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ABSTRACT 

Recently a lower bound of the general form ~,exp[CsY .ens] has 

been suggested for the pp scattering amplitude at fixed angle, where 

Y ~ 1/2. We discuss in this note the characteristic features in the 

pp differential cross section should the minimal interaction hypothesis 

be valid. We compare this form with the e).rperimental data for tbe cases 

Y' 0= 1/2 and Y O~ 1, and find that the present data beyond the recently 

observed "break" in the 90 deg. data are compatible with both cases 

although Y "" 1/2 gives a slightly better fit to the data. Should 

the lower bound behavior indeed saturate the amplitude in the large 

momentum transfer region, then the break can be attributed to the 

transition between the region where the lower bound contribution 

dominates and the smaller It I region where specific t-channel 

exchange mechanisms are dominating. 

.~ 
·;1 
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I. INTRODUCTION 

Several.years ago,Cerulus and Martin derived
l 

a lower bound 

for the pp scattering amplitude at high energy. This bound is given 

by 

1 
f(s, z ) ~ exp[-(N - 1) C(z ) S2 Vl sJ . s' s 

The symbol z refers to the cosine of the scattering angle in the 
s 

s channel c.m. system. The factor N is a constant which is 

associated "'ith their assumption of the polynomial bound 

amplitude, and C(zs) is a known non-negative function of 

N s 

z 
s 

for the 

(1) 

2 . 
Subsequently, Kinoshita pointed out that the observed pp differential 

cross section (dcs) at large angles is actually quite close to 

this Im-rer bound. This led him to postulate the principle of minimal 

interaction which states that the scattering amplitude in the 

large angle region at high energies takes the minimum value consistent 

with the general requirements of analyticity and unitarity. 
1 

The term S2 Vl s in Eq. (1) is closely related to the specif~c 

upper bound assumed for the scattering amplitude in the t plane. 

In a recent paper3 two of us showed that if one alters this assumption, 

the energy dependence of the lower bound could be altered. More 

specifically, if one assumes that the scattering amplitude is bou..11.ded in 

the region to the left of the lines s = r exp i (T( ± 9 );;. t - t 
max 0 

~ is the pion mass, then the lower bound 

becomes 
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f(s, z ) > exp[-(N - 1) C (z ) sY til sJ . s ~ . y s . 

y 11 

2G max 

and C (z) is a known function of z and also depends on the 
y s s 

value of y. The assumption made by Cerulus and Martin essentially 

corresponds to y ~ 1/2, whereas for the case of a linearly rising 

Regge trajectory, y = 1. In Cerulus and Martin's work, the factor 

(2) 

C(z ) in Eq. (1) approaches infinity as z approaches 0, 
s 

so their 
s 

lower bound vanishes at 90 deg.Fortunately, however, in the modified 

lower bound of Eq. (2), c (z ) is everywhere finite for all y. 
y s 

In this paper we discuss the characteristic features expected 

in the dcs, should the amplitude coincide with the lower bound of 

Eg. (2). A simple and clear cut method is suggested for distinguishing 

between this lower bound behavior and other proposed forms for the 

h 
large angle data, such as the Orear fit .. 

Since the assumption of minimal interaction should be correct, 

if at all, only for large momentum transfer, we first look for the 

lower bound·behavior in the pp dcs data at 90 deg. 5 .There is 

an apparent break in the slope in this dcs data, when plotted as 

a function of t, which occurs near It I = ~((Gev/c)2. This implies 

that at 90 deg, the lower bound cannot possibly be saturating the 

2 2 
dcs below It I 20'"( (GeV/c)--. For the region hi ~ '7 (GeV/c) ) we 
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found that their dat;a together with all other presently available da.ta 

are not sufficient to determine conclusively whether or not the 

scattering amplitude should indeed follow the form of Eq. (2) either for 

the case y = 1/2 or for y = 1. For the case. y == 1/2, the data is 

compatible with the lower bound behavior. For the case. y == 1, the 
.. 2 

fit is adequate for It I ~ 8 (GeV/c) . It starts to deviate 

noticeably from the data near It I = 7 (Gev/c)2. We nave constructed 

a model to fit the large angle scattering data for 2 I t I > 2 ( Ge V / c ) . 

