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ABSTRACT 
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Superconvergence relations for t < 0 are studied in the one

tmler approximation, and a simple method for their solution is 

introduced. In general we find that, given a mass-spectrum and 

one solution for the couplings, an infinite number of other 

solutions can be constructed. In simple cases, we also construct 

the first solut ion. \ 

This work was done under the auspices of the United States Atomic Energy 

Commission. 
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The saturation of non-forward superconvergence relationsl with an 

irifinite set of Single-particle states2,3 has recently become a popular 

pursuit. The problem divides itself naturally into two: the saturation with 

a) a finite number of external particles" and b) the whole tower as external 

particles. The latter problem, is clearly much more difficult than the former, 

and we shall have only some indirect comments to make about it. Our purpose 

in this paper is to note a rather simple procedure for construction of solutions 

with a finite number of external particles. In general we learn that, given 

a mass spectrum and one solution for the couplings, one can construct an 

infinite number of other solutions.4 In simple cases, we can also construct 

the first solution. Unless some further physical principle can be invoked 

to distinguish betw'een the sOlutions,5 it appears that the non-forward super

convergence relations are dangerously close to being empty.6,7 

Our order of presentation is as follows. First we study an example 

of a superconvergence relation derived from large isospin and/or strangeness 

2 2 in the t-channel. Here, given any mass spectrum~. bounded by j for large 
J 

j, we can construct an infinite number of absolutely convergent solutions for 

the couplings. Then we go on to consider the helicity-flip superconvergence 
r _,. 

relation recently discussed in same detail by Klein. 3 Here things are more 

difficult, but we can shOYT that if one solution exists, then one can construct 

an infinity of other, different, solutions. At least this weakened result 

appears tru~ in general for helicity-flip relations. Finally, we mention the 

application of our method to the saturation of an infinite number of super-

convergence relations for form factors, and to the saturation of current 

algebra sum rules. 
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-. OUr first ca.se is· the superconvergence relation in the K-K channel, 

due to I=O, strangeness equal two in the cross (K-K) channel. By charge con

jugation invariance, only isospin 1(0) resonances can appear in the even (odd) 

partial waves. Moreover, from the iBospin croBsing matrix, the 1=0 resonances 

appear with an extra minus sign. PUtting one (stable) particle in each partial 
. 8 

wave, and using crossing, the superconvergence relation takes the form 

(1) 

where the couplings gj are constrained to be positive (negative) for j even 

2 (odd), and I-Lj is the mass-spectrum. By expanding the left side of this 

equation in powers of t, and setting the coefficient of each power to zero, 

we obtain the upper triangular array 

"There 

C;! 

I an,jSj = 0, n = 0,1, ••• 
j=n 

1. (j+n)! n .,. j 
a j = 2 ' d 

n,. (J.l
j 

_4)n (j-n)! 

(2) 

is positive definite. The question is whether solutions of this system exist. 

We could proceed with a naive construction as follmls. We define a 

sequence of stages. The zeroth stage is to pick go' say equal to unity. The 

first stage is defined by 

(4 ) 

thus determining gl. In the next stage, we add the nel equation, and, say, 

two more couplings 82,g3' l-lhile demanding that the solution of the first stage 

., 
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is not altered.: 

ao,2g2 + 80,383 ~ 0' 

a1,2g2 + 8 1,3g3 = -al ,lgl (5) 

Having two equations in two unknOt'lns, we can determine g2 and g3- In a 

similar way, the third stage (with three equations) may be satisfied leaving 

goo •• g3 unchanged by introducing couplings up to g6' and so on in each stage. 

Clearly, at each stage, lre could add many more couplings, most of ,.,hich could 

be specified arbitrarily; the degree of arbitrariness in such a procedure is 

vast. 

There are tuo difficulties inherent in the above scheme. The first 

is that the various infinite series in j may not convergeo Secondly, the above 

construction does not yet guarantee the correct s';igns of the couplings. 

