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'ne Capture Radius for Ion Recombination
oy
. *
Eric K. Parks
Department of Chemistry and Inorganic Materials Research

Division of the Lawrence Radiation Laboratory,
University of California, Berkeley

An expression for the cabture radius
defined by Thomson for three-body ilon
recombination is derived for arbitrary ion
and néutral masses. The recombination |

| rate constants calculated from this expres-
sion for é variety of systems are compared
with the available experimental data. It is
found that use of the rigorously calculated .
capture radids seriously underestimates the

recombination rate constant.

. _ v
Present address: Department of Chemistry, Massachusetts

‘Institute of Technology, Cambridge, Mass.
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I. TINTRODUCTION

Thréejbodyfionic rééombination at low pressure 1is generally
believed to take place by'the collisional deactivation mechanism
originally proposed by Je J. Thomson.l .The rate determining
process is the formation of bound ion pairs from free ions
throughldééctivating collisions with neutral third bodies.

At low pressure, this process becomes first order in the inert
g£as pressure while the ultimate fate of a bound ion pair becomes
pressuré independent and is determined in a few subsequent ilon |
ne‘utra.l'collisions.2 The bound ion palr is either redissoci-
ated, or further deactivated until the ions approach sufficiently
closely for electron transfer to occur. If the rate of formation

of bound ilon palrs and thelr fedissociation and deactivation

‘are taken into proper account the net neutralization rate can

in principle be calculated.

In order to simplify calculations based on the collisional
deactivation methanism, Thomson introduced the concept of a
capture radius.  According ﬁo Thomson, recombination of
oppositely charged ions occurs if and only 1f one of the ions
undergoes a collision with a neutral when the ions are within
a certain distance RC of each other. The capture radius Rc is
generally defined by the conditién that the average relative
energy of an ion pair after an ion-neutral collision ét an ion-

ion separation RC ls zero, i.e.,

el

<Tre1>"§; - 0. | ..<l)
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where Tréi is the‘rélative kinetic energy, and e is the e;ectrdnic
v charge. ‘Tach ioh is assumed to have.its»thermél average energy o
at infinite ion;iohvseparation so that the average in Eq. (1)
is over only the directions of the initial velocity vectors and
yafious:éollision‘parameters. The rate of'recombinaéibn is then
the humber of ions per unit time which undergo collisiéns with
neutrals when- the ibn-ioh separation is less than the capture
-radius. | | |
Calculations based on a capture fadius model ha&e been
made‘by Thdmson,l Natanson,s‘and Brueckner.4 In all caSes,_
ho&ever{ the positive and negative ion maéses have been assumed
'_to be equél. A considerable amount of new experimental data5’6’7
'is now available which covers a wide fange of ion and neutral
masses and pro?ides a more serious test.of the capture radius
model than has been previoﬁsly possible. In this paper we |
~generalize the'theory_to positive and negative ions ofldifferentv

masses and show that the predicted’ rate constants are consider-

ably too smdll over a wide range of experimental results.

II. DERIVATION OF THE CAPTURE RADIUS

v Consider iwo ions, 1 and 2, of masses my and My moving
.initially at large separation with momenta 250) and Béo) in the

|  laboratdry,coordinate.system (we use the noﬁation of’Brueckﬁer R
The momenta of the iohs at separation f in their'center of |

mass system are



R R

and
2 =l'%1
where
Ry = Rgo) + 29
~and -  . |
e - R -
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(3b)

We now consider a/collision of ion 1, while at distance r

from ion 2, with a neutral third body of mass M and assume

the scattering of 1 on 3 is isotropic in the 1-3 center of

mass system. . The momentum of ion 1 in the 1-3 center of mass

system before the collision is

L (5 4p,)
J = - +
£ =R m R1 ES
and after the collision
2t = |m - m I e
A 3Ri | 123 m, i

where i is a randomly orientated unit vector.

