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ABSTRACT 

We have extended the partial-wave analysis of the reaction 

K-N-A'ir from our data in the energy region 1660 to 1900 MeV to 

the data at higher energies (1900 to 2215 MeV) from other experiments." 

This analysis has established the resonant nature of Y! (1910) and. 

measured its spin and parity as JP = 5/2+. The earlier assignment 

P . + * . 
J = 7/2 for Y 1 (2030) by Wohl et al. has been confirmed. The 

mass, width, and An branching ratio were measured as 1902:1:11 MeV, 

* 52:1;25 MeV, and 0.08:1:0.04 for Y1(1910). and as 2032±6 MeV, 
... 

160:1: 16, and 0.41:1: 0.03 for Y~ (2030). In addition we found a sug-

gestion for the existence of a JP = 1/2+' resonance at 1880 MeV with. 

a width of 220 MeV. 

" i ... 

•. j : 

i, 
.: ' 

, 
~ ." . . 
j" 
.. 

; 

" f 
i 

, 
I 
I 
j , 
t 
I 
I 
I 
I 

I-
! . r 

! 
,: 
1 
t 

I 
I. 
! 
I 
! 
f 
1 
! 
I 
! 
1 , 
i , 



-1- UCRL-17956 ,. 

I. 'INTRODUCTION 

The study of the reaction K-N - All' has proven to be a useful 

method for learning more about the quantum numbers and resonance 

parameters of Y:resonances. We have published the results of a 

partial-wave analysis of this channel, between 1660 and 1900 MeV 

center-or-mass (c. m. ) energy, which yielded information on several 

* i' * Y i resonances. Wohl, Solmitz, and Stevenson identified Y 1 (2030) 

- 0 from a study of the reaction K p-AlI' between 1900 and 2100 MeV and 

made the spin parity assignment JP = 7/2+. 2 

The I = 1 total KN cross section measured by Cool et al. 3 and 

Davies et al. 4 shows a shoulder which is consistent with a resonance 

at 1910 MeV with a width of 60 MeV. In addition, the I = f total cross 

section at higher energy shows a peak at ,2252 MeV with a width of 

200 MeV. 
15, 

Our earlier work' suggested that the shoulder at 1910 MeV, 

P + 
was due to a J = 5/2 resonance. 

This stu~y, which .combines our experimental data (1660 to 

1900 MeV) with the data of Wohl et al. 2 (1900 to 2100), Trower6 (1945 

MeV), and Dauber7 (2151 and 2215 MeV). was undertaken primarily to 
... 

establish the resonant nature of Y~ (1910) and to determine its spin-

parity assignment. Other goals included: verification of the spin-parity 

assignment for Y:(2030); measurement of the mass, width, and All' 

branching ratio for both the Y~ (1910) and Y~ (2030); possible study of 

* Y 1 (2252); and determination of the behavior with energy of the non-

resonant parts of the partial-wave amplitudes in the All' channel. 

This partial-wave analysis of the reaction K-N -All' establishes 

* the existence of Y 1 (1910). determines its spin-parity assignment as 

,'. 
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',' iP, =: 5/2,+~ and illeasures its mass, width, andAlT bra~chingratioas 
, I.....' 

Eli'= 1902:1:1{ MeV, r =52:1:,25 Mev,·andxAlT=0~08'±O.04~ The 

branching ratio in channel c, x , is equal to the ratio of the partia{ , , c , ' C C 

width r inchannel c to the total width. In addition, the spin-parity:' :;,: \ 
C ", ," ,c',' 

,assign~ent JP = 7/2+ for Y~ (2030) is verified and the resonance ' ' 

parameters measured as ER = 2032 ± 6 MeV, r = 160 ± 16, and, , 

XA1T = 0.41 ± 0.03. No' conclusion regarding Y~ (2250): could be reached:,':> 
, " '~ 

with the available data; however, we find a suggestion for the existe~c::'e: ... :";,.-

ofY~(1880) with a width of 220 MeV and JP = 1/2+. 

parts of each of the partial waves up to G9 can be adequately described, .,-, " . " !,.' \~ .,' .. , 

over the energy region 1660 to 2215 MeV of the data, by no more than 

six parameters, A, B, C, D, E, and F: 

'T = (A + Bk + Ck2) ei(D + Ek + Fk2) if A + Bk + Ck 2> 0, 

">~:'~~~~?~:~>,,' ',<i 

T=O 

". :.'.",: 

if A + Bk + Ck
2 < 0, '" '(~b~",',~,::;;"V::;;'" 

Where k is the incoming c. m. momentum. 