The first problem has been solved by G. P6lya,9 who found a suffi-

cient condition that the infinite sums be absolutely convergent: There are 

an infinite number of (linearly independent) absolutely convergent solutions 

to infinite matrix equations of the form of Eq. (2), if 

11m 
j ~ co' 

n = 1,2'0' (6) 

l<T1th a mass spectrum going ~symptotically like fJ.
j 
2 ~ jC1. the conditions of 

P6lya's theorem are met for ex < 2. 10 Both Refs. (3) and (11) point out that 

these mass spectra are probably the only ones that can saturate these rela

tions, so we will limit our discussion to these cases. 12 

We "'ill illustrate P6lya' s tlEaren. by shOWing, eo g., how the third 

stage is sa.tisfied, ass1.1ming gO.0.,g3 have already been determined. Instead of 
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introducing .threeneu g/s (.1 :: 4,5,6)" we introduce tour ,which we call 

«.1
1

' 8.1
2

' g3
3
" and 8.14" ",herejl < 32 < .13 < .14 and where all tour numbers 

may in fact be large •. All other gj (3 < j < .14) are set to zero. Then" 

taking account of the previous stages" and choosing 

-a2 2g2 + a2 ~g g = ' ,~ 3 
.14 a2 ,.14 

we obtain the equations of the third stage 

a2 .1 gj +a.2 j gj +a2 j g. :: 0 
'1 1 ' 2 2 '3 J3 

(7) 

(8) 

Accor~ing to the condition (6), we can now pick .14 so large that the right

hand sides of Eq. (8) are as small as we wish. It follows then that the 

solutions g.1 gj gj are arbitrarily small,13 and in particular 
123 

Ian j gj I+fan .1 gj 1+lan j gj 1+lan j gj I 
. '11 '22 '33 '44 

... 
can be made arbitrarily small for n=O"l (since gj is also arbitrarily small 

4 . 
for large j4 .. - see Eq. (7». By an inductive procedure, P6lya shows that 

sum. of the 
tlieAmodu11 of all the terms added in all stages to the first and second 

equations can be made arbitrarily small -- that is, the series converge 

absolutely. Of course, a2,j4gj4 is not small in general, but the additions 

to the third equation in the next stage will be small, and so on; in the end, 

all the sums will be absolutely convergent. 14 

• ! 
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We now turn to the second problem, namely guaranteeing the .correct 

signs of the g·s •. Continuing to illustrate "'ith the third stage" ue can 

guarantee the correct sign of gj4 by choosing j4 even (odd) if the right side 

of Eq. (7) is positive (negative); beyond that" .14 is not specified. Suppose 

that jl is already much larger than n=2" so that the asymptotic form of the 

kernel (.1n(2-0:)e-2n) is applicable. Then the solution of the system (8) may 

be written 

1 1 1 
2-0: 

j4 
2-0: 

.12 
2-0: 

;j3 . 

0 . j2(2-0:) 
2 

.1 2(2-0:) 
3 

gjl = <-g.14) (9 ) 
1 1 1 

.2-0: 2-0: .2-0 
Jl j2 J 3 
.1 2(2-0:) j2(2-0) .2(2-0:) 

1 2 J3 

and similarly for gj "g.1e The important point is that" if we choose 
2 3 

.11 « .12 « j3 « .14" then the sign of the denominator determinant is that of 

the product of the diagonal elements (positive). This may be seen by a column

"lise expansion of the determinant, starting with j~{2-0:} , its largest element. 

