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ABSTRACT '. 

The discontinuity equati.ons are derived for all singularities. 

of multiparticle scattering functions that enter the portion of the 

physical region lying below the four-particle threshold. These 

equations, which are the precise statements of the Cutkosky formulas, 

are calculated directly from the unitari ty equations. The only' 

analyticity properties used are those obtained from the S-matrix 

macroscopic causality condition. That is, the scattering functions 

are takel:. to be analytic in the physical region except on positive-a 

Landau surfaces, around. which they continue in accordance ""ith the 

well-defined plus-i€ rule. 

I' 
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The problem of finding discontinuity formulas has been 

examined earlier in the S-matrix framework by Gunson,2 stapp,3 and 

01ive.
4 

Their approach has been essentially to verify, within 

certain approximations, the consistency of certain conjectured 

discontinuity formulas. Certain normal-threshold discontinuity 

formulas have been derived by Hwa using crossing, and working to 

lowest order. 5 

. 6 
More recently Landshoff and Olive have derived the discontinu-

ity across the singularity of the triangle diagram of the 3 ~ 3 

amplitude in the physical region, and their method has been applied 

by others 7-10 to singular-ities associated with various other diagrams. 

The method of landshoff and Olive is, however, quite complicated. It 

requires a detailed investigation of specific features of Landau 

curves, an examination of the properties of certain integrals, and a 

tracing of paths of continuation, and it depends on delicate cancella-

tions of various terms. Also it requires a complete enumeration of 

the "generation" and "regeneration" mechanisms of the singularity, and 

this is not easily obtained except in the simplest cases. Finally each 

singularity is.a separate. problem. 

In the present paper we develop an alternative method for 

ce.lculating the discontinuities of the (connected part) physical-region 

sce.-:tering amplitude M+. This function has singularities only on 

pos~tive-a landau surfaces, and it can be continued past these in 

. 11 12 accordance with a well-defined plus-~€ rule.' The discontinuities 

around these singularities will be obtained in this paper directly from 
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the unitarity equations through manipulations that bring these 

equations into a form that displays explicitly the appropriate 

discontinuity function. Specifically, aunitarityequation is 

converted, using unitarity, into the form 

= T(D) +R(D) , (1.1) 

where T(D) vanishes on one side (called the unphysical side) of 

the positive-a: Landau surface 'YY\ +[D] associated with the Landau 

diagram ·D, and R(D) is known to have a minus-ie continuation 

around 'YY\+[D]. That R(D) has a minus-ie continuation around 

1rn+[D] means that the function R(D) is .carried into itself by a 

continuation around 1Yr[D] in the sense opposite to the sense that 

. M+ 
carr~es into itself. Since T(D) vanishes on the unphysical 

side of ~+[D], the function R(D) constitutes an explicit expression 

for the continuation ofM+ around 1nn+[D] in the minus-ie sense, 

and (l~l) displays T(D) as the discontinuity of M+ around m+[D]. 

In this first article a bubble-diagram notation is set up that 

facilitates manipulations of the unitarity equations. Various results 

needed from earlier work13 co~cerning the analytic structure of bubble-. 

diagram functions are summarized, and a; general theorem fundamental to 

our approach is proved. The method is then exhibited for the special 

cas~~ of 3 -? 3 reactions below the four-particle threshold, and we 

obtain the discontinuity formulas for every physical-region singularity. 

The results for the 3 ~ 2 and 2 -? 3 reactions can be obtained 

from these formulas by regarding an appropriate pair of external lines 

as a single line. 
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The results in the 3 -:->,3 case are easily sumrnarized. -All 

the positi ve-:o: Landausu.rfaces belmvthe four-particle threshold are 

contained in the surfaces correspondirlg to "che set of diagrams shmm, 

in Fig. 1 togeJcher "lith those obtained from these diagrams by-the 

procedure ~xplained in the caption. [The other possiblelEindau 
, 

diagrams) sbme of vThichare sho'i'ffi in Fig. 2)gi ve no additional 
" 

surfaces a~? hence can be ignored.] . The discontinuity of~),t . ax-au.nd 
.. : .. 

the Landau-:,~urface tyY([D] for anyone of these diagrams D is 

1.\. 
expressed ~? an integral over a pToduct, of a set of functions consisting 

,.,;;~\ I' 

of one Phyy~cal scattering amplitude (th~ connected pa;'t ~f tbe S' -
I:; ~' 

matrix) vThi~h is diagrammatically represented bya plus bubble ) 'for' 
'';> 

each vette*-\ V "',' n ofD F for each pair of . 
nm . 

and one function 

vertices (~}V) . 
,n m· 

If there is no elementary line segment,';, L. 
J 

directly c6hnecting 

one L. di~ectly connec,ts 
J 

21( Bep. 
2 ~b2) 8(p.O). 'If -, J J. 

I' 

V J then 
m 

V to " V } 
n m " 

Fis unity. 
nm· 

then F is nm. 

If exactly 

tvlO or t}:l..ree lines L. directly connect 
J 

V· to V J then F is a function d.efinedin terms of physical n m nm 

scattering akpliturles by a Fredholm integral equation. 

The rules giving the discontinuity can be expressed. in the. 

diagra~~atic form 

!' 

I 
l 

I 
I 



,~ 

' .. , 

-5-

• • GY--0 
I I "I 

<=> G:Ek8 2 2 2 

I ' I' I 

EE> ~ ~ (1.2) 
:3 :3, 

where the left-hand diagrams denote the part of a Landau diagram D 

that connects v , with all the lines not directly connecting 
m ' 

V to V suppressed. The right-hand diagrams denote the corres-n m 

ponding part of the bubble-diagram function that gives the discontinuity 

+ 
across 1nn [D], with the F box representing F 

run 
Thus, for 

example, the discontinuity of M+ across ~+[DJ, where 

is represented by 
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T( D) 

But if thE! diagram has t"I'To-particle'closed loops) as does for' 

example 

. \ 

L· . .0'= , 

. ~"':J: 

then) accofding to (1.2)) an F box j.s added for each of these . 

..L 

Thus the cl~scontirndt.y cif 

to (1.5) Jis given by 

M' around the L".mdau surfacecorrespondj.ng 

T( D') = 
'1,. 

'"\' 

. " Ii , 

I I 5 9 9 
~~(+)~­
-~~---~£t~B-' ~ 

3 -, . 

TtJ{ also obtain formula.s for the discontinuities across 

various' classes of singularities. For 'example: the discontinuity 

(1..6) 

of M+ across the class of V:mdau surfaces that correspond to all 

dia.grams of the form 

I _. 

.. 
\ 
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p. 

$ (1. 7) 
I 

plus all diagrams that can be contracted to a diagram of this class 

is given by 

(1.8) 

Here the Pi bar restricts the sets of particles represented by 

the lines it intersects to sets having a sum of rest masses greater 

than a given mass Mi' A similar result is valid for all diagrams 

that can be contracted to a diagram of the class 

P. 
I 

• 

The results described above are derived strictly from the 

physical-region unitarity e~uations. They provide a complete 

solution of the problem of physical-region discontinuities below the 

four-particle threshold. If one admits also the so-called extended 

unitarity e~uations, then it can be shown that the functions F 
run 

convert the scattering functions upon which they operate to their 

values on other sheets. 
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The present work deals only with the singularities lying in 

'the physical region. One ultimately wants to have discontinuity 

formulas also for singularities lying outside the physical region,' 

but the evident initial step is to establish the results first in 

the physical region, where the unitarity e<luati'ons apply. On the 

,basis of earlier WOrk11 it is assumed that the physical-'region 

.. singularities are confined to the union of the positive-a Landau 

, ' 

surfaces, and that the physical continuation around these singulari-

ties follows the so-called plus-iE rules. The existence of the 

'unphysical continuations via minus-iE r~esis'proved by 'using 

Fredholm theory, apart from possible zeros of the Fredholm denominator. 

It is possible that the positive-a Landau surfacescorres-

ponding to two di'fferent Landau diagramsa~e identical. Indeed, if 

two Landau diagrams are "e<luivalent", then their Landau surfaces 

are certainly identical. (E<luivalent diagrams are diagrams having 

the same set of vertices and the same set of masses I-Lnm· The mass 

I-Lnrn. is defined, in the posi ti ve-CiX case, to 'be the sum of the rest 

masses of the set of particles I associated with the.set 'of 
nm , 

lines r that directly connect vertex V to vertex V .] nm nm 
It 

is assumed 'in the present work that the positive-a Landau surfaces 

corresponding to basic i,ne<luivalent diagrams are nonidentical. The 

diagrams of Fig. I and those obtained from them by the procedure of 
~~43 

the caption are all"basic diagrams. [Generally, a,:basic diagram is 

one such that the a's are uni<luely defined at some point on the 

, posi ti ve.-a Landau surfaces. The diagrams shown in Fig. 2 are not 
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basic.] This assumption allows us to consider separately the 

discontinuities associated with different sets of equivalent basic 

diagrams. 

It is possible for a positive-a surface to coincide with a 

Landau surface associated with a's of mixed Sign.14 A second 

assumption used in the present work is that there is no cancellation 

bet,{een mixed-a singularities and positive-a singularities. That is, 

it is assumed that in the unitarity equations, and eqUations arising 

from them, the singularities associated with positive-a Landau 

surfaces will cancel among themselves, as will the singularities 

associated with the mixed-a diagrams, even though these singularities 

may happen to occur at the -same point. This seems reasonable: Since 

singularities in the physical region can occur only on positive-a 

s~.~faces, it would be unnatural for singularities associated with 

mixed-a surfaces to contribute to the physical-region discontinuities, 

even though a mixed-a surface might happen to coincide with a positive-a 

surface. This assumption allows us effectively to ignore the 

singularities associated with the mixed-a surfaces. 

The validity of the assumptions described in the preceding 

two paragraphs really should. be proved, but this is not attempted here. 



-10-

II •. BUBBLE .DIAGRAMS .AND LANDAU DIAGRAMS 

The basic Quantities in this discussion are bubble-diagram 

'functi ons • The se functi ons are functions of scattering functions 

that can be represente.d by bubble diagrams. 

A bubble diagram:.:S isa collection of leftward-directed . 

. line segments Lj and signed circles called bubbles. Each bubble 

has at least one line issuing from it and at least one line . 

terminating on it •. The bubbles are partially ordered by the reCluire-

ment that a b~bble on which a line terminates stands left of the 

bubble from which this line issues. A line of B that issues:·. from 

some bubble of B and'\ also_terminates on some bubble of B is 

cal:ed an internal line of B. The other lines of B are called 

external. 

A circle with a plus sign inside represents the connected 

part of the S matrix for the processobta:l.ned by associating initial 

particles with line~ that terminate on the bubble and final particles 

. with lines that issue from the bubble. A circle with a minus sign 

inside represents the complex conjugate of the connected part of the 

S matrix for the transpos~ (initial ++ final) of that process. That 

is: the leftward-directed linest:b..at terminate on a minus bubble ar,e 

associated with final particles, and the leftward-direc:ted;Jines 

issuing from the bubble are associated with initial particles. 

Spin variables will be ignored. 15 Then each line Lj is 

associated with a variable (p.,t.), where t. is an index specifying 
J J J 

\ . 

../ 



-11-

a type of particle C electron} proton) positron) etc.)) the mass of 

vThich is ~l. .- flCt j )) and. Pj is a physical momentl.l.tn-energy 
J 

vector satisfy:lng 
2 2 

and 
0 > O. n. := fl'i p. -J <.; J 

The bubble dj.agram]3 represents a corresponding fllllct.ion 

},f(K' ;K")) ,·rhich is just the product of the flJnctions represented 

by the bubbles of ]3) ,-lith the underst,and5ng that there is a sum 

over repeated indices (variables) of these functions. In part.icular} 

for each internal line L. of ]3 there is a swn over all p~rticle 
J 

types .L. 
V •• 

J 
A..11d for each value of J.. 

v. 
J 

there is an integration over 

all physical values of the corresponding momenhJJn vectors p .. 
J 

'1'11.us) 

each internal line L. of a. bubble diagram corresponds to a factor 
J 

L J 
t. 

(2.1 ) 

J 

where a covariant volume element has been chosen. The integration is 

restricted so that :topologically equivalent contribut:i.ons are counted 

only once) as is discussed in Appendix A. 

t. 
J 

Occasionally we shall'insh to restrict the sum over 

associatecl with internal Ilnes to a sum over particles having a given 

rest mass. Then the line L. will be 'labeled by an integer) vThich 
J 

is regarded as specifying a particular value of the rest mass. 

The argum.cnt (K';K") of Jy[B(K'.:K") is the set of variables 

associated vrith the external lines of B. 'l'he lines tr£.t issue from 

bubbles of . B are associated. in B. one-to-one fash:ton ~..rith the vc.riables 

of the set K' := 
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on bubbles of Bare apsociated in a,:one-to-one fashi.on with the 

variables of the set K" = '(" t" "t")' Pl' 1'· .• , Pm' in·' These two sets of 

. lines are also called the outgoing and incoming lines of B 

respectively •. ' 

Bose statistics is assumed throughout. Then the cluster 

decomposition of the S matrix is expressed by the equation16 

S(K' ;K") 

.' . . i 

(2.2 ) 

. Here BO+(K' ;K") is the set consisting of all bubble diagrams that 

have only plus bubbles, have no internal lines, and have external 

lines specified by (K' ;K"). That is, the s':'ll is over all different 

ways of connecting the specified set of external lines to columns of 

, plus bubbles. Only topologically different diagrams ~re regarded as 

different; reorderings of lines on a given bub'ble, or reorderings of 

the 'bubbles do not give additional terms (see Appendix A). 