II. DATA 

'Table I summarizes the data, used in this analysis .. 

~istributions and polarizations for the first ten energies listed in the 

table came from our study of the reaction K-ll-AlT -, in a deuterium" , 
. 1. 5 ' 
bubble chamber.' The cross sections for these ten energies,are 

- 0 twice, the cross sections for the reaction K p -AlT , obtained from a 

','.:" ,.: 

com'panion run with hydrogen in the bubble chamber. 8 Conservation, 

of isotopic spin requires the cross section for K- n -.. AlT - to be twic~ 

that for K- p -+ AiTO..~, 

The cross sections, angular distr'ibutions, and polarizations at 

, -,' ,0 
the remaining eight energies came from three studies of K p - AlT in 

, :".' 
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.' 
hydrogen bubble chambers. 2,6,7 The cross sections at these eight 

energies were also normalized to K-n -An - (i. e., the I = 1 cross 

section). The data were rebinned so as to have at least 10 events or so 

in each angular distribution bin and 40 events in each polarization bin. 

In a bubble chamber experiment the shape of an angular distribu;.;. 

tion is determined easily (after correction for biases) from a histogram I' 

of the number of ,eve~ts vs the cosine of the c. m. production angle. 

For measuring a cross section the beam must be normalized, and 

chamber density, scanning efficiency, and booking losses determined, 

etc. Thus the cross -section measurement is open to considerably 

more errors than the measurement of the angular distribution. If an 

angular distribution of 20 bins is converted to a differential cross sec - ' 

tion by using the cross -section measurement, any error in the cross 

section is introduced into 20 data points. rather than the one data point 

it actually represents. To avoid this problem we fit the cross sections 

and the shapes of the angular distributions separately. Because this 

analysis uses data from four different experiments, this procedure was 

particularly important. 

The angular distributions were expressed as a function of the 
#, 

cosine of the c. m. meson scattering angle (K. iT); the polarization was 

calculated from the observed A-decay asymmetry relative to the pro

duction normal n = KX.rr/ I KX iT [, according to the formula 

.!A · Ii = (3/ Cl!A)( p. n) whe re p is a unit vector parallel to the momen

tum of the proton in the A decay. and Cl!A is 0.66. 9 



'. :. 

. ~ , 

-4- UCRJ:j-179S6 .. 

III.THEOR Y AND 'FITTING PROCEDURE "'. 

The;reaction K-N-A'l1' is one of a large class called formation ... 

.. experiments, in which a resonant amplitude is excited when the- c.ni •. 

energy of the K-N system corresponds to the energy of the resonance. 

If other amplitudes are small compared with the resonant amplitude,' 
.. , ...... 

its existence is clearly demonstrated by the rise and fall of the total 
. , 

cross section as a function of energy for the reaction. Unfortunately,. 

-in the channel K":'N -+ An the nonresonant amplitudes are not small, and .•. 

a more detailed examination of the angular distributions and polarizations 

must be made to determine the mass, width. and branching ratio of the. 

resonance. Also the total cros s section gives only a lower limit for 

the spin and no information on the parity of the resonance. 

To obtain the more complete information available in a forma~ 

tion experiment. it is necessary to measure the angular distributions, 

and polarizations of the final baryon in addition to the total reaction 

··r· 

.i 

cross section! and then decompose the amplitude into partial-wave, '>';'. 

amplitudes, i. e .• eigenstates of angular momentum and parity. Amore .. 

comprehensive discussion of the theory of partial-wave analysis in 

formation experiments can be found in an article by Tripp. 10 

In a reaction with spin 0 + spin 1/2 -,. spin 0 + spin 1/2 

as K-N -,. An) the transition operator M is given by 

M = a(O) + b($) (J • n . -

.. ! " 

There are two amplitudes: a, the non-spin-flip, and b, thespin-flip·._- Ii. 
~ ;...' -! 

