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ABSTRACT 

UCRL-17784 

H. Feshbach has shown how the introduction of the projection operator 

onto the bound states of a system of nucleons can facilitate the calculation 

of the transition amplitude for a nuclear scattering reaction. Feshbach's 

method is based on the relationship of the transition amplitude to the T-

matrix. In this paper we show how the projection operator method can be 

applied to the generalized R-matrix expression for the transition amplitude. 

In order to test the validity of the approximations customarily 

employed in applications of the projection operator formalism, we have 

applied the method to a simple soluble model. We find that the method works 

quite well projl[ided that all second order terms are retained. The general-

ized R-matrix is found to work better than the T-matrix method, but the R-

matrix method depends sensitively on the choice of the value of the boundary 

radius. 

* tThis work wad done under the auspices of the U.S. Atomic Energy Commission. 
Present address: Physics Department, Case Western Reserve University, 

Cleveland, Ohio 44106 
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I. INTRODUCTION 

It. Feshbach1 has shown .howthe introduction of a projection operator 

onto the bound states of a system of nucleons can facilitate the calculation 

of the transition amplitude for a nuclear reaction. This method has received 

several elaborations
2 

andapPlications. 3 The Feshbach method utilizes the 

relationship between the T-matrix and the scattering amplitude. In this 

paper we show how the projection operator. method can be used to evaluate the 

generalized R-matrix.
4 

When approximations are made to carry out calculations 

. using the projection operator formalism, the conseQuences of these approxi-

mations can be expected to be somewhat different for the R-matrix than for 

theT-matrix. 

In order to test the validity of the approximations customarily 

employed in applications of the projection operator formalism, we have 

applied the method to a simple soluble model. Both the T-matrix and R-matrix 

approaches are tested. The model consists of two s-wave channels coupled by 

a zero range separable potential. In addition, there is an elastic zero 

range interaction .in each channel. We find that the projection operator 

method works pretty well provided that all second order terms are retained. 

The R-matrix calculation gives a better result than the T-matrix calculation, 

but the elastic R-matrix results are Quite sensitive to the choice of the 

boundary radius. 

In Section II the scattering problem is formulated and the projection 

operator formalism for the T-matrix is presented. The projection operator 

formalism for the R-matrix is outlined in Section III. In Section IV we 

introduce the usual second order approximation for the reduced operators. 

We describe the coupled s-wave channel scattering model we wish to use to 

test our methods in Section V. In Sections VI and VII we apply our approximate 
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projected T-matrix and R-matrix methods to the scattering model.In,Sectio~ 

VIII'we describe'the results of numerical evaluation of the expressions 

"derived in Sections V, VI, and VII. 

. :', 
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II . . THE PROJECTION OPERATOR MErHODAPPLIED TO THE T-MATRIX 

For the sake of simplicity we will restrict ourselves to the problem 

of the elastic and inelastic scattering of a particle by a target capable of 

existing in a finiteriumber of discrete states. The Hamiltonian will be 

taken to be 

H Hrr(s) +Hp~'S)+ V~,O 

:= HO \r' s) + V ~ , s) 

(1) 

where Hrr is the Hamiltonian for the internal structure of the target, V 

is the interaction between the target and the incident particle, and' ~ is 

the relative motion Hamiltonian. IIp will consist ofa kinetic energy T 

and an elastic scattering interaction .U • 

(2) 

Let ,¥~4j;;) be the wave function describingthe scattering process or 

interest. Then 

'Y( +) 
(E - H) ex' o 

where E .is the total energy. The subscript identifies the initial state 

of excitation of the target. Now let <p( +) ex 

the energy E , 

(E-H,)<P(+) = 0, o ex 

be the eigenstate of Ho,at 

(4 ) 
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wllich. has the' same ii1ciden-t a~ymptoti~behavior 

related by 'the Lippman-Schwinge;r-, ,eq~tion5 . 

. . . 

'Y(+) .~ <p(+) + (E - H + ie)-l V 'Y(+) 
ex ·ex.· '..0 '. "ex 

= 

UCRL-17784 

. Then'Y( +) and <p( +) 
ex ex 

Let A~ be the eigenstate of H.r+,lT corresponding to channel ~ . 

