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~ ABSTRACT

"A generalizéd logistic equatién is.prpposed for the
‘mathematical représentation of batch culture kinetic déta.
froperties of' the equation are discussed. .Ajcomputer program
is used to fit the geﬂeralized equation to both artificiai
and actual batch culture‘data. ‘TheveQuation is shown to
be capable of fifting data exhibiting lag, exponential,
deéeleratiOn,'stationary, and death ﬁhases, as well as
diauxic growth.' The fitted equation is useful for differen-
tiatioh, interpolation, and other manipulations of the daﬁa,

and it ig o convenient means of data storage.
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INTRODUCTION

The interpfetation of bafch culture kinetic data is a problem
that arises frequently in many biochemical engineering studies ranging
from basic research on microbial kinetics to work on fhe deveiopment
of hew‘processes or the improvement of existing ones. The critical
kineticvparameters phat-must be- extracted from these studiés are yields
and rates, because the economics of a process depend upon the amount of
ﬁroduct‘that can be obtained from a given starting material and on thg
rate at which it can be produced. In many céses, a large number of
Batch experiments are performed to test the effects of different varia-
vbles such as temberature and the concentratioh of various.components ofv
the growth medium. These results must then be differentiatedigraphically
or by some other means if accurate values of growth, product formation,
and substrate consumption rates are desired. Graphical differentiation
of large amounts of kinetic data is tedious and susceptible to subjec-
tive érrors. ‘The use of inﬁerpolation. formulae for numerical differ-
entiation Qén lead to large érrors if there is much scatter in the data
orlif the data are widely spaced.

These difficulties may be avoided by fitting a suitable equation
to thevkinetic data and differentiating the fitted equation to determine
rates. By using a systematic fitting procedure such as the method of
ieast squares, the influence of randoﬁ errors in the data is greatly
reduCed and errors of judgment inherent in graphical differentiation
‘of data are eliminated. With such an approach, more reliable data

values can be weighted accordingly. When the magnitude of the errors
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in the data is known,]the quality can be directlybtesped._ Finally,
athe proceos of data analysis can be made much eas1er and qulcker by
vu31ng a computer to perform the calculatlons.. Th1s paper reports the
_selectlon of ‘a sultable equatlon for the representatlon of batch cul--
~ture klnetlc data descrlbes how 1t is used to analyze data, ‘and
" discusses some typlcal results obtained 1n the appllcatlon to both

art1f1c1a1 data and actual data.

THEORY
The choice of the equatlon to be used to represenu a set: of data
‘-1s cruc1a1 to the success of the undertaklng. For example, one would ‘
' notrchoose a‘perlodlc or‘dlscontlnuous functlon to.represent,the change
of sugar concentratlon w1th tlme in a normal batch culture of yeast.
.-To 51mp11fy data analyols, it is deslrable to use a 31ngle type-of -
-equatlon to represent all or at least most,types of" data encounteredﬂ
‘The equat;on must_be able-to represent all phases of batech culture,'
uinciuuing lag, acceleratidn; exponential,vdecelefaticn,‘stationary,fand'
.declining grewthbphaSes, as well as>special phenbmena'such as diauxief
Thebneed is thus for a flexible equaticn.' Flexibilitylis:aiso needed‘
to ensure that‘the eauation'can be fit‘tc the data with a small nunber
of parameters without imparting a serious bids to the fesults.' Once

fitted to the data, the equation must be easy.ﬁofuse. These and some

otheér desirable properties.of an equatibn'uSedffOr‘the analysis of batch .

culture kinetic data are summarized in table I.

et '€ons'ider some particular examples. The smple polynomial

shown in equatlon (l) is often used to represent data of unknown functlon-

al form.

e
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dependent variable
t = time of incubation
etc: = constants-
The polymomial has many advantagés, iﬁcluding ease of fitting and usé,
flexibility, and differentiability. However, it does not Satisfy criteria
1, 5; and 5,because it cannot exhibit a stationary phase or a zero
derivative at large times and a large number of terms may be required
to obtain an adequate fit to typical batch culture data. Also, thé
fitted parameters have no direc£ physical méaning.

A functional form that would contain pafameters having direét
phyéical meaning can be dbfained by aésuming that the cell growth rate
depends on the concentration of limiting substrate according'to thev

familiar Monod equdtion.
ATE TS @)

>

where Al = Specific growth rate

Aﬁn = Maximum specific growth rate
KS = Monod constant v
S = Concentration of limiting.substrate

By assuming the yield of cells to be directly. proportional torthe

amount of limiting substrate consumed, one can derive the following

formula. »
(s +K) _ X/Y-~ 8
. o) 3 X |- 0
t = g 5 In | -5 - K, In o778 | (3)
max o [o) . _Y o :
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where S§3=vinitial'substrate concentration
_th% cell concentration at time'T
XO = initial cell concentration'
Y = yield coefficient