The function S (K' ;K") is represented by a box with a plus 

sign' inside. A box with a minus sign inside represe'nts the complex 

,conjugate for the transpose of the process. Thus an example of (2.2) 

is the equation 

,.'-, 

I, ' 

v 
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'§E]§5 ~ + ~ 
4. 8 

1~5 ~ +'-~ 
4 . S 

~ :::e...: 
+ ~-

, ~ 
+ + 

, 1 

where the sums are over all topologically different ways of connecting 

the specified set of external lines to bubbles having the indicated 

nu...rnbers of incoming and outgoing lines. Some bubble diagrams always 

vanish by virtue of conservation laws and mass constraints, and these 

have been omitted. For example, each nontrivial bubble must connect 

to at least two incoming and two outgoing lines by virtue of the 

stability conditions on the physical masses. Trivial bubbles are 

b'ubbles from which just one line issues and upon which just one line 

terminates. The function corresponding to a trivial bubble is defined 

to be the inverse of (2.1), 

- p") 5(t' - ttl) 
s r s 
2) e( ,0) 

fl.r Pr 
P " s' 

t") 
s ' 

(2.4 ) 

where o(a - b) = 5
ab 

for discrete indices. Since (2.4) holds for 

all trivial bubbles, the signs in these bubbles can be omitted. Often 

the trivial bubbles themselves will be omitted. 
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The connected part of the S matrix is denoted by 

-"'---~----~:---"""'.---, -'~.~"--:--'------'--~--"",---r""""T-~~' -~ --:---~;---- ....... -""""":":'"".----------.- .- - - .. -.--~----- _.-'.,..--•. -. -... --.-.... -~ ...... ---r--. -.-___ . _____ _ 

More generally; the function represented by a bubble with the 

symbol inside is denoted by MO'(K! 'K") '= M 0'. 
. . J nl11 

Unitarity is written in box notation as . 

~. __ . ____ _ ~ __ .. _.:..,__:.. .. _________ ........ _ ....... :~_ .... ____ __T_-.~..:..-~---

(2.6) 

_._ .... __ .. ___ ....__.---------- _~~ , ________ --:-. ___ ~.~------'---.--:. '""7--'--'-- ~, ... _--...... -

The external lines appropriate to the process in ~uestion are 

. represented by shaded strips, There is a sum over all possible 

: n"U.'1lbers of lines crossing the interface of the rectangles. Some-

times these lines are indicated by writing the left side of E~. (2.6) 

as 

.-, ... --- -------~.- -~.--.--.. - ----~-.-

where the shaded strip between the boxes represents the sum over 

all possible numbers of lines. The right side of (2.6) is zero 

unless m is e~ual to n} in. which case it is given by 
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L . (2.8) 
a 

where thea are the. n! permutations on n objects. The last 

term in (2.3) is the bubble-diagram representation of I for the 

casE' n = 4. 

vie often need to subtract from the S matrix the identity, 

the connected part of the S matrix, or both. The remainders are 

denoted by special synfuols: 

(2.9) 

o (2.10) , 
._----------_.- ------.-.- .--~~.- .. --.~----------------.----.- .. -------.-----.... ~------------_.-----_ .. __ .. _-

(2.11) 

where a common label inside the boxes and bubbles of each e~uation 

he.s been suppressed. 

It was ShOWYl in Ref. 13 that all singularities of blibble­

diagram functions are associated with Landau diagrams. 17 A Landau 

diagram D is a set of directed line, segments L. 
J 

and a set of 
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vertices V. Each vertex contains end points of three or more 
n. 

lines L., and no vertex contains both end points of any one line. 
J 

Denoting the leading and trailing end points of the line segment 

+ L
J
. by the symbols. L. 

. J 
and L. - ... respectively... one can characterize 

J 

the diagram D by the set of numbers E. defined by 
In_ 

Ejn= 1 if L.+ c::. V ... 
J n 

E. - -1 if L. C Vn ... In J 

or 

E. = 0 otherwise. 
In 

Each line L. of D is associated with a particle of type 
J' 

t j and mass f..l. • 
J 

If particles of type carry a. units of an 
J 

;additively conserved quantum number "a", then the conditions 

= o (all n) (2.12 ) 

are required of D • 

. The lines I'j of D are characterized as being incoming, 

outgoing ... or :i.nternal according to the ·follmring rules: 

L
j 

is incoming if E. 
In 

~O for all n, 

L. is outgo:i.ng if 
J 

E. :( 0 for all n, . 
In 

L. is interna], otherwise. 
J 

-' 

c, 
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The incoming and outgoing lines of Dare callecL external lines. of 

D. A line tbat is both incoming and outgoing is called an unscattered 

line. 

A connected Landau diagram is an arcitlise·-connected landau 

diagram. A tri vial Ie.no.au diagra:n is a connected landau diagram itlith 

no internal lines.
18 

For each landau diagram D there is corresponding I~ndau 

surface 'Y() [D]. 'l'he slIT'fa.ee 'YY\ [:;::,] is the set of variables 

t. ) 
1 ' .. a.ssociated with the exte:::'~1,a:L lines of D 

.L. ) u., a. 
J J 

that satisf'y the (loop) equations 

L 0:. p. n' f = o , (all f) 
j J J J. 

the mass constraints <" 

2. 2 (all j) Pj == \-l, , 
J 

via associations 

(2 -.13 ) 

(2.14) 

(2.15 ) 

and the conserva:tion laws (2.12). A pe.rticular case of (2.12) is 

t·'1'~ momentum .. energy conserv~·.:1.tj.cn:.'..e.vT 

E. 
Jl1 

== o. (all n) (2.16) 



In E~. (2.14) njf . is the algebraic number of times the Feynman 

loopf passes along line· L: 
J 

in the positive sense, and the a. 

associated 'with each internal line L. is a nonzero number. The 
J 

J . 

associated with the external L. 
J 

play no role, and can be set 

e~ual to zero. Each p. ' is a real energy - momentum vector with 
,J " 

1'.0 >0. ,The part of' 11) [nJ·. that can be realized with all a's 
J 

positive is denoted by, 'm+[D]. 

A connection between Landau diagrams and bubble diagrams is 

set up using the following terminology. A Landau diagram D 

corresponding toa bubble b is a D with its external lines in one-

to-one correspondence with the lines of b. The incoming lines of D 

are to correspond to the lines terminating on b, and the outgoing ". ' . . 

lines of' D are to correspond to the lines issuing from : .. :b.The:internal 

lines of a D corresponding to a bubble b will be said to lie 

inside b. 

A D'e B isa Landau diagram D' that can be constructed by 

,replacing each nontrivial bubble b of B by a corresponding 

connected diagram, Dc b, which might be simply a trivial point vertex 

Vb. This Dc
b 

is re~uired to be such that rrn+[Dc
b

] is nonempty. 

Lines containing only trivial bubbles are replaced by lines containing 

no vertices. 

A contraction' D ::J D' of a Landau diagram D' is a Landau 

diagram D that can be obtained by shrinking to points certain of 

the internal lines ~ L. of D', and then removing all those lines 
J., 

L. 
J 

of the resulting diagram for which L.+ 
J 

and coincide. 

'!, 

-' 
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The d.iagram D j is consid.ered a trivial contraction of itself. 

A D:lC. B is a D such that for some Dr C B, D is a 

D ::> D!. The phre.se . B supports D means that D is aD:;, Co B. 

Thus, for example, the bubble diagram B of (1.4) supports the 

Landau diagram D of (1.3). Thie "ve:·m:'L::J.ology is used in the next 

section to describe the locations of the singLllarities of bubble­

diagram functions. 
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III. LANDAU SING1[,LARITIES, STRUCTURE TliEOREMS 

FOR. BUJ3BLE DIAGRAMS, AND TliE i€· RULE 

In this section we summarize some pertinent results obtained 

earlier regarding the location and nature of singularities of bubble-

diagram functions. 

According to the First structure Theorem of Ref. 13, the 

singularities of MB(K ' ;K") [divided by 

for any connected B are confined to the closure of the union over 

nontri vial D:') Co B of the landau surfaces In [D] .17 

A concrete representation for the surface ~[D] is now 

described. 19 

. The geometric significance of the loop equations is that the 

set of momentQm-energyvectors 

D.. 
J 

c 
fit together to form a momentum-energy space·diagram D that is 

topologically equivalent to the diagram D. That is, the directed 

internal line segment L
j 

of D leading from a ·vertex m to a 

vertex n (i .e., 

of D, where ill 
r 

€. .. = -1, €. = 1) is mapped to the four-vector 
Jm In 

D.. = ill - ill = 
J. n m r 

is the four-vector from some arbitrary origin to 
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the vertex iT of D. The al101ved values of the ill are those r n 

values such th?"'~, each vector (ill - ill ), €, I €, ! = CX
J
, PJ' €J'n I EJ'm I n m' In Jm 

is positive tiF.:elL"c:;. negative timelike, or zero, according t'o 

"hether CX, E. iE, I is positive, negative, or zero. This is just 
J In Jm 

the requirement that Pj be positive timelike. A typical diagram D 

is shovn in Fig. 3. 

Each diagram D corresponds to exactly one poi~t on "m [D], 

and each point of ""m [D] corresponds to at least one diagram D. 

The correspondence is given by the mapping function 

~(ru) L 
I mfn 

"here 

1: 
j 

ill - ru n m 

'ru ill' n m 
I-lnm ' 

and "here the denor.1inator is ithe Lorentz length 

. 
lru - ill , 

n m 
[ (ill _ ill ) (ill _ ill )] 1/2 

n m n m 

(3. 4) 

This length is necessarily positive for I-lnm J 0, since ill - ru n m 

is timelike in .L.' , 
",illS case. The terms "here ° do not contribute 

The vector ~ occurring in (3.3) is the total outgoing 

momel1t'Q.'ll at vertex V
n

, 
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_ ...... 
-".. - 'l: 

ex ,j 
,PJ' E. ) In 

where the sum over jruns over the j corresponding to external , 

lines of D. The Landau surface 'm [D) depends on the external 

Pjonly through these combinations ~. If no external lines are 

incident on vertex V) then n, - is re~uired to 'vanish. If exactly 

one external line;' is incident on V 
n 

then 
j 

,~_ is re~uired to 

satisfy the corresponding mass constraint. 

E~uation (3.3) is obtained 'by first using the conservation law 

.(2.16) to convert (3.6) to a sum over internal lines of D and then 

using (3.1) and (3.2): 

L 2: 6. 
, Pi 

~ 

~ = E. = E. 
int i J.n int i a. ~n 

~ 

= L E. L E. ill fa. 
~n :un m ~ 

int i m 
'1 

= - L m~n E. E. (ill - illm)/ai 
int i 

~n ~m n 

= >-= L , E. E. , (ill -ill )/a. ) (3.7) 
int i mIn 

~n . ~m n m ~ 

whe::-e we have observed that for a given internal i. only 'two values of 

m give a nonzero E. ) and that these two E have opposite signs. J.m im 

From (3.1) and (3.2) one obtains 

.' 

. , 



.. 
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1, 

which combines with (3.7) to give (3.3): 

L 2: IEim ail 
(ro 

~ 
n = E. 

min int i In 
lro n 

L L k. E. a.1 
(ro -n 

min i lm In l 
lro n 

ro ) m r-ti 

- ro I ·m a. l 

ro ) r-ti m (3.9 ) 
rol a. m l 

A point Cl(ro) of 'YY'I [D] such that the first':"order variations 

o Cl = (cqforo) oro generate the tangent sp9.ce to 'YY1 [D] at Cl(ro) is 

cal1ecl a simple point Cl(ro) of 'Y))[D]. If "til [D] is considered as 

a svxface in Cl ; {~} space, then the tangent space. to m[D] at 

a simple point Cl(ro) of 'm [D] lies in the linear manifold defined 

by 

(3.10) 

where 

q.(j) - L ~.ron - L ~t ro - a(q,ro). 
n n, r-t 

nr-t 

This follows from the fact that, at ro' = ro , 

ca[q(ro' ),ro] / cm' = 0 
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E<luation (3.12) is readi1y verified by su"bstituting the right side 

of (3.3) into (3.11) and taking the partial, derivative with respect 

to a component m T " of m T • 
nJJ. The vector m is, in this sense" a 

normal vector to "fY) [D] at a simple po:tnt <l(m) of 1m [D]. 

The mapping <l(m) is not one-to-one: All values of m 

that are related by changes of the origin or 'by rescalings of the 

a i give the same <l(w)", and are calleo" e<luivalent. It is convenient 

to fix the origin by re<luiring Em o. Then ill ' . in the = .J...les 
n 

same manifold as <lJ 1-Trrich is restricted b;y 
\' 
.u ~1 = 0; due to 

momentum-energy conservation. The scaling can be fixed up to a 

single sign by re<luiring that 

n>m i 
lill - (1) I m n IE 

in E. I 1m int i 
la.J).1 

1 1. 
= 1 . 

