zt L, L 
m n 

a. (log I d') (log €) • 
mn a J 

(6B) 

n=O m=O 

In Eqs. (5) and (6),.' I d' is the mean ionization energy of the 
a J 

stopping medium in units of eV, adjusted for use in Barkas and Berger's 

work as discussed in reference 2, x.. is the proton range in units of 

g/cm
2

, and -(dE/dX) is in units of MeV/g-c:::m-2. The coefficients a mn 
and a. as determined by Barkas and Berger are given in Tables I and mn 
II, respectively. 

Finally, to calculate the stopping power for € ~ 10 MeV/amu and 

Z ~.10 in any Zt' we multiply the relative stopping power of Eq. (4) by 

the accurate, experimentally determined stopping power of ions in AI. 

Northcliffe 1 has placed smooth curves through this stopping-power data 

in aluminum, which is presented in Fig. 1. 

2. Energies Greater than 10 MeV /amu 

The ions are completely stripped of orbital electrons for Z ~ 10 

and € > 10 MeV /amu, so we can use Eqs. (1) and (6) to calculate the 

stopping power directly. Thus we have 

Z ( 1) _ dE = Z 2 _ dE;.. , 
dXZ crxz ' 

t t 

(7 ) 

Z/ / -2 where -dE dXZ is the desired stopping power in units of MeV g-cm 
t 

of ion Z in the stopping medium Zt' and -dE
1
/dXZ

t 
is the proton stop-

ping power .. in Zt ,as given by Eq. (6). 

The range of the charged particle in g/cm
2 

is easily calculated 

from 

~< . . 
- When there are several atomic components in the stopping medium, the 

expression for ~~ becomes 

At . _ [1 
Z- - -

t P 

N 

[ 
Z ··l_1 t. 

1 

Pi At. ' 
1 i= 1 

where the symbols are defined in the previous footnote. 
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Table!. Coefficients a for Eq. (5). 
mn 

. , 
n =; 0 n.:= 1 n:::;= 2 m/:..~\ _ ..... 

0 -7.5265X10- 1 
2.5398 -2.4598 Xi 0- 1 

1 7.3736X10- 2 
-3.12X10 

-1 1.1548X10- 1 

2 4.0556 X 10-2 1.8664X 10-2 -9.9661X10- 3 

Table II. Coefficients a. for Eq. (6) • 
mn 

Ill/Oj:). rir.:= 0 n'= 1 n~;::: 2 n":=3 

0 -8.0155 1.8371 4.5233X10- 2 -5.9898X10- 3 

1 3.69 16 X 1 0 - 1 -1.452X10 -2 -9.5873X10-
4 -5.2315X 10-4 

2 -1.04307 X 10-2 . -3.0142X 10-2 7.1303X10- 3 -3.3802 X 10-4 

3 3.4718X 10-3 2.3603X 10-3 -6.8538X10-4 3.9405X10- 5 
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R(E) = 2 ( 'dE
O

•
01 

A ) + AlE 
- dX (E = o. 01 ) . a 1 

(8) 

for 0.01 ~ E ~ 10 MeV /amu. or it is calculated from 

j
10 0 0 

R(E) = 2 (dE 0.01 A ) + A dE' +.3 [A(E) - A( 10)] ':' 

~ dX (E = o. a 1 ) O. a 1 - ~~ (E') Z "2 ( ~) ) 
for E > 10 MeV /amu. where A is calculated frem Eq. (6B). 

B. Method for Z Greater Than Ten 

The calculation of stopping power and range-energy data for high­

Z ions has not been investigated thoroughly for as broad an energy region 

as is necessary for our purposes. Available information that is helpful 

to us is sparse. 

1. Low -Energy Region (137 (3 ~ Z 1/3) 

In this energy region the ions are rapidly capturing electrons, 

thus losing effective charge and decreasing in their rate of energy depo­

sition. The LET of the ions in this region is not large compared with 

that of ions in other energy regions. The average energy of ions at the 

Bragg peak is normally well above this region. Thus the stopping power 

of these ions is of relatively minor importance for biological purposes. 

Considerable effort' has been spent, however, to obtain good data 

in this region. There are two main reasons for this. First, there is 

some theory and some experimental fis sion-product data available in 

this region. Thus it is possible to provide fairly good results, and we 

seize the opportunity to be as cOITlplete as possible in this study. Second, 

we have relied heavily on these results for constructing stopping power 

in the medium-low and part of the medium-high energy regions. These 

latter energy regions are of great importance in radiological work, 

since they contain the region of maximum LET as well as most of the 

Bragg -peak energy. Thus the results of this low -energy region is indi­

rectly of great importance. 
~ , 
"'The first term of this expression is an estimate of the range of a 0.01 

MeV /amu ion. We assume that the stopping power is directly propor­

tional to E 1/2 below 0.01 MeV /amu. 
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There are two main stopping mechanisms operating in this region. 

One is the energy loss to electronic excitation and ionization of the 

stopping lnediurn due to ion-electron collisions. This is called electronic 

stopping power. Lindhard and Scharff
3 

used the Thomas -Fermi atomic 

model to find an expression for this effect. The other mechanism is the 

energy los s to the recoiling atom in the atom-atom elastic collisions 

between the ion and an atom of the stopping medium, i. e., the ion energy 

loss resulting in strictly a heating of the medium. (We neglect inelastic 

atom-atom collisions resulting in excitation of electronic levels of either 

the atom or the ion.) This is called nuclear stopping power. Recently 

Lindhard, Scharff, and Schiott
4 

derived a universal curve for this effect, 

using the Thomas -Fermi model to determine the effects of screening. 