(E - H.r T ).L\~ o (6) 

, The tran~itionamplitude for scatte~ing from channel ex to channel ~ may 

now .be:vrri,tten5a~:, ,211~~.wAere 

= 

T ('O), + To" 
.~ ~ 

The various wave functions that appear above are' norinalizedto unit incident 

current. .Thefirst term on, the right of Eq. (7B); is the scattering amplitude 

due to interaction .U. The interaction U is chosen to be a simple potential 

well 'that ca.n provide'a~ a:pproximatede~cription of 'the ave'rage elastic 

scattering.U . is t'he(jl?ti~ai potential. Thus ther'eis 'no difficuity in 

calculating 
(0) 
T~ • 

are 

.. 
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The remainder, will.be the main object of 

our attention. This remainder we call the T-matrix. By making use of the 

formal solution of the Lippman-Schwinger equation, Eq. (4B), we have 

. (8) 

We define the transition operator, T, to be 

T = V + V(E -H + ie)-l V 

Now we are prepared to introduce the projection operator onto the 

bound states. of the system Q. Let p= 1 - Q be the projection operator 

onto the unbound states of the system. The reduced transition operator T 

is defined by the Lippman-Schwinger equation 

T 
-1 " = V + V(E - H + ie) PT 

o 
(10) 

T is what T would be if the bound states were eliminated as intermediate 

states from the perturbation expansion. 

We solve Eq. (10) for V 

V 
A 

[ ( ) -1 "]-1 = T 1 + E - H + ie PT o .. (11) 

and substitute the result into Eq. (9) for T to find after a few algebraic 

manipulations that 
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T (12) 

The transformation of Eq. (9) intoEq. (12), is the essence of the projection 

. operator met4od. The~dvantage gained is that the inversion of E - H need 

only be performed in that part of Hilbert space spanned by the bound states 

included in Q. . The price paid for this 'advantage is the replacement of the 

simple interaction V by the more complicated reduced transition operator T 

Due to the nature of Pit is believed that T can be well approximated by 

a few terms of aperturbation.expansion. 
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III. THE PROJECTION OPERATOR METHOD APPLIED TO THE GENERALIZED R-MATRIX 

We will refer to the region of configuration space exterior to the 

range of V as the asymptotic region of space. In the asymptotic region of 

space the wave function describing the scattering process will have the form 

where. X~ is the product of an eigenstate of ~with the spherical harmon­

ics for the angular dependence of relative motion of the two nuclides of 

channel is the unit current radial incoming wave function for 

channel ~ while is the corresponding outgoing radial wave function. 

The scattering matrix Jrxx is related to the transition amplitude 2fi ~rxx by 

5 - 2i a rxx ~rxx 
(14) 

where is the Kronecker delta function. 

The relationship between. the scattering matrix drxx and the general­

ized R-matrix ~ defined by 

4 
can be shown to be 

. (16A) 
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where 

z~~) 5O:(3'Y~i)(R):~ 'Y~i}(H) DR~(3(R,R)'+ ~(3(R,R) DR'Y~i)(R) (16B) 

'Y~il(R)= (~)l/2U~i)(R) (16c) 

(16D) 

'Eq. (16); is derived in reference (4):forthe case ·'R = R. The generalized 

R-matrix is seen to be made Up, of matrix elements of the Green's furtction 

G = '(E -H) -1 ", 

with respect to the channel wave functions. Of course, there is a freedom of 

choice as to how we define the singularity inG put this .~biguitydoesnot 

affect the Wronskian of R that occurs inE~.(16B). 

In the above expression for' theR-matrix the values of Rand R 

must be such that 'the matching radius"R . is smaller t~n or equal to the 

boundary radius R. (~,n ,R) and (s ,n ,R) are configurati,on spacepolnts 

located in the asymptotic region. 