The‘fittable parameters (Ksb/z'max’ and Y) now have direct_phjsical,’;

meaning, and:from this stahdpoint;hequation (Bj-is.Superior to the~
s1mple polynomlal at least when descrlblng the t1me dependence of
the cell concentratlon. Knowles, Downing, and Barrett have success~'
_ fully applled this approach to the determlnatlon of the kinetlc
parameters for nitrifying bacterla in mlxed culture.5 In their work
a computer program waskused to calculate the fittable parameters’
: (Ks’/tclnax’ and Y),byva least ‘squares technlque;j
However, use of the Monod equation‘suffers from certain disadvan- :
tages. First, 4the equation used to‘describe the'cohcentration Of'the
llmltlng substrate is not of the same mathematical form as the equatlon
used to descrlbe_the cell concentration so~that smmllar butvseparate
procedures must be employed to flt.the two equatlons to the substrate
and cell concentratlon data. Tn fact the determlnatlon of the flttable
.parameters should be done for both substrate and cell concentratlon
data simultaheously, fitting the datadto both_equationsvat.once, so'that
only Onéﬁsetvof ualues for KS,'Y;'ahd-”é’m will he Obtalned for a éiven
batch_culture experiﬁent. The procedure of computing the parameters
rfrom the data is thus relatively:complicatediand‘maypalso involve the.
use of large‘amounts‘of'cOmputerhtime,‘particularlyiif the program is

not designed carefully.

B
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The inconvenience associated with uSing Equation (3) to calculate
cell concentrations or growth rates once the pafameters have been
determined is an additional drawbac‘kf However, the major disadnantage
of the integrated Monod eQuatiOn is its lack of flexibilit&.'vlt cannot
be used to represent'either a ieg phase or a phase of.decline, and.
there are not enough fittable narameters to permit the description of
systems not obeying Monod's equetionvof exhibiting a constanf yield
coefficient. Thus the method pioneered by.Knowlee, Downing, and Bariett,'
while nseful for many cultnres; is‘not'sufficiently general for manyv
other types of batch culture deta. | |

A third type of equation that is often used to model population

growth is the-logistic equation. Among the first to use this equation

L . |
with populations were Verhulst, Pearl and Reed. 5,6 It has the follow- |
ing form:: - ' | , v I . ' l

X | | - \
y = ' )
1+ exp (éo + 2y t)‘: _
where y = dependent variable
t = time
ags 8ys K = constants

Theviogistic equation gives a sigmoidal curve when al is negative;
thus approximating a portion of a simple batch culture population.
However,'iﬁ'does not allow for a lag phase or a phase of decline.
Also, it ie not as flexible as wouid be desired. .But at least the
parametersvare capable of some physical interpretation. TFor example,
if used to describe the cell concentration, the parameter K represents
the valuevof the cell concentration in the stationary'phase, the

parameter ay

represents the maximum specific growth rate, and the



e ueRL179s3
third paraneter,'ao, is related tc the ratio of inltlal to flnal Cellh'
concentfation. The logietic equation.also offers'the advantage’of _"

'belng comparatlvely easy to use,maklng 1t possible to calculate expllc1t-
ly the Values of the. dependent varlable and its. derlvatlves.

The . only serious drawback of the logisticvequationvls thus ité_'
lack of flexibility. This-problem may be overcome by generalizing‘the
eqnationtthfough the use of almore general functldn'for the argnment_n“

of the exponential term in the denominator. . Upon generaliaaticn,;the

logistic equation thus becomes

X o R
Pervesmm BN
where - .. F(tl)"= some functlon of time -
‘tl:t_tL
__tL’ = length of lag phase
t > t

Introduction of,the»new time scale, tl’ permits better modeling. of
the lag phase{ An equation. of this formhretains a number of advantages

for the purpose at hand,Aeven for fairly complex: F(tl). These advan- .

tages include ease of’use, physical meaning for at least some parameters, -

'1 and constant llmltlng values of y at small and large values of tl

Although better choices of. F(t) nay ex1st a simple polynomlal

was"selected, giving thenfollow1ng equatlon:

o _ 2 n o
F(t) = a, + b +att 4. at . (6)

As was pointed out by Dewitt,vthis.particular fofm of the generalized )

logistic-equation'can fit many types of data of sigmoidal form. T It
_is also easy to make initial estimates of the values of the parameters,
simplifying its use. An additional advantage of this equation for model-

ing kinetic data in that at low values of y/K, exponentinl growth is well
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approximatéd, gradually going over to product-inhibited growth at large
time values. Equation (7) shows the dependence of the spécific growth

rate on values of y and tl.

dy 2 . n-
3 = - (1 - y/K)(+ a, + 2a,t, + 3a bt + ... f nantl

1y
271 371

| (1)

T

The generalized logistic equation thus meets the need for flexibility,
being especially adaptable to systems with product inhibitioh. However,

it .should be emphasized that only K, a.s and ay have any direct physical

(biological)meaning.

_Properfies cof the generalized logistic equation were discussed by
Dewitt. i Ah outline of the properties will be given here.

Equatidn (7) can be rearranged to give the.foilowing form

dy _ ' ' . . ‘

T = oV - /K FE) - (8)
Because y is always greater than zero and less than K, the sign of,the
first derivative, dy/dt, is determined by-F'(tl), which may take on
successively positive and negative values at various times values.