We find that this curve follows closely the function 

dE 1/2 [ 0.277 ] - ax = c n E exp -45.2 (CntE) , (t 0) 
n 

where -(dE/dX) is the nuclear stopping power in units of MeV/g-cm-2 , 
n 

E is the energy in MeV /amu, 

6( A )3/2 
c n = 4.t4XtO A + At, (

ZZt )1/2 1 

At ('2/3' 2/3) 3/4 
Z + Zt 

, (11) 

and 

1 
(12) 

( 2/3 2/3 )' 1/2 . 
Z + Zt 

At fission-product energies the electronic stopping power domi­

nates the nuclear stopping power. Therefore, we choose to adjust the 

expres sion for the electronic stopping power so that the sum of the two 

stopping mechanisms corresponds with fission-product range values 

taken from references 5 through 11. The resulting expression for the 

electronic stopping power is 

= E 1/ 2 
c , 

e { 
(13 ) 

where 
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c 
e 

( 

t . )372 
A 'Z2/3 + Z 2/3 

t ' t 

Thus for 137 13 ~ Z 1/3 the stopping power is given by 

dE 
-'dX = 

dE dE 
. ~::: 

- dX - dX ' 
e n 

( 14) 

( 15) 

where -(dE/dX)~ and -(dE/dX)n are given by Eqs. (13) and (10), respec­

tively. 
I 

2. High-Energy Region (137 13 >3Z) 

, In the high-energy region, where the ion is assumed to be com­

pletely stripped of its orbital electrons, Eqs. (1) and (6) are used to get 

the ion stopping power. Thus 

dE 2 [ dE ] - dX-( €) = Z - dX (€ ) , 
- -" p 

(16 ) 

where (-dE/dX)p is the Barkas and Berger proton stopping power given 

by Eq. (6). 

3. Medium-High Energy Region (9 < 137 13 ~ 3Z) 

This region is bounded on the high side by the energy at which 

the ion can be considered to be completely stripped of electrons. It is 

bounded on the low side by the lowest energy for which we believe the 

method described below can be reasonably used. 

Our method uses charge -state data derived from range -energy 

data available for argon ions incident upon aluminum. These charge­

state data are generalized to all ions for which Z > 10 and all stopping 

media as follows . 
.. ~ 
"When there are several atomic components in the stopping medium, 

this expression becomes 

_ dE =! ~ {p, c 
dX P 6 f- e. 

i= 1 1 

1/2 1/2 r. a.277]} 
€ ,+ Pi c n . € , exp [45.2 (cn 1. €) 

1 1 

where c e .' c n .' and c n 1. are the constants given by Eqs. (14), (11), and 
1 1 1 

(12), respec.tively, evaluated for the ith atomic component. 
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Knipp and Teller, 12 on the basis of the Thomas-Fermi picture 

of the atom, derived a relationship between Z e£f/Z and 

(v Iv. }(137 I3/Z 2/3), where Z "'ff/Z is the fractional ionization of the ion, ell e ' 
13 is the ratio of the ion velocity to the speed of light, and v Iv. is the , " , e 1 

ratio ,of the velocity of an electron in the ion's electron cloud, to the veloc-

ity of the ion at which this electron is barely bound. 

The factor (v /v.) varies somewhat as a function of Z and Zt' 
e 1 

but her'e we as sume it is a constant. ' Then Z eff/Z should be a f~nction 
of only 137 I3/Z 2/3 when the electron cloud of the ion is populated to such' 

an extent that the statistical nature of the Thomas-Fermi picture is ap­

propriate. As the electron cloud is depleted,137 I3/Z 2/3 will no longer 

be the '7Ppropriate variable. In fact we expect the charge ratio Z ef/Z 

to vary according to the variable 137 13/2 for the limiting case of the 

one-electron atom. Thus we look for a function 

where 

with 

and 

Zef£ 
-Z- = r(x}, 

-, 137 ~ 
x = _--!.l-'_, 

g = 2/3 
, 2/3 

for 137 13 ~ Z , 

g = 137 13 + 4Z - 3Z
2

/
3 

forZ 2/ 3 < 137 13 < 2Z, 
6Z _ 3z 2/ 3 , 

g = 1 for 2Z ~ 137 13 ~ 3Z. 

The function r(x} must satisfy the ,criteria: 

1. r to r ~ 0,',:, 

(17) 

( 18) 

(19) , 

2. r(oo} approaches 1 asymptotically, 
2 2 3. For all Z and Zt' Z r {3} (dE/dX) and its first derivative are 

approximately continuous'with the stopping power and its first derivative 

respectively at the low-energy end of the high energy region, '(here 

dE/dX represents the proton stopping power), , 

4. For all Z and Zt" Z 2 r 2 (9/Z g } (dE/dX) and its first derivative 

are approximately continuous with the stopping po'-;V'er and its first 
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derivative re spectively at t~e high -energy end of the low -energy region, 
A fE dE=: ., , . , 

5. R (E) = :-z z'· fits closely the, known range-energy 
Z 0 r (x) (-dE/dX) 

p 
data for argon ions in aluminum. This range' data is taken from esti-

mates made by Northcliffe 13 which agree well with some experimental 
, 14 . 

data. 

