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ABSTRACT
This article describes the application of cubic spline fitting to
a set of 'points:
‘ At x);i= 1, 1 with 123 |
. to obtain:
(1) a tomputa._tional deﬁni’tion of a smooth curve, x(t);
" (2) an estimate of the first derivative, x, at each t;;

(3) " an estimate of the second derivative, x'', at-each fi; .

. {4) 'dn interpolated value for x at any t, t} St = tys

(5) an estimate of the integral, '

s . v _ S ox(t) dt
‘- - The t. must be distinct and increasin with 1, but need not be uniforml
7 i . ‘ g y
71' spaced.

N
INTRODUC TION

J

A t- dependent quantity, x(t), frequéntly is known (from observation,
- from a table, etc) only in the discrete form.as a set of points:
(t;, x5, 1= 1, L.

1

with the t; distinct and increasing with i. The cubic spline function s(t)



‘"_-Vid'ehtica'l), however by (3), s

e _vwe _rnéan that for any functiQn g(t) satisfying (2) and (3),

_";f"'v'an'd by the;‘il_'\e‘.é.dily, c_bmputable',

. which fits 'f}.l_.eﬁ':ltablé,” ;-(ti, x;) ha's'vti.'lle“fdli'o{&‘i:r'lg ﬁlh.arop.e'rtiés:_ e

C (-1.)".;' Qv“ervv.a‘ﬁ?.-_subint:e.rrv‘é.l [k,,ti_lg_ tl], 1 = 2,‘“>I t.hekfuhction_-‘s(t)
1s acublcm : t - - |
@) e s xpts 1T (exactfi)
‘(3)_ >'over the Wholé .iﬁterv%l'[ ta ‘ tI] x s'_hés continuous fi#st

‘and second derivatives, ‘_sf(t)_ and s''(t)

R N R R
(4) T 1 s'(t)] .dt-in minimized.

By .4;(1),- we meah that for any i;i= 2, I - 1 with s = :s__ on ['ti-l’. 'Cvi:] G

K . .an‘"d s = s_{_v on”[ tiv,-"_ti+1'] that s_ and sy vare" cubics‘('not' .gene.ra;.llzy

2 ”, .

xg 2 . x 2

It is' computationally _cpnver‘lient to as su‘mevt_hat - "

;;.,‘_x(t) = 's‘(t)' on [, tﬂ .

U

: smces(t) 1s b_ovmpletéiy determined thereoﬁ"by the known

(tii "Xi);vi.:‘ 1, T

A

'S =

]:. "é'(ti);'i‘_: l,EI." '

_R.e'ca.lli'ng_'that s; = x; and that s is a cubic on each subinterval, __'simple' .

¢ computational processes on the values . -

v(ti’ Sis ,S‘;)L_'l.?,l," I \

. provide for interpolation," second order differentiation, and integration, .

,.'.. o
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CUBIC SPLINE FIT, FIRST DERIVATIVE .
The problem of defining s is logically equivalent tO'findi'ﬁg

s;,‘ i=1, I since for any i; i = 2, I, the cubic segment of s on the sub-

”

interval [ ti-l’ ti] is well defined by (ti-l' Si.1 's;_l) and (ti' vsi, si).
We how describe the computation for the s;,

If xi and xf are known, we set si = xf and si = x£ then solution
of the linear system: -

ST S

(t3] - ti) .si/_l + 2 (typy - ti1) s+ (tg - ti1) si_1 =
31 - t) (g = 3 )/ (8 - b p) + (4 - He))(xigr=xg)/ 0 (2) L

T X . IR C)

provides the values s; ;i= 1, 1.

’

In the (mdre common) case that the terminal derivatives %y

and xi are not known, replavcements must be found for Equations (1) and

7 (3).

Reference ! imposes the condition that s have no curvature at

t; and ty i.es,. s."A’(jtlA) = 0 and s'(ty) = 0 which gives

S 28]+ sp= 3 (xp-x)/(tp - 1) NS

" Solution Cf;’,che' linear system consisting of Equation (17, Equatiohs‘(Z)

and Equation (37) gives the s{ subject to this condition.

