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Gaseous Ion Recombination. v 
Bruce H. Mahan 

Inorganic Materials Research Division of the Lawrence 
Radiation Laboratory, and Department of Chemistry 
University of California, Berkeley, California 

Pitaevski's formulation of the three:-body ion-

electron recombination rate constant based on the 

Fokker-Planck equation is modified so as to apply 

to the termolecular association of gaseous ions. 

The theory is expected tO,be valid when the collisional 

energy changes are small compared to the kinetic, energy 

of the 'recombining ions,which occurs when the 'mass of 

the neutral 'is much less than the masses of the ions. 

The calculated and measured rate cOnstants for such 
I, 

systems are in substantial agreement. 
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The termolecular recombination of gaseous ions is an 

instructive example of the,three body association process. In 

contrast to the recombination of neutral atoms, ion recombin

ation is dominated by the energy transfer mechanism,l only 

one well known potential energy surface o'f the 'recombining 

particles is involved, and the important energy transfer 

collisions involve strong interactions of the third body with 

only one of the 'recombining particles. These simplifying 

features make the comparison of ion recombination rate constants, 

with theoretical predictions particularly significant., 

The energy transfer mechanism used to describe'ion recom-

bination is 

+ - * ,I • 

Here (A B) is a pair of unbound ions 'close enough so that 

upon collision of one ion with the neutral M, the ions lose 

enough relative energy to become bound and eventually neutralized. 

Application of the steady-state assumption,shows that the over

all third order rate constant ,in the low pressure limit is the 

product of the equilibrium constant for formation of unbound 

ion pairs kl /k2 , and the' bimolecular rate constan~ for deacti-

, vation k3 • In his treatment of ion recombination, Thomson2 

in effect assumed k3 would be equal to the total bimolecular 

cOll:isionrate constant if the relative kinetic energy of the 
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interacting ions was significantly greater than the mean energy 

of the free ions. Thus Thomson argued that oppositely charged 

ions with a s~paration r such thate2/r ~ (3/2) kT was satisfied 

could be deactivated at the bimolecular collision rate, whereas 

those at a greater separation could not be deactivated at all .. 

The consequent definition of a critical radius rc = (2/3) e
2
/kT 

for ion pair formation makes· it possible to calculate the ratio 

kl /k2 , and thus .the recombination rate. 

Desp~ te the .obvious simplifications in Thomson I s theorY.9 
, 1 3 

it is remarkably con~istent with the experimental results. ' 
" , 4 

However, it has recently beerr shown that a rigorous calculation 

of the critical radius rc as a function of ion and neutral masses 

leads to values of the third order rate constant much smaller 

than those f?und by experiment." Furthermore, numerical calcu

lations5,6 of the ion recombination rate have demonstrated the 

lack of validity of the critical radius concept. A significant 

contribution to the overall recombination rate comes from ions 

which have a separation greater than r c ' and n6t all collisions 

with neutrals of ions~~paratedby less than r~ lead to deacti

vation. Even more significant is FeiQelman's demonstration6 

that once deactivated, an ion pair may frequently be redissociated 

by subsequent collisions. His calcul~tion shows that the fate 

,of' an ion pair may not be determined until it has und.ergone 
. ' 

more than ten ,collisions. This suggests that recombination 

should not be described in terms of a single deactivating 

collision, but rather as a: collisionally. induced "diffusion'" of 

the ion pair in energy space. 
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The diffusional formulation o'f the recombination-

1 bl ' t' 7~lO dissociation process ha~ been the subject of severa pu, 1ca 1ons. 

In particular, PitaevskilO has treated the case of electron-ion 

recombination as catalyzed by the parent neutral atom. While 

this problem is formally similar to, ion-ion recombination, 

considerable simplification is possible because of the great 

difference between the electron and ion masses. In contrast, 

recombining ions are commonly of comparable mass, ,while the 

neutral catalyst may be heavier, lighter, or approximately the 

same mass as the ions~ In.this paper we give an expression based 

on the diffusional formulation which holds for any ratio of ion 

and neutral masses. However, it is to be expected that this 

approach to the problem is most appropriate when the fractional 

change of tl?e,kinetic energy of the ions upon collision is 

small. For ions of comparable mass, this condition is qatisfied 

only when the mass of the neutral is smaller than the mass of 

the lighter ion. The comparison of calculated and experimenta~ 

rate constants for such cases shows encouraging agreement. 