As already mentioned, the First structure Theorem asserts 

that the singulari ti_es of ~(KT ;K") MB(K)' for any connected B 

. are confined to the closure of the union over nontrivial D;:) c:. B of 

the Landau surfaces 1fY\ [D]. Let this union be denoted by mB. A 

simple, point of 'mB is a point such that a complete neighborhood 

of K in 'YY)B is generated by an ar"bitrarily small neighborhood of 

so;c:e l.m:i.<lue (up to e<lui valence) point ill, for some uni<lue nontrivial 

D ::' C. B. According to the Second strueture' Theorem of Ref. 13 such 

a point cannot actually be a singularity of J3(K) UI1~ess D can 

be realized by taking all. a. '1')'. ~ OJ wher'e 11.; is the sign of the 
1. 1. .L 

bubble inside which Li lies, or is zero in case L. 
1 

does not lie 
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inside any bubble of B. That is, we can require the a. 
l 

of J.ines 

Li of D!) C B tbat lie in plus (minus) bubbles to be posi ti ve 

(negati ve), but the a i of lines of D:::> c B ' that are also lines 

of the original bubble diagram B are allowed to be either positive 

t
. 20 or nega lve. 

, According to the Third structure Theorem of Ref. 13 the 

functions ~(K) lying on the two sides of the singularity surface 

at a simple point K of mB are boundary values of a single 

function analytic near K in the upper-half O'(K;K) == O'[q(K),w(K)] 

plane, provided at least one line of the corresponding Dj ~B lies 

inside some bubble b, of B. The sign of 0' is fixed through (3.1) 

and (3.2) by the requirement ai' TJ
i 
~ 0, which ,bas ,force only if at 

least one line L.' of D lies inside some bubble b of B. 
l 

In accordance with the Second structure Theorem we may 

consider the signs of the a. to be restricted by the condition 
, l 

a. TJ. ~o. 
l l 

Then the singularity at a simple point of mB can be 

classified as either a positive-a, negative-a, or mixed-a singularity, 

according to whether the various a
i 

corresponding [via (3.1) and 

(3.2)] to the singularity are all positive, all negative, or neither 

all positive or all negative. Thus if B consists of a single plus 

bubble, then all its singularities are positi.ve-:a singularities, but 

if B consists of a single minus bubble, then all of its singularities 

are negative-a singularities. The' positive-a and negative-a singularity 

surfaces corresponding to a diagram D both occupy the same position,. 

'Y'(([D], but the sign of O'(q,~) is opposite, and hence the two 
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continuations pa,ss into opposite half planes. A continuation in 

accordance "rith the rules for going ar01.,1.11d a posi ti ve-O; singv~arity 

"Till be called a continuation according to the plus-iE.. rule). 

w'hcreas. a continuation. in accordance vrtth the rules for going arovnd 

a negative-a singularity "Till be called a continuatim according to 

the mirms-iE rule. 

The flmction q(K) appearing in a[ q(K) ;w(K)]' 

is the expression for the ~ in terms of external vectors given in 

(3.6). One can also vrrite q as a function of, the internal vectors 

Pi as in (3.7). This gives) again via (3.2) and then (3.1») 

a[q(Pi»)W] -- L a (-0 )·w -n "i n 

The vector 

real vector 

precisely 

p. (m) 
l 

2 
I-li . 

= 

then we h2.ve 

n 

== >= L E. p .• (1) 
, In l n 

n int i 

== L 
int i 

int i 
p.' p.(m) . 

l -l 
::: 

is a rea1positive-ener~J vector satisfying 

Hence the minimw~ 

is restricted by 

w .. 11.1.e of 

::: 

D. 'p. (ill). "'Then the 
"'l l ' 

2 0. 00' u an p. > ) lS 
'i l 

'l'hus if all the a. are posi ti ve 
J 
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. That is: the functionO'[q(Pi)'w] takes its minimum value at 

Pi = Pi(w), 

Equation (3.14) has several-important consequences. Consider 

any landau diagram D. The "physical region" of D is the set of 

all points in the space of external variables such that there is a 

set of real associated with the internal lines of· D for which 

the mass constraints (2.15), the energy condition. P.O > 0, and the 
~ 

conservation laws (2.16) are satisfied. Equation (3.14) says that 

for any W corresponding to a point on~+[D] the entire physical 

region of D, considered as a region in q space, lies on the 

positive side of the hyperplane O'(q,w) = O'[q(w),w], except for the 

'. point of contact· q = q(w).· This fact was first noticed by Pham. 12 

It tells us in particular that the points of 1n+[D] are necessarily 

on the boundary of the physical region of D (a r:esult that is not 

always true on m [D] - 'rrt[DJ) and moreover that O'(q,w) increases 

(rather than decreases) as one moves from outside the physical region 

to inside the physical region at the point q(w). It follows from 

this that the continuation according to the plus-i€ rule around any 

positive-a singularity is such that it passes into the upper half 

plane in any variable z for which 5 q = (oq/dz) 5z moves the 

point q from m+[D] into the physiGal, region of D when 5 z 

is real and positive. That is, the requirement that 5 0' = 5 q·w 



be positive for positive 5 z. implies thr'J.t (dqj2lZ)'CD> 0, vhich 

means that for Im 5 z.> 0 one has 

5 Im a CD • 1m 5 CJ. = CD' (dqJdz)·-Im 5 z > O. 

Thus, the continuat:lon accorcLing to the plus-iE rule always goes 

into the upper half plane of a variable that is increasing as one 

moves into ~he physical region. 

The Iandau d.iagram DeB obtainec1 by replacing each bubble 

b of B by 8, point vertex ,;0 is denoteo. by DB. The function :r-.fB 

is not generally continuable past the singularity at B 'TY)[D J. 

Indeed, tb.e 2.pove result shm·Ts that the function MB vanishes on 

one side of 1rn+[DBJ but not on the other side. These two sides 

are called the unphysical and physical sides, respecttvely. The 

function :r-.fB evidently has both positive-q and negative-a singulari-

ties at Y~+[DB]) since the constraints ex. '1. 1> 0 alloVT for 
J. J. 

with either alla. 
J. 

positi ve or all nege,tive) since all the 

zero. 

D 

are 
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IV. DEVELOFMENT OF THEUNITARITY EQUATION 

FOR THE 3 - 3 SCATTERING AMPLITUDE 

Suppose the center-of-mass energy E of the initial (or final) 

particles is below the 4~particle threshold. Then the connected part 

.of the unitarity e~uation (2.6) for the 3 -)- 3 amplitude can be 

written in the form 

•• _ ___. •• _________ --- - --•• -.~ ... - _A, - ._, _______ • _________ ._. __ ._ •••• ~ • _. ____ ._. __ • ___ - - _._~ ___ ~ _ • .: _______ _ 

( 4.1) 

I -.- __________________ ••• _. _____ _ 

I . 

The unmarked summation signs in (4.1) and in the subse~uent e~uations 

refer to the external lines (incoming and outgoing) .. Those that will 

be marked "i" or "f" refer only to incoming or outgoing lines, 

respectively. These sums are over all topologically different ways 

of connecting the specified set of external lines to the rest of the 

bubble diagram. For example, the last term in (4.1) has nine contribu-

tions, whereas the fifth term has three: 

~B <-1: 
I 

=:EE + H5C +~. (4.2 ) 

.... _ ..... - ---_.-.'_._--_.--_.-. -~---.--~- .. --- -.------ '-- ... 
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The external lines} reacting from top to bottom: represent fixed 

variables (P .. t.), but the j.nternallines are subject to the 
-J' . J . 

sUlTLmation convention of Sec. II unless it is restricted by explicitly 

labeling an internal line by an integer. Thus, for instance, we have 

--------.-------~--
. ----.-' ----- . --- - ~--r~'--- --'-"-.-~'--.. 

where the number r on an internal line restricts the summation to 

Pbstmultiplying (4.1) by 

-- .... _-_.-.- .-~.-~.""'---"-- - ........ _ ... ---_._- .- ~ 

2 
-<>-~ 

=. --0- + 
. --0-

(4.4) 

aDO. simplifying by means· of two-particle un:LtarHy, 

we obtain 
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(4.6) 

[A detailed discussion of combinatorial question's is given in 

Appendix A. Our rules are such that the products of functions 

represented by diagrams such as (4.1) and (4.4) are always represented, 

simply as the sum of the topologically distinct diagrams that can be 

obtained by combining .the diagrams in the natural fashion. By product 

we mean, of course, matrix productj there is an integration (2.1) 

over the interI~al lines.] 

Again using (4.5) we may write 

-L~ 
f 0;' 

(-0 -:@E- L~)(5)-L~ 
f , f • 
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Application of (4.1) to the expression in the left parentheses gives 

••• ~-- -~-- ~¥' ....... ~.~ ........ -- - -~ .~ -~~- -- ..... -.- --. . 

~··+··Lh=(D 
, f 

+~ + 0=0 + L~)(~) 
f 

-L~+·~+L~. 
f· f 

(4.8 ) 

There is an equation similar to (4.8) but with the right plus bubble 

connected to the upper two lines. Substituting that equation into 

the last two terms of the right side of (4.8) .. we obtain 

~ ... _.-.--. ~"-"-' .-.--- --.-. -----.--------... --•. ~ -------_ ... 

·r:5+~~-(D+~ 
f 

• 
'. 
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E~uat1on (4.9) can be iterated by substituting the right side of (4.9) 

into the last two terms of the right side of (4.9). Iterating n 

times} we end up with the equation 

:EE$=+I:O: 
f . 

+~ + L'~)(~+~ 
f 

+ + ..... ~.~ ... ~) 
+~:·o.--ID: + ~··e .. Jtt: 

01 ... n 0 I·· .. n 

-2:(~+SS+~ 
f . 

+~+e··+~·:S 
o I .... n 

. ~ ... ~) ~~ .. ~:ttr 
+ ~ .. : .. .ID: +I~· ... lfl 

o I"· n f 0 I ···n 

+:E~'~o 
o I •.. n 

(4.10) 



· .... 

'-34-
. '. . 

Substituting (4.10) int~ {4.6) we obtain for any positiveintegern 

where 

.+ ~.n n n n 
M33 + rt +G + C + R = o , (4.11 ) 

G
n = ~~:::~ 
~~.0.--nI: 

o I .00 n 

, 

, 

+ + .... ~+'+ + + + 

~+ ···S ~+ + ••• ~) + ,,0 . + e.... 
+ +~ : o. + + + +.. • .. +, 

o I 0.. n 0 I ..... n 

~
~ .... ~ + .•• ++=L: .. + 

o I ,,',,.' n 
(4.12) 
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V. DERIVATION OF DISCONTINUITY EQUATIONS 

A. Discontinuities Across Singularities Depending on a Cross-Energy 

Certain Landau diagrams D are such that every continuous 

curve within D connecting any incoming line to any outgoing line 

must pass through one and the same vertex V (see Fig. 4). The 

Landau surfaces corresponding to such diagrams can depend on the 

total energy and on the various subenergies, but with a suitable 

h · f . bl th . d d' .' t 21 c Olce 0 varla es ey are'ln epen ent of all 'cross-energy lnvarlan s. 

Landau surfaces 1n[D] corresponding to diagrams D of this type will 

be called surfaces of type A. Singularities not lying on surfaces of 

type A will be called cross-energy singularities. The discontinuity 

equations for all cross~energy singularities 'of can be obtained 

directly from (4.11) and the structure theorems. 

The singularities of the various terms in (4.11) must cancel. 

Since + 
~3 is regular at points not lying on 1n+, the singularities 

of . .n an + cn + Rn 
Ii + . corresponding to a!s of mixed sign (mixed-a 

singularities) must cancel among themselves at these points.' As 

discussed in the introdu~tion, we shall assume that this cancellation' 

'\M+. among mix~d~a singularities holds true also at points of 111 We 

also assume that the surfaces 1'l"I +[ D ] corresponding to inequivalent 

basic diagrams D are nonidentical and consider points lying on a 

si~gle one of these surfaces. 

By virtue of the first assumption, we can, in deriving the 

discontinuities of + MS3 ' ignore the mixed-a singularities of the 

various terms in (4.11). According to the First Structure Theorem 



-36- ' 

the singularities of ME are ,confined to the l)nion over 'i}'l [D) of 

the nontrivial D";;) C B. Consider first Gn . [He sometimes use the 

same sym"ool to denote both ,the bub"ole die,g:t'am ana. its function. J, If 

anyone of the di$,gonal lines (If Gn is contracted to give "D, then 

'Yn[D) is of type A. This is because the ~hly'al10VTed diagrams in 

the 2 ~ 2 bubbles must have, as a consequence of the stability and 

the positi ve- (or negative-) ex ret;l.uirements, both incoming lines 

terminating on a common vertex and both outgoirig lines issuj,ng from 

'a common vertex. On the other hand, if any of the horizontal lines 

of G
n 

is contracted, then the tvro dj.agonal lines lying above or 

bela,", this horizontal line must also be contracted) as a conset;l.uence 

of the landau loop 8t;l.uations and ~he positive- (or negative-) ex 

ret;l.uirement. 'r'hus) all the positive- (~r--ne'gative-) ex cross-energy 

,singularities of G~ correspond to diagrams D in which none of the' 

,(~xplicitly appe~ring) lines of Grt are contracted. But for 

sufficiently large. n) the 'YO +[D] for such a D does not enter 

the region below the four-particle threshold. [This was proved in 

Ref. 22 by proving that for sufficiently, large n the classical 

point-particle multiscatterlng process pictured by D ,is dynamically 

impossible. ] 

A similar argl)ment shows that If' can have no positive-

(or negative-) ex cross-energy singularities, provided nis taken 

~v.fficiently large:,' " 

'1'he diagram s D:') c Bfor MB € R n have) for the Landau 

diagrams Db 
c 

corresponding to the 3 -> 3 or the 3 -> 2 minus 

v 
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bubbles) either a point vertex Vb or a nontrivial. diagram with 

internal lines. In the former case1U[D] is of type A. In the 

latter case) the fact that D contains some line tr~t lies inside 

a minus"bubble means that the of at least one· line of D must 

be negative. Since ·all cx. must have the same sign) this universal 
J. 

sign must be negative. Thus) the (j of the Third structure Theorem 

that defines the continuation past this singularity of Rn is the 

negative of the (j associated with the same singularity of 

That is) the continuation around this singularity of Rn follows 

the minus-iE rule. 