(4)

Eq. (4) assumes

in addition that‘"during" the ion-neutral collision the effect

of ion 2 on ion 1 can be neglected (it is exact for hard _

| spheres). 1In the laboratory system the momentum of fon 1 after'

the collision is

m

1

[ L p—_—
A my+

iy (p1+R3)

(5)
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~and in the center of mass system of 1 and 2

= (mypy - mpp)/ (my+my) ()
The relative Kinetic energy 1s
.2 2 o S
q q q S , L
1 A | : . <7) A

T L = =
rel Zml 2m2 2 .

" where | is the reduged mass, mlmz/(m1+m2).' From Eqs. (6) and

(7) we have

S , o o

T =;u§;_§_2_> - (8)

| rel e 7 my My , - | :
" where T refers to the kinetic energy after the collision

o rel:
_'with the neutral. Substituting in Eq. (8) from Egs. (4) and

(5) and averaging over the directions of fi and ps glves

L .2 | |
m ‘ '
! = =\ p; ¥+ ——= Pz [{ ) J
el e (momg)? Y (mytmg )° 1 "2
VLT3 1 73
(9)
-From conservation of enefgy'
B 2 Es
;“q(q) | qz o . ‘ . .
¢ - h et - | (10)

"and using Eqs.'(z) and (3) we can write Eq, (10) as
——— . O . O . N ! .
Eé )Q,g _ }3](_ )'é/gr qz e2 = ' '

(
We now assume- that in the laboratory system the lons, at

finfinlte separation, and the third bodies have their thermal

average energies, il.e.,
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(O) (0)° 2 :
p P |
my Mo 3

Using Egs. (3), (11), and (12), Ed. (9) becomes, after some

manipulation

T o ) (0)._(0) g2 My (m+my+ms)

I
rel o~ R1 Rz mzlml+m3} f'?r (ml+m2)(ml+m3)

égi - Zmlmzms(ml+m2+ms)‘- ml(ml+m2+m3)' >
B (ml+m2)2(m +m3)2 (m1+m2)(ml+m3)
' (13)

(0)

_ Brueckner® assumed <El ‘Ag D = <E§O)‘Q}%> = 0 where the
average is over the directions of R&o) and Réo). With this.

assumption Eq. (11) becomes

2 2 ' :
(F>=% | <14)

and for m, ilmz, Eq. (13)‘Pecomes

m, +m

2 2
<m;el>— T, 4—7? b_+-z—jl—7§J

which is Brueekner's result.

In order to eliminate the above assumptions, we need an
.expression for Ag. We first write the relative velocity vector
of the two ions, v,’in terms of two vectors in the plane of
motion, the initial relative veloclty vector Vinit and the
vector Vinit X M, where M is the angular momentum.‘ Using the

'equations,of motion in parameteric form,8 we obtain
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| ’i
S 2

;"l [(r+ a)2~ a e2] +: ? él r : 2

yel

€

y 1 L

2 v > 2

T € 51 [(r + a)z _ a262] _ Vez-l r : a,
‘re € '

Vo= v,
~ ~ ~init}

. M

T ¥init X W

(15)

~where the lower and upper signs refef to incoming and outgoing
- particles respectively, € is the orbit eccentricity, and
a = e2/2E, where E is the'relative_energy.' | |

If we write

- A Yints * B Yingg X M - (e ‘
and use :
gy =y
then - |
, : M o
89 = wlA-L)yyngq + BB Yypyq X Qan -
}.From.Eqs. (15) (16), and (17) we obtain !
2 1 SRR ‘
- ulal- ‘finit[(A.'l) .+ B J
o2 S o ‘
=5 - 2B (A1) R (18)
‘and
g o o000 () (0) iy
2 u_ﬁ’g = (A-1) O (A-1) R - B<Bl Rz bé)
U | o M
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The iast'term_in Eq. (19) depends.on the orientation of
the plane of motion of'the two'ions.l For given E§O) and_gé ),
we may average over the azimuthal angle. Since {M> = 0, the
last term drops out. | , ‘ A
| Using Eqs. (18) and (19) in Eq. (13), averaging over the

