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Recently there have been several suggestions that at
vanishing momentum transfer (t = 0), Regge poles occur in in-
finite families, which have been called "daughter sequences."

This behavior has been established in fwo specializéd models.

In one.of‘.these,l’2 one finds that Mandelstam analyticity, the

' Regge pole hypothesis, and certain other technical assumptions
‘lead to the existence of daughters in spinless amplitudes for
which either initial or final particles in the t reaction have
unequal masses. The other model in which the existence of Regge
families has been verified is the spinless Bethe-Salpeter equation
in the ladder approximation.B’u’S’l

There have also been suggestions that the existence of these
Regge families follows from Lorentz invariance.6’7' This argument
mey be outlined as follows: for positive t; the t~-channel center-
of-mass amplitude is invariant uﬁder the rotation group 0(3),
and so is diagonal in the basis states of that group, which are
the familiar angular momentum states. For pairwise equal external

masses, at t =0 the center-of-mass amplitude is invariant under
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thé_full Loreﬁtz group 0(5?1),' or,‘by ahalytic'coﬁtinuation;
.undef‘the fouf;dimensional’rotation group O(h), and so is
:.diagohal in-“féur-diménéiongl angular momentum." The same
'gséumpfions-which lead to Regge behavior at nonzefo'valueS'of

1t alsé lead to ﬁhe existence of'§;pple boles (Calléd “Lbrenté
:poles") in the éomplex_plane of.this fourfdimensional‘anéular
momentum, which confrdl the as&mptotic,behavibr‘ih s fqr_

-tA= 0. _Furthefmore,_a single Lorenté polé can be shown tq cérres—;
“pond to an infinité family of Regge‘poles;,thus‘Lorentz'invarianee'
at t=0 seemsrto imply the existence of Regge fémilies.

Unfortunétely, it ié also true that a sinéie Régge pole.

vcorréspohds to an infinite family Qf Lorentz poies. One might
thérefoie worryvthat‘the Loréntz'pdles'are'afranged so that all
but the single léading memﬁér of the Reggé'family éancels out;.

in this case we might say that a family. of LQrentz poles.has
Meounter ¢6nspired"8 to give a single Regge pole. In prévious
work,,6"7 fhe rejection of thié possibility Was_éh added assumption,
based on the feeling that it would be‘accidental.for the Lorentz
poles to appear.in.families."Becausé of this extra assﬁmption,
and the technical assumptions made in the alternative proof in

fhe unequal-mass case,lf2 there has been a éertain:amount of un-
eaSingss about the existence of daughter tiajectorieé.

In this paper we point out that this additional assumption

is not necessafj} and therefore establish that the existence of

daughters is a consequence of Lorentz invariance and Regge pole
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ssumptions uhemselveS' no counter conspiracy, not even an accidental
one, cah remove the necessity for infinite families of Regge poles.

To show this, we observe that if members of different 0O(L)

representations interfere destructively in one amplitude, they

mast Interfere constructively in some other amplitude. That is,

hters are in fact absent in some
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orentz poles. We can then find another amplitude, related To
the first by O(K) but net by 0(3), in which the daughters must
appear. Thus the daughter itrajectories must exist. We need only

sume that the parent tragegtory doos not itself decouple at

t =0

.-
/¢

but thie is an assamleon within Regge, not Lorentz pole,
thecry.
We will present the explicit verifi atlon of the QYLSt»PCG

of Regge families, following the outline of the preceding paragrwrh

o
o]
}__l
I3
7}
ct
M
3

for two exemples. As th ample, we consider any trajectory
(such as the p) whose exchange contributes to the diffference éf
total cross sections of different helicity states in gxp scatiering.
(If there were no such trgjectories, then this difference would
diseppear faster than any yower_of £.) We will work within the
ffemeworx of 0(k) eymmetry as formulated in Ref. 7 (hereinafter
celled I). Below we shall discuss daughters in the NN amplitude,

but before we proceed withh this flrst exa‘pT we must discuss the-

0(4) kinematics of gnp scabtering.
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Denote by 'F._ . (s) the conVentionally defined +t-channel
. T MM D
helicity amplitude at & = 0, 'and by’ £9 ~ 1ts partial wave;