We w~y now derive the discontinuity of ~3 across the 

singularity corresponding to the landau surface nt[D] associated 

with any diag~am D that may be formed by contracting to points 

the bubbles of a bu"j;)ble diagram. BD having labeled lines that 

represents a contribution to rf. For example) the diagram 

corresponds to the contribution to C 
n 

M8D=~. 
. 2 6 

4 
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Accordi.ng to the remarks at the end of Sectiop III the term 
J3 

T(n) - M D isa threshold term present in (4.11) for points on 

. the physical side of 'm+[DL' 'but absent on the unJ?hysical sid.e. 

'If one takesECl. (4.11) on the unphysical side and continues around 

the singu.larity in accordanc~\'d.th the minus-iE rule) then R~' is 

continued into the same function R
n tl:1..at occurs on the physical 

-I- . 
side of the . if! [D]) by virtue of the ~[lhird structure Theorem.' 

HOvTeVerj the function is continued to its -va,lue underneath 'the 

cut (or underneath the pole). T'Ilis continuation is denoted by 

M;3 (:0-). The remaining terms are not singular at the point in 

question and are therefore continued into the same functions that 

occur on the physical sid.e of 1Y(-[D]. Thus) the cl:l.fference bebveen 

the continuation of (L~.ll) from the unIlhysical side and (4.11) 

. evaluated on the physical side of 'X'ft[D] gives simply 

+ 
~~3 .- :::: T(D) • 

That i.s) the dj.scontinuity around the sing'l.1~arj_:ty surface m+[D]' 

11J. 
is just M • 

The essential point in this method is tr~t the ex~pansion of 

+ 
~33 

. . 
be such that all positive-a contributions to the singularity in 

. + 
question that are not in ~3 . itself are contained :i.n a "threshold 

term"} which is a term that contributes on only one side of the 

singularity surface in question. This j_s the key point of this p9.p2r; 
.J.. • 

The surfaces try [D) consi.dered above are not the only 
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positive-a Landau surfaces that are not of type A. Other D's can 

.be obtained by inserting some internal structure ~::1 some of the plus 

bubbles of a bubble diagram corresponding to a term of en.· The 

stability and positive-a re~uirements, together with the total-

energy limitation, allow the insertions only of chains of the form 

(5.3 ) 

where the Landau e~uations re~uire that the sum of the masses of each 

link of the chain be the same. Since the Landau surfaces corresponding 

to such a. chain do not depend on the number n ~ 1 of closed loops, we 

can, without loss of generality, limit the chains to a single closed 

loop. Then, we obtain, for instance, the Laridau diagram 

(5. 4) 

In order to obtain the discontinuity e~uatioh for the cut 

starting at 'Y'() +[D
l 
L and also for later use, we nOIoT cast the unitarity 

e~uation j.nto a form where only the scattering amplitude itself and a 

threshold term have a positive-a singular.ity corresponding toa given 

normal threshold. Let us introduce the decomposition 
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. - ~ ~ .~ .. -~-.---... .. .......... ~ .. -~ ~-'-"""'~''-'"-'''''' .... ---..;.. ... ~--- ~,.-- .... -.--.-.. -.-~~ 

p. 

• + 

Q. . 

.' (5.5 ) 

~. -.,. "7 --;-c· ...... ---......... -... ,--:-- '.--:-------..-:----.-... ~-.....,-----.--- --··~·---7-----_;:·~·--· --- -----.- . 

where the P. (or Q.'l ) bar restricts each of the ·sets of particles 
. l ... 

corresponding to the lines intersected by the bar toa set r~ving a 

sum of rest masses greater than or equal to (or smaller than) a given 

mass Mi" Using (2.9) and (5.5) we can write (2.6) in the form 

~ ~ ·'1. 
~ +WC~,= -~+r-)= 

. , p. 

=-~ 
p. Q. 
~.I 

=-~-~. (5.6) 

Instead of the bars we often use the more compact notation exhibited in 

• (5.7) 
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Denoting the center-of-mass energy of the incoming ::>3.rticles by E, 

we see that only the second term on the right side of (5.6) contri­

butes below E :: M.. We define the i box by the equation23 
l 

+ 

Q. 
~ I I 
~l ~ o 

for both E < M. and E > M .• [In this equation, and those that 
l l 

(5. 8 ) , 

follmv, E is assumed to be belo,", the four-particle threshold. ) .An i 

box is related to 1 bubbles in the same~ay as a plus box is related 

to plus bubbles. Thus, 've have 

-QJ- -0- , (5. 9a) 

B ,=0= + 2:+ (5.9b ) , 

=cr' =0=' , (5. 9c) 

B g , (5.9i ) 

D I + ,+ -0-o 2::GJ: 2:-0--<>- ' -<>- • (5. ge) 
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The ffu'1ctions represented by the i bubbles .Till be denoted by , 

Mi(K! ;K"). These functions depend on the mass Mi associated with, 

Q.i· ,The 2 -> 2 i bubble in (5. ge) is defined by the required· 

vanishing of the various disconnected parts of (5.8). The 

disconnected part equation 

+ 

I 

~ .. -.-.-.. ----.~- .-." ... -- ~.*.--- .... ~- . .......,--. _. __ .*_. __ ... _- .. 

Q. 

=0 I' 8:: = 0 --=+-. 
, , ,is erruivalent to '~', ' " , 

",.~ __ .. ..-:._~ __ ..:.-... _____ ..,....,f ____ ______ .. _ • ..-.. .... _ •• __ ... ____ •• __ ..... 

. ..... -~ .. ...:.~ ... -.---...... --......... -.--~--- .... - ......... - '--' ..... _.:_----.•.. _ ... ------ --...... '-..... =:--.. -'~'--~.---~-.-- .. ...,-... --.~ ---............... ---' .. '-----

Q~ 

rr + E 
, ' I 

+·~=o 
.... ~----. --. -.-.... --.... .-,-- - -~--.--

..... --.-.---- .,...--.- --

if the mass M!. associated with the Q.!~ of (5.11) is related to 
1 ~ 

the mass M. associated 'with the 
1 

of (5.10) by M'. 
1 

where I . .t. is "the rest mass of the spectator particle in (5.10). 
1 

. iE 

It is shown lnAppendix B that (5.8) can be solved for 

by using Fredholm theory and that· Mi(K! ;Krr) 

continuation past the normal threshold singularity at 

has a minus 

E = M .• 
1 

This result follows formally directly from the iterative solution 

, .------" --'-_ .... - - -- .. - ---- _. 

-0 + 

-',--.------:------. ~' ...... ----.---r--.-. -.- - .~-. - ._. __ , ____ ., . __ ---.--_ ... 
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. where the subscript C indicates the connected p?yJs 0," "~he expression 

in parentheses. For example) in the 2 -> 2 case (5.12) becomes 

o· o· o· I I I 

.=8==-=8= + =o=tB=-~+ .... (5.13) 

Let B be any term on the r:i.ght side of (5.13) and consider the 

normal tp..reshold corresponding to the Landau diagram D 

. I 

>ex 
2 

where M. 
1 = Because of the Q

i 
proj ections any D ~ c B 

must have negative a's associated vrith its lines. Then the Third 

Structl1.re Theorem prescribes a minus-i.E continuation past the 

singularity of J3 at "YY\+[D]. ThllS each term on the right of 

(5.13) must follovr a minus-iE rule past this normal tp..resho1d. 

Similarly} it fo1loVTS from (5.12) that has a minus-iE 

continuat:i.on past the normal thresholds corresponding to the diagrams 

I , 'KX , 
2 

where we put M. eqyal. to ~l -I- ~l2 + ~3 or ~l + ~2} respectively. 
1 1 

These results can be tJ1.ade ri.gorous by using Fredholm theory in place 

of (5.12 )} a~ • .:> is shmm in Appendix B. 
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'From (5~6) and (5.8) we obtain24 

--"- - --_.- .• • ~ ~.- ... r.~ ..... -... ._r_._._ ............ '~ ....... - ....... _._ .. __ .. ~' ..... ___ .. r ... _._. _...._. .... 

------.~. -------. -. '-- .. ----.------ - --:-~-- -- ---o--.--~.. -- -- -----... -: __ ... ---- .. - .. --"----- __ .-.-_ - , -.- -.--. -: .... - ,.......-- .. ,_ ... ----_ ..... 

and also 
_ • _4 _ _ .... ~w. __ ... _ ~. ___ ~. __ ~~--

............ ____ ._ ............ _ _____ ...... ~ .... __ .... ___ ..... _. d# 

-Q. 
-, I 1'+ -. . -. 
(+1-/ i)=-(~ + 0). 

Comparing (5.16) and (5.i7) we. obtain 

----.-~----.---- ~~ ---. --_ .... --~ - -.. ~--..~-. - .. --- --_ .... 

. p -. - Q . 
. - I I I -... I I . I I I 
~ + I i .~ =- _ + /-} + ~ -I i ~ 

. 7 

=({!)+0)+(~O -0) 
-~-0 

=0+0=0+0 . 
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In Appendix C we show that 

0" Q. I I I 

~-I i~=~ II~~ 
.0 

Using (5.19) one obtains also (5.18) with the i box and plus box 

interchanged on the left side, and hence also 

. P. 
I I I 

~+Ii~=~ • (5.20 ) 

_.L_ . __ ~ ____ ._......--__________ ...... _. ___ . ....: ____ . ____ . ______ . ____ . _____ ~ __ . _______ _ 

It follows from (5.11) and (5.19), and from (5.18), (5.20 ), 

and (2.9), that 
.-~-~-_____ .• - ______ •. _____ ._~_ __ ~ - .. " - ._ •...• "._, _. - -"_. _____ .. __ .• ___ • w._""' ___ • __ • _____ • __ .". 

'. '. OJ . .OJ 

:::Q:: + :::0:: = -_ = -=+ 
and that 

. P. R 

. =0= - =0 = Bt0=~ 
• 

In (5.22) only the first t.erm on the left side and the threshold term 

. on the right side .have a positive-a singularity corresponding to the 

diagram (5.14) where M. = 
. J.. 

i 
1-11 + 1-12 ' This shows that M22 is the 
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, , 

+ continuation of :V~2' below this, singularityandtbat the discontinuity 

is the right side of (5.22). 

Returning now to the problem of the discontinuity around 
• .1.. 

1Y)' [Dl L where . Dl , is defined in (5 .Ij.), we use (5.22) to expand the 

. relevant term T 
n . 

of· C as follows: 

. Setting 

;n' 
3 5, '-:--:-+ + .. ,' 

4 

< 

p. 
I 

····3®10.'k 
-&+ 

4 • 
. . . . ________ ._,. _ ... __ .. __ ._. __ . ____ . _______ · ___ ·_~ _______ ·_~-··"'_u ... . _._-______ ~ 

M. 
1. 

eq,ual to' ~ + hl2, vre see that the first term of this 
. + . 

expansion has a minus iEcontinuation past the surface 1Ti [Dl ] for 

just the same reason·that Rndoes. The second term has its threshold' 

I 

Therefore ,,,re obtain in the same way as before the 

discontinuity' eq,11ation 

h. M!: = T (D
l
}, 

' • -1)1 )3 (5.24 ) 

where 

P. P. 
I , 

~ 
4 • 

The method given above can be generalized. Any set of 

inner plus bubbles (that is, plus bubbles not standing at the extreme 

right or the extreme left of the bubble diagram) of any bubble diagram 
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T corresponding to a term T of en can be replaced by closed 

loops) while -the remaining plus bubbles are contracted to points. The 

corresponding discontinuity of + 
~3 is then given by T with every 

plus- bubble corresponding to. a two-particle closed loop replaced by 

p. P. P 

~=~ 
.~. ~ , 

, -,----.. --..!----:...-.. ....... 

with the index i referring to the sum of the rest masses of the 

two particles in the two-particle closed loop.' 

B. Discontinuity E~uation for Normal Singularities in a Sub energy 

To derive the discontinuity of ~3 across m+(D2 ] where 

o =~~----, 2 

we first write ~he first and fifth term of (4.1) in the form 

. Q. 

o + I::G:E = B + B+B-
p. 

I 

+~ + ~+ 0:3<:. 
Substituting (5.28) into (4.1)) postmultiplying the result by 
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_ ........ ~ •. __ ............ -..._ .• !...~ .• _. _..:.. ..... _._' •• -:~_-:-". ____ . _____ -,.-.. __ • ,-___ .-..... ........ , •• w._:... __ ... 

=fm , 
-.-.. "-::~-'.'--" ~ '--'- ~--. -

and using (5.21)) vTe obtain ... 