In the fit, the dcs in the large It I region is dominated by the lower 

bound form with y = 1, whereas in .the smaller It I region this 

amplitude is dominated by the contribution with Regge-like deperidence, 

Although the predictions for these two cases y = 1/2 and 

y = 1 investigated in the large It I region are both compatible 

with the present data, they show considerable difference even within 

the present accessible energy region where no accurate measurements 

are available; this Indicates that further accurate large angle 

measurements will be very significant in testing the minima;L inter-

action hypothesis and in providing some indirect evidence for the 

asymptotic behavior of the Regge trajectories. 

In Sec. II we discuss the char~cteristic features associatea 

wi th the lower bound behavior and compare with some other forms which 

have been suggested here.tofore in fitting large angle pp s.cattering 

data. Sec. III contains our comparison between the experimental data 

and the lower bound behavior for the cases y = 1/2 and y = loWe 

present our concluding remarks in Sec. IV. 
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II. ' THE 'LOWER BOUND BEHAVIOR AlIJ'D A COHPARISON WI'l'H OTHER FORMS 

The scattering amplitude which,is obtained from the minimal 

interaction hypothesis is 'given by the right hand side of Eq. (2) . 

" 6 ' 
O~z ~l and have found that We have checked numerically for 

2 9 
s 

Cl(zs) 
-1 " s where 1.803, 

2 
= at sin a ;' z = cos 9 s' and t = 41-1 • 

0 2 s 0 

Therefore,denoting by F(S,z) this lower bound amplitude, vle have 
s 

where, unfortunately at this stage, y, N, D and Dl are unknown 
'0 

constants. We assume that the triplet amplitude is asymptotically 

equal to the singlet amplitude. So 

(4 ) 

do 1 
dt- 16n:k 2s 

s 
[

/F(S,Z )/2 + /F(s, -l+z )/2 - ReF*(s,z )F(s, -l+z ) 1 s s s s 

where ks refers to the momentum in the c.m. system. For any asslli~ed 

value of ,j" the parameters D d N, and Dl have to be determined 

experimentally. As mentioned in the introduction, y is related 

to the boundedness property of the sc'attering amplitude in the t 

plane, and N appears in Eci. (4) because of the assumption of a 

power bound N s in the derivation of the lower bound. In the case 

that the Pomeranchuk trajectory is exactly linear in t, and it 

dominates the asymptotic behavior at t = 0 and t = t 
0' 

it turns 

that N = Re a( t ) and (N - l)/t is the ,slope of the trajectory. 
0 a 

out 
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The parameter Dl in this case is related to the value. of the 

residue function at and to its maximum value at 

For Y f 1, the correspondence is not clear. 

Re t = t a 

Let us examine some characteristic features of the experimental 

da ta 7 which may allow a comparison with Eq. (4). Referring to 

Fig. (1), one observes that the fixed angle data and the fixed s 

data fallon intersecting curves with considerably more the former 
of(s,z ) s 

of(S,z ) s 
steep than the latter. We define r ·z oltl z ,s 

and r 
s dlt I 

where the derivatives are taken at fixed z and s respectively. s 

Note these derivatives are defined to be related to the experimental 

dcs . through Eq. (5) . Once the slopes r 
z 

and r and the value s 

of the dcs are known at a given point, then for a given value of 

y, one can solve algebraically for the parameters D , a and N. 

We now denote .by 6. the difference of the two slopes 

For the lower bound amplitude, we have 

A y'= -a(N - 1) 
(_t)y-l 

y [1 
t 

o 

----> 

Here both a and t are known contstants. For 
o 

-a(N - 1) 

2 
s » 4M , 

It IY-
l 

t Y 
o 

A ts 4y 

(6 ) 

constant at fixed t, a,nd the t dependence is determined solely from 

the value of y. For y > 1, 16 y I increases with the increase of t; 

s 

for y :=: 1 it is independent of t· , while, for y < 1, it decreases with 

the increase of t. Identical statements can also be made for the 
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ons at fixed z 
s 

The determination of the 

quanti ty I::. at several t values will be extremely useful in testing 

the minimal interaction hypothesis. We note here, that since the amplitude 

has to be properly symmetrized to calculate the cross section (see 

Eq. (5)), it is necessary to fit the dcs data using this form to 

extract the experimental value of 6. On the other hand, in the region 

where the cross section falls off rapidly, one can approximate Eq. (5) 

by the first term, i.e. the F( s, z ) 
s 

contribution alone. For this 

case, the t;. value can be obtained directly from the data. 