Mho o

A ooands A, are the helicitles of the p meson. The corresponding

amplitudes in the. s channel at t = O are denoted by

-.lexé(s) ‘aﬁ@4 %iiK2;_'F {é), and lekg(s) are fgiated by9_
Fp(s) . = 1/2 {?1;(5) * Gool(sﬂ ’
nos) = (Vo) Jo 1) - 6,00 =0,
Fool®) = Gy (s,
Fpi(e) = 1/ é%li(s) Goo(éi3j ;:;  i_..~: ; (l);'

SinCe -G. (g) ='Gi;l(3) =0 from‘geomefryg. Tt has been shown in
I that Lorénti'in#ariance at t =0 _implies the following ex-

J
an £ f :
7 51on or K x

172
. . ) . ,l+7\. T e - . . o
fi N (2x) 2 (-1) 2 §: }: (2s+1) 72 C(1,1,850 ~Ay).
12 A . k=0 s=0,2° - -’
' v kreven =
K s r—1 J—‘K- ,':(JTK: O) 2
L X (J K+ -L) g JSO\ )\2)(TY/ )
y R ~ '
x (J+K,0/v<ﬂ/2) , ' - ‘ (2)

4500

ere T P is the - O(h) partial wave aWplloude The quantum

s
er M dexlned in I is always. zero nere because the pion has:

numd
0.:&pin. Because of Bose statistics, J end n are 2lways even

oo

v
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(odd). when the total isospin in the t-channel is even (odd). Also
note that because of parity conservation, s = 1 amplitudes do not

- M =1, s =2 does not contribute, since

1 2

exist, and that for . A
321 (x/2) =0 for n - Jj even, from Eq. (A-11) of I.

By use efxthe"techniques of I, Eq. (2) can be extended to

" .complex  j. We.use

R : . r

. . 1 s
(o) 2 R | : )
djgo(s) ==z {(n 1) n(n+2) (n+3)] {5';;5 * n(n+2)} djgg(s)
| o
2

no,.\ =~ 1]~ 3 5
| djzz(é) -k {(n-l)--(nﬂ)“(‘j-l) <J+2>}

[- &7 1ot ) (mezed ) + € (nodt ) (weset Sl 4 (0)

. (3)
other relevant dasi(a) are given in I. The signature of
£3 and of T " is given by (-l)I; where I 1is the total
Klke s
isospin in the t channel. The continued O(4) amplitudes are
given by L L
il . [oe]
n 2 1 :
To = o751 Boo(x) D7 (x) ,
X
O L - 1 . .
n . 2 o ER '
L = 771 [(n+§) (n+2) n(n 1)} dx Beo(x)
% |n(n-1) D l(x) - ————é———¥ n-l) D, (x) - (n+l) D (x J
n . 2 -2
sm 2 g 2 | ) . |
x. = —X __p (W)
0 2m m ’ o
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where B, (x) is. the  u- channel absorptlve part of TO X(S)’