Points of inflection of Eq. (5) occur when Eq. (9) is satisfied.
: t ’
Fr(ty)

y=K2 (1.~
(F'(6))

(9)

Depending on the number of terms in F' (tl) and'their signs, a number of )

‘relative maxima and minima may be obtained. For example, for F(tl) a

i rmomi £ ) = : 2 3 L 5
flfth degree polynpmlal, F(tl) =a + arty + ayt] + a3t1 +oayt, 4 §5tl,

and up to 3 relative minima and 3 relative maxima may be obﬁained,'as

'shown in Fig. 1. 1In Fig. 1, at low values of the independent variable,

lower order terms predominate, with higher order terms becoming the
determining factors at high values of the independent variables. Tor

the case shown, ays B8z, and a_ have negative values while a, a and

5 2’
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2, have positive values. Of course, the values of a_ o) By ves By can

“take on any values desired to obtain curves of the‘desired type. The

curve just‘ehown demonstrates the maximum degree of‘fiexibility obtain- - .v-Pf

able with fifth order polyhomial. Ih general "the maximum nﬁmber of {"
relatlve minima and maxima in the flrst quadrant may be at most onei
- greater than the degree of the polynomlal._ The hlghest order term ultl—
. mately determlnes the: asymptotes of the curve. :Thus Lhere_areufour
possiblevresdlts because an'mey be positivevor-negetiye.and n may'be odd.
or even. Figure 2 sbows the four possible casesrb Note tbaﬁ_ell Vaiuee
~of the dependent variable lie between y = X and y. = 0. For fhe.modeling
of bacterial growth, n was always given an odd'value?ivalues of.i,-5; and 5
being cbosen, 50 thet only curres of the second and the~fourth typesv
”shown in Fig. 2 were used. Becadse the microbial growbb iselimibed‘to
the first quadrant; tbeee‘two cases proved adequate to»gi&e the two .
desired alternatives‘of an asymptotic approach to a eonsbanb at 1arge
_valﬁes of time .and the case of an asympbobdc approach to a zero;value;
et lerge‘values of time;ﬁ The first case:oould‘repreeent‘product con- -
'-oentrations.versus time, whilevthe second'caSe could represent viabieb
cel;'countvVersds‘time,.whichrwould approach,zero*concentration at
very long incubation times. The flexibility of the model thﬁs appears
bto be.adequate to fit all types of‘babch culture daba includiné date
: from complex fermentations. However, the non;linear least squares : e
technlque does not always succeed in fitting complex data, as w111 be
discussed shortly, and better results could be obtalned by employlng
a more sophisticated method of determlnlng bhe parameters.

Tt should be recognized that the curves drawn in Figs. i and 2

do not represent actual plote of the generalized logistic equation.
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':Thev are hand-draWnbcurves,vmeant to illustratevthe‘qualitative behavior_"'

-of the equation._ | o

| | | METHO'DS '

~ To reduce the labor of - fitting the equation to the data, a computerl;fsf"

' program in Chippewa Fortran was written for use With a Control Data 6600 -

Computer. A method of non-linear least squares curve-fitting was used

-,tb fit the equation to the data. The method is that given by Scarborough
A linear least squares method Will not work because the generalized
llogistic equation is nonlinear in the parmmeters to‘be computed. ' The u
nonlinear method conSists of making initial guesses for the values of
’the coefficients and correcting these initial guesses by repeated iteration,“p

':tuntilva des1red degreeuof convergence is obtained.. The technique of making‘ﬁ

. initial guesSes.is deSCribed‘in-Appendix'l.i Corrections are obtained byn

“-assuming a Taylor series expansion of the fitting function in its co-,

v'effic1ents, analogous to the Newton-Raphson technique of seeking roots of f;_
. a nonlinear equation. The method and a detailed outline of the computer |
2 ‘program is given by Edwards. ? A brief description of the program is |
lpresented in Appendix II. Meny groups of‘data:may be analyzed in sequencej'
by the program. The program fits succeedingly complex forms of the gen-.
‘-ceralized-lOgistic equation-tO'the data, statistically testing each succeed- ,
: 'ing equation until e fit is obtained ‘that satisfies ! Chi-square test.‘ |
The computer program also tabulates observed and calculated values of the
ldata, tabulates values of the calculated parameters, and prepares graphs "‘
comparing calculated and observed data.
~ Because standard dev1ations were . not available for much of the‘
,data discu sed in this’ paper, estimates ‘of the goodness of fit were :

qobtained by calculating an average relative error.,w
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Thé»folloWing‘formula'was used:

*:::“ Calculated data value - Observed value
All data | , ‘Observed data value- R
. v points ' ' o o C :

R = 100% % — — : - ———— :
Number of data points - (10)

where R = average relative error (%)

RESULTS

Both artificial andvreal'batéh‘culture'kinétic data wefe-suppiiéd
- to the gomputer program to iest its performancé. Sdme’of'the'reéults
will now be described. Further'appiiéatibns_aré'réportéd‘elsewhére..9

One test of the equaﬁion was made_usiﬁg databfrom an‘imaginary
culture showing an eprnenﬁiél incregse of cell concentration followed by
a phase of cbnétaht cé11 concéntration. For é@qvehienée,vthese dafa Will
. be referred to as the exponeﬁtial_model;  | |

The.értificialzdaté values are listed in the second Céiumﬁ of
Téble IT and‘are éhown as opén_circles in fig. 3.. The éxponeﬁtial data .
. were taken from a table»df ekponentials.‘lo By plotting the imaginary
data on séﬁi-lbg graphxpapér, fhe data representing'the exponential growth
period fall on ohe straightvline'of positivé siope and’ the boints repre-
senting the‘stationary period fail on a second, intersedting horizontal
straight line. The slope discontinuity>prévented ﬁhe'cpntinuous.fuction
from fittinglthe curve perfectly and provided a stress'on'the modelﬁ
These”hypothetiCal results.Would'néver Be achievedvin practice;‘but
a close approxiﬁation might be made by a culture growing on‘a synthetic
medium 1imitéd by c%rbwﬁ sonrce if the inoculum were a ybung, adapted;