There is some question about which formulation of the proton 

stopping power to use in this energy region and thus in the search for 

r(x) as outlined above. The low -energy end of this region is outside the 

limits of validity for the Born approximation,15 so that Bethe's theory 

is not valid. Yet the energy is too high for the classical approximation 

to be valid so that we cannot obtain accuracy with Bohr's theory. We 

feel it is best to search for a r(x) that satisfies the above criteria when 

Bethe's theory is used for the proton stopping power. When this is done, 

the function r(x) may not physically represent Z eff/Z at the low.,..energy 

end of this region. However, the error in r(x) will complement the error 

in Bethe I s theory, so that the final stopping power is fairly accurate. 

A function that satisfies the above five criteria is 

( )= 1 _ exp(-0.413X~,'.~7,)) 0.848 (20) 
r x . '1.848 - 1: 84'8(1 0: 48X2.216 :+: 11 ' 

where x = 137 f3/zg,. and g is defined in Eq. (19). The stopping power 

in this energy region is then given by 

dE _ Z 2 2 ( dE, \ (2 1) 
- dX - r - dX ~: ' 

where .,..(dE/dX) is given by Eq. (5) for E ~ 7 MeV /amu and by Eq. ('6) p , 
for E >7 MeV /amu. 

4. Medium-Low Energy Region (Z 1/3 < 137 f3 ~ 9) 

This is a narrow region connecting the variable upper limit of 

the low-energy region with the fixed lower limit of the medium-high 

energy region. Therels no available data in this region which is satis­

factory for estimating the stopping power of ions with Z > 10. However ' 

since this region is so narrow, a simple cubic polynomial, matching ~" ) , 

- slope and magnitUde of the stopping power at both boundaries, provides 

the stopping power within the region very adequately. 

We know that stopping power tends to depend upon energy in a 
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logarithmic fashion. Thus it is to be expected that a poJynomial fit of 

the stopping power should contain 

a cubic polynomiai of the form. 

In E as the variable. Thus we choose 

In ( - ~~) =,' ,a 1 + a 2 In E (22) 

which is completely determined by the magnitude and first derivative of 

the stopping power at the uppe,rand lower boundaries of this region. 

5. Range Calculation 

The range of an ion of. E MeV /amu for E in the high-energy. 

region is calculated from 

J
E

3 dE 
_~ +A . 

dXML E 
2 

+ -5:- [A. (E) - A. (E 3) L z . 

dE 
dE 

-.dX
MH 

(23) 

where (-dE/dX)L' (-dE/dX?ML' (-dE/dX)MH" and A. are given in Eqs. 

(15), (22), (21), and (6B) respectively, E1 and E2 are respectively 

the lower and upper limits of the medium-low energy region. and E 3 

is the lower limit of the high-energy region. For E in the medium­

high-energy region, ,the last term of Eq. (23) is deleted. If E is in the 

medium-low-energy region, the last two terms are deleted, and if E 

is in the low -energy region, only the first term is used. 

III.' DISCUSSiON OF METHOD 

. A •. Z Less Than Ten 

L Energies Less Than 10 MeV /amu 

For Z ~ 10 and E ~ 10 MEV /amu considerable experimental data 

are available. No~thclif£e 1 has developed a graphical technique to smooth 

these data' and extend them to some ions and stopping materials for which 

there is no experimental data. Where there are datapoints from more 

. than one investigator, a spread in the points of 20% is not uncommon. 

In some cases the spread is 500/0. The total spread in uncertainty (i. e. , 

twice the absolute uncertainty) for the data points quoted by the investi­

gators varies from about 5 to 30%. 
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,Northcliffe's graphical technique is designed to follow closely 

the data poin~~ he believe s to be the most reliable. We believe it is 

reasonable to assume the smooth curve generated by Northcliffe to be 

within 5 to 10% of the cO.rrect value for 0.1 ;::; E ;::; 5 MeV jamu. Above 

5 MeV jamu his curve should be very acctirate (within a couple percent) 

because charge exchange becomes less significant. Below 0.1 MENjamu 

the few experimental data points were obtained under very difficult con­

ditions. Thus they are pos sibly les s accurate than those obtained at 

higher energies. Likewise we are less certain of the accuracy of 

Northcliffe's smooth curve for € < 0.1 MeV/amu. 

The results of the calculation presented in this paper for Z ;::; 10 

. and € ;::; 10 MeV jamu differ. from Northcliffe's graphical technique by 

less than the uncertainty we attribute to his method. We by no means 

claim that our calculation is more accurate than the results by North­

cliffe. We claim rather that where our results differ from his, the 

effort required to bring about closer agreement is unjustified. In Figs. 

2 through 6 we have compared our results with points from Nor th cliffe , s 

graphical technique. In these figures we see that the agreement for 

€ > 0.1 MeV jamu is quite good. For aluminum and silver as the stopping 

medium, agre~ment .is good over the entire energy range. Where the 

disagreement is greatest, it approaches 20%. 

Our method is normalized to North~liffe~s results for aluminum 

as the stopping material, since we feeLthat thealtimirium. data are the:, 

most reliable. Stopping power values estimated by our method for 

€ ;::; 10. MeV jamu and Z ;::; 10 seem to be slightly larger for most other 

stopping materials than the values estimated by Northcliffe. 

2. Energy Greater Than 10 MeV lamu 

For Z ~ 10 and € > 10 MeV jamu, stopping power and range are 

calculated by using Eqs. (7) and (9) respectively. 

