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ABSTRACT

An exact equation of evblution, with the structure of the

' diffusion equation, is derived for the phase-space probability density S
of a_system whose Hamiltonian is random. No assumptioﬁ need be made
about the magnitude of the fluctuations nof aﬁout their time scale.

In thé limit of short correlation time, the equation reduces to the
equation or Eifmingham, Northrop, and F&lthammar. The reduction of

the Fokker-Planck equation to diffusion form is also demonstrated.

* This research was supported in part by the United States Atomic

'Energy Commission.



‘.

-la
Certain problems of physical interest can be represen*ed as a
system evolving under a random Haﬁiltonian, whose ensemble is Independent

of the state of the system. The simplest example is thét cf a charged

particle acted upon by a random electromagnetic field.® This example’

~has been studied by Birmingham, Northrop, -and FﬁlthaMmar,l for the case
- of particle diffusion in (o, 8) - space, for fields conserving the

‘magnetic moment and longitudinal acfion7 They derived a diffusion -

equation for the evolution of the density»iﬁ"(a, B) - space, upon the
assumption of small fluctuations of the fields. The present note drops :

this assumption, extending the work cf 2NF to arbitrary fluctuations

‘and to a general Hamiltonian.

A system with Hamiltonian H(I, t) and phase-orbit I‘S(t) has

the phase-space density

p(r, £} = 8lF-Tg(®)l, (1)
‘Which évolves as
op . ' o o
'—t = .- L D ¥ (2>
where _
L = {(, H = T BP A | - (3)

1s the Liouville operatdr.e‘ The symboi T BF represents a scalar

product over the phase space:



r BP = 5 (q aq + P Bp), (4)
with summation over the f degrees of freedom of the system.
A randomness of H(t) produces a randomness of Fs(t) and
correspondingly of p(I, t). The randomness of Ps(t) 1s (partially)
characterized by the probability distribution in phase-space P(PS; t).

This quantity is identical to the statistical mean of oI, t), since
(py (1, t) = /d Iy 8(r - FS) P(I‘S; t) = P(r;t).

We shall derive the equation of evolution for P(F;t).
Express o and L in terms of their means and their fluctuations

about their respective means:

P+ Bp

°©
]

(5)

<L) + 81

=
1

Substitute (5) into (2), and then take the mean of (2). The result is

dpP/at = - (SL 8p) , (6)
where

a/at = (3/ot) + (L) (1)
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is the ﬁonVeqtive derivative under the mean Hamiltonian. The differenée

betweén'Eqs; (é) and (6) is
[(a/at) + 8L18p = - BL P + (8L 8p) . | (8)

This equation was solved by BNF to first order in the fluctuations,
but, since it is- linear in Bp, it can be solved exactly for &p and

thus for the quéntity (8L ®p) wrequired in (6).

The exact equation of evolution is thus found to be
ap/at = (1 - (8L G))™* (8L G 8L) P, (9)

where G = [(a/at) + 6L]'1. With the initial condition &p(t =0) = 0,

G takes the explicit form:

' _ t 4 _ !
G A(t) =-¢[’ at' a(t') - ./' dt' 3L (t') Jf at" A(t")
- 0 , 0 o
‘ - : : . (10)
t t' , .,tll . .
'+-./’ at' oL (t') ‘/' at" sL(t"™) J[ at"™ A(t™) - ..
0 \ 0 o
the time-integrals are convectlive, corresponding to (7). Formally,
(10) may be written as
¢ = c.(1+8Lc)" ()
= Yo . o’ : _ .
t
where G, = (d/at)'l; i.e., GO'A(t) = Jf at' A(t').
hoo
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Using Eq. (11), and 8L = T d, = aFf (the latter identity
following from Liouville's thedrem), we may manipulate Eq. (9) into the

~ form

aPr -

= i

I ar BF P, (22)
which has the formal structure of the standard diffusion equation.
However, the "diffusivity" 7 is here still an integro (in time) -

differential (in phase-space) bperator:

7= [1-MQ o+ ap M)'l ap] D, (13)
with

D = (8 G &) : | (14)
and

M = (81 G, 8L G) (15)

also overators., Note that D and < are second-rank tensors in the
phase-space, while M and 5P are vectors.