and exponentiallyvgrOWing culture that would continue growing exponentially

.c;.
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upon inoculaﬁion. Cell mass versus time would most likely folloﬁ a course
well approximated by an exponential and a resting phase, although céll.‘
number might not, there being a tendency for cell division to continue
for a short period even after exhaustion 6f‘the carbon source. Figﬁré 3
and Table II compare the exponential model to the curves fit by the
computer for the cases of.first degree polynomial (which is eqyi?alent
to the simple logistic equétion) with a fifth degree polynomiai in the”
generalized form of the equation. The first degree equation is satisfac-
“tory in the low values of cell concentration, but it is inadequate at

high cell concentrations,.giving an average relative error of 6.9%. In

" the case of the fifth degree polynomial, the fit is good throughout, with

an average relative error of less than 2%. The équations £it to the data

are, respectively,
23%9.966
N = : (11)
1 + exp(5.5530~0.5389t) S

151.473
N = ' '

>

1+exp(5.019h5_.60057t+.10757t2-.ou0219t +.oos9u85t“-.00051575t?)

| (12)
Use of Eq. (12) is clearly inconvenient without use cf a computer or
desk caiculator. The fit of the specific growth rates célculated by
computer are compared to the exponentiai modei in Fig. 4 and Table III.
As can bé seen, the first degree‘eduation again’fails, particularly at

high values -of time and cell concentration, but the fifth degree
méquaﬁion does a good job of representing a general form of the variation
of thevspecific growth rate:with time. Average reiatiVe errors in cal-
culated 3pecific/growth rates were 9.6% and 5.4¢% for the first and fifth

degree cases;better results could be obtained by smoothing of the specific

growth rate data obtained by computer.
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A second test was made using the batch'culture kinetic deta of
Luedeking.ll Luedeking studied the lactlc ac1d produc1ng bacterla,

Lactobacillus delbruckll HlS data were espec1ally ugeful as a test =

tbeceuse he also. tabulated graphlcally-measured growth rates.v

The'generalized'logistic equation fit to the cell COnceﬁtretiOn ";;: ,tﬁ' v

data of Luedeking's run number 13 has the following form:
. 9 h906 .

Ne—o : e (13)
l+exp()+ 6029- h622t+ 1037ht -.05155t +. 003279t -.1. l92x10 t ) : .

The actual data are compared w1th the valﬁes calcﬁlated with A:
equatlon (15) in Flg. 5 and Table IV. An average reletlveverrpr of
h;l%‘resulted with very good-agreement betweeﬁ caiculated“ahd‘ebeerVedv 
data'overbthe entire*renge of valﬁes."Growth‘rates determiﬁed frpm-the
data by graphical,differentietiOn‘b& Tuedeking are cdmpared‘with_#alues
caieulatedvb& analytical differentiatioﬁ ef_Eq, (lB)jare coﬁpaied in
Fig. 6 and Table IV. Once ageinzfvery goOd-aéreement'is ebteined‘cdh;
firming the edequacy of the.generalized lOéistiC’eQuatien. |

| Flgures 7 and 8 show the results obtained by flttlng the generallzed |
loglstlc equatlon to some data obtalned by Edwards with cultures of a

9

salt-tolerant strain of sulfate-redu01ng bacteria.” Figure 7 is a graph
‘of the cell concentration (as measured by an optical counting technique)

as'a‘function‘OT incubation time; Data'are shown for cultures at three

different initial bH values. A third-degr&:generalized Jogistic equation . o

was fitted to the data for eaCheculture. The resulting eQuations are:
given in Fig. Ts the.cufvesvrepresent the valueéAcalculated with each
equation; Two important points should be mentioned in connection with
. these data. ‘First, the data were not taken as frequently as: would ﬁave v

been'desirable'and tﬁey are somewhat scattered due te-the-limitations of”
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the optical counting technique.. Second, the data point taken after |
5.9‘days for the culture with an initial pH of 8.60 seems to be a bad
data point, appearing to be ldw by a factor of about two. The datum
waé inéluded to see how it would affect the results. In spite of these“
two weaknesses in the data, the generalized logistic equétion‘fitﬁed the
data very well, giving Chi-square values with probabilities of >98%, >9S%,
and >80% for the experiments at initial pH values of 7.60,27.99,'and 8.60,
respectively. The lower probability obtained for the fit to the culture
with an initiai.pH value of 8.60 resulted from.inclusion of thevquestion-
able data value observed at 3.9'days. ‘There is further evidence‘for
the success of fit. Qualitative‘ekamination of the_data in Fig. T suggests

that the only major effect of the initial pH in this experiment was to

“alter the length of the lag phase. vOtherwise, rates and yields appear

to be about the same for all three cultures. Specific growth rates cal-

culated by the computer from the differentiated form of the three fitted

equations are plotted in Fig. 8 as a function of incubation time. Tt

can be seen that the calculated specific grthh rates confirm quantitative-‘

ly what visual examination of the data suggests. The magnitude and shape

of the three curves in Fig. 8 are all very similar, except that they are

‘somewhat displaced in time. Again the effect of including the question-

able poinf (for the culture with an initial pH value of 8.60) is appar-
ant from tﬁe shape of fhe specific growth rate cﬁrve calculated for that
culture at low values of incubation time and from the broadenirg of the
éurve{ However, it is encouraging that inclusion of the point doeébnot
appear to influence the values 6f the specific growth rate calculated
for ﬁigher incubation times.