Pitaevski's solution of the Fokker-Planck'equation leads 

to the following expression for the pseudo second order recom

bination rate constant of a system obeying Coulomb 1 s 'law 

(1) 

where 

B = (2 ) 
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n is the concentration of neutrals, E is the total realtive 

energy of the ion pair, IJ.l2 is the reduced mass of the ions , 
, 2 

, (particles land 2) and < d( 6E) /dt> is the square of the 

change in relative energy of the ions per unit time average,d 

over all ion configurations and ion-neutral collisionS. The 

other symbols have their usual meaning., The differential 

energy exchange rate can be writtenll as 

(3) 

where b is the impact parameter for ion-neutral collisions, 

v3 , e, and cp are the pO'lar coordinates of the velocity of the 

, neutral molecule (particle 3), N is the veloci ty distri~ution 

~unction of the, neutral, and 8 is the angle, between the funda

mental plane containing the velocity vectors of the ion-neutral 

collision ,pair ,z2 and Z3 and the orbital plane ,in which' the 
~ 

relative velocity vector V of particles 2 and 3 rotate due to 
"'" 

the collision. To obtain the desired energy exchange rate, 

(l:.E)2 must be evaluated and Eq. (3) must, be integrated' over 

b, 8, v3 , e., and cpo 

It is a~sumed that the collision between the ion and the 

neutral is impulsive, and thus that 6E is the change in relative 

kinetic energy ,of the ions. Then the approximate evaluation 

of (6E)2 is relatively simple if the mass ~ of the ion under

going collision is much smaller than the masses of the neutral 

and" observing" ion, as in the electron-atomic 'ion recombination 

problem, The simplification'occurs mainly because ,the magnitude 

\" " 
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of the electron velocity in the labOratory system is left 

largely unchanged by the c'ollision with the massive particle, 

even though the direction of the electron velocity may change 

substantially. When the colliding ion and neutral are of com

parable mass, and have laboratory velocities of the same 

magnitude as that of the observing ion, the problem is more 

complicated. 

Chandrasekkarll has evaluated (6E)2 and < d(6E)2/dt ) for 

particles of arbitrary mass that interact with a Coulomb 

potential, and much of his treatment can be adapted to the 

present problem. Two modifications are necessary. First, 

the angular distribution for the ion-neutral scattering will 

be assumed to be isotropic in their center of mass coordinate 

system. The secorid, more important change is that 6E must be 

evaluated by using'acoordinate sys~em whose origin moves with 

the observing ion, rather than by using the space-fixed coordinate 

system employed by Chandrasekhar. That is, 6E is the change 

in the relative energy of particles 1 and 2. 

,To evaluate 6E"we note that as seen from particle 1, the 

center of mass'velocity V and relative velocity V of particles 
~g ~ 

.2.and 3 are 

(4 ) 

(5 ) 

if ~2 and ~3 are unde~stood to be the velocities of particles 
; 

2 and 3 relative to particle 1. The kinetic energy of particle 

2 relative to particle 1 before the ion-neutral collision is 

'. 
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(1/2)~12V~' where ~12 is the reduced mass ml~/(ml+~)' If 

v'is the relative velocity of the ions after the collision, ",,2 

we have· 

( 6 ) 

where q, and ~I are the angles between V and V before and after 
. "'g '" 

the collision respectively. This expression differs from 

Chandrasekhar's only in that ~12 has replaced ~ . 

. , The expression for.6E may be sqva.red, inserted in Eq.· (3), 

and manipulati~ns 'of the angular factors that are given 

explicitly by Chandrasehkar performed. Integration 9ver the 

inclination of the oribtalplane e and over all impact param

eters under the assumption,of isotropic ion-neutral scattering 

leads to 

d ( .6E) 2 __ 2 2 2 3 2 2 
dt 87r(1-L12m3/M23) d VgV [1/~4)sin 4>+ (1/6)cos ~]NdV3dBdq:> 

. .~ 

(7 ) 

where d is the har~ sphere diameter. 

The·functionsof the angle ¢ inEq. (7) can be expressed 

in terms of v2 and v3 by 

where B is the angle between ~2 and~3' The term in cosB can 

be eliminated~y use of 
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In addition we will replace the distribtition N by 

N = N' ,sine/4;r 

where 

'in which n is the concentration of neutrals, and 1J.13 is the 

reduced mass of particles 1 and 3. ' 

Finally, in Eq. (7) we will substitute for d2 the square 

of , the maximum impact parameter.for close collisions of 

particles which interact by the ion-induced dipole potential. ' 

Thus we write 

d 2 - 'Y/V 

'Y = 2(ae2/1J. )1/2 23_, 

where a is the polarizabili t'y of the neutral, e is fundamental 

charge, and 1J.23'is the reduced mass of the colliding ion and 

neutral. While this step may seem inconsistent with our earlier 

assumption of isotropic ion-,neutral scattering, it is only a 

modest approximation. Collisions in which the impact parameter 

is less than the critical value ('Y/V)1/2 will involve deflec-

tions from the repulsiye wall o'f the. real potential, and this 

will give approximately isotropic sc,a t tering. 