. . .... ~ ..... 

B" -~ +·R1=O, (5.30) . 

,.;here 

. . 
• _____ ~_:... __ ._ '_ ... __ __. __ • ____ .,_-.._ • _____ • __ ._ ... ___ ---""~ _._ .... 0.. __ ....... _._._._. __ :; __ • .:. __ • ____ ~.~.. _.,_ ",_ • ___ ~ ___ ._. _. ___ ~ ____ • ------- _~M ... _____ • ______ ---

Again setting M. e~ual to 
~ 

25 . 
~ + ~2' we see . that the only 

terms of (5.30) that can support D2 with all a's positive are the 

first and the second; . Thu8we obtain
26 

.. 



. .> 

C. Discontinuity Equation for the Ice-Cream-Cone Diagram 

To find the discontinuity of + 
~3 across where 

.• _ ••••• _. ____ .•• ____ . ________ ••• _. __ .' •• _____ . _____ ~" J. _~"_. ___ , •. ' 

, 
, .~-. -.-.----.~ ,-_. ~---.: .-.,-'" . 

we first substract (4.1) from (5.30): and obtain 

P. 
I 

B I <Ir + R 2 , 

. where 

R2 =(0 + B=Q+ ~ 
Q. 

+ L :r±rQ + L ~)(~) 
Qj 

+~. 
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The diagram R
2

' Call-l1ot supportD
2 

wj.th ali' a 1 s Positive. 25 

.' '25" 
Substituting (5.34) into the second. term or (4.6) l-Te see that the" 

only terms of (4.6) that can s~lJ.pport D3' with all , a ' s , positive are 

and 1-lhere 

is a threshold term., Thus we obta:Ln27 

. ;. , '," + 

, ,tn3 V~3 

(5.36 ) 

D. 'DiscontinuityECluation for the Extended Ice-Cream-Cone'Diagram 

Consider the landau diagram 

5 9 

:~4n '-ClO -I ' Ily'(k/: C> 

D4 = C> 0--'" 0 (5.38 ) 
3 7,. 0 II 0 (> 0 ,n 

Substituting (5.34) into the second term of (~,.ll) "le see
25 

that the 

only terms of (4.11) that can support D2~ with all a's posj.tive are 

ahd 

e " (> n 
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,is a threshold term. It therefore follows that 

(5 ~ 40) 

Similarly, by combining' (4.8) and (4.6), or (4.8) and 

(4.11), and then substituting (5.34), we find that the discontinuity 

+ of 11)3 corresponding to the diagram 

--•. ---- ---...... ~- .- "T"-.'- "-.~ . __ • - - '¥' _ ......... ~-•• ---- •••• '. ~- •• --_ •• 

o 

. 5 9~' . . I . . 000 

~> 6+4m 
. :3 7 

(5.41) 

is given by 

--- .. ------~ ....... -.-...... --:-- .. - -

. '. Pi 0 I eo. m ' 

~~oo+ , + 6 10 °Oe6 + 4 m 
+ + 000 + e 

. 3 . 7 
(5.42) 

Any set of simple inner vertices (defined in the caption of 

Fig. 1) of any of the diagrams (5.38) or (5.41) can be replaced by 

a corresponding set of two-particle closed loops. Then the corre­

sponding discontinuity of ~'Z is given by (5.39) or (5.42) with 
):J 

eve~f plus bubble corresponding,to a two-particle closed loop replaced 

by the expression (5.26). 
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:E. Discontinuity Equation for Normal Singularities in the Total Energy 

The problem is to find the discontinuity of 

o iI\+[D5~ and 0" m+[D6]"" where" 

" 0 " 

.......... - .. - .. -..:.. ... --_.- ~,------.-.---.- -.- ------.---~;....,...-.. 7" ~-~:;'-;--..;..-r---"":'.-----:.-----.- . 

around 

. ,,'. " 

The -i (or F) box was defined in (5.18). "By virtue of (2~9) 

this definition is equi"valEmt to 

=-0+ 0 c 

The connected part of the left side of (5.44) is denoted by 

._,._-_ ........ ---~-- .... - ... . --. 

It then follows from (5.18) and (2.11) that 0 

(5.43 ) 

(5.44 ) 

.'~' 

.' ~ " . . 
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. P P. P. 
~· .. III~ 
-~=~+H(+ 

P P. 
~ 
~ 

p 

+~ 

. P f? 
I I~ + ~l-i( + • 

-.-.. __ ._-------_.-.-----_.- .. ------~ ... ----"-_._-- -- .. -----.-.......--.~--~ .. ----. - -" .. -- - - ~- ----.. ---.---... --.~- ---- ---- -----:-----~.-

(5. 46 ) 

. Using (5.20) we can write the connected part of (5.18 )'in the form 

p. 

which gives 

f? p 

-~ p.~ , . . 

= -i 
R P. 

+ (~-'i f ~o~ ) , 
c 

where the subscript C indicates the connected part~ Substituting 

(5.47) and (5.48) into (5.46) we obtain 



./ 

__ . __ .... _. _ ... _. ~. __ ~._ . _ --' ___ ,_ .. ~ .... __ . ___ ",_ ... _____ ._ .. ~ ... _. __ ~_"_ __ ~_ .. · ............ _H_. __ ~ ___ ... _ "._ 

, 

vihere 
- _ ...... _- ... _,-., .......... _.--' .. --- .- --~~ .. ,-. ...,. _._-----_ ... ---- --------"--" .. 

Ff 

-~-
• ____ ~. _H • ___ ~'r....-. ",_ , ••. -- .~,. •. ~ 

For the special'case of three ingoing and three outgoing 

particles) the terms on the right side of (5.49) are given by 

- - - _~. __ - • __ '4 _____ ._. __ .:.:.... _ ", __ ...!. ___ • ______ .•• ___ " •.•• ... ~--.---.-----.--~ .-.-~--- .. 

p p P. p. p.' p. P. 

~=~ -~ - BIIQII~ 
p. p. 

-~ 
P. PI" 

~ 
+ 

P. .=0iG= P. P 

=8 i' (i)+B= (5.51 ) 



and 

'Equation (5.22) is used to obtain the fif.tb, te~m of (5'.52). 

The only terms in (5.49) that can support. D5 

all ex's 
+ '. 

positive are ~3 and the first term on the 

or D6 with 

right' 'side. 25 

Thus, we obtain 

and 

+ 
6 0 M33 

6 

p p. 
I I 

, 

where we set M. equal to u... + /.l + ~ in (5.53) and equal to 
l ' ~ 2- ~ 

!l4 +!l5 in (5.54) and we assume th9-t f\ + !l2 + ~ f !l4 +!l5 • 

For !ll + !l2 +!l3 = !l4 +!l5 the discontinuity across m +[D5] 

1yr1-[D6] is given by 

(5 .53) 

(5.54) . 

= 



p. p. 

-----~ ~~ + 

+ + 

----------: _.- -";""---.-, --_ ...... -',-.--_. .. ...,. -'''''-- - ---~.-- ...... _--_ ..... -.. . .... 

F. Discontinuity Equation for the 3.- 2 and 2 - 3 Amplitudes 

The ,3-2 and 2 - 3 amplitudes have no physical-:region 

singularities depending on a cross-energy invariant. The discontin-

uities of these amplitudes across their singularities are given by 

formulas completely analogous to those obtained for the 3 - 3 

amplitude except for .the change in the external lines. 

G. Eq.'ui valent Diagrams 

The Landau svrfaces 'corresponding to equivalent (but not 

id~ntical) diagrams coincide. The iiscontinuity formulas given by 

the rules (1.2) of the introduction have partially taken this into 

. accov,nt: since a summation over all particles of the same mass Mr 

is implied for a line labeled with the number r. However, the sum 

Oi' 'she rest masses: lv'f'l +~: of the particles in a two-pa:rticle 

cl.o::;ed loop may be equal to the sum of the rest masses, Mi + M2 + M3 : 
of -:;he particles in a three-particle closed loop.: or it may be equal 

to the sum of the' rest 'masses; M" 1. J ~: of another 

set of particles corresponding the the two-particle loop. The rules' 
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(1.2) do not cover such cases. In the derivations given in this 

section the possibility of e~uivalent diagrams is not excluded: and 

the results cover these. cases also. They give: instead of (1.2), 

the more general rule 

P. 

+ p. 

4> > 

P. p. 
. I· I 

8 -i (~ II (5.56) 

~ 
These rules are e~ui valent to thosecif (1.2), if there are no", 

e~uivalent diagrams of. the type just mentioned and provided the 

M. corresponding to the bar in (5.56) is set e~ual to the appropriate 
J.. 

sum of the masses occurring in (1.2). 

It is understood here, as it is in the discontinuity formulas 

derived in this section" that the bubble-diagram functions on the 

right side are evaluated just above their threshold. We shall see 

in the next section that if this restriction is relaxed, then the 

rule (5.56) can" in some c,ases, give the discontinuity across a whole 

set of cuts. 
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VI ~ DISCONTINUITY OF THE SCATI'ERING AMPLITUDE 

,AROUND SEVERAL CUTS 

The methodused in Section v to derive the discontinuity' of 

,M;3 across a single Landau surface can' be generalized ,to give the , 

28 discontinuity across several Landau ,surfaces. 

Consider the set of Landau diagrams 

o = 7 
, (6.1) 

where the unlabeled internal lines correspond to all possible types 

of particles that ,are compatible with the conservation and mass 

, constraints and which satisfy the re~uirement that the sum of the 

masses of the particles corresponding to the lines cut by the Pi 

bar be greater than a given w~ss M. " The only terms of (5.30) that 
l 

can support a Landau diagram of the set D with all 0:. positive 
'7 l 

are the first ' . 25 and the second. . On the unphysical side of all the 

. + ' 
Landau surfaces "m[D

7
], E~~ (5.30) is = O. If this 

'e~uationis continued to a point tr,at lies on the physical side of 

all the Landau surfaces m +[D
7

] in i3uch a way that Rl is continued 

int:::, itself~ then M;3 is continued around 'm+[D7J according to a 

minus-iE rule and into a function de~oted by ~3(D7). Subtracting 

the continued e~Uation.from (5.30),we find that the discontinuity 

M33 - ~3(D7) is again given by the right side of (5.32). 
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A similar argument) based on the formulas of subsection V.E 

',shows that the discontinuity of ~3 across the set of Landau 

surfaces corresponding to the diagrams 

, 

p. *} (6.2) 

',' -.. --- ---. -:--------- --- ---._-.,. .. ---.---

is given by 

.. ,._- ~--"--'- ~"'-"--'---:----------'-'-'-'---""''7 ---... ----.., .. ----"--...,-- ----.-.-- ---,-...... -.-- ----

. The same procedure also works for nonnormal singularities. 

Consider: for instance) the set of Landau diagrams 

- - -- - ~----------.-- ~-- - - -- -- ... ~-- .-- -- - --
p. 

I 

;<P\ (6.4) 

The discontinuity ~3 - ~3(D9) across the set of all cuts that 
. . ~ 

begin at the Landau surfaces 1Y)' [D
9

] 

defined in (5.25.)) provided we remain 

is given by the function T(Dl ) 

in the region where~3 (D9 ) 

has no mixed-a singularities corresponding to D9 or to the contrac-

tions of This restriction is imposed because the, Third structure 

+ (-) + ( ) Theorem cannot be used ,to continue the right side of ~3 D9= ~3 -T Dl 

into itself around such mixed-a singularities. 
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Finally) let us examine the total discontinuity of ~3 

across all normal thresholds in the total energy or in a subenergy. 

Consider the set of diagrams 

- ... ~ .. -.-."-~ ....... ----~------ -- -... -. -~ - ..... -----.- .. -.... ~--, .. ~.;. -' -.~----=-.--------~-- .--... _---- -----_ .. -.. 

, (6.5 ) 

where the unlabeled internal lines correspond to all possible types 
" , 

of particles that are compatible with the conservation and mass 

constraints. This set is composed of the subsets 

, 

and 

" 

where we choose Miin such a way that 

Q. 

~} 

E = M. is the energy 
1 

(6.6) 

corresponding to the lowest normal threshold lying within the physical 

region of (Thus) the normal thresholds corresponding to the 



.i 
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diagrams -D! 10 lie outside or on the boundary of the physical 
..L 

region of M33 .) We define 

(6.8) 

The argu.ment \vhich led from (5.46) to (5.49) also works if we 

replace -i by a minus sign and omit the P. bar in these formulas. 
~ 

Then) Eq. (5.49) becomes 

fl= 

where 

(6.10) 

+I~ + I3Z: -IZ). 

On the unphysical side of the set of singularities corresponding to 

D" we see that 10 
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'~'--" - .- ------...... -... --- ,,--.-........-...-~- --~~. - .... -

+ 1- . 
·.M (D IO')= 

33 ' 
==t"R'l= ~, (6.11) :ii. 

- - .. -...... -.. ~---.-.--- ............... .,...----~~------...,'----,.-.--~-,. -.-. -. --- ---------.. --

-~ . -. -,-- "._- ---

where we have used: (6~ 9) 0' If this equation is cont inuedto a point 

which lies on. the physical side of the surfaces. 'Wt[D10J in such 

a way that the right side of the equation is continued into itself} 

then ~3(D'io-) is continued below the cuts corresponding to 

m [D \0 J and into a function denoted by ~ 3 (D~O) .25 Subtracting 

. the continued equation f~om (6.9) we obtain 

, . 
,~-.-. ~ ~--'~ -.---.,:--.-- .. ------...:-.-:----~ --.- .-. -.. ----: -

~) -c:E'. (6.12 ) 

. Eqy.ation (6.12) gives discontinuity of JY;3 across all the Landau 

S1,;XIaCeS rn+[D
10

] provided JY;3 (D '1;) can be regarded as a 

continuation of ~3 to some unphysical sheet. 