Tigure 9 illustrates the application of the generalized logistic
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equation to product concentration in batchﬂcultures._<The data are from
- a different set of experiments with the same strain of sulfate-reducing

bacteria used in the work jUst‘deseribed;9 In this caée, the initial

concentration was varied and other variables were held constant. As

before, data were not spaced close enough tQ~permit_verytéccufate'fitting, o

yet good results wereistill/obtained using the.generalized.1ogistic eque-
'tion.v:The three curves drawn in Fig. 9,repreSent the following three-
equations:

~ For 0,1% yeast extract,

!LS__] . ~ oh.omm |
1 +exp [6 L538-2. 3T316+0. 2l+02t -0. oo9275t3] ()
For 0.5% yeast extract, ' o '
L ]_‘ o  28.33mM_ | |
S |= 5 5 . o
~ l+exp [u.5557-1 0869t + O. 015231; - 7 7657x10 ] (1)

*

tl =t < 1.} days

For 1.0% yeastvextraet, o S - o _

Ls"-] . _2l.oomM 5 o (18)
A 1rexp L?l 998 - 10.3017t + 1. 908&1; - 0. 13018t J | |

Some slight distortion can be seen between six and eight.dé&s for the
culture hav1ng an 1n1t1el yeast extract concentratlon of 0. 5% and between
seven and nine days for the culture w1th ‘an initial. yeast extract con-
centration of 1.0%. ' The distortion, though slight, was reflected in
Chi-square values of much lower probability fof_equations‘(lSj'and.(lé)}
However, the results were quite geod:in view of the lhnfted_number'ef
data points available to be fitted:they {1lustrate the usefulness of the
generalized logistic equation in extracting information ffom limited. |
experimental data.

All tests up to this point were made using data that approached a

N

¥, '
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positive, non-zero constant at lafge values of tiﬁe; However, as was
-pointed out in the section on the mathematleal properties, the general—v
ized logistic equation can also'approach_zero at large times. This
property is important because variables such as viable count tend to
fall‘off_to zero values in the period after the stationary phase.'

Also, intermediate products can accumulate in the early phases of a
culture and then be consumed before thevfermentation is_complete.\.Thus,
mathematical representation of the concentrations of guch intermediate
products requires a function capable of showing a ma#imum ahd then de-

creasing to zero or some other low value. An example is the diphasic

bioxidation of gluoose to 5-ketog1uconic acid by Acetobacter suboxydans,
whichbshows an‘aCCUmulation of gluconic acid.
Synthetic data wefe assumed with a lag phase of 10.5 time_units
and having a bell-shaped curve. A generalized logistic equation was
then‘fitted.to the data. Table V and FigdO compare'the test data with
the fitted equation. The fitted eouation has the form

1.3805 x 108

1 + exp(k.5593 - .86&77t1 - .6&989t12 + ,1oo8t13) | } (17)u

by

Good agreement between the test data and Eq.(17) is evident.

]

t - 10.5 hr

Thius the bell-shaped curve may be added to the 1lst of curves
'that the model 1s cwpable of flttlng.

As mentlonedvln the discussion of the properties of‘the generalized
logistic equatioh, it has the capability of fitting complex curves.
Ho>1er and Johnson obtained fairly complex data in their etudy of the
penec1111n fermentatlon.lg In their worke mycelial nltrogen showed

diauxie at intermediate incubation times and decreased at long incubation
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times. The computer program fit a third degree model to the daté &ifh
the following form: | .
| 2369.4
1+exp(3.1794-.05681t-3.37x10"

y =

L o

+2 4 1.66x10°010)

Téble VI and Fig.ll compare observed and fitted data. Agreement is

poor. The bad results are’partly due to the paucity ofidata points,

partly to the~irregulaf shépe of the data, and paitl& to the léﬁ'nuﬁbér

of coefficients in the fitting curVéf There weré:too.few;poinfs to

determine the parameteré successfuliy with a highéf order eQuatién |

.usihg the simple non-linear cufve-fittihg'techniqué,applied here.

Better results:can_be expected even when dealing_with fairly.complek

' daté, proyided'that aﬁ adequate number of data have 5eenvtakén over

thé entire range of interest,vand_p;ovided»a more powerful curVe-fi%ting

techniquevis used, ensuring convergence even with complex daté; |
The 1a§t test_Waé made with data measured'by Mondd gfowing,

Escherichia coli in a medium containing glucose and sorbitil both at

concentfations of 100 m}g/l.vl . First, the cells used glucose exclﬁsively.
Then, after all glucose had been consumed,va’short lag and then gréwth
of sorbitol ensued. Monod named this phenomenon of consecutive utili-
zation of substrates with an interveningviag diauxie.l Figure»12 and
Table VII compare thé obser?ed data with values calculatea from what
will be.referred to as the one part model and theltwé part model; The

- one part model fitted the data with a single-équétion;v.The equation
obtained had the form

| | 66.37h

1 + exp(3.2298 - 0.8449t).