*

"Reference 2 imposes the condition of constant curvature very near

tl and t; b’ybrequirilng that si be tAhe‘ slope of a circle passing through



(tl’ Xl) and (tz, xz) hav1ng the slope 52 at tz and that sI be the slope
of a C1rcle pas s1ng through (tI 1, xI 1) and (tI, xI) hav1ng the 510pe

[N

I 1 at tI 1 Wl’llCh glves

l = {Z (XZ - Xl)/(t - tl) + SZ [( Z-Xl)z/(tz # tl)z - l] }/

¥ u':,Unfvoi‘tunately; _Equat-ions' (4). and (5) are not lineal',in s2 and sI 1 o | ) ; :

R fespecti{rely; hence, the system_(4),' (2), (5)_cann6't be so_lved as a linear:

3 »',s‘yvétem. The Ti'e"ferenc'e proposes "an' iterative process whereby first G

. :.:’ »
. estlmates 1s made for 52 and s’

5 1 Elquatlons (4).‘&&(-5_) ,évrfe’sollved-?o.iv‘i:}
Sl éxid sI v‘quuatlons (2).can then be solyved as a linear sys'.t'ern fdr s;,
1: 2, I -1 Then, the new values ‘of 52 and‘sI ] can be used in Equatlons (4) :
: ;:"‘j‘fand (5) and 1terat10n contlnued untll 52 and SI‘. ] no lonéer change apprec1abl;y. o
: The a'nthers_ assure.u-s t_lxnat'_the process is rap‘id‘ly c_onverge_nt.v |

We nz;repese tne’qbndit‘ien'that s 1s a c_ubie at ‘tl and ty whese slovvpe . o
SI 1s 'd‘ep.endent' en (tl,'i 'xll), (“lcz,‘ xé),- and (t3, bx3).and'who'se elop‘e siis;. |

-ﬂdependent on (tl’ XI) ('cI 1, XI 1) and (tI 2, xI 2) Wthh glves

"Ev‘sl + al s’zi'_v bl sl + ¢y s2 + dl s3

‘5»__"(1;2 Lty /{(t3 -ty Vo 2- tl)( ty - tl) + (tz - tl)?‘( t3- 1)}

ot -
1 .

eeeys d {2 t3 -t )3 3 (#2 -t )(t3 : tl }/ (t2 ¢ 't )

a1 dltg - ) ke (- tg) -




—
e

v_5~

sp+apspy = bypsp+ocrspy+d S1-2 E (3"

| ar, vbI, cy, dy appropriately defined.

Equations (1') and (3'") are linear; hencek, Equation (1),

Equation (2), and Equation (3'") consitute a linear system which can be

solved for S:':; i=1, I.

SECOND DERIVATIVE
. The values of the second derivative

"o 1f4 ’
s;' = s (ti_)_

can be readily computed from the set:

by - o
syt = {6 (sy - sy (ty - ty) + 2 Sy + 4 sty - 1)

where t) is adjacent to 5. The formula is exact for a cubic between e
and tj. Fori= 2, I -1, the k may be eitheri- 1or ¥ + 1, The result
will be the same for either choice since the cubic on [ t._1» ti] has the

same second <iler1vat1veatt1 asthe cuﬁic’“. on [ ti’_fi‘-;. l].

INTERPOLATION
a Interpolation for x(t*) with

t) <tk < tI

' is aécomplished by computing s(t*) by Hermite .i'nterpolativon.' " For some =~ "

Ci;i= 1, I-1 we have

ho=th-t; o H=tjy -



" B

- (3 hZH Zh )/H
b=1-a "
c=md-nfmy/mt %

h-h%H+c

"

: an;d-fi‘nally,' R
;'(t*)_as 1+bs+cs i+ds.
SRR S Thls formula is exact for cublcs hence,' the value s(t"<) is exact

' for"_-s and is an estlmate for x(t*).

~ INTEGRATION

- i_"_fi"»I‘he int.égfa‘l
I (I

. ,_Oniea_:ch'v}of the: sdbinte'i-vals' [ ti; thl] i = 1"', 1-..-  .1‘,‘_":c'he function s is a -
cub1c and
t1+1 S . S 2 . S
N tf~ | s dt = (t oy = t)(sg, + si)/2 + (t; 01 - t) (55 - si‘~+"1)/1'2
s é'xact for cubics. The sum of all such subintegrals gives -:

Vv

vwh'i'ch can be used as an estimate for .

W4 ... i CONCLUSION '

¢ 'The cubic spline s(t) is a computationally convenient fit for a
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It lends i.t'sélf-convénie‘ntly to numerical diffgfentiatioﬁ, interpolation and
numerical integravti(l)‘n.' |

The_cﬁgic spline fit having a con‘tinuous second der.ivative and
piecewise convstant third dérivative is much smoother than polygonal
(broken line) fitting which is :continuous and .has a.;v'piecgwise constant first
derivative and smoother than local cubic fitting which has a éontinu_oq's
first derivative and.piecewise constant second derivatives,

Exact polynbm‘ial fitting of (t;, %j) may introduce many inflection
pqiﬁts ;J.nd extreme curvature over a‘ short arc. The minimization property
({L) of spline.'"fittipg tends to;prevent such occurrences.

.v Cubic spline fitting is exact on (ti, x;) in contrast to least square
fitting whi‘ch admits residual errors, Th‘ese residual errors, particularly
if they alternate in sign from point— to-point, may introduce unreasonable

variation in derivative values.
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