With a similar proviso, we find that the total discontinuity 

ac~oss the singu~arities corresponding to the diagram 

. (6.13) 
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+ M+(D-)--~ M33- 33 II - ~. ~. (6.14) 

. _ .. -- ---.. --.-----------~.--- - --_._-... -~--. . . -~--.- ... - -'.---'--
. _ .. - ----.~--... ---. - -..--_.---_ .. - ._--------_.-..... 

Equations (6.12) and (6.14) can be regarded as just definitions of 

M;3(D~O) and M;3(D~1): respectively. The nont:rivial aspect .is the 

result that these functions have minus-iE continuations around the. 
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Appendix A. Combinatorics 

1. Cluster Decomposition of the S Matrix 

For bosons the cluster decomposition property of the S matrix 

is expressed by 

M(KT; 'K") = L M (KT; Kif) 
P 

.' P 
(A.,la) 

and 

N p 
M (K T ;K") = n· ~(KT KIT) • 

P .' s=l' . ps ps . (A.lb) 

The sum over pis a sum over all partitions of the set of variables 

(K T; K") into dis.j oint subsets. The set of variables (K', 'KIT ) ps: ps 

is the sth subset of theEth partition. The Eth partition has 

altogether N 
P 

slJ.bsets, and the first partition: p = 1, is the 

unique partition with N = 1 
P 

and t" _ KIT. 
11 

The cluster decomposition is graphically represented in terms 

of bubble diagrams. A bubble with a plus sign inside represents the 

connected part, M (KT' . K" ,), of the S matrix M(K' : KIT ), 
1 ps: ps,' ps' ps ' 

Then, M(Ki; K") is represented by a sum of terms each of which is a , 

column of plus bubbles. (The set of bubbles includes trivial bubbles: 

which are bubbles connected to just one initial and one final line). 

Countir.g is i~portant, There is precisely one term for each 

topologically different way of connecting a column of plus bubbles to 

the · t f ... 1 l' . f' d b (K I~. KIT). The topolog4 cal g~ven se 0 eXverna lnes specl le y , • 

strD.cture is determined completely by specifying the grouping of the 
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external lines into subsets. The lines of each individual subset 

(K t • Kit ) of external lines are drawn as emerging from. a single ps) ps 

bubble. Two diagrams that differ only in the ordering of the bubbles 

in the column are not topological.ly, different. Similarly, two 

diagrams that differ only in the orderip~ of the lines emerging from 

any given bubble are not topologically different. This latter fact 

allows us to always draw the diagrams so that the lines emerging from 

any given bubble never cross. However, lines emerging from different 

bubbles may cross. Atypical term will thus have a structure like 

that shown in Fig. 5. 

2. Coupxing the Intermediate States 

Here K 

The QDitarity eQuation is 

L M(KI;' K) Mt(K.:K") 
K 

. 

= 

(Pl' 

t. ). 

t l , P2,t2, ···:Pn,tn ) is a set of variables 

The sum over K includes a sum over all n. 
J 

(A.2 ) 

For 

each n, each of the n indices t. 
J 

is summed over all possible 

values. ' And for each value of t. there is an integration over all 
J 

values of . p. satisfying 
J 

12.beled by unordered sets 

2 = fl ' j 
2 

- f.L (t.). ,J ' 
The states are 

That is states labeled by sets K 

that differ ,only in the order of the variables ofK are not counted 

as different. Thus, one must either restrict the range of integra,-

tion by some normal ordering convention, as in Ref. 15: or divide by 

n!. Let us temporarily adopt the latter method, so that there is no 
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restriction on the range of integra:tion. Then the summation on the 

left side of (A.2) can be Ivritten in the expli.ci t form 

L = 
n r 

K j=l 

x 

1 
n! 

l~ 
d p 

n 
4 

(2rr ) 

" T 1." 

[ r r 
t =1 t =1 t ",1 

1 2 n 

4 
Q" n o 2 2" ~2 

2J! e(Pl ) O(Pl - fll ) ---r-h 
(2n) 

(A.3 ) 

Here n is the number of lines in the intermecliate state: a.ncl 1." is 

the number of types of particles. The momentum 

yTith line j and also yTith the type variable . t 
j 

'be i·rritten as p.(t.). 
J J 

is associated. 

and c~n therefore 

When He transcribe un:i.tar:i.ty (A.2) into bubble note~tion: I·re 
• 

find that topologically indistinguishable die.grams occur. That is: 

even though the individual. M functions are expressed as a S1.1m of 

topologically different diagrams: th'e topological product of these 

diagrams conte.ins diagrams that are not topologice~l1y clifferent. The 

topological structure of a contribution to the product is specified 

by specifying first which subsets of the set of O'\).tgoing variables 

K! are grouped. together (:i.. e.) a:::'e attached to a coril.rrlon bubble) and 

which subsets of the set of incoming vad.ables K" are gToupeel 

", tQgether. [The various variables of K' and K" " are alv2.ys 
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considered as distinct and identifiable. One can) for instance) take 

all the Pj in Kt and Kit to have different fixed values.] The 

various groups of incoming and outgoing variables can be labeled by 

indices i and f) respectively., These indices i and f label) 

then) the bubbles of the right and left columns of the product. It 

is important to note that this,labeling does not refer to the position 

of the bubbles in the column but rather to the sets of external lines 

connected to these bUb.bles. 

The number of lines connecting bubble. i to bubble f is 

called Nfi . The topological structure is specified by these numbers 

N
fi

) together with'the specifications of the subsets of incoming and 

outgoing lines labeled by i and f. 

Bubble diagrams of the same topological structure give 

exactly the same bubble-diagram functions. Thus) the product on the 

left of (A.2) can be expressed in the form 

F(K!; Kit) = L cBMB(K!; XI!)) 
B 

(A.4 ) 

where the sum is over all the topologically different bubble diagrams 

B contained in the topological product of the two boxes. The' 

coefficient c
B 

for a diagram with n internal lines is N~n!) 

where NB is the number of diagrams topologically equivalent to B 

in the topological 'product of the two boxes) and the factorl/n! 

comes from (A.3). The bar on gs indicates that) contrary to the 

convention adopted in the main text (see below)) the regions of 
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integration are not restricted by any ordering convention, but are 

as given in (A.3). We shall show immediately that 

NB = n!/rr(Nfi )!· ' (A.5) . 

This result gives 

c - ljrr (N~i') !, B." 
(A.6) 

the. product being over all pairs (f, i). As usual one takes O!' = 1. 

To derive (A.5) one first labels the intermediate lines in 

accordance with their topological character: Each line is labeled 

by a uni~ue triple (f,i,m), where f and i label the final and 

, initial bubbles that the line joins} and for any particular values of 

f and i the m in (f}i,m) is an index that runs from I to 

Nfi and specifies the particular one of these Nfi lines. There 

. is also the .index J that runs from I to n, ano. identifies the 

n variables of K = (PI) t l ,P2' t 2,···, Pn' t n )· 

For definiteness} one may specify that the ordering of the 

lines of any box reading from top to bottom is the same as the 

ordering'of the associated v-ariables of the corresponding set K. 

Thus, j' specifies the geometric location of the intermediate line Lj" 

reading from top to bottom of the box.· The index m of (f) i}m) , 

may also be considered to specify the position, reading from top to 

bottom, of line (f,i,m) relative to the other lines of the set of 

lines r
fi 

that joins bubbles i and f. The condition imposed 
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earlier that lines attached to a given bubble do not cross within 

the box insures that the ordering of the lines of r
fi 

iswell­

defined; the relative ordering within one box of any set of lines of 

r.t:>' is the same·as the ordering of this set of lines in the other 
.Ll 

box. This condition that the orderir~ of the lines r
fi 

be given 

by m is, however, the only restriction on the ordering of the 

intermediate lines; one read·ily confirms that the various intermediate 

lines: as identified by their topological indices (f,i,m), can occur 

in any possible order (reading from top to bottom), subject only to 

this condition that the relative ordering of lines in the various 

sets r~. be in accordance with the index m. The term coming from 
_l 

. each of these allowed orderings is a different contribution to the 

product (A.2). Thus) in this product, the number of different contri-

butions that are topologically equivalent to a diagram B is just 

the number of different allowed orderings of these intermediate lines. 

This is just the total number of orderings n! divided by the product 

of the number of orderings within each set ·r.t:>" 
.Ll 

Thus we obtain (A.5). 

In the text it was spe,cified that the region of integration in 

the definition of bubble-diagram functions ~ be restricted so that 

contributions from topologically equivalent diagrams are counted only 

once. ·Inthe derivation of (A.4) no such restriction on the range of 

integration was imposed)' and the corresponding functions were written 

as :;;;s. These two functions are related by the factor The point 

here is that the various lines of a set of lines connecting a given 

pair of bubbles are regarded as topologically equivalent. Thus, in 
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comput:Lng :r.~) the integration region is restricted so as to include 

only one of the set of contributions obtained by interchanging the 

lines of such a set. This restriction on the domain of integration 

in the definition of the functions ME means that the in (A.4) 

divided by is just Thus, in place of CA. 1.j.) one obtains 

F(K'; K") == r. MB(K ' ; K"). (A.7) 
B 

The notion of topological distj.nctness has been applied on hro 

different levels: Hhen in (A.4) or (A',7) "re say the sum over diagrams 

B is over topologically different diagrams B: "Te are considering B 

to be s:Lmply a collection of lines and bubbles joi,ned to give a 

geometric figure; the lines are not yet assigned particule,r variables. 

But "Then for a fixed B we say that the integration region defining 

ME is restricted so that topologically equive,lent die,grams are 

counted only once) then we are consid.ering vexie,bles (Pj , tj) to 

be assigned to the lines. This separation :i,nto tvo levels :i.s 

evidently arbitrary. 

The proof given above can be shortened and extended to products 

of arbitrary numbers of boxes by arguing as foll0"rs. In the integra-

tion corresponding to the sum over the set of intermediate states: one 

is supposed tocount·only one of the set of possible contributions 

obtained from the various possible reord.erings of the variables. A 

reordering of variables corresponds to a reordering of the lines 

associated ",rith the intermediate pe,rticles. Thus) the ordering of the 



-71-

intermediate lines can be considered to be completely irrelevant; the 

intermediate lines can be identified by the value of the associated 

variables alone. For every way of connecting the v-arious bubbles of 

the various adjacent columns by lines, and assigning a fixed variable 

to each line, there is at least one contribution to the overall 

function. We now define diagrams with fixed variables attached to 

each line to be topologically equivalent if and only if they can be 

made identical by some reordering of the various bubbles within the 

various columns. It then follmTs that the contributions from two 

topologically equivalent diagrams should not both be counted. For 

they must both arise from contributions to the individual boxes that 

are topologically equivalent, "and hence identical. On the other hand, 

no tvTO contributions that are not topologically equivalent in this 

sense can come from a single set of contributions from the various 

boxes. Hence the restriction to topologically different diagrams 

leaves one with precisely one complete set of independent contributions. 

The consequence of this argument is that the function corre­

sponding to a product of any number of fu.nctions S and Sf, with 

the intermediate sums defined as in the unitarity equations, is 

represented by the function ~,where B is the natural topological 

product of the boxes representing the individual functions .s and st. 

One ca:l decompose the various boxes into sums of terms represented 

by different columns of bubbles. The natural topological product 

does not include diagrams that are topologically equivalent in the 

sense that they differ only in the ordering of bubbles within a 
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column or by the path followed by intermediate lines. [Only the end 

points of the lines are significant.] - For each diagram B of the-
- . -

natural_ topological product there is one term MS,- In evaluating 
- -

thi$ term the integration is restricted so that topologically 

e~uivalent contributions are counted precisely once, where now each 

line is identified by a <variable (t j P j ) . 

3. Example 

In the mam text the combinatoric ~uestions are automatically 

taken care of by the use of functions MS; the restriction on the 

ranges of integrations of:these functions makes everything correct. 

To exhibit the combinatoric ~uestions resolved by this notation, and 

to confirm our basic formulas,we rederive the formulas of Sec. IV 

starting directly from E~s. (A.I), (A.2): and (A.3), and using, 

instead of the functions MS rather the functions MB, -Which-have 

no restriction on the domain of integration. 

First consider' _two-particle unitari ty. The two-particle 

box is given by. 

---' -_.- ------... -- .•. .. - --.-.... --~' -- .. -_. ----

1-f+1-3 = 1~3 + 
2 -l...:..J-:.4 2~4 

1-0-3 + 1~3 
2-0-4 - 2~4. (A.S) 

In (A.8) the incoming and outgoing lines are identified redundantly 

both by an integer and also by the vertical position of the external 

end points. In the remainder of this appendix we will suppress. . 
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the integer and use only the latter method of labeling. Below the 

three-particle threshold we obtain 

+ 

+ -<>-<>­
--0-0-

+ , 

where the factor 1/2!comes from (A.3). [This factor 1/2! does 

not appear in the eqyations of the text because there the diagrams 

represent always the function ME '\vhereas in this section they 

rejJresent the functions gs.] Eqyation (A. 9) is evidently in 

agree:Ylen-c with (A. 4 ) . The last t'\vo terms on the right side of (A. 9) 

are e~ual to the identity 



(A.IQ) 

so that the connected part of the unitar:lty e<luation is 
. .' 