(0)

directions of py and Réo), and using Eq. (1) to determine the

" capture radius gives

o2 Zmlmzms(ml+m2+m3)l

T = 5 — :
° B (mytmy)®(mymg)®
(0. ( )y MM _2mlm2m3( 1t 2+m3)_m1(m1+’“2+m3)
< Rl |1 (41 )2 (my g )2 (PP ) (7 ¥ ]
(20)

| " When the positive and negative ions have eqﬁal masses, m, = My,
and the last term in Eq; (20) is zero. In this case Eq. (20)
'gives the same result as that'ebtained by Brueckner4 although
the assumptions made by Brueckner and'hot strictly valid
[compare Egqs. (14) and (18)].

The capture radius is a function of the ion-ioﬁ impact
parameter through the last term in Eq. (ZC). The expression
(Aggo)-ggo))>was evaluated numerically and Eq. (20) was solved
for R as a function of the impact parameter. The effect of
the last term in Eq. (20) is small. Neglecting it changes R,
by approximately 5%. In addition, the ehange‘for the incoming
ions is opposite to that for the outgoing ions (A is different

for the two cases) so that the effect on the recombination rate

largely cancels. Neglecting this term yields for collisions
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of my with.m3 gives -
2 2mym, ms(m +m2+m3) .

"R "-; c_
c To-

(m +m2> (my+m ) -

'Fer celyisionszof m2 with M ihterchange ml'and m « Note

that Eq. "(21) can be derived from Eq. (13) and the assumptions
0 0 o

<R ) > <R( ) >=o. It is exact fovz" ml,-mz.

III. RATE CONSTANT
The three body recomblnation rate can be written in the
form® | |

s ’ |
'%%: = - n+n'2vJ(bdbd3v§o)dsvéo)dsvsw[xio)]w[vé )]w(v3)| § o).

o}

R v (8)eval Iv )-vs| |

1

-00 ) =00

bwhere b isZthe ion-ion impact -parameter,'_n+ and n~ the positive
and - negatlve ion densitles respectively, and w(v) 1s the i_
Maxwell distribution. The factor n 2vbdb|v (0). (O)I is the
 flux of'negative lons incident, with impact parameter b, on a
single positive ion. The two factors in brackets represent |
vthe probability that eithef'a negative or & positive ion will

undergo a collision with the neutral third body in such a way .

"~ as to bind the ions stably. D

With A, the mean free path of ion 1, Iv -vsl/k is the
probability-per unit time that an ion of volicity Y. collides -

(21)'.a

(0)

-Xz
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with a neutral of velocity vz. If “1(X’¥2’¥3’b’t) is the
-p}obability that for given values of the arguments the coyliSion

of 1 and 3 lead to a bound ion pair, then

[o0]

o o - o .
fds"s_w(r‘és) f dt"'lh(x) NSl“l - (23)

-00 1

represents the probability that the lon-ion encounter at impact
parameter b leads td a recombination through_collisions.of

ion 1 with the neutral)

The recombination coefficient obtained from Eq. (22) is

1
| I (t)-y5] \
f at (84 f dt Z‘A Sonl o (24)
l -2 .

For the captufe radius model we have

o = 27rfbdbdsv(O)dsvéo)dSVSWEx§o)]'W[xéo)]W‘Xs)-l"gO)"’éo)l ‘

v 1
Tll =
0 :I“ > Rl .
‘ | (25)
1 r < R2 ‘
T]Z = K
O r 2 Rz.

where.Rl and R2 are the respectlive capture radll for collisions
of ions 1 and 2 with the neutral.

The mean free path A, equals 1/No where ﬁ is the neutral
_ number density and o 15 the ion-neutral cross section. Besides
the "hard sphere" interaction, ions and neutrals exhibit
charge~induced dipole attracti#e forqesf In order to take these

forces into account ‘we use the cross section corresponding to
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~orbiting of the ion and neutral, i.e., - -

mlr—a .

