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 ABSTRACT

The two-particle Feynman graph, usually'déscribed as & function
" of energy and momenﬁum-transfer, is correctly used as a potential in
Schrddinger's equation'after the graph is described as a function of

momentum and a radial parameter.
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A éurrent proceduré in calculafing the S5 matrix for elastic
scattering of various elementary particles is té unitarize the Feynman
amplitude for the scattering process via SchrSdinger's equation. This
procedure is meaningful only if this unitarization is done correctly.

The amplitude for the écattering_process is written as A(s,t),
vhere t i1s the momentum transfer and s mthe céhter-of-mass energy

defined by

1/2 1/2
W/;— = (p2 + mla) L+ (p2 + m22) . ' (1)

Here m, and m, are the masses and p2 is the momentum-square in

1 2
the elastic-scattering process. By means of Fourier (or Iaplace)
transforms with respect to t , one obtains an amplitude as a function

of r , the radial parameter:
V(s,r) = § t[A(s,t)] .. | : ' (2)
Tr .

Treating s as a parameter, one solves the SchrBdinger equation

EE o v - €y, (3)
where u .is fhe reduced mass, and KQ ‘is the energy eigenvalue., A
partial-wave reductibn can be made and the familiar set of partial-wave
emplitudes calCﬁlated. | |

This is clearlylincorrect:. For example, a nonrelativistic

reduction of equations arising from minimization of the Action of the

free Lagrangian for the two scattering particles would yield the

homogenous Schrt‘dinger equation,
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,% (q? ;»x?)y"=v 0. S o . .,‘ "

If one includes 1ntera¢tioniwith the virtﬁélfbarticle fields, Eg. (3)

 1s obtained. In Eg. (1) p? then "means"

/2

s (FEnSH T L6

\[E ) ~ (5v23+ mlg)l/
The_'~"sign’is used, bécauseﬂthe operator §2 ”is‘noﬁ.yet-defined;
however s isvélearly not a parameter, but a function of the momenfumv
of the séattering particle; | | |

Such a'problem has recently been solved for the nuclébn—nucleon
interaction mediated by one-meson exchahges:l Deﬁailed‘calculétion of
nucieon-nucleon scattering over a raﬁge>of 0 to_BlO-MeV incident
laboratory energy, as well as detailed célculations of the deuteron
and of nuclear matter were entirély successfuié Besidesagiving
encouragement tha£ an understanding of nuclear.forces is in sight,
"~ these calculations also illustrate the importance of exact treatment
of momentum-dependence (arising from the nonrelativistic reduction of
Feynman amplitudes) and the incorrectness of treating such potentials
in an energyédependent manner.-

The nonrelativistic procgdufe is straightforivard. . Ore. collects
all polynomialé of p from spihor factors of the scattering particlés,

and expandeqllménergyzfactois:ﬁuuum
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B - @an?) w1 s K4 (6
1 1 A 2 -
2m . |
l.
and -
By = (K2,+m22) ¥ o1 o« K22.._+ s L (60)
©oem)t S

Then all powers of K higher than K? a;e dropped. These_rééults are

clearly only valid for K/m<;,<< 1, where m_ 4is the lesser of mn

< 1

 and mé . Even théugh this 1s a severe réstrictioﬁ for such processes
as 7K - xK , ét least the probiem will bé done correctly. If one

_ admits some rather questionable mﬁthématics, higher térms of the

- expansion (6) might be used in the following tréatment.

Now one solves -

2
vV

{f V(”V)}‘,V swve (7)

The potential term is made Hermitian; V 1s_symmétrized in particles

1 and 2, and va is symmetrically treated:
S 1 | S
‘vew:‘—>§(v2w»+ . (8)

There is no problem in solving the differential Eq. (8). However, if
V 1is to be useful, it should be applicable to other physics probiems
(such as three-pafticle écéttering), most of which are understood in

integral-equation formulations:

W) - g+ [ etk w) T vEes (9)

v
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¢. is the solution 6 the homogenous eqﬁatioﬁ,'AG thé'Green's function
.',solutibn, and the arrow implies that Vs operates on W(Kr')

After a partial-wave reduction, one has

w‘_&(xr) = .j&(Kr)_ +,fgz;"_GL(K,r,r') vz(.‘r-’,vrv.‘) ¥y (Kr).
:For‘a_scattering proble@ one can writevj-'f
GyK,ryxt) = gy(rr) my(Rn) (1)

L

r. and Ty ‘are the 1esser and -greater of r and rt., Integration by parts

now allows V to operate on Gyo
' The éhase shift for thie scattering problem, corresponding to

where respectively j énd n, . are Bessel and.Neumann functions, and

AY

tstanding-wave conditions, is

ten 5, = - - fdr 3 (Kr) vE (Kr) v, (Kr),. (12)
K ¢ L -
o o iGLY _ I
where 5& is.the same SL in ‘e = sin 6& , which is the matrix element

obtained for thefoutgoing'wéve solution. Notice that for

. a d2 ‘ _ .
Vo = X:,'*Ya'&r"’zzg'é’,' | | (13)
. '_ r
Eq. (lO)jbecomes
(L+z)v, = 4+ fG; VYoo (1%

BN e _.vn If possible, as was
_ , , |
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~ done in-the.nucieon-nuciéqn case, if_is most desifabielto first project
the.invariant heliéit& ampiitudés_éf the‘Feynmanvgraph onto a complete
set df‘eigénoperators of the gigenfuhctions QL;

Cutéffs should bé:made td insure that V(r,V) is an analytic
function_éver all éoordinate space. Thenltpere is»no problem in
integrating by parts in Eq. (10). As GL. is composed of polynomials,
sines and cbsineé for the scattering problem and polynqmials and
exponentials for the bound-state problem, the.resulting equation is
no harder to solve, numefically, than‘oné with é potential given as a
simple functiﬁn'of the raaial paraﬁeter,- r . For the nucleon-nucieon
case, it was found convenient to solve the radial form of Bq. (14%) by
matrix inversion (the diagonal elements of the mafrix to be inverted
do not equal zerd; g0 that a 'pivot?*eiément need not be searched for)

. using three lO-poiht Gaussién qpadraturé meshes. Coupled equations,
(as arise from ténsor forces for nucleons) were similarly treated.

As was,meﬁtioned, proper treatment . of momentum-dependence is
essential to solve the eigenvalué equation : (10); solutions of the integral
and differential equations agree only if.the momentum-dependence is treated
correctly. |

. The potential as defined is nonldéal:

oy ', ‘ ‘ N | ; _ ; .
Ery %) G lert) = Vo (rtr), (25
where Veff is a function of Just r and r' (involving sines, cosines,

or exponentials). Only for two-body problems, for
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"F(rf,ngj‘f% fW:—~—[ f. ———_W“{V': ‘?”"*'I . (15)_
is this noﬁltfﬁé,f"

which gives a local potential. In Eq. (17), one has_ _2'; e + 1),
and . -K2 is taken for the scattering problem, and . +ae for the bound-

-state problem.
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