-"---_.- ... ~--~-........... -,~--.- -..... -.-~.----.-.- .. ---..-.- ...... ~ .. -.- .. .- ....... :--- ·------ --- ...... -~ -~,-- .... ~ ..... - ........... --"--~~-, .. -~~- -_ ....... '.--

(A.ll ). 

.. . . .. __ ... ______ "._ ........ ___ . __ ...... ~., ____ ~.-:.. ___ -.;- _____ .~_ .. _..: ___ , _____ ". ____ --;'.,...,. ___ ~. __ ._ ....... ---:-.... _____ ._.,_ .. _.~ __ ----..... ___ ___;-------.__:'"'- ... --.-'--,----r.--- . .,---._--.,-.",. 

By 8, completely analogous procedure we obtain., after 

combining various terms, 

- ~ ... _ .... _- - -. -,-'" - -~-."" .. --..... -... -- - .. , - ... --.----.< .. --.-..... -.-.. - .. " .. ----.. -.-.. -,.--.~...:--:-----.. ~~~------.-. --, .. ---_.- ... __ .. _-

=1 + 1- E =~ +=GJ=EJ= 

~+ -T.::'r-+J..~ +.L~. _ 
~ .~~ 3! ~ ·2! ~ 

I 
+ 2! 

I 
+ 2! 

where the summation signs are interpreted as in Section IV. The 

disconnected .. parts of (A.12) are e<lual to .the identity by virtue of 

(A.ll), so that the connected part of (A.12) vanishes. 
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To obtain (4.6) when there is no restriction on the range 

. of integration) we postmultiply the connected part of (A.12) by 

(A.13 ) 

Consider) for instance) the postmultiplication of the nine dumbbell 

terms of (A~12)) 

by the 6 + 9 terms of 

(A.15 ) 

= 3'1 L ( + =e= + ~ +~ ) ~ 

The result of the multip~ication is 

(A.16) 
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The last tvlO terms combine to give 

····-L~, . (A.17) 

Similarly: thepostmultiplication of the terms 

B +~! (:GY: + =-85C+ ~ ). (U8) 

~.-- .- --~ - ...... . ~. - -. ~~- --.... --_. - --,-..•. 

of (A.12) by (A.13) gives 

" .. ..... ". ._,--. - _.- ... 

These results check with (4.6) if we take acc'ount of the factors 

N~.lthat relate ~ to Mf • 
.iJ. 

Using (A. II) we obtain 

2'! .~P5ir + I ~ 
f 

21!(-0-~!~-L~)(~)-I~ e 

" ,f . f 

(A.19) 

(A.20) 
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Substituting the unitarity equation 

-0-~!.~-L £=0 
f 

+I-msc 
f 

-- --.----- .-.. - .... -_ ... , -' -~ ~­._-- .... - .---~- ._-----.-- - . - ._.- --.- ._. - . 

into (A.20) we obtain 

2) ~+L'~ I~ - + 2! - + 
f 

(A.2l) 

+L~+d!(~+~!~ (A.22) 
f . 

+ ~! ~ + 2TL~)(S)-L~c 
f 

Equ:3 .. 1;ions (A.20) and (A.22) check with Eqs. (4.7) and (4.8) of the 

text if the factors Nfi! relating ~ to ~ are considered. 

The remaining equations of Section. IV now follo·w from the 

equations alreao_y derived and pose no combinatorial problems. 



Appendix B. Determina,tion of Mi(K f ;Ktt) Using Fredholm Theory29 _ 
- , 

. " --
that E <M .• Then a comp1;l.rison of (5.8) and (5.6)-shows,that 

__ ._ ,. __ ._. __ .. _ .. _. ______ • __ •. _ _ ____ ....... _l._. _______ . ___ ... _____ .. '_ .. ___ ._ .••. ___ ... ____ . ____ _ --_._. __ .. .:.-----~~- --

- (B.l) 

_ .. _ ..... _~ ____ . ___ ._ . ___ ._+.......--~ ~. _______ •.• __ . _....:._ . __ ." . _.~~.'._ ........ __ ... -_.N._:_"--.-~-- ___ . N.. _ ........... _~---_:_---.-.~-. -:~.- ... -:-;" .. -:~. '" . ......,....- ---)~-... - -.--....... 

and that (5.19) must hold. Thus; (5.8) can be written in the farm 

..... _- .... ----_. 

Let us nov postmultiply (B.2) by 

_._ •• __ .N', _________ • _._~. __ ~~_. ______ ----•••• -.~- - • ..,...-... --.- -- ---. 

Q. 
I ,_ 

"l'~ ~ I-.-~- (B.2 ) 

- -- --- -,...., .......... ~ --- ...... - .. -~-...- ~.-- -. . . 

.... - - .•. ~ ... - ..... -- -.. --~---.-.---~.-- . .:. .. - .. - ..... --- .-'.-_ ... -.-.---

Q. -. 

o (B.3) 

and go through exactly the steps that led from (5.46) to (5.49)" but 

making the replacements 

+ -;. i; -i -;. :,.; 

. Then in place of (5.49). we obtain. 

P. -> Q .• 
l l 

-- ._'-_ .. - - ... --~--. 

(B.4) 

~ -.--.---.--.. ~- - ---_ .. _-- -.-

(B.5 ) 
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where 

Q, , 
I 

-w(O-~~ 
Q. 

I 1 10 -I i ~). 
. C 

The connected part of (5. 8 )) premultiplied by Qij , can be 

written in the form 

. Substituting (B.7) into (B.5) we obtain 

, 

where 

I -

(B.6) 

(B.7) 

(B.8 ) 
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. ;~ 

. . .. ~. __ ._.; .. ____ ~~,~: . ___ .. -_ ... -..... _r-_. __ ,,"_,., __ ..;..._ ... _.,_ ..... _.~~~ ... _.~!...:..~4. __ ....... .:. __ .•. _. __ . ~.~."- ~ - ... - . - .•. 

~ 

- .,-- -~.---- --:----_.- .---~ ... --.~-~.--.--...... -...:-.. ~. 

, .. 

The kernel of the integral equation (:s.8) is given in explicit form 

'. by the equations 

: . , \ 

...... - ......... --.-.-.----. ----.-.. --..... ~ ~-""---r--~--'. - ..... - -. - - -- - -, - ---------_ ............. -.~.-.-:----.~.---.--.--.-~.----.-;.....:.- ._- - . 

" -_ ..... - ... _----.; -' '.-.--- .• -- ... - .. :. 
Q. 

=0= -p. (:s.13 ) 



~ ,,:.., ....... - -. -~, . . -. 

The delta function appearing in (B.IO) combines with the 

remaining terms of this equation to give a pole with a plus-iE rule. 

This follows from an argument. similar to that used by Olive, except 

that one uses (5.21) rather than (4.5) to combine the residues of the 

poles. 50 The contour of integration can be distorted away from the 

remaining singulariti~s of the kernel. 51 Thus Eq. (B.8) can be 

i . 
solved for M (K' ;K") through the Fredholm formula. 

Using Eq. (5.21) we can express the right side of (B.8) in 

the explicit form 

(B.14) 

, (B.15 ) 

%=-=8=-2: ~, (B.16) 

and 
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" . 

""ft ,!..,.. .• __ .,_ .... _~ ...... _ ~.~. 

.. (B.17) 

~~. ~ - - -- ----..-- -, -- ._. - .... -- ......... - : ............ '",,-~''''''' --'- -::,.. ~---~- .. --- .-"--... -~------;-

'We suppose that (5.21) ,has been solv~d already fo~ ~2 

and that this soiution has been substituted in (B.14), (B.15)"and 

(B.16), as well as in (B.IO) and (B.ll).:ttis then seen that the 

iii 
, Fredholm solution of (B.8) expressesM3yM2y and' M32 in terms 

of bubble-diagram functions all of which follow aminus-iE: 

prescription at the normal two- or tbree-particle tbresho'ld at 

E= M.. It then follows31 that' the solution Mi (K1';K") of (B.8), 
J.. 

and moreover Ei:J.'. (5. 8 ) itself, can be analytically continued from 

. E < M. to E > M. by followin'g a minus"';iE rule. 
J.. , ,J.. 

The original restriction to 'E < M.,which we used to justify 
J.. 

(B.2); entails that the set of incoming particles and the set of 

outgoing particles eq,ch have a sum of re$ masses less thanM.. Thus 
J.. 

these sets are: in effect, cut by a Q. bar. . Hence the Fredholm 
J.. ' 

so::':u.tion of (B.8) is an explicit expression for, 
. - -- ... ~-- ..... ,-- .~-.------------ - _. -----. -_.-- --

(B.18 ) 

:- ---. - ... --~ - . _. 

'for E < Mi that has a minus-iE rule for continuation past the 

normal tbreshold at E = M.. In Appendix C we will enlarge upon 
J.. 

this result and shOiv that Eq. (B.8) d~termines also Mi(K 1 ;K'I). 

(That is, the Q
i 

bars can be omitted.) 



.W 

The fundamental result ~stablished above is that the physical 

scattering function has a continuation past the normal-threshold 

singularity in the minus iE sense)· apa:;rt from possible poles 

. coming from the vanishing of the Fredholm denominator. '. Discounting 

the possibility that these poles become dense, 32 we obtain) using 

the same arguments that led to the Third structure Theorem) the 

result that all terms in (5.8 ) can be continued in the minus-iE 

sense aroTh~d the normal threshold at E 

can be regarded as valid on both sides of 

== M.~· 
~ 

E = 

Thus: this equation 

M.)with Mi(K' ;K") 
~ . 

a function that has a minus-iE continuation around the s'ingularity 

at E M .. 
~ 
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AppendlxC.Proof .of Equation (5.19) 

In AppendixB we showed that the equation 

.•.• --- - --,; •. -.-- - ~ ..... ~_.__:_--:...- _.M '-=_; __ ~ __ .. __ .. ~_ ~.~2 __ ~"",~.-'.-':''r ... -" .. - ........ ~---::' . __ .~. :... _ _ 
, . ..... -' ... --.. ' .-. ,._- --- ,~"" , .. -. -.~~",--.............. ---

'~"'.Q. • 1 1 
. -, . . 

. .' 

O~" Q. I· I. 

+i = ~" 
'0 Q. . I Q 

=-~ !I~' (C.l) 

- --:--.... -.-- .• - - - .. - ---..• .., .,...,_ ,- .. - .. ~,-. '._ '.~ ____ '-""'-______ '_"'...w-_ ..•• _ '.~ ____ ._ .. _._~_ . _ .• _.,,~ ... "...., __ .-_ . - .--._-- .-'-:---:'" - ___ .. _~_.,..._. __ . _ •.. -'<C'"'<- --:-:--"', -: 

. valid for E< M .. , can be analytically continued to the region . 
. J.. 

E > Mi" We now ,show.that Eq. (5.19) is a consequence of (C.l) and 

the definitio~;(5.8)~ 

It follows fr~ (C.l) and (5.8) that 
.. -- ---.-'-',-'---"- : .. - .:..-----.!-- -- • _. - - ____ ....L. __ ..... _"::... •• __ .......:.. ___ .....:. __ ._.... ___ ._. __ .-~-:.~"' - •.•. • .••.• - - - ••. --. -. - - .--. -- .-~ ........ ------.:--.~--- - ................ __ ._-

. P,' ,OJ.,: .0""1·' 0 
~(_I i. ,-~ ~~~ ~i + ~! (~ ~i ), (C.2) 

... -... _- .-----.~----~-.... -.-. - '" --------- --.. ---~-.- ... -.. _ ... ~..:-.-...:.:,- -. ---~ -~.,.-, 

and 
.• _:.~~--_:__-._-- .. __ .. _ • .1 ..... __ . __ ~ ________ . ____________ _ 

'.- -- - ------,,---, _.--
and also that 

-_.--- ... ;-:.-..... _-. _ .. --... - - - ----, --:-_ .. --'._-- .-;- ~. -- _.-.- ~ .... _ • _______ --a.: _____ .... __ ' __ , __ .-~ __ . _____ ... ___ ..... --;--____ . ------ ~ .-. 