Vo= (19)

(18)

il

L




-17- . UCRL-17593
The locus of Eqg. (19) is the solid curve in Fig.1l2. As can be seen,
the one part model did not give a good fit, showing no platean at
either intermediate or large times. Again, convergence difficulties
prevenfed fitting a higher order equation‘to this complex_dafa. To
increase the quaiity of the fit, the data were broken into two parts
and two separate equafions were used to describe the two parts. With

this approach, results were very good. For times 1ess than 3.6 hrs,

Eq. (20) was applied. _
' ' 29.62

Ltexp(2.387- . TOLTt+. 6046E°- 1,313t +. 7225t '~ . 1285t )
For times greater than 3.6 hrs, Eq. (21) was used to fit the data.

o . 29.500
y = 29. ’

1+exp(k.0603-.0597(t-3.6) -1.626(t-5.6)?-1.1903(t_3.6)5)

Excellent agreement was found between model and data, as shown by
Table VII and by Fig.l2, where the two part model is represented by

the dashed curve. The average relative error was 0.78%.

DISCUSSION

Adequate representation of simple batch culture kinetic data may
_be obteined using the generalized logistic equation. This was borne
out by both the results discussed here‘and'a considerable body of
other results obtained in analysis of data from a kinetic study of
sulfate reduction by bacteria discussed elsewhere.9 The generalized
logistic equation can be used to describe the decrease Cf.substrate
concentration with time in a batch cnlture, although only the description
of cell and product concentrations were'attempted in this study.

For more complicated data, such as that obtained with the peni-

cillin fermentation, the generalized logistic equdation can be used only
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when adequate data is available over the entire range of iﬂterest; _ |
eCOnvergenee difficulties may also arise in fitting complex data with
the method ﬁsed here to compute’ paraﬁeters. By usiﬁg:a more sophieti;

ated technlque to det@rmlne the best values of the fittable parameters,
the penerallaed logistic equatlon should be ‘able to deqcrlbe the more
complex data, also. W1th the present approach, good results_may be.,
obtained by dividiﬁé eomplex data infobfwo or morevregions, as was done
Wifh the diauiie data‘of_Monod, but this deereases the coﬁVeﬁieaee of
the method somewhat, The representatioh of the lag phase could be
improved, because use of the preSent meihod reéuits in a :discontinuity
at the énd of the lag>phaSe. However, this disadﬁantage is not serious
becausé the rafe of product formation at the:end'of_the lag is not éeherally

'significanﬁ'anyWay.

Desplte the success obtained by ch0051ng a polynomlal for F(t), still

better results mlght regult from u31ng a different functlonal form. .
For example,

F(t) = a'+a't32+a3éa4ti | | (22)
will give still greater flex1b111ty for fitting complex batch data. The
'dlsadvantage of such a form is the increased difficulty of obtalnlng
- good initial estimates of the parameters for use in beginning the itera-
tion. Troﬁbles some?imes arose in using the Chi-square eriterion to
- test goodness of fit for the sulfate reduction'syStem, the pfimary
’reason being the diffiéulty_ofvgetting accurate estimates of the
‘standard deviations of the analytiCal procedures.9 Accurate standard
deviations are aléo»needed if one wishes to weight the data according to

statistical criteria. If such'information is not available; adequate

results can be obtuined by using unit weighting tactors when data values
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do not vary by more than about two orders of magnitude. For wider var- |
iations (e.g. total cell count) data points can be Weighted in inverse:

proportion to their magnitude.
CONCLUSTIONS

A generalized‘form of the logistic equation was shown to be usefui
in the analysis of a variety of batch culture kinetic data. By using
a computer progrém to perform the analysis, thé'data may be reduced
quickly to an equation. The equation may be used to perforﬁ maniﬁula—
tiong of the data (e.g;, differentiation or interpolation) and physical
meaning can be derived from thé values of ébme of the parametersvin the
equation. The equation is a method of storing data chcisely. The
.computer can also be used to prepare graphs comparing_the observed data
~and thé fitted curve, but better results could be obtained with,comple£
data if a more powerful numerical method was used to determine the

fittable parametefs. The generalized logistic equation should prove to

be a useful tool in the treatment of batch culture kinetic data.
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Table I. Desirable Properties of a Fittihg EQuation

Capable of rcpregentlng all pnases of batch culture
growth and metabolism.

Sufficiently flexible to fit many types of data

~without introducing distortion.

At least some of the. flttable paraimeters have dlrect

" physical meanlng.

Continuously diffe;entiable, explicit time derivative.
Derivative zero initially and at very large times.

Parameters easily evaluated.

Easy to use model once parmmeters determined..
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Dependent vér;&ble
Calculated, Calculated i
() Tirst degree F(t) fifth degree
1.0000 . - 1.0660 ‘
1.5838 0 1.6773
2.7022 . 2.6915
hosgsa e T kbazg
T7756 0 T.k159
S13.009 . 120408
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Table III. Specilic growth rates, exponential model L
"Independent - .  Mime derivative of
variable _ , dependent variable »
- Given. o 'Ca;culagted', : ' . _Calculatéd, : : SR g
: F(t) Tirst degree . F(t) fifth degree SR

o 0.5 -- , e g e

1 555 S 78 o O

~ " [P )_‘_.rn‘ !
2 IO s

% " 529 s 510 |
5 K ~52% 520
5 " .510 .50%
é S 49l L7k
7 "o .uél L83
3 " b8 Shb
g " %60 526

10 -- 291 212 ;
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1z 0 154 - -00012 ,l
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_Table IV. Comparison of observed and graphnically measured values with
_ computer calculated values (observed data is from rum 13 of Luedéking)