The quantity ~ can be conveniently used to distinguish 

various forms which have been proposed to fit the large angle 

scattering data~ For example, for 

and for 

1. 
f ~ exp (-C t2"), 
II I ~I o 

4a ----> 
z )-(3 + z )t s s 

s ~ 00 

It can be shown that the data require that b. be negative 

4a 

near the break region. Therefore the form f 
I 

requires a(t) to be 

negative there. The form fII is ruled out. In the model proposed 

by Huang, Jones and TePlitz,8 it was assumed that the Pomeranchuk 

trajectory and the Reggecut are dominating. Both of these contri-

butions have the form At the break, in their model, O'''p = -1 

(8) 
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and ex 
c 

O. The contribution of the Pomeranchuk trajectory vanishes there, 

and the cut is the only contribution, which in turn gives 6= O. 

We have checked explicitly that their solution gives the wrong 

fixed-s-angular dependence near the break region. Also, the-model of 

Sakmar and Wojtaszek9 which attempts to explain thebreak with a 

positive PomeranchUk trajectory, should not-give the correct fixed-energy 

angular dependence in the break region. In the larger It I region, 

the 6. val1J.e is experimentally well determined at one point, 

2 
P

L 
~ 15 GeV/c and t == -10.4 (GeV/c) , by the data of Ref. :5 ,md 

- -? 
Ref. 'Ta. We estimated 1::.= ..,0.18 ± 0.02 (GeV/c)_. For the form f

I
, 

2 
this would imply ex = -1.35 at t = -10.4 (GeV/c) . 

To take another example,for the form 

(10 ) 

we obtain 

IL -2 C
l 

(zs + 1) -'l.II~' - (11) 

which may be distinguished from ~ y by the lack of z s dependence in 

latter at fixed t. Sometimes it is more convenient to define the 
1 

fixed s and fixed Zs slopes by taking derivatives inltl2; that is 

we let 

clF(s,z ) 
s 
1 

dlt 12 z 
s 

dF(s,z ) 
s 

(12) 
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For the lower bOillld amplitude with y == 1/2, we obtain 

4 
while fbI' the Orear formula . we have 

1 
f rv exp (-C

1 
sin G

s 
s~;), 

IV 

Both t:;. 1 and 6. IV are independent of t, but f IV will be 
"2 
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(14) 

characterized by a shrinkage of,6 IV as the angle is decreased from 

90 deg,. whereas 
.~. , 

t:;. i is a constant. 
2 
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III. THE COMP~ISON OF THE MINIMAL INTERACTION BEHAVIOR WITH THE DATA 

A sample ofpp dcs data 7 is shown in Fig. 1, where dO' jdt is 

plotted as a function of t. For a given energy, the t value is 

ranging from 0 to -2k 2 (the latter is the t value at 90 deKJ-.-·-·- .~--.-
s 

So as the energy is increased, correspondingly the t-interval is enlarged. 

Since it is plausible that the lower bound behavior is more likely 

to describe the large·angle scattering region where no specific 

cross channel exchange mechanism is dominating, our comparison of 

the data with the lower bound behavior is made by first looking 

at the 90 deg data. Note the slope in the 2 
dcsbelow 7(GeVjc) 

is steeper than the slope above. This implies that the data below 
2 .' 

7(GeVjc) - cannot be saturated by the lower bound. Thus we shall 

concentrate first on the region with 
2 

It I ~. 7(GeVjc) , and see whether the 

data in this region are compatible with the lower bound behavior or not. 

For definiteness we consider the two cases y = 1/2 and y = 1 below. 