We use the e:xpression' "generalized R-matrix" to differentia;te 1e 
from the R-matrix of E. oWigner;6 The WignerR-matrix is given by Eq. (15) 

with R = R and a particular representation used for (E _H)-,l .We use 

the word ,"generalized" to emphasize the fact that other representations for 

(E' :"H)""l can be used as well. Having made this point, we will henceforth 

refer to IC as simply the R-matrix. 

/ 
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In the T-matrix treatment we were able to use the optical potential 

U to reproduce the average elastic scattering and confine our attention to 

the remainder of the transition amplitude. The same can be done in the 

R-matrix treatment. To do this we introduce the Green's function G 
o 

associated with the Hamiltonian Ho = ~ + T + U . 

~ = (E -H + ie)-l 
o 0 

(18) 

Here it is convenient to explicitly choose the scattering type of singularity 

by including the imaginary infinitesimal ie .. ' Now since 

-1 
G = (E - H + ie) o 0 

= (E - H + ie) + V 

= , 

we have the following experssion for G 

G. G + GVG o 0 
(20A) 

= G(l-VG)-l 
o 0 

(20B) 

Using the right side of Eq. (20A) in the definition of the R-matrix shown in 

Eq. (15), we can arrive at an expression, for the R-matrix which consists of 

an optical model term plus a remainder. 
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Next we 'consider how the projection operator onto the ,bound states, 

Q = 1- P, " can be used to . facilitate the operator ,inversion required to 

evaluate G. We start by defining a reduced ,Green's function G. 

G = G + G VPG o 0 

Solving this equation for 

G o 

G 
o 

, 

and using the result, to e'lirninate 

G = G + GVQG 

A A 

= G(l- VQG) 

G ", fromEq. (20B) gives, 
o 

For our purposes it is most convenient to rewrite Eq. (23) to read 

G = 

(21) 

(22) 

(23A) 

(23B) 

(24) 

Eqs. (14), (15), (16), (18), (21), and (24) constitute the application 

of the projection operator method to the R-matrixformalism. Eqs. (14) and 

(16) show how to calculate the transition amplitude ·from the R-matrix. 

Eq. (15) expresses the R-matrixin terms of the Green's function. Eq. (24) 

gives the Green's function in terms of the reduced Green's function and the 
," .. ,. 

projection operator. Finally, Eq. (21) defines the reduced Green's function 

.in terms of the conjugate projection operator and the optical model Green's 

function defined by Eq. (18). 
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Thus we have succeeded in injecting the two essential ingredients of 

the projection operator treatment of the T-matrix into a projection operator 

treatment of the R-matrix. In Eq. (24) we see that the operator inversion 

is limited by the projection operator Q to the portion of Hilbert space, 

spanned by a discrete set of eigenvectors. From Eqs. (24) and (21) we see 

that the reduced Green's functidn·can be expressed as art optical model Green's 

. function plus a remainder. 
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IV • APPROXIMATING THE REDUCED OPERATORS 

The two formalisms for calculating the transition amplitude for 

scattering derived above are exact. In'principle, the optical potential U 

. and the projection operatorQ can be chosen in a completely !3.r;bitrary way . 

. In applications it is necessary to use, an apprbximate,representatiorifor the 

reduced operators'. The usual choice is the first iteration of the integral 

equation. 

In the T-matrix formalism we iterate Eq. (10). once and let 

T V +VG PV o 

This is then substituted into Eq. (12). 

T ,~ T 
A 

TA = V + VGPV + V(l+G pv) [E-H -QV(l+G pv) + iE]-l Q;(l +VGo'p) V o 0 0 0 

In practice, the higher order terms in V are often neglected also. 