T,y s}\.(8) is deflned in Eq (EO) of ~I. The cqntrlbnt}ens coming
L from;phe fs-channel» absprptiye'pant -Aex(x)l,ha#e;a;?eady . ‘. |
o been;takenfinte'aeceunt in Eq;v(ﬁ) by ueing Asx(x) éf(el):_QBéX(-x),.
'whiéh;folléwslfrom~Bose:statisticst—;-The:;ntegpal in .
: the aecond of Eq. (h) cenverges because EO(X) behaves likélo»
-(x =:1) _near x = 1. From Eqs (3)'and (h).we can show, just
nas wae aone‘inv‘I in the NN - NN - case, that the ‘series in
(2) cenferge un1formly»1n the j plane, and then, by u51ng V:L
i Carlson’S'theorem, that the RHS and LHS of Eq. (2) coincide “
‘a.fervcompleX' j.-»We'wishvto emphasize_that’to establish_this we B
" need to use only Lofentz invariance and the fonward (t = 0)
dispersion relation; since for «x large enough. TSJ+K .is-always
in the region -of holomorphy in the n. plane. | |
 The proof of Eq. (2) for complex J 1s the analogue of
‘the preof given 1n T for the- NN case, we are now ready to |
dlscuss the ex1stence of daughters in the np amplltude Flrst
we notice that for‘glven Jé' fllJ and fooj recelve the same
contribution fren Lorentz poles with s = 0, - and different
,contributions from.pbieevwith‘ s =2 (the ratio of these latter
‘contributions being - c(l,i;e,l,-1)/c(1,1,2,o,o) = -3 ). Thus '
contributions of s:= O‘_cannot cancel those of s % 2 1in both
J

J J. . ' C
fll and foo H thene w1ll-surely be a_pple in either ‘fll
or fOOJ’ or both, unless the contribution of s = 2 Lorentz
poles to £,.9

11 _vanlshes.
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Nowvlef us assume that J = o gives the p&sitiqn of the
: leadingbRegge pole wﬁich cdntributes.to the'différence of fotal
créss sections corfeSponding to different iﬁitial helicities
in;fbe s channel. From the optical theorem‘aﬁd;the'last 6f

J
flél'
has its léeading pole'at

Fgs. (1), we see that this mustAbe the leading pole in

From Eq. (2), this implies that T,"

n = 0, because on the one . hand, if ”T2n had its leading pole -
1-1 |

"poleat j = + r; and on the other hand, if 7T23 were analytic

at n=a+r, for r >0, then fJ would have its leading

at n=0+r forall .r z.o,‘ then ‘fi 1 would be analytic
. : : ) ’ t :

at j = . In fact, we need not have required that the pole in
fi—l be the leading one, as long as there is no other pole

an even integer higher.
-This Lorentz pole of 'Ten at n=o0 produées daughter
1s and £l . Let us first show that the

second daughter,‘ at j = o - 2, must aCtually appear in at

. J
poles in fOO , f

least one of these amplitudes. Since s = 0 does not contribute

to fi-l s and since T2n has no poles for n > o, the only
way in. which the pole in £ I at J=a-2 could.be cancelled

1-1
would be if there were‘another pole of Tgn, ‘at n=0a-2. The.
assumption fhatvthis cancellation occuiSfixes the ratios qf
the residues of theSe.two s = 2 poles, which enables ﬁs to see
that together they must make.a nonzero. pole contribution to
£, end £, st § =0 - 2. Remembering that s = O and s =2

11

.cannot cancél in both fllJ and fOOJ’ we see that the assumption
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that the second daughter is. cancelled from fl l. leadS'te_the :».
1conclus1on that it muqt be present elther in® £ J or in. f J,

11 OO’
this establlshes that-thefsecond daughter ex1sts a

Thls result could have been obtained" 1n another way

' From.Eqs (1) we. see

| ﬁhich-im@lies3c f. N o
ST L R Lo S J(3-1 ’,)_2 fj—l f(3+1) (3+2) §2 FJ+1
1L 11 J*+l) (J+e2 1-1 J(3-2 [ T1-1

e 3t e o (g

T 700 00

Equatioh (6)-is the ahaldgﬁe for - .mp ‘of,the'origihal conspiracy
equatlon derlved by Volkov and Grlbov for the NN case 1 Like
the Volkov Grlbov equatlon, it can be satlsfled by a finite number
of trajectcries, and in fact is.consistent with the absence of all.
daughters beyond-the sechd, 'However,,Eq;_(é), which'is a direct
conseqdehce of Lorentz invariance, is stronger.thah.thie; the
Regge family must be-infinite;-as we now‘demonstfate. _