Time Observed  ° Culculated ‘ Graphical - o Computer
(hrs) c&ll conc: - cell cone. growtn rate - caleulated
(vop/m1) - -~ (UOD/ml) . (vop/m1/hr) growth rate -
L ' - , - (vop/ml/ax)
1.0 0.123 0.128 ' - o.0k6
2.0 10.139 S o0.190 -  0.061
2.5 - - o0 '_‘ ' ‘6,077.:
5.0 - 0.283 - 0.268 - 0.3 - _0.099
5.5 - . 0.6 : 0.130
k.0 0.hke, 0.400 . 0.9 0.172
L.oe - - 0.2k ‘ 0.228
5.0 - - . 030 16,300
5.9 0.82 0.802 . 0.37 0.7289
5.0 - ol - o0ds 0.595
6.25 . 1.2 1.5k - S
5.50 - - - T o.sE 0.518
7.0 - . 071 04750
727 LIT- - LT3 B
7.50 . - R ©.0.88 .. 0.885
770 2.2k 2.3 . S
8.00 - . o 1.04 1019
§.25 2.73 S - -
8.50 . - - ‘ 1.17 1,147
9.0 3,77 3.6 1.31 1.271
9.50 - S 1.43, 1.393
9.5% - Lz 4,38 - -
10.00 5.00 15.07 - 1.55 1l.522
10.50 5.72 5.85 1.63 1.622
©11.00 6.78 6.67 1.68. 1.653
11.50 7.1 7.L8 ' 1.56 1.576
12.00 8.23 g.22 - 1.29 1.3k0



_Tublc IV (continued) =
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Time .’Obéerved ~ Calculated Graphical  Computer
(nrs) - cell conc.. cell conc. growth rate - calculated
o {uoD/ml) (uop/m1) - (GoD/m1/hr) growti ratve

T » o B (V0D /il /ax)

12.53% 8.63 8.62 - -

12.50 - - 1.06 0.555

12.67 8.78 8.95 IR -

13.00 9.27 9.18 . 0.76 ' 56k

15.50 ’9.1‘_\9 9.38 0.17 257

k.00 9.38 - 9.ks T - -
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Table V. Cdmparisoh of synthetic duta and computer fit values,
bell-shaped curve o :

Independent a N , ' Dezendent variable
variable T .Original - - ritted
data . P - ‘values

o0 _ 2.1000 x 10° - » 2.1060 x 10°
005 - o

1.0 S e . 2.53597 x 10°
1.5 . 5.0210 X 100 = _  5.6976 x 10°
12.0 o S 156207 % 107 C1.4531 x 107

‘a5 © Lk.2250 x 107 3.6143 x 107
13.0 . 8.1530 x 10/ 7.211 x'lof,
3.5 T 1.1090 x 10° 1.0516 x 30
w.o  1.28b0 x 10° 1.2308 x 207
.5 1.2950 x 10° 1.%048 % 10°
15.0 i.alho x,lo8 1.3317 X 108
25.5 1.3140 x 108 1.3%6k x 10?
16.0 1.2970 x 10° 1.3202 X 10°
16.9 1.2250 x 108 1.2ko2 x 10?
17.0 9.0400 x 107 9.6335 x 20"
7.5 2,9880 x 10/ %107k % lO?
28.0 2.5510 x 10° 2.3806 x 10°
13.5 6.8550 x 10" 6.5128 x 10
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e UT. o oo g e it g 10
Table VI. Comparlgon of fitted curve with datd of Hosler and Jonnsch

Time o Yycelial nitromén
- (nours) _ -Qoserveda . . Calculated
L (mg/Lliter) (mz/liter)

o 100 - 1100.0
6 200 . o235.7°
28 - L
30 900 50845
Lo g0 . 80b.3
bst . .0 . B7LO -
50 T SR
53 . . ' 1010 C o 1235.1
67 o690 1603.8
75 . 2600 - 1728:1
0 g0 .. 8ok
125 2600 1598.3
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- - ' . ks s 1. ey s
Table VII. Comparison of dilauxie data of Monod ™~ with fitted - data

Dime | | | ' _ Optical density
(nours) Data of Monod - l-part model 2-part model
0 2.5 2.50 o 2:500
1.00 . 5.0 - 5.60 - 5.100 2'
1.k0, 78 Tse 7.565 |
1.0 0 1l.0 | 10.92 11444
2.10 13.5 ‘ 12.55 . o 13179 Part
2.50 18.0 %.36 . at.egs |t
2.60 23.5 19.68 S 23l i-
3.15 129.0 2k.00 . 08.820 i
3.60 29.5 50,07 ’ '{29.621, -
, - o 29.500 =
: 4.00 30,0 35.67 ' 30,000 t
Loy . 32.0 39.11 . - 32.000. k
.60 40.0 43,71 . ko.ooo |
L.go . 48.0 L7.33% . kB.oo0o | Part
5.05 53.0 L9.00 - 53,000 - > 2
5.5 58.0 51.08 . . 58.000
T5.50 585 ss.kie 0 98.500
5.85  ° 58.5 56.23 - 58.500
' 6.10 58.5 )

57.92 - 58.500




30 R ;UCR‘Lfl,7>95'3>

5 , APPENDIX T - :
Y.ESTIMAmiOV OF COEFFICIENTS IN THE GENERALIZED Loc*sr*c ‘PQUATION . |

' “Accurate in*tlal guesses for tne va*ues of the: ‘coef! figtents *“A' i
-creasc the liAelyhood that the 1terative curve-fitting techn*cue uoed
will converge to the correct va*ues and reduceS'vhe number of ;terat ons
'vccnired Assuming tnat a fair*y good est maue can. be made for & we
define : o _ ' ' ' ' '

o) - ;n<¥}l> N
='ao'+ al#;+ aete +.§5pj'f gh£ul+ .}} : :f

Assume that the initial value G(O;y ), and *hree'eouéliyfspaced values -
G(t,,yl), G(ta,ye), and G(t. ,y3) are known: ( 3-— 3%) and %, = 2%, ) '
Then +the ”o‘lowing equauiouo may be derived “o mane initial vuesaes of_

the coefficlents ays 895 ete.