TC = V + V[E - H - QV(l + G pv) + iE]-l QV 
o 0 

We will also consider an, intermediate approximation, namely 

T 

TB = V + VG PV + V [E - H 
,0 . 0 

QV(l + G pv) + iE]-l QV 
o 

(26) 

(28) 
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In the R-matrix formalism we iterate ECl. (21) once and let 

G ;:::: G + G VPG 
000 

This is then suhstituted into ECl •. (24) 

G ~. G 
x 

G = G + G VPG + G (1 + VPG ) VQ [E - H ..; (1 + VPG ) VQ + i€] -l:(l +VPG: ) '. 
x 0000 0 0 0 0 

Here also we can simplify by dropping the higher order terms, 

G :::: G 
z 

G = G + G VQ[E - H - (1 + VPG ),VQ + i€]-l 
zoo 0 0 

or make the intermediate approximation, 

G :::: G 
y 

[ ( ) . ]-1 G = G + G VPG + G VQ E -H - 1 + VPG VQ + l€ 
y 000 0 0 0 



UCRL-17784 

V. THE ZERO RANGE COUPLED CHANNEL MODEL 
" ' , . 

To compare the projected T-matrixand R-matrix scattering formalisms 

described above, we will apply them to a simple scattering model which is 

exactly soluble. We will consider the scattering of s-wave particles in two 
, ,~ , . 

channels. The scattering will result from a zero range elastic interaction 

,u and a separable zero range interaction V ,that couples the ,two channels. 

;Th~ ,~amiltonian for this model ts ,just 

H o 

T(r) 

= H + V 
,0 

= H.r( ~) + T (r) + U (r , ~ ) 

-:-fi2 1 d
2 

= 2m -' r 
r dr 2 

, 

To define U ,and V we make use of the twoeigenstates of the internal 

motion Hamiltonian 

U(r,~) = 

V(r,~) = 

H, 
T 

_fl2 

2m 

fi2 
2m 

a = 1,2 

2 ) 2: \Xa(~)(!+ba) 
a=l r 

5(r) (Xa(~) \ 

2 2 
5(r) X (~) \ 2: 2:\5( r) X (~) >v< 

a=l ~=l r ex 0 r ~ 

(33B) 

(36) 

Whenever V and U multiply each other, it will be understood that the Dirac 

delta functions appearing in ,U are to be evaluated first. Channell will 

be regarded as the elastic channel. 
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The wave function for the system, the exact wave function, will be 

an eigenfunction of H 

o 

We will call the eigenfunction of H 
o 

the approximate wave function. Let us write 

Then the Schr8dinger equations become 

[ 2 5(r)] V/+)(r) , d 2 + k~ + (! + b ) 
.. dr r a -p 

~ + k2 + [2 
dr2 ex 

(! + b ) 
r a 

5(r)] q}+)(r) 
a 

~ = 2m (E _ ~ ) 
fi2 a 

5(r) v ~ ~~)(O) = 
o f3 

0 

The regular solution of Eq. (40B) can be easily shown to be 

(39B) 

(40A) 

(40B) 

( 4oC) 

. (4lA) 
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where 

-b r 
£. ex 

- tan-l(k /b ) 
ex ex 

We see that there will be one bound state,provided that bex is positive. 

(41B) 

The reason for our choice of normalization in Eq. (4lA) becomes clear when we 

rewrite it in the form 

= 

i20· 
e ex e ~kexr ]. 

lr 

where U(l) 
ex is the unit current outgoing radial wave function for our 

problem. The ttapproXimatett Green's function Go is just 

= 

The exact scattering wavefunctfon can.be ',found by solving the 

L-S equation for .~ which reads 

(4,) 

(44) 
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Setting r = 0 and summing over a gives 

Thiscanrtow be substituted back into E<l. (44) to give 

• (+).(.' ) ifJ.- . r 
"'P 

io ik r} +o),a_ r ,a' 
a e "p e ( 46A) 

.. r ')'CX 
1/2 [ '. 2 . Ai0(3 . 

(k k )l+.t: .2:. .t::' Sln 

. n: 'Y 0 (3=lk(3 

( 46B) 

~'! 

Finally, we note that the unscattered wave function _.'.Jtx is given by 

(47A) 

Now we are prepared.to evaluate the various <luahtities of interest to us. 