Given that the ions under consideration are completely ionized, 

the stopping power calculated by Eq. (7) is as accurate as the polYrJ.omial 

of Barkas and Berger [Eq. (6)]. Barkas and Berger
2 

have determined 

that the root-mean-square percentage deviation of this polynomial from 

600 points calculated with their modified Bethe theory is 0.6% for A. 
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and 1.3% for the stopping power. The maxi.mum error for the range is 

2.8%. 

3. Range for Z ~ 10 

The range given by Eq. (9) is consistent with the stopping power 

evaluated above. The first term of Eq. (9) gives the range for a 0.01 

MeV /amu ion, if we assume that the stoppimg power varies as € 1/2 below 

0.01 MeV /amu .. We perform the integration indicated in the second term,· 

assuming that the stopping power maps a straight line on log-1og graph 

paper between the points taken from Fig. 1. 

B. Z Greater Than Ten 

1. Low -Energy Region 

The stopping power for these ions is given in Eq. (is). It is 

based upon a theory developed by Lindhard .et al. 3,4 from the Fermi­

Thomas model of the atom. In developing their theory, Lindhard et al. 

treat separately the effect of elastic collisions between the ion and the 

. Coulomb fiel<;l of the nuclei in the stopping material, and the effect of 

inelastic collisions between the ion and the atomic electrons in the stop­

ping material. This separation may result in systematic overestimation 

of the stopping power, according to Lindhard. Lindhard also warns that 

the validity of this. theory is uncertain for € ~ 10-
2 

MeV Jamul since the 

FerIni-ThoInas treatment 6f the atom is a crude approxiInation when 

the ion and atOIn do not':come close to each other. 

We appreciate the critical appraisal Lindhard affords his own 

work. but we.hasten to draw attention to the agreeInent between Eq. {is} 

. and the experiInental fission-product ranges deInonstrated in Table III . 

. The energies and experiInental ranges for the fission products presented 

in Table III are taken from references 5 through 11, 

2. High -Energy Region. 

For ions in this region, the stopping power is given by Eq. {16}. 

This equation is the saIne as Eq. (7) which was discussed in Sec. II1A2. 

The same Barkas -Berger polynoInial is used here. 

Bethe's theory, which is the basis of the results of Barkas and 

Berger, 2 'is not valid for either large Z (ion atoInic number) or large 



-15- UCRL-17314 

Table III. Comparison of ranges calculated by program with 

experimental fission-product ranges. 

2 
·Stopping . Estimated - Range (rng/ cm ) 

Ion Material energy Experimental Calculated 
(MeV /amti) 

89 
38Sr Al 1.12 4.09 4.16 

115
Cd 

48 
Al 0.613 3.32 3.18 

140
B 56 a Al 0.489 2.98 3.07 

144C 
58 e Al 0.437 2.76 . 2.88 

89 
38Sr U 1.12 11. 55 12.83 

109pd 
46 U 0.816 10.14 10.8.8 

11S
Cd 48 U 0.613 9.52 9.28 

140 . 
S6Ba U 0.489 8.74 8.49 

144 
S8 Ce . U 0.437 8.37 7.86 
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Z (atomic number of stopping material) .. However, the addition of 
t . 

shell corrections by Barkas and Berger extends Bethe's thebry to high 

Zt; The restriction on Z is due to the fact that the Born approximation 

was used by Bethe.· This approximation is valid if the velocity of the 

ion is significantly greater than the K-sheII v'elocity of the ion. 15, This 

condition is certainly satisfied for this high -energy region~ We there­

fore conclude that the Barkas-Berger polynomial is valid for our present 

purpose and that the stopping power we seek is satisfactorily 'given in 

Eq. (16). 

3. Medium-High-Energy Region 

The ability of Eq. (21) to give accurate Etoppi:ng power depends 

primarily upon two assumptions. The first assu~nption is that a function 

r(x) exists [see Eqs. (17) through (20) J. If v Iv. is a constant (see e 1 . 

Sec. IIB3), then the Thomas ~Fermi atomic model is compatible with 

this assumption. However, for the high end of this energy region, the 

Thomas -Fermi model is not vali.d, since the ion is nearly completely 

stripped of el.ectrons, so that a statistical model is not applicable. For 

two reasons we feel that the error introduced here is quite SInal!. First, 

by allowing the variation in g (see Fig. 19). we have modified the be­

havior of the functio~ r(x} so that it can reflect the proper divergence 

from the Thomas -Fermi model. Second, the effect of r(x) upon the 

stopping power at the high-energy end of this region is very small (i. e. , 

r approaches 1.0) so that the final answer is not very sensitive to the 

model used. 

Before the Thomas-Fermi model can give any assurance that 

the function r(x} does exist, we must assume that v Iv. is a constant. e . 1 

Brunnings, Knipp, and Teller 16 investigated this ratio. Using the 

Thomas -Fermi model, they made the two extreme assumptions - -first, 

that ve is the velOcity of the least tightly bound electron on the ion, and 

second, that v is the velocity of the outermost electron. For the 
e 

first as sumption, the empirically indicated values of v Iv. are, for e 1 

Z = 10, 

v 
e 

- ~ 1.2, v. 
1 



a"nd for Z = 55 

-17":' 

v e - ~. 1.8. v. 
1 

The second assumption gives, for Z = 6, 

and for Z = 55, 

v e 
v. 

].. 