For F(t) = o + alf'

=-a
a, =G - ' L : o
ay = (G =)y ot
For F(t) = a +at eyt
3 = % S B o
ay = (4(cy - GO) - (c-2 - Go))/Qtl _
T e ,
ey = (G - G,) - 2(6, - 6,))/2%, S

U P S SR PO o S
Tor F(£) = 5+ et . . : . B

Tor F(t) =a * a)f ta i vage7 e ; VT

.Definins Bl‘= Gl A_Go S L s o R : s v
By = Gp = G P

B3=G2 ?..Go. U
- v.,
o

. N
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®
I

1= (313l - 1.5 B, + B, + 133/5)/1:1
T » :
o (LLB2 - B5 - 5}31)/2tl _
] 3
5 = (By - 3B, + 51_31)/6t1 |

o
I

o
it

These equations were used:in thévcomputer programvto ﬁake ini£ial
guesses of the'coeffiéients from given equally-spaced déta. For
fitting of F(t) for fourth and fifth degree cases, zero values of a),
and a5 were used for the initial guess. FWhen’anai&zing a'ﬁet of
data with a lag phase, the foregoihg proéedure was applied_to thé

data after the time scale had been shifted to place the origin at

the end of the lag phase.
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* APPENDIX II
COMPUTER PROGRAM
The computer program developed to analyze batch culture kinetic

data is described by Edwards. 9

A brief description will be given
here. Several groups of data may be: analyzed in sequence. During‘
. analys1s of a group, the follow1ng procedure is followed First the
data are read into the compuLer, along with standard dev1ations of
- the data, the duration of the lag phase required, and estimates of
dependent<variable for use in making estimates of the initial values
of the parameters of the fitting equation. - The standard deviations
ame ‘needed to calculape weightiné factorS'for.tne data in the least’
squares analys1s and for use in the statistical test of goodness of
' fit of the final equation. Weightlng functions are calculated and
;the'data, standard deviations, and the weights of the dapa are printed
out. | |
Ir the time lag is not zero, theﬂcoordinates are shifted”so tnat

in the new coordinate system, tlv=‘t a-tL, where tl
t = real time scale, and t_ = length of the lagvphase. The value of

= new time scale,

L
the dependent variable at t

t. is assumed to be.the average of all

values for t <t and the fitting of the equdtion to the femaining
data is done in the-new coordinates.

Estimates of‘the corrections po the estimated values of the‘fittiné_
parameters are computed for F(tl) =a + altl and the values of the para-
meters are‘corrected. This process is continued until the sum of the

absolute magnitude of the ratio of the changes in the coefficients to

their absolute value is less than .00l. The values of the corrections
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and the'correCted parameters are. printed out at éacﬁ step.: At each
tenth step,'the values of the data and the corfesponding vélues-cal-
culated with the fit equation are compéred in a table. A maximum of
100 iterations is aliowed to reach the desifed convergencé.on the fit:
parameters. After the fitted falues afe obtained; the data.and'the-
values computedeith the fitting equation are compafed.b'Thén the calcu-
lated'derivativesiana'gpecific-rates are ca;culated af regular intervals.
and printed—butvalso. Finally, a gréph is frepared_éomparing the ori-
ginal data points with'ﬁhé iine connecting the Qalues calculated using
the fitted eQuation. Th¢ procéés, starting with estimation of paia;
metérs éndvoptimization 5y.iteration,'is repeated for third and fifth
degree polynomials, provided that.tﬁevnumber of dafa wérraﬁt it aﬁd

‘ that the additional terms are necessary to improve the fit to ﬁhe data.
The next variéble in that group of data is then analyzed by the-séme
procedure, unfil the last variable has been énalyzed. The next set of
data is then ahalyzed. Cellvconcentration data must always be analyzed
. first because the fitted values 6f cell concentration are needed in
computation of specific rates of éhapge in later variables. The graphs
prepéred by ﬁhe computer are very helpful in decisions about the ade-’
quacy of the equations fitted with the program.‘ Chi-square values are

also computed to assist in judgment of the goodness of fit.
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Fig. 5. ~Comparison of cell concentration data (run 13) of Luedeking
~with fitted fifth degree curve. . :
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Fig. 6' . Comparison of graphically measured growth rate of Luedeking =
"with values calculated as derivatives of the fitted curve.
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This report was prepared as an account of Government
sponsored work. Neither the United States, nor the Com-

mission, nor any person acting on behalf of the Commission:

A. Makes any warranty or representation, expressed or
implied, with respect to the accuracy, completeness,
or usefulness of the information contained in this
report, or that the use of any information, appa-
ratus, method, or process disclosed in this report
may not infringe privately owned rights; or

B. Assumes any liabilities with respect to the use of,
or for damages resulting from the use of any infor-
mation, apparatus, method, or process disclosed in
this report. '

As used in the above, "person acting on behalf of the
Commission" includes any employee or contractor of the Com-
mission, or employee of such contractor, to the extent that
such employee or contractor of the Commission, or employee
of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.