The fourth and sixthAdaughters; ‘at j=o-L and o - 6,
could‘recei#e cohtributions from counter-conspiring Lorentz poles
at n = Q, o - 2, o -L, and’ a'-'6 The vanishing of fourth ahd'

1-1 11

conditions on the four possible s = 2 Lorentz poles (remember

sixth daughters in both fJ and f J would ccnstitute four

that s = O contributions can at most shift a pole from
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fllJ to fOCJ)’- whiéh can be shown to have the unique solution

that all of the_Lofentz residues are zeroiblThus under the
' assumptipn that thé ﬁarent Regge trajectory at =vd is present,
we see that.either thénfourth or the SixthAdaughtef must exist.
. We cgﬁ continue_the'argument‘to show that, fér any N, at least
'N/2 of the firét.jN  ¢ven daughters must exist; thus the family
is infinite. "
We:ha§; establishéd that Regge tragectories which cogplé

to fi_l: such as the p, . are members of infinite families. Un-.
fortunately, this method of proof does not apply to those Regge
. 3 .

1-1 It has been argued.l2 that the

poleé which do not couple to f

J _ . -
1.1 at t =0, since O?{O) =1

is a point of nohsense and wrong signatﬁre for this_hélicity ampli-

1k

| Pomeranchuk pole does not couple to f

tude.15 However, if may be:that_the fixed poles‘iﬁ the @lane

would allow the Pomeranchon to couple to fng , 1in which case

voﬁr'argument.would establish the ekistence.of even daughters of

‘the Pomeranchon. On the other hand, thesé fixed poles are in the

fight position to themselves be theé even daughters of fhe Pomeranchon!
’ As a second example, consider the Al trajectory in the

NN amplitude. :The. Al trajectory,:if it indeed exisﬁs, would

. appear in the amplitude flj.. Just as in the first example, as

long as thé Ai is coupled to NN  at t = O, ﬁhe Volkov-Gribov .

équationll tells us that somé other cohspiring trajectory mu§t

exist, but' 0(4) tells us more; the conspiring family must be in-

finite.
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" The - O(A). kinematics of NN scattering have been presented
~in I. Tt was shown there that Lorentz poles with s = O contribute ;
. _ | = ; /
only to f..Y9, and hence they do not counter ‘conspire.with poles /|

17 ;
M=0 |

with Sfﬁ 1. ‘A'pole in T:il_ at .n =0 leads to poles. in '

3 st g 0 0 -2, o -k rranddn £) st §=o- L,
a'¥'3; Q. - 5(055 a ?oie in 'Tgi¥?l at n =.0 + 1 ieads fQ pbiés
in fij. at Aj»ﬁld;va -:é, al% u}..;inr;fo;"at J=a+1,0- i,
a'--5-~;,]ana.in fzgj‘ at 3= o+ i,”a - ;,'a*-.afl-f. Under the
assumption that the Al is-coﬁpled_to NN,  there_must Ee'd pole
in Tg’o jof in:'TE’l with nénzero resiaue; let n = o be the
position of<£he:leading pole. Then it can be shown fhat for any
infeger N, in the 2N UnitsvbeIOW» n=qu ‘aﬁ least N.+ 1 Regge
conspirators muét‘exist, and once agéin the Regge,family is infinite.
In these two example, althougﬂ the Regge families_have beeh
shown to be infinité,*the poésibiliﬁyvhas still been left.épen
. that some offthe davghters might be éancelléa out. .This is because,
for eéch Jj, the number of heiicity ampliﬁudes in which thék
daughters might.exist, and in whichfthe cdunter éonspirators-must
"therefore try to cancel, is fairiyvsmall. ‘This.situation should
impféve in amplitudes With more exotic external spihs. Alfernafively,
'if one were‘to consider amplitudes involving more than four
external particles, the finite degree of freedom we have been ex-
ploiting, is going from one helicity amplitﬁde to another; would

become a continuous degree of freedom, and then the existence of

all daughters could presumably be established;
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