The two contributions to the exact transition amplitude are calculated 

from the definitions given in E<l. (7) 

(a) ,ioa 
sin °a 0(?a Ta (48A) T(?a - 0(?a e = 

v 'T(3Ta 
T(?a 

0 r (48B) = 
(kk )1/2 (1 - v 2: T k-l ) ,(?a 

(3n: 0"'1 "'1"'1 



whe:re:J;?y'Eq. : (42:i} ) 

io 
- e' "I sin 0"1 = 

-18-

k (b + ik )-1 
"I "I -"I 

UCRL-17784 

( 49) 

Eqs. (7), (48), and (49) provide us with the expressions for the exact trans-

ition amplitudes for our system. 



, 
.if 
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VI. APPLICATION OF THE T-MATRIX METHOD TO THE MODEL 

Our next task will be to calculate the matrix elements 

Q = A,B,C 

. . 
of the approximate transition operators TQ derived from the T-matrix 

method in.Section III. These are to be compared to the exact T-matrix. As 

a first step we use the definition of V . given in Eq. (36) to simplify the 

approximate expresSion for T . 

V(l + GPV) o 

x 

= Vx 

Combining E~s. (26) and (5~) and again.making use of Eq. (36) we find 

= VX(l + xy) 

'where 

2 
flv 2 

0 2: Y - 2iil cx=l 

Similarly, Eqs.(27) and (28) can be written 

TB = V(x + y) 

TC = V(l + y) 

(5lA) 

(5lB) 
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The numerical constants ·x and ydepend on the definition of the projection 

operators P andQ. 

The most desirable choice for the projection operator Q would 

appear to be a projector onto the bound states of H. These are nat readily 

available, so we will take Q to be the projector onto the bound states 

.Q := 

.-b r . a 
Ie () rXcX> 2ba < 

1 -P 

. Combining Eq;s. (56) and (51) we find 

1 ,2: *-1 
1 x ~ - v T k .:= .-

0 aa a 

;Combining Eq;s. (53) and (56) we find 

y := z(l - ;X;Z )-1 

2 ba 
Z := 2v 2: 

b
2 +.~ 0 a=l a 

-b r 
n a 

.... e_
r
- Xa l 

2:. 1 
V 

0 b ...;ik a aa 

. The last ingredient togo into our evaluation of the approximate 

T..,matrices will be the matrix elements of V . 

~ v TAT (kRk,:),-.1/2:" 
o I-' a p a. . 

(58A) 

(58B) 
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Our fina'l result is, thus 

(60A) 

(60B) 

(6oc) 

This is to be compared with the exact result given in Eq. (48B) . 

(61) 
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VII. APPLIQATION OF THE R-MATRIX METHOD TO THE MODEL 

Using the results derived in Section VI we may immediately simplify 

somewhat Egs. ()O), (31), and (32) ,for the approximate Green's functions. 

G= G + t}VPC}(l+ xy) + xG 'VQ[E _' H - xVQ + iE]-l 
x 0" 0 G ' 0 0 

-1 
G = G + G VPG + G VQ[E .. H - xVQ + iE] 
'y 0 0 0 0 0 

G == G + 'G VQlE-H, .:. ,xVQ + t E]-i 
p ()' 0 ", 0 

(62) 

(64) 

These expressions aresubstitated for (E,..H)-l in Eg. (15) and the results are 

used to eV'~Iu:ate the expressions in E,gs. (16), (14), and (7). Thecalcula-

tion is straightforward but soniewhat ,lengthy. We will merely display the 

results in terms of the resulting T-matrices. 

where 

(T)A = V
R 

(1 - xz + xzJ )(1 - xz + xZK)-l 
ypO: 1-'0: 0: 

J 
0: 

2 
K =2v' - .. 2: 

o 0:=1 
2 ' '2' 

b +k 
0: 0: 

(65A) 

(65B) 

(65C ) 

(66) 

We see that ,the dependence ohthe boundary radius R is contained in J 0: and 

K. For this simple model all dependence on the matching radius R cancels out. 
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VIII. NUM,ERICAL CALCULATIONS AND COMPARISONS 

The cross section .<1
11 

for elastic scattering and the cross section 

<112 for inelastic scattering were calculated from the definition 

(68A) 

Q = E, A, B, C, X, Y, Z, V (68B) 

The subscript E identifies the exact result as shown in E~. (48B) or E~. (61). 