The exact equation (12) beccmes an actual difrfusion equgtion,
if one simultaneously makes two appraximations: (a), one replaces
P(t - T), in the integrand of the time-integrals represented by G and

Gy by P(t); (b), one keeps only the lowest-order (in SI') contribution

to L7 .

Z\
i
S
i
@
=
(]

O 5f—\> ) (16)

o~

.
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o as eouivalent +o (18)

vhere, beeause_bfithe'first approximEtibn,-'Gd  nQﬁ operates only dn'“t
- Bf and not on P,viThis is the'result‘bbtaineé by ENF, for the case

of one degree-of freedom:

at T .BP\DO;BP P - . ’1J(l7)'¥

" The valldlty of these two approx1matlons may be investigated by A f

'*estlmating the relative sizes: of the respectlve leadlno correction terms.v.

: For (a), we obtain the condition

T, >>7

: where T"'bis the'eharécteristié evOlﬁﬁion»time'for‘ I&“ﬁhile’fTs* 15_*¥f,‘

P

:  the correlation time .for the Iluctuating Hamiltonlan.. Thls is the

= usualfMaerv assumption, From Eqs. (12) and (16), we may estimate o

' - S, R~ S S e T ey
T o Dy~ ~ ler| ™ T - 9 -
. where r , ~1s a measure of the’ spread of P in phase space.‘ Substifuting{"?
'(19) into (18), ‘we obtain the condltion ‘
o > > |or| R (2 )

' 'J.‘urnincr now to (b), we have the condition
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. e "l ) :
1> > ]éL GOI ~ |0 e (21)

which we

see is identical to the previous condition (20). We conclude

that the standard diffusion equatibn is valid for the evolution in phase~

space of a system with random Hamiltonian, if only the Markov condition

(18) is satisfied, From familiar examples of this equation, we know

that TP ~ t; thus the diffusion equation eventually becomes valid, after

a time t > > Ta.

Finally, we demonstrate why the Fokker-Planck equationi

P (AT) .
S = -BP—-[R_—-P+BP8PDOP, (22)

which is valid under (18) and (21), reduces to the diffusion equation (17)

for the present problem. We have

t+AT
AT{I(t), t, at] = at' I [r(e'), t'). : (23)
t
In the argument of the integrand, we set I(t') = (T) (¢') + & I(t'),

where the mean is here conditional on I'(t). Expanding I' to First

order in 3I'y we obtain

T+t _
ar = [ e (PR, 61w en(et) gy B UTHE), €

ct

o
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T
= f dt!', &f (t")

S

L Upon expressing 61"(1:') herein, and then tak:mc

the mean, we flnd
LR .r%_\-gl' 5 (P) . a D e
to 'léweSt'Cr‘d_e‘r_‘-_"in,: Nt .and_b to-ks-ecbrid”'dr"der in 8T, "'Sub's{i‘ituti’rig (2k)
jintQ'(éé)} ﬁetobﬁain‘ I
B e A e A ) SN

Ginteh 1s'B (T o




8-
FOOTNOTES AND REFERENCES

T. J. Birmingham, T. G. Northrop, and C.- G. Fﬁlthammar, Charged
Particle Diffusion by Violation of the Third Adiabatic Invariant,

submitted to Physics of Fluids., This paper is here denoted by BNF.

~ We use the convention that an operator (like I or BP) operates

“on everything to its right.
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This report was prepared as an account of Government
sponsored work. Neither the United States, nor the Com-
mission, nor any person acting on behalf of the Commission:
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Makes any warranty or representation, expressed or
implied, with respect to the accuracy, completeness,
or usefulness of the information contained in this
report, or that the use of any information, appa-
ratus, method, or process disclosed in this report
may not infringe privately owned rights; or

Assumes any liabilities with respect to the use of,
or for damages resulting from the use of any infor-
mation, apparatus, method, or process disclosed in
this report.

As used in the above, '"person acting on behalf of the

Commission" includes any employee or contractor of the Com-
mission, or employee of such contractor, to the extent that
such employee or contractor of the Commission, or employee

of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.