0.6, 

·v e 
- ~ 0.35. v. 

1 
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These results show that v Iv; is undoubtedly not a·constant with Z. 
e 1 

However, since these two assumptions give variations in opposite direc-

tions, as suming v Iv. to be constant seems appropriate. e 1 

The second assumption necessary for the validity of Eq. (21) is 

that our choice of r(x} cancels the errors in Bethe's theory when it is 

inappropriately used in this energy region. The use of the Born approxi­

mation by Bethe limits the appropriate use of his theory to energies 

h h · 1·· 15 were t e lnequa ltles 

and 

2 « .. 2 uv or Z eff « Zt 

Zeff« 137 f3 

are satisfied. Here u is the orbital velocity of electrons in the stop­

ping medium, v i?the ion velocity, Z eff is the effective charge on the 

ion, Zt is the nuclear charge in the stopping medium, and f3 = vic. 
These inequalities are not satisfied, for instance, for argon ions in 

aluminum when the ion energy is less than about 10 MeV lamu. One 

might anticipate trouble here since the lower limit of this energy region 

is 2 MeVJa;mu. In this case, however, Eq. (21) gives the right answer 

because the function r(x) is found in the first place by dividing empirically 

indicated stopping powers of Ar in Al by stopping powers calculated from 

Bethe's theory, with complete ionization o"f the ion assumed. Thus, in 

the case of Ar in AI, r (x) is not the correct value of Z efr!Z for € < 10 

MeV Jamu, nor does Bethe's theory give the correct stopping power; 
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however the product of the two cancel each others errors to give the 

correct sto.pping power. 

Another factor affecting r{x) which is neglected is the variation 

in r{x) as a function of the different stopping media .. In stopping media 

wit4 higher electron densities, the time interval between ion-electron 

collisions is shorter. Thus the electronic levels of the ion excited by 

one collision will have less opportunity to relax before the next collision. 

The probability of removing an electron from the ion is greater for these 

higher -density media because the electrons are maintained in more 

highly excited states. This leads us to suspect that r(x) should be larger 

for stopping media with greater electron densities. In the work presented 

here, we have neglected this effect .. For high-Z ions and high-Z t media, 

we have adjusted r(x) at the lower boundary of this medium-high energy 

region to be large enough to avoid any discontinuity with the upper 

boundary of the low -energy region. We find, as expected, that for 
" high-Z ions and low Zt media (i. e., low electron density), the stopping 

power is slightly too large at the lower boundary of this energy region 

to match well the stopping power at the upper boundary of the low-energy .,. 
region. We feel that errors due to this effect are small compared to 

the uncertainty of th~ total calculation, however. 

We believe that by choosing r{x) to satisfy the five criteria in 

Sec. IIB3, we should obtain valid results from Eq. (21) for energies 

near the upper and lower limits of this region. For very heavy ions, 

the above inequalities are not satisfied ex<:;ept for very high energy. 

In this case the accuracy of Bethe' s theory and the variation in v Iv. e . 1 

are notcertain~ We do not expect the error in Eq. (21) for very heavy 

ions to be large, but for energies away from the upper and lower limits 

of this region, experimental data from the Omnitron will be n~cessary 

before we .can be confident. 

4. Medium-Low Energy Region 

The upper limit of this region is 2 MeV /amu. The lower limit 

ranges from 0.1 to 0.5 MeV /amu as Z· ranges from 10 to 92 respectively. 

Thus this energy region is very narrow. Using Eq. (22) and matching 
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the slope and magnitude of the' stopping power at both boundaries we 

cannot exp~ct the error within the region to differ significahtly from 

that at the boundaries. 

5. The Range Calculation 

The range is given by Eq. (23). The integrals are solved numer­

ically by Simpson's rule. The number of intervals into which the domain 

of integration is divided is doubled for each successive trial, and the 

convergence criterion is set such that the value of the integral is given 

by the second of two consecutive trials that differ by less than 0.5%. 

Thus the range calculation is consistent with the stopping,-power calcula­

tion discussed above. The accuracy of the range calculation is essen;;':, 

tially the same as that of the stopping -power' calculation. 

V. RESULTS 

A computer program has been written in CHIPPEWA FORTRAN 

which computes range -energy and stopping -power data, using the methods 

discussed above. The program is also available upon request in 

FOR TRAN IV computer language. 

This program has been used to obtain data to be presented here 

for several selected'ions and stopping media. The ions chosen were 

hydrogen, helium-4, carbon-12, neon-20, argon-40, krypton-84, 

xenon-131, and uranium-238. Data are presented for each of these ions 

incident upon water, aluminum, copper, silver, lead, and uranium. 

In Figs~ 7 through 12, stopping power has been plotted as a func­

tion of energy. One of the conspicuous features of these curves is the 

difference in behavior in the low -energy region between the ions for 

Z > 10 and for Z ::; 10. This reflects the fact that a completely different 

method is used to calculate the stopping power in these two cases. For 

Z > 10, Eq. (15) is used. The increasing contribution of the nudear 

stopping-power term as Z increases and Eo' decreases causes the slope 

of the curves to decrease under these conditions. Lindhard et al.states 

that the separation of the two terms in Eq. (15) may lead to a systematic 

overestimation of the stopping power in this low-energy region. 4 
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Northcliffe's graphical technique, a modified version of which is used ::",:: 

for Z .:S·10, does not consider this increased energy loss to heating the 

stopping medium at these low energies. 1 Thus this effect may be over­

estimated for argon ions and underestimated for neon ions, leading to 

a discontinuity in the systematic change of behavior across the Z = 10 

boundary. However, the actual difference in magnitude of the stopping 

power as calculated by these two methods is not alarming. This can be 

seen in Fig. 13, where stopping power is plotted as a function of energy 

for neon ions in aluminum. The curve showing a decreasing slope at 

very low energy is calculated by .the method normally used 6nly for 

Z > 10. The other curve is calculated by the method used for Z.:S 10. 