The approximate T-matrix theory results corresponding to subscripts A,B,C 

are shwon in E~s. (60A),(6oB), and (60C). The subscripts X,Y,Z identify 

the R-matrix theory results corresponding toE~.s. (65A),(65B), and (65C). 

The subscript V serves to identify the simple distorted wave Born approxi-

mation prediction. 

It is clear that in the limit as V becomes very small all the 

approximate results, with one exception, become exact. In this limit 

y·~O,. K~O, Z~O 

The.n to first order in V 

Q A, B, C, E, X, Y, V (7lA) 

(71B) 
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Aside from this, comparison to the various .expressions is not very 

illillnina ting. We note that the R-matrix approxjmate results for .T :.are not 

symmetric. From the explicit forms' it is hard to see just how well the. 

approximate expressions reproduce the exact results. Thus it is necessary 

to compare the results of numerical evaluation. 

The numerical calculations were performed using the followirig 

parameters 

m = 1.0 AMU 

C
l 

0.0 MeV 

e2 = 4.0 . MeV 

2 2·' .f, 

Bl = tib 12m = 3.0 MeV 
1 

B· = ti~2/2m = 2.0 MeV 2 .' 2 

The interaction strength v . 0 and the boundary radius Rwere each assigned 

a range of values. With this choice of parameters we can expect a resonance 

to occur in the elastic cross section at about '2 MeV. The width of the 

resonan'ce and the ma:gni tudeoftne inelastic cross section increase with 

increasing inte:raction strength' v 
o 

In Figs'. (la), (lb), (lc), and (ld) we see a comparison of how well 

the various. approximate treatments reproduce the elastic cross section in the 

neighborhood of the resonance as a function of the interaction strength v 
o 

By choosing the values -1 o .14F , -1 
0.05F , and 0.02F-l for v o 

we find the resulting resonance widths to be about 1 MeV, 0 .. 5 MeV, 0.25 MeV, 
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The projected T-matrix results are seen to improve as the width is 

reduced. The approximation TX is a definite improvement over Ty and Tz 
wherein certain second order terms are neglected.' The projected R-matrix 

result TA is seen to do very well in the large width case but surprisingly 

the fit to the exact result deteriorates as the resonance width is reduced; 

It is also surprising that the projected R-matrix approximations to the 

T-matrix TB and TC give uniformly poor results. 

The fact that the fit TA provides to the exact elastic cross 

section deteriorates with decreasing resonance width is due to the fact that 

the optimum choice of the boundary ,radius R seems to vary with the width. 

In Figs. (28.) and "(2b) we see the v ==.05 o 
case performed for R == 2.0 F and 

3.8 F. The Fig. (1) calculation used R 2.6 F . The R == 3.8 F result 

for TA ,is an excellent fit to the elastic c:rosssection,in the vicinity of 

the resonance. 

We conclude that the second order projected T-matrix formalism can 

give a good. fit to the resonant elastic cross section, if the widthi's less 
"''',:'''''' 

than 0.25 MeV. Retention of all the second order terms gives a noticeable 

improvement. The'second order projected R-matrix formalism 'can yield a near 

perfect fit to the resonant elastic cross section provided the boundary radius 

R is tuned to the appropriate value. For this calculation the retention of 

all second order terms appears vital. 

In Figs. (3a) and (3b) we have plotted the elastic cross sections in 

the 0-20 MeV 4 -1 -1 
For energy range for v ==0.1 F and v ==0.09 F . smaller 

0 0 

values of v the curves are very nearly coincident. The fits for TA and 
0 

TX are again seen to be pretty good. For some reason, at high energy TB 

seems to be the best. 
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The inelastic, cross sections are plotted in Figs. (4a), (.4b), (4c), and 

As the interaction strength v 
o 

is decreased, the various approximate 

cross sections, except for that resulting from Ty ' approach the exact result. 