The same technique may be applied to the numerator determinant, where it is 

( 2-0: clear that the sign is negative" as the determinant is dominated by -j4 ) 

multiplied by its (positive) minor. Hence g.1 has the same sign as g. , and 
1 J4 

we need Onl~ choose .11 to be some even (odd) integer if j4 was even (odd).15 

These considerations can be generalized to arbitrarily large order deter-

minants, as should be obvious. Beyond the various evenness and oddness 

requirements, there clearly remains a great deal of arbitrariness in the 

construction. 16 
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Now we turn our attention to superconvergence relations arising from 

helicity flip in the cross Cha.nnel, e.g., the popular one in the n-p system 

,,'ith I=l and helicity flip 2 in the t channel. IO.ein3 has recmtly vTritten 

dO'l'ln the relation, attempting to saturate uith wand A2 towers and the pion, 

obtaining the system of equations_ 

(10) 

in which" all the aj's (coupling$) are constrained to be positive. There isa· 

chance of solution because G (j) begins negative but has an n-dependent zero n 

and then goes positive. The form of this equation is very similar to our 

Eq. (2)" and indeed, for this equation, the conditions of P6lya's theorem are 

still satisfied for ~.2 < j2. On the other hand, the unitarity constraints 
J 

are quite different as, for any n, there are not an infinite number of 

negative terms. Thus our basic technique, which involves setting large blocks 

of each equation (far to the right) to zero, cannot help in a direct manner. 17 

What we shall shm·" however, is that if one solution of lQ.e in , s equation 

eXists, then there are infinitely many others. For this discussion, we 

redefine Klein's a's and kernel as our gls and a's. 

Suppose we have Il. solution to Eq. (10) that ",e can examine, and, in 

particular, learn the behavior of gj as j ~~. Now we can add to this 

solution any of a~ infinite number of P6lya solutions of the follO'lving form 

(and have a· solution "lith positive g' s): we begin by assuming some particular 

finite Sj' say gjo is large and positive. Then our first stage is to solve 

a2 j gj + a2 j gj = 0 
'0 0 ' 1 1 . 

(11) 



,. 
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2.2· . . 
Because with f.1j < j the a's also increase 1dth j, we can choose Bj 1 as 

small as we wish, in particular, smaller than the corresponding jl entry in 

the given solution; thus the sign of our gj is unimportant. One can repeat 
1 

this procedure, a. la P6lya,indefinitely" l'lith judicious use of the fact that 

a j increases with j and n -- all-lays keeping our later g's less in magnitude n, 
than those of the given solution. Adding our solution to the basic solution, 

we obtain another solution (With all g's positive), differing from the original 

18 only in that the resultant gj is greatly larger nml. Clearly jo can be 
o 

varied indefinitely etc. Moreover, from a cursory examination of higher 

helicity-flip relations" it appears that at least this weakened multiplicity 

result holds in general for helicity-flip relations. On the basis of the 

cases discussed above" we feel it worth cOnjecturing that, in general, super-
19. convergence relations ",ith a finite number of external particles have (given 

a mass spectrum) an infinite number of solutions for the couplings. 

To conclude, we mention some other possible applications of our 

method. The first is to form factors. If electromagnetic form factors fall 

off faster than any power of t (the momentum transfer) one might hope that 

they satisfy an infinite set of higher moment superconvergence relations 

(12) 

In the approximation of an infinite number of (say, spin 1) stable resonances, 

the equ.a.t ions can be "rri tten 
co I (Il i 2)n gi = 0 n:;: 0,1,. •• 

i~O 

(13) 

2 where there are no sign restrictions an the couplings gi' and J.1
i 

is the mass 
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spectrum. The conditions of P6lya's theorem are satisfied in this case for 

~ rising mass spectrum, so, given a mass spectrum, we can construct an 

infinite number of absolutely convergent solutions20 to Eq. (13). The method 

is also applicable in principle to the tower-saturation of individual current 

algebra sum rulesll -- given the (form factor) inhomogeneities. Again because 

of the spin complications, 't-1e need one solution in order to construct an 

infinite number of solutions to these equations. 

We gratefully acknowledge helpful conversations with K. Bardakci, 

R. Brower, S. Coleman, D. Gross, and C. Zemach. 
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