Another conspicuous feature of Figs. 7 throU:gh 12 is the slight change 

in slope of the krypton ion curve at 150 MeV /amu. For krypton this 

energy corre sponds to 137 f3 = 2Z; which is the point at which the func­

tion. g [see Eq. (19)] changes slope and is given the constant value 1.0. 

This artificial behavior of the function g gives an artificial behavior to 

this stopping-power curve. (Similar behavior of the other curves for 

Z > 10 is not as conspicuous.) However, the fluctuation in magnitude of 

the stopping power due to this artificial behavior is insignificant. 

In Sec. IIIB3.we discussed the possibility that our technique for 

calculating stopping power near 2 MeV /amu for ions of high Z and 

stopping media of low Zt would yield results that are slightly too large. 

This effect can be seen in Fig. 7 for uranium ions in water. The cubic 

polynomial in the medium-low energy range which connects the 2- and 

0.6-MeV /amu points obscures this effect somewhat. However, the effect 

appears to be quite small. 

The very slight bump at 7 MeV /amu which is visible in Figs. 8 

through 11 is due to the fact that Eqs. (5) and (6) do not match perfectly 

at 7 MeV /amu. At this energy we stop using Eq. (5) with Eq. (21) and 

begin using Eq. (6) to calculate the proton stopping power. This bump 

is a curiosity, but otherwise completely insignificant. 

In Figs. 14 through 19 the stopping power is plotted as a function 

of ion residual range. The symbols on each curve mark points ,; )::.::; 



-21-

corresponding to various energies. From Fig. 14, for instance, we 

can see that a 5 MeV /amu ~PNe ion in water has a LET value of 7500 

/ 
-2 

MeV g-cm and a range of 98 microns (about 10 mammalian cell diam-

eters ). 

All of the interesting features of the previous set of curves (Figs. 

7 through 13) are also present in this set. The reader is referred to 

the discussion above, as it will not be repeated here. 

None of the previous figure s, however, show the neon-carbon or 

xenon-uranium crossovers that we see in Fig. 14. A possible explana­

tion is that these crossovers represent an inaccuracy in the program. 

Although this is a definite pos.sibility (the curves cross over by only 10% 

in energy regions of relatively low confidence), we hasten to propose 

alternative possibilities. Velocity or energy is the natural variable of 

stopping power, not residual range. Thus apparent bizarre behavior 

for these curves may not, upon closer exam.ination, be bizarre at all. 

An alternative possibility is presented intuitively as follows.. We 

expect the charge state of the ion to vary according to its velocity. Yet 

the energy varies also according to the mass. As we go to heavier ions, 

the mass increases faster than the nuclear charge. Thus the mass may 

increase faster than the effective charge, and the energy (i. e., range) 

may increase faster' than the stopping power. Referring again to Fig. 

14, as we go to heavier ions, we might therefore expect the curves to 

shift to the right faster than they shift vertically, ultimately cros sing 

over, ~>r at least contributing to a crossover. Unfortunately the credibil­

ity of this argument is lessened somewhat by the fact that the stopping 

power increases as the square of the effective charge on the ion. 

Another alternative is expressed geometrically. For this argu­

ment the A/Z ratio of the ions may remain constant. Consider the two 

hypothetical stopping-power curves as a function of energy in Fig. 20. 

Curve A represents a stopping-power curve for a heavier ion than does 

curve B. At low energy the contribution to the total stopping power by 

the nuclear stopping-power component is therefore greater for curve A 

than for curve B, as we can s.ee from the figure .. Let area Ai equal 
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area B l' implying that the ranges for the two ions are equal when their 
.... 
',' 

stopping powers are S(A 1 ) and S(B
1

) respectively. Let this range be 

represented by Rio Similarly let area A2 equal area B 2 ,'_'arid area A3 

equal area B30 The corresponding ranges are assigned the values R2 

and R3 respectively. From Fig. 20 we see that for range R 1 , S(A 1) is 

greater than S(B
1

); for range R
2

, S(A
2

) is less than S(B
2

)j and for range 

R
3

, S(A
3

) is greater than S(B
3

). For these two ions, therefore, the 

stopping-power curves as a function of residual range cross over in a 

manner similar to the crossoVer of the xenon and uranium curves in 

Fig. 14. 

Our thoughts on the crossover that appears in Fig. 14 may be 

summarized as follows. The magnitude of the crossovers is less than 

the certainty we place upon the stopping-power calculation at the places 

where the crossovers occur. Thus the crossovers may not represent 

physical reality. However, crossovers of this kind may be a physical 

reality under certain circumstances. 

In Figs. 21 through 26 the energy is plotted as a function of resid­

ual range. The discontinuity in the systematic change of behavior across 

the Z = 10 boundary, as discussed above, is apparent in these curves 

below 0.1 MeV /amuo 

* Actually the ratio of area Ai to area B 1 shoU:ld equal the ratio of the 

atomic weight of ion B to the atomic weight of ion A in order for the ion 
. . 

ranges mentioned to be equaL Including this fact would complicate, but 

not change in substance, the argument. Therefore, for present purposes, 

we assume the ratio of the atomic weights to be negligibly different from 

1. O. 
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Fig. 1. Smoothed stopping-power curves for various ions in aluminum. 

