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ELECTRICAL ENGINEERING EEVIEW COURSE
Lecture II
March 10, 1952
- E; Martinelli

(Notes bys Le Brown, A, Bermingham)

VECTCR FIFLDS

_ If a scalar quantity, temperature for example, is given as a ﬁmct:.on ‘
of a point in a regiony we may then speak of a scalar fields

If a vector quantity, velocity for example, is given as a i‘unctlon of |
a point in a reg:.on, we may then speak oi‘ a vector field, :

'Ihe.ma“bhematlcal shorthand for the above can be expresseds
TwT (x5y2) '

-_ >

VeV (x7,2)

These above expressions can be read:

Temperature, T, is equel to a scalar function T of x,y, and z, and veloci'by
at any point is equal to a velocity wector function of x,y, and z, The above state-

- ments could of course be translated to cylindrical, spherical, oblique, or other
“coordinates by means of sultable operations, but for the purpose of discussion, let

us consider only the rectangular cartesian coordlnate system.
‘The change in value of the ﬁmctlon corresponding to a dlsplacement equal to
dr, will depend on the direction of the displacement. If we now define 31"’ the -=.:'™
displacement vector, thens _ , infinitesimal
> A A N
dr @ dxi + dy] + dzk ¥
~and sinceg ) |

dTm b%gg ’, Yaz) x4 ,');T(;(;;,x,g) dy + \O?ogzm z) dz .
X , v z

theny

3T dx4 3T dy+ )T dx, which appears to be a scalar
‘ox : 7);9' \0 Z product of two vectors,

#See Notes on Lecture I,
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This can be verified by the folloW1ng procedure in which F is same vector field
functions
> .
AdTgFedr

- A ' A
Fuw2T 143 T 5,27 %
DX D

4
J
N

A N\
& e axi 4 dy] + dzf

~ since:

dg’_ > T azg(gradT)°(c1'r’)

* this can be expressedz ~
[: __JL__ J + k Twegrad T ¥ T, it being
X ‘b _ ) '

understood that the function T will be ‘operated upon by the operator
(read nabla or del or atled) to produce the field function as descrlbed aebove.

The meaning of the gradlent may be expressed as followsy We can
connect all p01nts in the region hav1ng the same. value of T(x 3T92) by means of

surfaces, Each of these surfaces is characterized by the fact that displacements
made along the surface do not alter the value of the function T(x o z) Ity

thag we let dr lie in one of the surfaces, thens
dr, o grad (1) « 0 '
Since naither dr, nor grad T is’ to vanish, then the vector, gradient T is

perpendicular to the level surface, Since the scalar product is equal to zero,
the gradient field line must be perpendicular to the level surface,

dr, ‘

dte

¥ \soTHERMAL
(LEVEL) SORPACE.,
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If, in going frdm'pOSifion A, whéfe the value of T(y & z) is Ty to
position B, where T(x ) is TB, the difference in temperature between the

two points is TB - IA, ors

_ > : . o
b////l7 T odr = ,(j///‘ AT @ Tg = ?A - this means that the values of
A A . S T at any points are independ-

, ent of the path used to get
from one p01nt to any other point, If we return to our starting point, then
the value is the same as it was before we left the pointg

fvT‘ ar m O

Let us now consider the case where the function for which the field 1s
defined as a wvector quantity., Ifs

: V d r m Oy then the fleld is partlcularly defined as belng
irrotatlonal, and as having no sources or sinks.

’

- DIVERGENCE, div
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r W (x+ dx) dy dz__-) is read V sub x enthesis x plus dx parenthesa.s, dy dz, and

,means the x component of the function V at position x+ dx is to be multiplied by the

area, dy dz

\(I (x+)dx) dy dz g the amount of fluid flowing.from the box in the x dlrectlon at
X -f- dx) e

V, (x) dy dz g the amount of fluid flowing into the box in the x direction at (%).