The projected R-matrixresult, calculated from TX" does better than 

the projected T-matrix r,esult, calculated from TA It is surprising that, 

Ty ' which is an approximation to TX ' leads to a better result for the 

inelastic cross section. Similarly, TB , an approximation to TA , does 

better than TA ,. • This is just the reverse of what we found for the elastic 

transition probabilities. 

It :isinteresting that the projected T-matrix and R-matrix methods 

give better inelastic cross sections than does the distorted wave Born 

approximation given by TV . 

In Figs. (5a) and (5b) are shown, inelastic cross sections for inter-

action strength v =0.05 .' In Fig. (5a) the projected R-matrix results were 
o 

calculated with a boundary radius of. R=3.8 F, while for the projected 

R-matrix results shown in Fig. (5b) R=2.0 F was used. The inelastic 

transition probabilities appear to be relatively insensitive to the value 

of the boundary radius. 
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IX. DISCUSSION 

Our study has revealed several interesting facts. We find that a 

consistent treatment of second order terms is important in a projected T-matrix 

formalism and is vital in a projected R-matrix formalism. When all the second 

order terms are included, then the R-matrix formalism is capable of yielding 

a result superior to the T-matrix formalism result. Proponents of the 

T-matrix method have emphasized that their calculations contain no adjustable 

parameters. 

Our results suggest that the presence of the adjustable boundary radius 

R in the R-matrix method may in fact be advantageous. 

In all applications of R-matrix theory one must face the problem of 

truncating the eigenfunction expansion used to represent the R-matrix. How 

is one to recover the coherent contribution of the infinite number of distant 

levels discarded by truncation? Presumably, the introduction of the optical 

potential through the replacement of G by Go + GVGo should go a long way 

toward ameliorating the injury resulting from truncating an eigenfunction 

expansion of G However, the projection operator formalism carries us 

further still. Herein the truncation Is done exactly and the result is the 

replacement of the interaction V by the effective interaction 

T = (1 - VPG )-ly 
o 

V + VPG V 
o 

We have seen that if we do truncate drastically but retain the second order 

contribution to T we can do very well. We conclude that unless very many 

terms are included in the eigenfunction expansion of the R-matrix, it is 

advisable to replace the interaction V by the (complex) effective interaction 

T . 
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FIGURE CAPI'IONS 

Fig. (1) Elastic scatterin,g cross section calculated from the T-matrix 

shown in A: Eq. (60A), B: Eq. (60B), C: Eq. (60c), E: Eq. (61), V: Eq. (69); 

X: Eq. '(65A), Y: Eq. (65B), and Z:Eq. (65C)." The boundary radius used for 

curves X,Y, and Z was R - 2.6 F . The interaction strength was 

'a: v 0.14 F-l b: v == 0.09 F-l , c: v == 0.05 F-l , and 
0 0 0 

d: v 0.02 F-l 
0 

Fig. (2) Elastic scattering cross section calculated as in Fig. (1). The 

interaction strength was 
-1 

0~05 F , 

a: R ==2:0 F'j b: R == 3.8 F . 

and the boundary radius was 

Fig. (3) Elastic scattering cross section calculated as in Fig. (1). The 

boundary radius used for curves X,Y and Z was R == 2.6 F The interaction 

strength was a: 4 -1 
v == 0.1 F o 

and b: 

Fig. (4) Inelastic scattering cross section calculated from the T-matrix 

shown in A: Eq. (60A), 13: Eq. (60B), C: Eq. (60c), E: Eq. (61) j V: Eq. (69), 

X: Eq. (65A); Y: Eq. (65B), Z: Eq. (65C) •. The boundary radius used for 

curves 

a: v 
0 

d: v 
0 

X,Y, .and Z 

0<14 -1 F , 
=~:O'.;Q2 F 

-1 

was R 2;6 F The interaction strength was 

b: 
-1 

v == 0.09 F J c: o 
-1 v == 0.05 F , and 

o 

Inelastic scattering cross section calculated as in Fig. (4). 

The interaction strength was v = 0.05 , 
o 

and the boundary radius was 
", 

a: R = 3.8 F and b: R= 2.0 F . 
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