These data from North cliffe 1 are 'the basis of the stopping-power 

calculation for Z .:::; 10 and E < 10 MeV /amu. 
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Fig. 2. Stopping power for various ions in carbon. The smooth 

cu:;:,ves are calculated by the computer program. The points are 

taken froIn Northcliffe's smoothed experimental data. 1 
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Fig. 4. Stopping-power for various ions in nickel. The smooth 

curves are calculated by the computer program. The points are 

taken from Nor th cliffe , s smoothed experimental data. 1 
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Fig. 7. Stopping-power curves as a function of energy for various ions 
in water as calculated by the computer program. The small disconti­
nuity in slope for Kr at 150 MeV/amu is at 137 /3 = 2Z, where the func­
tion.g becomes 1.0 [see Eq. (19)]. The stopping power for U at the 
lower boundary of the medium-high energy region (2 MeV /amu) is 
slightly too large to match well the stopping power at the upper boundary 
of the low-energy region (0.6 MeV /amu), as discussed in Sec. IIIB3. 
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Fig. 8. Stopping power curves as a function of energy for various ions in 
aluminum as calculated by the computer program. The small disconti­
nuity in slope for Kr at 150 MeV/amu is at 137 f3 = 2Z, where g becomes 
1. 0 lsee Eq. (19)]. The slight discontinuity at 7 MeV /amu for ions with 
Z > 1.0 is due to the fact that Eqs. (5) and (6) as employed by Eq. (21) 
c10 :wt match perfectly here. 
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Fig. 9. Stopping-power curves as a function of energy for various ions 
in copper as calculated by the computer program. The small disconti­
nuity in slope for Kr at 150 MeV /amu is at 137 {3 = 2Z, where g becomes 
1.0 lsee Eq. (19}). The slight discontinuity at 7 MeV/amu for ions with 
Z > 10 is due to the fact that Eqs. (5) and (6) as employed by Eq. (21) do 
not match perfectly here. 



-35- UCRL-17314 

10 5 
U 

-N 
I 

E 
10

4 u 
I 

0" 

"'-
~ 
~ - 10 3 

"-
OJ 
3 
0 
a. 

~ 10 2 
c:: 
a. 
a. 
0 -(/) 

10 In si Iver 

10-' , 10 

Energy (MeV/omu) 

XBL672-6B7 

Fig. 10. Stopping-power curves as a function of energy for various ions 
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Eq. (21) do not m.atch perfectly here. 
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Fig. 1.1. . Stopping-power curves as a function of energy for various ions 
in lead as calculated by the computer program. The small discontinuity 
in slope for Kr at 150 MeV/amu is 137 f3 = 2Z, where g .becomes 1.0 
[see Eq. (19)]. The slight discontinuity at 7 MeV/amu for ions with 
Z > 10 is due to the fact that Eqs. (5) and (6) as employed by Eq. (21) 
do not match perfectly here. 
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Fig. 12. Stopping-power curves as a function of energy for various ions in 
uranium as calculated by the computer program. The small discontinuity 
in slope for Kr at 150 MeV /amu is 137 13 = 2Z, where g becomes 1. 0 
[see Eq. (19)]. The slight dis continuity at 7 MeV /amu for ions with 
Z > 10 is due to the fact that Eqs. (5) and (6) as employed by Eq. (21) do 
not match perfectly here. 
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Fig. 13. Stopping -power curves as a function of energy for neon ions in 
aluminum. The curve showing a decreasing slope at very low energyl 
is calculated by the method normally used only for ions with Z > 10. 
The other curve is calculated by the method used for Z ~ 10. Clearly 
the discontinuity in the systematic change of stopping-power behavior 
across ·the Z = 10 boundary (i. e., where we change from one method 
of calculation to the other) is small. 
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Fig. 14. Stopping-power curves as a function of range for various ions 
in water as calculated by the computer program. Various ion energies 
in units of MeV /amu are designated on each curve by the symbols as 
ZSllows: (> left = 0.01, 0 left = 0.1, 6 left = 1.0, \1 left = 5.0, 
Omiddle = 10, 0 middle = 50, 6. middle = 100, 'Q".'middle = 200, 

right = 300, 0 right = 500. The Ne-C and Xe-U crossovers ar low 
energy, although possibly a physical reality, occur in regions of low 
confidence. The stopping power for U at the lower boundary of the 
medium-high energy region (0.007 g/cm2 ) is slightly too large to match 
well the stopping power at the upper boundary of the low -energy region 
(0.003 g/cm), as discussed in Sec. IIIB3. The small discontinuity in 
slope for Kr at 1.2 g/ cm2 is .at 137 [3 = 22, where the function g becomes 
1.0 [see Eq. (19)]. 
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Fig. 15. Stopping-power curves as a function of range for various ions in 
aluminum as calculated by the computer program. Various ion energie s 
iO MeV /amu are designated on each curve b~ the symbols '7s follow"s: 