(1) y = 1/2: With the form of Eq. (4) we first fit the data 

in the region near 90 deg and then enlarge the region with decreasing 

angle. We found all the data for It I ~7(Gevjc)2 shown in Fig. 1 (or 

in Fig. 2), which includes some points with scattering angle down to 

50 deg, can be fitted with the form of Eq. (4). The parameters 

obtained for the fit are 

1 
D 1.30 mb2 GeV, 

0 
1 

N - 1 0.47t 2 o ) 

Dl 2.56. 
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The fit to these data points are illustrated in Fig. (2). Although 

this fit is quite reasonable, since there are three parameters 

involved, the data are only enough to determine the values for 

these parameters but not sufficient to determine conclusively 

\vhether the observed amplitude should indeed follow the lower 

bound behavior or not. We illustrate the extension of the lower 

bound contributions to the lower It I region in Fig. 2. In the 

smaller It I region, the extension of the lower bound contribution 

deviates substantially from the data. Note that this deviation for 

fixed s is more noticeable than that for fixed z . s 

(2) ~y ___ l~: The same data points as for the case Y= 1/2 are also 

fitted for, Y = 1. The fit to the It I > 7(Gev/c)2 scattered points 

are.comparable to that for the case of y = 1/2. Fits to the data at 

16.9 GeV/c data and the 90 deg data are less satisfactory. They are 

illustrated by the dotted lines shown in Fig. 2. It turns out that . 
the fit at 16.9 GeV/c is strongly coupled to the 90 deg fit near the break 

region. As the fit for the 16.9 GeV/c data is improved, the fit at 

90 deg deviates further from the data. These dotted lines shown are 

a typical compromise of the situation. The corresponding parameters 

obtained for this case are: 

1 
D 0·36 mb2 GeV) 

0 

N - 1 0.15t 
0 

Dl 3·06. 

Finally we consider a third possibility. 

(3) Phenomenological model for large angle pp scattering for 

It I > 2(Gev/c)2: 
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We feel that the less satisfactory fit for the case y.~ 1 

at this stage should not necessarily be taken. to imply that the 

data prefer y = 1/2 rather than .. y = 1. It is conceivable, that the 

lower bound behavior could start to dominate at a slightly larger 

It I value. More explicitly, we construct the following.phenomenological 

model for the large angle scattering amplitude. In the large It I region, 

it is dominated by the lower bound behavior for I = 1, while in the 

region where the lower bound behavior is not dOminating, we assume 

the scattering amplitude is characterized byi;he Regge-like behavior, 

0: 
(-Zt)' Lacking knowledge of how the transition is made from one 

form to the other, we write 

dO' 
dt 

dO' 
dt 

where dO' I dt is given by Eq. (4) and Eq.(5) and the added term 
, t.b. da 

dt is pressumably associated with the contribution of the exchanged ,. 

Regge trajectories. This term dominates below the break region (the break 

is at PL 'V 8.4 BeV/c or' It I 'V 7 (GeV/c)2), and it falls off more 

rapidly than the lower bound amplitude in the larger It I regic:in. 

For pp scattering, the dominating Regge trajectories in the small 

It I region are the Pomeranchuk trajectory and the secondary trajectories, 

such as pI and ill. From the present knowledge of Regge analysis 

on pp tt . 11 f sca erlng, or 
r") 

It I < 1 (GeV/c)L the P contribution in the 

energy region is falling faster than the contribution of pI plus ill. 

So for It I > 2 (Gev/c)2, in the moderate energy region between 
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.3-8 GeV/c region (we will come back to this point later on), the dcs 

might be mainly domina·ted by secondary trajectory contributions 

, or even lower lying trajectories. We write,ll 

dQ' 
dt 

and parameterize 

a(t) 

1 

.. 2 t 2 
16:rrsk (1 - _._) 

s 4M2 

f3(t) Do exp 1\ t 

f3(t) (-z )b;(t) 
t 

2 
(16) 

~e note here that the a(t) should be taken as an effective power which 

might be associated with the resultant contribution of Regge poles. 

The zero intercept is.not crucial in our fit; for definiteness we 

take it to be 1/2, the nominal value for the secondary trajectories. 

Here Do' 1)1 and aI' are parameters left. to be determined from 

the experiment. Since we do not include the Pomeranchuk contribution . ".' ,I . .: ... " 

(the Pomer.anchuk is rather flat where.as it will be seen that our 

effective trajectory is rather steep) in this model, we do not attempt 

to fit .the data in the region where Pomeranchukis important. 