Making the foregoing substitutions in Eq. (7)' we obtain 
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(8) 

Integration over ~ and of the second term in brackets over e 
can be "done immediately. To integrate the first bracketed term 

we use 

and replace the integration overe with an integration over V. 

~ntegrating from I v2- v3 1 to I v2+v31 the"n gives 

d( 6E)2 / "2' ~ I )2 4 (/ )2 4' 
dt =7r/6(~12m3 .~3) 'Yl8(~ "~~ v2 + 8 m3 ~3 v3 

+ v~v~[ (20/3)(~-m3)2 /~3 - 8/3 J}NI dV3 

. 10 
Integrating over v3 and averaging v2 over 

gives 

Equation (9) may be used in Eq.s. (1) and (2) to evaluate I. 

.• 

the recombination rate constant. However, the final integration 

of Eq. (1) cannot be performe~ analytically for arbitrary 

values of the masses. While numerical integration for specified 

masses presents no difficulty, a convenient approximate expres

sion for the rate constant can be obtained.if Eq. (9) is made 
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homogeneous in I EI by replac:ing IE 12 and (kT) 2 by I E I kT. 

Insofar as the values 'of I E I that make the most important 

contribution to the rate are approximately equal to kT, this 

modification is not a serious approximation. The rate constant 

derived in this manner is 

(10) . 

The expression fo,r the rate constant was obtained without 

making any explicit assumptions about the masses of the. three 
I 

particles .. However, it.is to be expected that the diffusional 

formulation of t·he recombination rate constant is most likely 

to be valid when the energy change upon collision is small. 

To find the mass ratios that satisfy this condition we remove 

f!om Eq. (9) the collisional rate constant factor~ and write 

Under the condi tion ~ « m3 ~ ml ,. this becomes 

to first order-in ~/ml' As expected.this physical situation 

satisfies the small fractional energy change criterion. In 

the opposite case w~ere m3 ~< ~ ~ fil , we get 

.... 
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which shows the fractional energy change is small for this . 

case also. It is important' to note, however, that the condition 

m3 »~ does not insure a small fractional energy change if 

'" These conditions give· m2 = ml • 

(6E)2 ~ i 'lEI kT [lS( IDz t M12 . + 3(I\;)J 
which is not small .. Also, when all three masses are equal 

the fractional, energy charlge is large. Consequently the 

diffusional formulation is likely to be valid only when either 

the third body or one of the ions is 'much lighter than the 

other two particles. 

It is'of interest to note that .for ~ «ml =~, Eq. (10),,1.,1, 
3 '2, " ) 

becomes 

~ = 162 (ae2)1/2(e2)3 ~ 
~ 'IT" .. 1123 kT m3 

,to first order in ~/m3' The same result can be found from 
-, 

Pi taevski I s approxinia te expression for < d( 6E) 21 dt > if his 

cross section is replaced by 'IT"~/v. 

Table I shows a comparison between the calculated and 

experimental r.ecombination rates for the cases that satisfy' 

the small energy change condition. The agreement between the 

calculated and experimenta'l constants is very. good for the 

+ - 0 NO - N02 recombination at 300 K. The predictions of the 

diffusional theory are approximately a factor of three smaller 

than the experimental rate constants for the thallium halide . 

. . systems. This discrepancy may represent a real defect of the 

.. 

... 
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theory, or may .be due to the uncertainty concerning the identity 

of the ions in these systems. If, in addition to the. assumed 
+ - . T12X and.T1X2 , appreciable amounts of atomic ions were present 

in. the 'experiments, the measured recombination rates would 

be greater than the calculated rates. Atomic ions might have 

been present in important concentrations in the experiments 

with TIl, but it is less likely that they were present in the 

TIBr and T1Cl systems. Thus for these cases at least the 

predictions are clearly too small. Nevertheless, the general 

numerical agreement between the calculated and measured rate 

constants seems quite satisfying particularly .in view of the 

simplifying assumptions which were used to derive Eq. (10), 

and. the absence of any adjusted parameters. 

Acknowledgement: This work was supported by the U. S. 

Atomic Energy Commission .. 
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·,Table I. Calculated and Experimentala Rate Constants. 
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