left - 0.01, 0 left = 0.1, /::;. left = 1.0, 'i1 left = 5.0, 0 mlddle = 10, 
o middle = 50, /::;. middle = 100, 'i1 middle = 200, 0 right = 300, 
o right = 500. The slight discontinuity between the 5- and 10-MeV /amu 
markers for ions with Z > 10 is due to the fact that Eqs. (5) and (6) as 
employed by Eq. (21) do not match perfectly at 7 MeV /amu. The small 
discontinuity in slope for Kr at 2 g/ cm2 is at 137 13 = 2Z I where the 
function g becomes 1.0 [see Eq. (19)]. 
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Fig. 16. Stopping-power curves as a function of range for various ions in 
copper as calculated by the computer program. Various ion energies in 
~its of MeV /amu are designated on each curve by the symbols as follows: 

left = 0.01, 0 left = 0.1, l::,. left = 1.0, \1 left: = 5.0, '0 middle = 10, 
o middle = 50, l::,. middle = 100, \1 middle = 200, 'Oright = 300, 0 right = 500. 
The slight discontinuity between the 5- and 10-MeV /amu markers for ions 
with Z > 10 is due to the fact that Eqs. (5) and (6)as erriployedby Eq. (21) 
do not match ferfectly at 7 MeV /arnu. The small continuity in slope at 
Kr at 2 &/cm is at 137 f3 = 2Z, where the function. g becomes 1.0 [see 
Eq. (19)J. . : 
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Fig •. 17. Stopping -power curves as a function of range for various ions 
in silver as calculated by the computer program. Various ion energies 
in units ofJ-;:eV /amu are designated on each curve by the symbols as 
follows: left - 0.01, 0 left = 0.1, D. left = 1.0, 'il left = 5.0, 
o>middle = 10, 0 middle = 50, D. middle = 100, 'il middle = 200, 

right = 300, 0 right = 500. The slight discontinuity between the S­
and 10-MeV /amu markers for ions with Z > 10 is due to the fact that 
Eqs. {5} and {6} as employed by Eq. {21} do not match perfectly at 
7 MeV /amu. The small discontinuity in slope for Kr at 2.2 g/cm2 is 
at 137 f3 = 2Z, where the function g beco:pes '1.0 [see Eq. (19)]. . 
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Fig. 18. Stopping-power curves as a function of range for various ions 
in lead as calculated by the computer program •. Various ion energies 

in units of MeV /amu are designated on each curve by the symbols as 
follows: Oleft = 0.01, 0 left = 0.1, ~ left = 1.0, "i1 left = 5.0, 

Omiddle = 10, 0 middle = 50, ~ middle = 100, "i1 middle = 200, 
o right = 300, 0 right = 500. The slight discontinuity between the 5-

and 10-MeV /amu markers for ions with Z > 10 is due to the fact that . 
Eqs. (5) and (6) as employed byEq. (2~) do not match perfectly at 7 
MeV /amu. The small continuity in slope at Kr at 3 g/cm2 is at 
1.3713 = 2Z, where the function g becomes 1.0 [see Eq. (19)]. 
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Fig. 19. Stopping-power curves as a function of range for various ions in 
uranium as calculated by the computer program. Various ion energies 
in units of MeV /amu are designated on each curve by the symbols as 
follows: Oleft = 0.01, G.left = 0.1, 6. left = 1.0, "i1 left = S.O,0-middle:;: 10, 
G middle = 50, 6. middle = 100, 'il middle = 200, Oright = 300, 

o right = 500. The small continuity in slope at Kr at 3.2 g/cm2 is at 
137 13 = 2Z, where the function g becomes 1.0 [see Eq. (19)]. 
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Fig. 20. Two hypothetical stopping-power curves as a function of energy. 

These curves show how an increase in the nuclear stopping power for 

the heavier ion B can cause the stopping power curve:s for the two ions 

to cross when plotted as a function of residual range. 
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Fig .• 2.1. . Energy-range curves for various ions in water as calc.ulated 
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ent methods for calculating the stopping power for the two cases Z > 10 
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Fig. 22. Energy-range curves for various ions in aluminum a$ calcu­

lated by the computer program. For any energy on the ordinate, 

the residual range is read from the abscissa. The effect of using 

completely different methods for calculating the stopping power for 

the two cases Z > 10 and Z ~ 10 is apparent for € < 0.1 MeV/amu. 
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Fig. 23. Energy-range curves for various ions in copper as calculated 

by the com.puter program..· For any energy on the ordinate, the re­

sidual range is read fiom. the abscissa. The effect of using com.pletely 

different m.ethods for calculating the stopping power for the two cases 

Z > 10 and Z .>is 10 is apparent for € < 0.1 MeV/am.u. 
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Fig. 24. Energy-range curves for various ions in silver as calculated 

by the computer program. For any energy on the ordinate, the re­

sidual range is read from the abscissa. The effect of using completely 

: .. ,:different;methods.for :calcUlating::the stoppingpower.:fbr;the two cases 

Z > 10 and Z ~ 10 is apparent for € < 0.1 MeV/amu. 
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Fig. 25. Energy-range curves for various ions in lead as calculated by 

the computer program. For any energy on the ordinate, the residual 

range is read from the abscissa. The effect of using completely dif­

ferent methods for calculating the stopping power for the two cases 

Z > 10 and Z~ 1:0 is apparent for € < 0.1 MeV/amu. 
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by the computer program. For any energy on the ordinate, the re­
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Z > 10 and Z ~ 10 is apparent for € < 0.1 MeV/amu. 
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implied, with respect to the accuracy, completeness, 
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