I B s o | ;
o - orb | 2 %po1® > 1
3 = ot = 2r n (26)
_ 13 ,Of | < uls / Viz | , i
_where g is the polarizability of the neutral, b 5 the 1, 3

reduced mass, v15 the 1,3 relative velocity and b the ion-
neutral orbiting impact parameter. For b > b s the scattering
’vangle rapidly approaches'zero,.consequently the}deactivation “"
1of iohs frcmacellisions with ion-neutral impact;parameter
Hlarger than bo is small. The orbiting.cross section‘is‘also
:approximately isctropic,‘an assumption made in deri&ing thef~"ﬁ
capture radius. | ’ " |
- The orbiting cross section should be used in Eq. (23)
chlyﬂwhen 1t 1s larger than the "hard sphere" cross section
(ch's‘). For the systems considered in this paper (see Table I)’
TP , Sh-S. for the free ions. However, since ©TP 1/v15;,
‘ioqrb uecreases as the lons approach and generally both cross -
sections.arevneeded ih.Eq. (23). For the data reported in -
Table'I, howeVer, Gorb and o8- generaliy become equal at -a .
ip.sufficiently small ioﬁ-ion separation, compared to the capture.
'__radius, that the effect'of oS is small (ch.s. repreeents an

" average "hard sphere" cross section for the case of complex

ro was used

ions); For all calculations reported in Table I ¢°
in Eq. (23) at all ion-ion separations. For the experiments
done at room temperature, the capture radius is large enough -

(100-200 K) that the effect of o*%* is negligible. For the
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ﬁigh temperaturé experiments, the capture radii as well as

the orbiting crdssvsectiohs are smaller énd ch‘s'-becomes more
important. In the high temperature Xe studies, the worst case
occurs for collisions'of TlIé with Xe where the ion-ion sepa~
“ration at which o°™® = 5 45 22.7 K while the capture
radlus is 44.4 K. Thus, in approximately 25% of the cross
sectional area we use a somewhat smaller ion-neutral cross
vsection than is valid. In the case of the high temperaturé

Ar experiments, the calculated rates may be as much as 50% too
low.. | | |

Using Eqs. (25) and (26) and the orbit equations of the

tons,® integration of Eq. (23) gilves

A Nsl -
fdv VS f dt N N2T<u13 )fdt nl

1

. 2\21 - ) o
o e R, +a
- v _a_;___> [¢R§+2Rla-b2 I
. o 2.2} .
13 init ~ Ja}+b
where a = e“/2E,
. v | N
Integration over b fromb = 0 to b =b . = (R +e2R/E)2
(R is the capture radius) gives
3. 3 Yq,
a = fd VJ(LO.)d Yéo)WExgo)JWExéo)]al'(E)
= J dEw(E) o'(E) C (z8)

Z
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<12~
"""”""“'7.',( B! = BTerXA' -
R Y-, B . -
“yolez (R +2R a) -8 (Rl+a) (Rl+a) ;1 - ( 2 )cosh"l(Rl+a)]
(T T 3 3 T 2 Y] ‘ Ry +a. a.
. ‘ ' . l .
- B N 3/2 :
27" [ n2 , 2 +
- "po1® (R2+2R2a) & (R2+a)[ (R2+a) -1 - (—2;—)005'1(R2 a)J
| “23 - | 3 2 a R2+a. a .ji

tn
L3

and w(E) is the Maxwell distribution for the relative ehergyi -
As z = 0, the integrailin Eq. (28) diverges. This is dUé 

_to_the.fact'that as E -+ 0, the capture probability in Eq. (27)'.
B aporoaches a constant, bmaxf?*w and the capture cross section
'approaches'ihfihity; Tho formulation presented here, however,
:.isovalid only if b S N. For b » %}‘proper acoount must be
taken of multiple ion-neutral collisions. "

~ The mean free path at the densities of interest here
(3 x 1087 - 3 % 1013 cm's) is.large enough (~1o'4 cm) that the
Coulomb energy at an ion-ion separation of approximately one
mean free path is small compared to KT+ Thus the distribution
of relatlve energles at this separation is approximately
Maxwelllan and the effect of multiple collisions is simply to
-vrerandomlze impact parameters such that in Eq. (24) one need
:'not consider impact parameters larger than approximately one
mean free path. 4

At r - E, = eZR/( 2_ge ), b Dax = N By osing the low energy
1imit of Eq. (27) and by =M, it 15 easy to show that the

contribution to the recombination rate from energies less than

E, is negligible. Although o/N now depends on the neutral number
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density through EO, numerical calculations show that it varies
by less than 1%.over the density range cqnsidered here.