(c. 4) 

and 
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Q p Qj p 
. ~~i _111!~i) 
=-~+- " ~ ." (C.5 ) 

Comparison of the right sides sho\.;rs that the left side of (C.2) is 

equal to the left side of (C.3), and that the left side. of (c.4) is 

equal to the left side.of (C.5). Using this result and Eq. (5.8) 

we obtain 

. --...... __ .. -........ ....:..-... _. __ ._ .... , ----.-~ -. --- .. - .. -.- -. ------ -

OJ .' p 

+ . _ .11 ~ ~. ) ,. (c.6) 

and 

(C.7) 

Since the right sides are equal, so are the left sides, and hence 

the proof of (5.19) is complete._ 

Since Eq. (B.8) was based on (5. 8 ), (5.19), and nothing else, 

we see that (B.8) can be used to determine 

, (c.8 ) 

as vTell as 
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Q. Q. 
~ 
~ o 

Alternatively: we'eandetermine the Cluantities (C.8) in terms 'of 

(c. 9) by directly using (5.8) 'and (5.19). Thus" we may write 

'~_ Q~. Ff ~ Iii, bPi 
~--~ - -~I -F ., 

. -- -----.------------.------ -----------,~-.... ---- ----~--------- ._ ... -.-.. _---

(C.10) 

-- ~--...-----.---: --- .... ~--...... ---~-,.----.----~---.-.-.. , ... - . .:..-~-----... -----:_--_ ... -...:._-_. __ . ,.~-' --,.--~-.---------- ...... ----.--

P~. W· P. ,Qi l Q . . ~I=-~I-~~I i ~I, (C.ll) 

and 

, , 
.•. _______ , ____ ._ .... _-.. _._. ____ -.L.._ •. _ __ ... __ , .• '_. __ • ___ ._ 

(C.12 ) 

• _______ ... ____ w _-:-._-'-_. _. ___ ••••• ____ •• _., • : .0_· ___ "_·_ __ ... -____ ,._ -~--. --. , .. -.:----.... ---..... --...... - .. -



Appendix D. The F as Sheet Converters 
run 

, 
Therigpt sides of the discontinuity eCluations given in the 

previous sections are expressed in terms of plus bubbles and F 

boxes. These boxes are defined in terms of physical scattering 

amplitudes by Fredholm integral eCluations. It is shown in, this 

appendix that the effect of applying a (nontrivial) F box to the, 

physical scattering amplitude is to convert the latter to its value 

on the unphysica'l side ofa 'certain cut. This result allows orie to 

express the discontinuity formulas in all case,s, considered in this 

paper in terms of the scattering ampl:Ltudes evaluated on various 

sheets) instead of in terms of physical amplitudes and F boxes. 

The proof depends) however) on the so-called extended unitarity 

In the main text we have been careful to use only physical 

unitarity eCluations~ In particular) the various momentum vectors 

are always real) apart from infinitesimal variations needed in the 

continuation around Landau singularities. This restriction means 

that the unitarity eCluations below a certain threshold in the total 

energy at E = M. hold only if the sums of the rest masses of the 
l. 

initial and final particles are both less than M .• 
l. 

There are similar 

res::.;:--ictioDs on the masses of subsets of initial and final particles 

associate:::t ,:,ith subenergies. The eCluations obtained if one relaxes 

these conditions are called extended unitarity eCluations~ Their 

justification vlithinthe S-matrix framework is discussed in Refs. 13) 
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30) and 33. In this appendix these extended unitarity .eCluations are 

.a s sumed vi thout further c onLrnent • 

qonsider first the set of landau diagrams 

R I 

D
I2=* " 

(D.l) 

------------. -; --.-.~----, _.-......---- .... _._ .. _._. -------"_. 

From (5.22) and the. fact ;that has a minus--iE continuation 

. past 

p. 

:@==U==0= (I= ¥D=) (D.2 ) 

p. 

-=CD:i) 0, (D.2') 

vhere 
.. 

(D.3 ) 

'This derivation depends on the assumption that the region E < Mi 

contains physical points.. That is; vlithin the framework of the 

. physical unitarity equations) the derivation of (D.2) and (D.2 1
) 

is only justified if the set of incoming··particles and the set of 

outgoing· particles; each has a sum of rest masses smaller than M .• 
l 



This restriction can be represented by placing Q
i 

bars on the 

external lines. By virtue of the extended unitarity assumption} 

this restriction can be dropped} and one obtains as special cases 

of (D.2) and (D.2 1
) the .results 

and 

where 

Pi ~.i =G) -j 't 

Pi R· 
~ 
~o 

Similarly: using the resu~ts of Sec. VI} we 

p. 

=Bi 

Next consider the set of Lomdau diagrams 

find toot 

(D.4) 

(D. 4 r ) 

(D.5 ) 

(D~6 ) . 
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-.. ~- .. ~--.-.-...... --.~---.;....-.--~-.------.---
~- .. ~.----"., -. ~ .. ~------..... ~. - .. ~~~.-----.. ~ -.-----~- -. 

(D.7) 

~~-.- .-- ~,--~-.-~ -- - -", ,.-.... -,'--

The discontinuity aroDndthe set of Landau surfaces 1n+[D13l is. 

derived) according to the method of Sec. VI by noting that the 

connected part of (5.18) can be written in the form 

,. . . ______ .... ___ . ____ . __ ~ __ . ______ ... _ ... _._ .. __ . ___ . __ . _ . _____ ... ...:. __ .... __ . __ "_' __ '_"'_'_'~"' ___ "_"~' __ -'- . ____ a_~ _._. __ .. __ ... _ 

where only the first- four terms. can support a diagram~ of the set 

with all ex! s positive. Thus we obtain 

.... -~.--_._~-~ ... ~ .. _ .... -..... -~-..:.-----.- -_., --_ ..... -..... •. _ .. , .... - -.-.- -_. -. ---- ----~ . -~--. -- j .. 

P. 
I 

=G$ 
+ 

p p. 

=~, 

.~ 



-91-

where 

M~3 ( D~3)" (D.10) 

Using similar methods we can establish the more general 

results 

Pi 'p. 

== ~)~i .~ (D.ll) 

and 

p. 

~ 
p .. ' Pi .' 

~-i(~ . (D.12 ) 

.. 
Formulas (D.4») (D.4'») (D.5)" (D~ll)" and (D.12) can be 

substituted on the ri~ht side of the various discontinuity equations 

. derived earlier. The F boxes are thereby eliminated) but the 

scattering functions are evaluated "On unphysical sheets. 
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Appendix E. Proof· of the Absence of Certain Positive-a Landau 

Singularities in Certain Bubble-Diagram Functions 

In this appendix vre prove that certain sets of bubble diagrams 

-occurring in the equations of the main text and in Appendix D cannot 

. support certain Landau diagrams with all a l s positive. We say that 

a bubble diagram B·· cannot support a diagram - D with all a's 

positive if and only if ~ has no singularity surface 'rn+[D]. 

This means) speci.fica_lly) that if the signs of the a l s are 

restricted in accordancevrith the Second Structure Theorem) then the 

Landau egy_ations for ~'::)CB have no positive-a solution. 

Consider first the Landau diagram D2 defined in (5.27) 

and the set of bubble diagrams HI defined in (5.31). Let each 

i 
:rr~2 occurring in - R

I
- be replaced by the right side of (5.13). 

Since we are interested only in Landau diagrams. with all a's 

positive) all minus bubbles in Rl can be replaced by point vertices. 

- i 
Then the function :rr~2 can also be replaced bya point vertex since 

none of the internal lines shovrn in the right side of (5.13) can be 

a line of D2 " It is seen by inspection that no term in Rl ) except 

possibly contributions of the type 

Q. 
I 

~ -' +~ 
k 

(E.l) 
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can support ·D
2 

with alla!s· positive. G:he letters labeling 

the internal lines in (E.l) stand for a specific set of.integers.) 

Clearly the bubble diagram B2 cannot support D2 with all a!s 

positive if linem is contracted. Thus) this line must be one of 

.\ the two internal ·lines of D
2

• The other line of D2 cannot be i) 

.. ' ~; because of the projec~ion Q. ~ 
l 

Nor can the remaining line of.D2 

be line j (or k) for the resu.lting Landau loop equation 

a. p .. +a p = 0 cannot be satisfied with all a!s andall 
J J m m 

o Pr positive. Finally) the second line of D2 cannot b~ an internal 

line of the 3 -+ 3 plus bubble because the stability requirement 

would then force one final external line to emerge from the right-

hand vertex of D2) contrary to its def~nition. Thus all the 

possibilities are eliminated,. and ~2 . cannot support D2 · with all 

a! s positive. Hence neither can R
l

. 

Next consider the diagramD defined in (5.33). After 
3 

carrying out thesubsti tutionsspec ified in section V. C.) we see by 

inspection that no term of ( 4.6)) except ~y T(D
3

):, and possibly· 

contributions of the type 

Qj 

.. ~., (E.2 ) 

can support .D
3 

withall a! s positive. Line m of B3 carmot 

be contracted and must be. line 4 of Then applying the same 



argwncnts as above} we conclude thatB7. 
:J 

ce,nnot sUFPort with 

all a's po~itive. Similar e.rguments can oe n:ade for the extencLed. 

ice-cream cone diagram. 

Consider next the dIagram The 

-3 -+ 3 i bubble oCcl1J:ring in (5.52) ce.nno'..:; suppor'..:; vrith all 

rv' '" v, " positi ve. This follmls by consider:Lng the right side of (5.12)) 

a typice,l term of vrhieh is 

(B.3 ) 

All the bubbles of can be contracted to points. T •. 
.L1~ne ill must 

evidently also be contracted if one is to obtain D5' One then sees 

that any ",ay of picking out three internal lines of 13
5 

such that 

. 
the contraction of e.11 others leads '';0 a diagrem vith the structure 

·of 

of 

is such that these three lines are cut by the se.me 

But then these three lines cannot be lines 1) 2) and 3 

an(1 hence :s 
5 

cannot support D 
5 

'"ith all a's positi ve. 

be"r 

of 

Sir.1i.le.r 8.yg1.unents shOvT tfiE.t no!!e of the te~s on th~ rig?lt side of 

(5,52) can support D5 or D6 [or in fact a"-.y of ~2:e c.i2grams 01 

D8 defi"-.ecl i"-. (6.2) J vii th 211 a's "Dosi ti v~. 

The 3 ~ 3 i bubble ca~:lot S1.1?:port the 1e.s-:' d.ie.gre.:;,~ ... 

'-.' 

on the "rigl:.:'c side of ECL- CD, 7) ~ ... :-i ~~ e~ll 0; r S posit;i'le. To se~ .~~is 
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consider again the typical term B
5

• Evidently . Di3 cannot be 

obtained if· m is· contracted. Thus m must become one of the 

two interhallines of . Di3. The second one cannot be f, because 

the Landau e<luations are not then solvable with positive and 

Thus the second line of must be line k Then 

B5 cannot support Di3 .vTith all (XIS positive because of the 

restrictions imposed by the Q
i 

bar. Similar arguments show that 

the last two terms· on the left of (D.8) cannot support D13 with 

all (XIS positive. 

Because minus bubbles can be contracted to points, we see 

that no term on the right side of (6.10)· can support a diagram of 

the set D" . with all (XIS 
10 

positive. 
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(0) / 1St, .. , jsz:;;t 
( b) A, ~, ... ,a?~ 
(c) L n , ... ,45IS7 

Ii, . /6l\, ... ,I\Li>:~. 
( e) )0< -KX 

XBlG74-, 2509 

Fig. 1. The elemehtarydiagrams of the 3 ~ 3, amplitude below the 

four-particle threshold. All positive-a Landau surfaces for the 

3 -~ 3 amplitude below the four-particle threshold are contained in 

the u,'1ion of the positi ve-a Landau surfaces corresponding to the set 

of diagrams consisting of (1) the set of elementary diagrams; 

(2) the set of reflections of elementary diagrams,; and (3) the set 

of diagrams obtained from diagrams of these two sets by replacing 

any set of simple inner vertices by single two-particle closed 

ioops. Simple vertices are vertices directly connected to no other 

vertex by more than one line. Inner vertices are vertices not 

stancling on the extreme right or lei't of the diagram. The second 

figure in (e) contains a single two-particle closed loop. The, 

analogous part of the first figure in (e) is called a three-particle 

closed loop. 
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" #,\/T 
~b) , " 

~···r 
( c ) ( d ), 

( e ) 
, t, 

XBL674-2510 

Fig. 2. Various Landau diagrams corresponding to Landau surfaces 

contained in the Landau surfaces of the diagrams described in Fig. 1. 

A diagram containing more than· one 2 --.. 3) 3 --.. 2) or 3· --.. 3 vertex) 

such as one of the. above diagrams (a) and (b)) corresponds to a 

:"'s,ndau surface that is confined to the surface corresponding to one 

of the diagrams (e) of Fig. 1. The diagrams (c) and (d) contain 

t-v1'O II independent parts Ii that are diagrams described in Fig. 1. The 

Landau surfaces of the full diagrams are confined to the intersections 

of the Landau surfaces corresponding to their independent parts. The 

u~ndau surface corresponding .to the chain of two-particle closed 

loops (e) is confined to the Landau surface corresponding to the 

single t'lvo-particle closed loop in (e) 'of Fig. 1. 
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3 

, .' 
E 

< 
( a ) .( b) 

~ - ------~-~ . . -.,.--;----.- -- ,. -- -- .-~. - -.~- ~-"""_._~'--' 

XBL674....,2523 

Fig. 3. Figure (a) shows a diagram D) . and Fig. (b) shows a corres-

pondiTl..g IT with alIa's positive. In diagram (b) positive 

energy vectors point left. The condition that all a's be 

positive). together with the energy-conservation law; ensures that 

the diagram. D . has the. "physical" ordering; with energy flo1ving 

into the right-most·vertex Y
l 

and out of the left-most vertex 

If the signs of the' . a I s are all reversed., then the relative 

v . 
n 

positions of the vertices of the new D are obtained by reflecting 

diagram (b) through the origin O. 
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XBL674-2532 

Fig. 4. An example of a Landau diagram containing a vertex· V through 

which must pass every path connecting any initial line to any final 

line. A path connecting lines is required to connect internal 

points of these lines. 

XBL674-2595 

Fig. 5. Diagram representing a typical term M 
P 

of the M 

in (A.la). 

function 
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