'With this parameterization, we made a least squares fit to all 

the data illustrated in Fig. 1 for, PL > 5 GeV/c and 
. 2 It I > 2 (GeV/c) . 

The results are also illustrated in Fig. 1. Note the data near the 90 

deg.region:, including the break region, can be adequately fitted. 
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The 90 deg. data for It I < 7(Gev/c)2 together with the off 90
0 

data 

at 5 and 7 GeVjc essentially determines the energy dependence and 

the angular dependence of the Regge term. We note that the extrapolation 

of the fit down to . 3 GeVjc at 90 deg. and the extrapolations at 

5 and 7 GeVjc down to It I ~ 1(Gevjc)2 a~e in good agreement. Above 

'7 GeVjc the energy dependence of our simple Regge term begin to 

show noticeable shrinkage effect; we attribute this to be an indication 

that the Pomeranchuk contribution begins to set in. As the energy 

increases, eventually the Pomeranchuk contribution will take over 

for fixed t; then the data will show little shrinkage effect. 

The parameters for the fits are 

1 
D 0·30 mb 2 GeV, 

0 

N - 1 0.14t 
0 

Dl 3·09 
1 

D 28.2 mb 2 GeV, 
0 

Dl -0.11 'GeV-2 

0:1 0.70 GeV-2 

Note the lower bound amplitude parameters are quite similar to those 

which we have obtained above. Also the fit for the data beyond 

It I = 7 (Gev/c)2 are comparable to that for the case y = 1/2 as 

illustrated in Fig. 2. 

To illustrate the relative importance of the two terms in 

Eq. (15) ,we also show.in~ Fig. 1 the extensions of the Regge and the 

lower bound contribution at 90 deg. near the break region 
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It I 
'2 

= 7 (GeV/c) and at , 60 deg. near It I = 5 (Gev/c)2. The 

extension ::If the Regge contribution at 9 GeV/c is also illustrated 

in Fig. 1. 

The break occurs when the contributions of the Regge amplj.tude 

and the lower bound amplitude are comparable. The break for z = 0 s 

occurs at t Et-7.1 (Gev/c)2. The loci of this break as a function of 

z is illustrated in Fig. 1. Since the dcs is relatively flat near 
s 

90 <:leg., the break moves inward in: It I ,nearly horizont.ally as the 

angle decreases. As the angle further decreases, both the It I 

dO' value and dt at the break decrease. This result is in contrast to 

the prediction of Huang, Jones and Teplitz9 . In their model the 

break occurs at the point where the leading Regge trajectory passes 

through -1 and hence is found at a fixed value of t as the 

scattering angle is varied. 

We illustrate in Fig. 2 also the prediction of the fit with 

Eg. (15) for this case at PL = 25 GeV/c and at 60 and 90 degrees 

in the large It I region. Comparing with the corresponding curves 

for case (1), one sees that at 25 GeV/c the difference could already 

be quite noticeable although their values are comparable at 16.9 GeV/c. 

Finally life note here that the value of N obtained from these 

fits is reasonably well determined by the 16.9 GeV/c data and 

the 90 deg. data. As mentioned,in the previous section, for y 1 

one could associate the quantity (N - l)/t with the slope of the o . . 
-2 Pomeranchuk trajectory, which is equal to 0.15GeV ,this value 

is compatible with the present knowledge of the slope of the 

P huk t . t 11 omeranc raJec ory. For the case (1) the value of N is found 

to be 1.13. 
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IV. SUMMARY 

We· have shown that the extended lower bound, which has a fixed..;. 

t power behavior, can be readily compared with the data through 

Eq. (~). It is rather encouraging that the lower bound behavior is 

compatible with the existing data for It I ::c 7(Gev/c)2 (orfory = 1, 

I t I 2 
~ 8 (GeV/c) ) which include some data with the scattering angle 

down to 50 deg. 
s . 

At this stage, the experimental conAtralnts are not 

sufficient to determine conclusively whether or not the lower p<:mnd 

behavior should coincide with the physical amplitude. The data can 

be fitted either for Y= 1/2 ory = 1. Should the minimal interaction 

hypothesis be valid, one expects that the quantity /L\I will decrease, 

stay constant or increase as It I increases depending on whether 

the corresponding value of y is less than, equal to or greater than 

one. Future experimental measurements, even in the present accelerator 

energy region, "Till afford a significan:t test of the minimal interaction 

hypothesis. In the process of testing for this hypothesis, one will 

also be able to learn about the value of y, and hence about the 

boundedness property of the scattering amplitude in the t-plane~ 

which is of great theoretical interest. 