‘e §’X (x+dx) =V, (x))dy dz !&the net fluid flowing out of the bax in the x
direction. _ v :

Uy (x+adx) @ Vp (x) &+ - Vs ax . Substituting the last equation into the
previous one, we get:

67,{. (x) +. sz dx - Ty (x)> dy dz g ZDZ:: dx dy dz g the net fluid flow=-

ing or the net rate of fluid flow out of the box 'in the x directions, Note that the

fluid can be leaving the box or can be piling up inside the box,  That is, at certain
points in the box, fluid may be continually generated and at other po:Lnts destroyed.
This allows us to cons::.der the fluid as 1ncompressmle.,

Following the same reasom.ng as above for the y and z components of the vector
v, flnally we gety

. The total rate at which fluid flows out of the box or the total flux of fluid

through th £ f'th
ough the surfaces of the box g /v/é bV + }vy‘* dx dy dz = ?‘ll'\ldS,
| 32
-

A surface
where n g unit vector normal to the suri’ace Se

Wk + +- Q z. ) is called the divergence of the vector field V (x,y,z) and

X y
is represented by div_ﬁ The divergence o:I:‘ a vector field at any p01nt may be defined

. as the outward flow per unit volume from a volume element including the point in

question,

2> A
Us:.ng the notation just defineds ///:w V dx dy dz nﬁ s n ds

SU'QFAOQ

This expression for convertlng a volume integral into a surface integral 1s true

for any vector field and is called the divergence/or Gausgsis theoren,

- theorem —»
Ir F e V, vhere F is any vector field function, and V is the particular function
used for illustrative pux-poses, then.

div F = Ve F g[ :|.+ ) 3 + E Ij] o_l'? (continued)
, 2% kR4
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If div F is everywhere equal to zero and the fluid is incdmpressible,
.then we have no sources or sinks of fluid. L _

EXAMPLE o |
Let us consider a point source of strength q and investigate the flux
through a boundlng sphere, :




-
V ® velocity of the fluid in cm/sec

q = source strength, cu cm/sec
v = volume.

area over which the veloc:.ty is to be measured, sq. Cloy io€o
sphere surface area

=
|| .

i

radlus at which A is taken
= unit radius vector

-y
® radius vector = |r' r

By B H

8 = surface area

A - . '
n = unit vector normal to surface

e flux through the sphere is given bys

f °nds

-> ' A A
Ve g /:r\' and n = r for a sphere

ATEI”

aoﬂUXﬁf g

51ncer e.rgl flux = ‘ds
flux: __q;Z— .ds;,:__g_l‘z- . L T rzsq

’I‘hus 'bhe flux through any closed surface surroundlng the point
source is equal to the source strength, We can get another équation by

considering the fact thats [
>

-> =
divVdvw

A
_V e nds =
s Volume

' - v o
therefore / div Vd v 4 g for a point source.

-~ Volume - _
For a distributed source: Flux = / Q(x »s z) d V - // div V dx dy dz

Volume Volume
(See next page for symbols)
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where Q(x,y,z) = gtrength of source as a function of Xy¥, ond Ze
V z velocity

'v;g volume
e _
divV = Q(x ¥42)

-—
/ ¢ dr}! 0, we may define a new vector/ ﬁurl Ve ds,

which indicates there is somethlng 01rculat1ng in the closed fleld, 0oy WE have a
rotationel field, In a rotational field, the integral of the normal component of the
curl of the field over the area enclosed by a curve gives the circulation of the'
vector field about this closed curve, Or, the line integral of vector V, taken over

a closed curve C, 1s equal to the surface integral of the curl of V, teken over any
surfece having C as a boundary. .

%gphysical exemple of a field that has curl is a whirlpool, because there, the
5”‘ about the center of the whirlpool is different from Zero, .

ol VeVxVe 2 2_ .2 (read del cross Vector V )

-3 2 22
v v v
X y 2

ple ‘
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