" The calculated values given in Table I are obtained from
"a numerical integration of Eq. (28). The results are given
for N = 3 x 10%8 em™5. |

The formula .

o = 1.33 a' (3/2 kT)

is valid in all casgs to within 2%. It is easy to show.that-

o « T™° to within the same approximation.

IV. RESULTS

In Table I some éxperimental three body rate constants
" are glven along with values calculated from Eq. (29). 1In the
calculaﬁions the polarizabilities of Xe, Kr, Ar, and O2 are
taken to be 4.01, 2.48, 1.60, and 1.0 K>, respectively. The
calculated'VaLues are seen to be consistently well below tﬁe
experimental wvalues. In addition, the calculated felative rate
constants for a‘given neutral and different lon pairs, or for
a given ion paif and different neutrals are, in general, not
in accord with expefiment.

| The capture radius.that 1s used in these calculations.
[defined by Eq. (1)] has been critized by Brueckner% on the
grounds that not ail "captured" lons are stable against further
ion-neutral collisions. If additionai restrictlions are imposed,
‘the capture radius is lowered considerably and the calculated
rate is lowered still further.

For the 03, 05, 0, system, Feibelman® has obtained the

“three body rate by numeriéal methods. In his paper he avoided

the use of a capture radius and by the Monte Carlo method took



P PR TP _

colliSion parameters.
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,Mproper account of averages of direction, velocity, and

He found that by cons1dering the effects

of dissoc1ative collisions and by taking averages correctly,

the rate constant turns out an order of magnitude larger than
'jéalculations basedfon-a~capture~radius~andﬁis in good agreement

with experiment.

These results imply that the collisional deactivation

‘ﬁmechanism is probably an adequate description of three body

. recombination, however, calculations based on a rigorously

-applied capture radius model will generally be considerably.invii
.:-error{ ,lt'has heen shown recently,7vhouever,'that if the

_capture‘radius originally adopted by Thomson is used and some

simplifying aséumptions_are made with regard to the ion-neutral

“‘:-collision frequency, the resulting'formula predicts rate
‘constants which are in quite good agreement with experiment.
‘While the formulation has little theoretical rigor, it is

quite useful for<predicting three body rates.

Acknowledgement.- The author wishes to thank Professor -

Bruce H. Mahan and Dr. George A Fisk for many useful discussions

4during the course of this work, which wa.8 supported by the

"U. S Atomic Energy Commission.



UCRL-17754

-15-
Table I
' _ . .a/N X 1026‘(cm6/sec)
- T(°K) " System - Neutral
' . ' Exper. Calc.
298  0,, 0 o, 12.22 3.94
298 No*, mo, Xe | 27,eb . 10.01
298 -~ Not, NOj S ke 17.8° 7.7
c2es w0t mo; 0 Ar 145 5.0
530 7legI, TiIé‘ . Xe 3.04° 0.00936
530 TJI, TLI;  Ar o 1.30° - 0.00980
590  T1jBr, TiBr; . Xe- . 1.96°  0.104
590 T1}Br, TlBr; Ar . 1.06° - 0.0111
610 Tlgci, TIClL, ~ Xe o 1.76% 0.150
610 ‘mijel, mel; Ar- 1.18C 10.0193
707 PoBrT, BT Xe 2.,06° 0.361
707 poBrt, BrT . Ar 1.83° 0,157

a. Reference 5}
b. Reference 6.

c. Reference 7.
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