Since the dcs is relatively flat near 90 deg., the break 

should move in horizontally in the du/dt vs It I plot. If our 

assumptions are correct we find that the location of the break should 

decrease both in magnitude and in It I as the,angle further decreases. 

Experimental verification of this conjecture would be very interesting. 
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is relatively flat near 900 region and does not decrease 

monotonically beyond 900
• So we have not syrrunetrized the expression 

here. Later on we will see that this approximate form is adequate 

in fitting the data. Our effective residue function pet) is 

parametrized to be a smooth function as required by the data. We argue 

that the zeros associated with the individual trajectory passing 

through the unphysical signature point are either smoothed out due to 

the contribution of several trajectories or that the effect of the 
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fixed-J singularity discu.ssed by Martdelstam and Wang (see S. 

Mandelstam and L. L.Wang,· Gribov-Pomeranchuk Poles in Scattering 

Amplitudes, University of California preprint, 1967) is important 

here. 

! 
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FIGURE CAPTIONS 

Fig. 1. dcr/dt vs t for pp-scattering. Data points:. at 90 deg. 

by Akerlof et al. [5J; - at 16.9 GeV/c by Allaby et al. [7a]; 

oatS GeV/c, V at 7 GeV/c and L at 7.08 GeV/c by Clyde et al., 

[7b J; + by Cocconi et al., [7d]. The solid lines for 

It I < 1 (Gev/c)2 indicate the experimental curves for 

the dcs at ,5, 7 GeV/c (from [7b]) and at 19.6 GeV/c (from [7d J). 

The solid lines are the fitted pp dcs at 9 = 60, 90 deg. and 

at P
L 

= 5, 7, 9 and 16·9 GeV/c for case (3). The big open circles 

are fitted values for the associated data point. The dashed 

lines are the extension of the fit to the lower It I region. 

The dash-dotted line indicates the motion of the break as a 

function of z. The light solid lines s indicate the contribution 

of - I - dcr/ dt I b 
.f, •• 

2 
and II - dcr/dt1at 90 deg. near It I = 7(GeV/c) 

and at 60 deg. near It I - 5 (Gev/c)2 and II - d-;;/dt at 

PL = 9 GeV/c near It I = 4(Gev/c)2. 

Fig. 2. dcr/dt vs t for pp-scattering, for It I > 3(Gev/c')2. Data 

points: L at 7 GeV/c by Clyde et al. [7bJ, • at 90 deg. 

by -Akerlof et al. [sJ, I at 16.9 GeV/c by Allaby et al. [7a], 

+ by Cocconi et al. [7dJ. The solid lines extended by the 

dashed lines are the fitted curves and the extrapolation to the 

smaller It I region for case (1) at 90, 60 and 50 deg. and at 

PL = 25 GeV/c. The open circles indicate the fitted values for 

the associated data points for this case. The dotted lines in-

dicate the fit for case (2) at 16.9 GeV/c and at the 90 deg. 

near the break.region. The dash-dotted curves indicate the dcs 

obtained at'90 and 60 deg. and P
L 

= 25 GeV/c for case (3) . 

./ 
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This report was prepared as an account of Government 
sponsored work. Neither the United States, nor the Com
m1SS10n, nor any person acting on behalf of the Co~mission: 

A. Makes any warranty or representation, expressed or 
implied, with respect to the accuracy, completeness, 
or usefulness of the information contained in this 
report, or that the use of any information, appa
ratus, method, or process disclosed in this report 
may not infringe privately owned rights; or 

B. Assumes any liabili~ies with respect to the use of, 
or for damages resulting from the use of any infor
mation, apparatus, method, or process disclosed in 
this report. ' 

As used in the above, "person acting on behal f of the 
Commission" includes any employee or contractor of the Com
mission, or employee of such contractor, to the extent that 
such employee or contractor of the Commission, or employee 
of such contractor prepares, disseminates, or provides access 
to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 