~ . . 
amplitUde. If we define K to be a unit vector along the incident K-

c. m. momentum and TI along the final;r c. m. momentum, the _ a_ 

and b amplitudes are functions of O(cos 0 = K. n:); (J is the Pauli 
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spin operator, and Ii:: (KXiT)/(\KX-rr\) is the normal to the production 

plane. The relations between aCe) and b(O) and the complex partial

wave amplitudes T J.± (l is the final orbital angular mome~tum, 

J :: I :I: 1/2) are 

and 

aCe) :: k L [(l + 1)T / + lT1-J P 1 (cos e) 

1. 

(2a) 

(2b) 

where k is the incident c. m. wave length divided by 2'1l'. PI is the Ith

order Legendre polynomial, and p/ (cos e):: sine dP
1

(cos e)/d(cos e) 

is the first associated Legendre polynomial. The differential cross 

section I and polarization!: are given in terms of a and b by 

(3a) 

and 
... 

IP :: 2 Re (a "'b) n. (3b) 

The polarization is restricted to be along Ii by parity conservation in 

strong interactions. In order to obtain a more direct relation between 

the measured distributions I and IP and the partial-wave amplitudes, -
it is customary to make the expansions 

and 

I :: };.2 \' A P (cos e) L m m 
m=O 

B P 1. (cos 8) , 
n n 

(4a) 

. (4b) .. 
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, " " ,','., • '10 11 . '. ',. " 
'aildthen refer to tables ' relating the' A 'and, B.coefficients to the 

par~ial-\~'av~ aInplitude T:I:. Table II is useful in cOIl'verting between, .. 

'the various notations used. The parity P of the 'two-particle system 

l., ' 1 ' " , 
in the final state has been calculated froIn P = (-1)PB~M = -(-1) for;'" 

the usual case of a pseudoscalar meson M and even-partiy baryon B. 

The variation with c. In. energy of the partial-wave amplitude 

is, in general, unknown. However, in the special case of a resonant 

aInplitude, it is governed by the Breit-Wigner forInula 

T = ~ (I' er r) 1/2 /KER -E) - ir /2J ' (5) 

where E is the c. In. energy, ER the energy of the resonance, r e the 

partial width in the incident (elastic) channel, r r the partial width in 

the final (reaction) channel, and r = ~ r. , where the summation is, 
i 1 

over all decay channels of the resonance. 

A careful study of Eqs. (2) and (3) shows that the transformation 

,'{ ":' '::: 

" ."'.-

+ - - + T l. - T £+1' T 1. - T 1-1 (i.e., changing the parities 'of all amplitu~es) "'" 

leaves I invariant but changes the sign of P. Also the transformation .... 
* ** Tl -Tt. has the same effect. The first is called the Minami trans-.', 

formation; the second is the complex-conjugation transformation. 

Measuring the polarization removes two of the four possibilities, but 

additional informatt,on is required to completely specify the solution., 

Making measurements at several energies and then applying the Wigne~," i: 

condition 11 to a resonant amplitude is sufficient to remove the am

biguity. This condition requires rapily varying resonant amplitudes to 

traverse the complex plane in a counterclockwise direction, and is . 

implicit in Eq. (~). Figure 1 is an Argand diagram, which displays, 

the energy behavior of a partial-wave amplitude in the complex plane.-,· 

" 

. . .. ,",' 

Note that there are two possible trajectories for a resonant amplitude" ",,' 
. ~ . .' ' ". . 

" . 
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depending on the sign of the numerator in Eq. (5). The choice of trCi.-
. .' 

jectories depends on the 5U(3) assignment for the resonance and has' 

been discussed previously. i, 5 The circle at radius 0.5is the unitar;' . 

· limit for partial-wave amplitudes in a reaction channel. 

Equations (2) and (3) also show that I and IPare invariant -± . icp ± 
under the transformation T 1. - e T 1.. In the elastic channel this' 

. 
degeneracy is removed by the optical theorem 

o k 
1m a(O ) = 411' (J T ' (6) 

which relates the imaginary par,t of the forward-scattering amplitude' 

to the total cros s section. However, no such relation exists for an 

inelastic channel, so that the degeneracy is usually taken into account 

· by defining the phase of one of the partial-wave amplitudes. 

At one energy there is sufficient information in the experimental 

distributions I and IP to just determine all the partial waves (but not -
to resolve the ambiguity discussed above, or to remove the degeneracy 

· in the inelastic channels). If only the first n partial waves are present, 

then the expansions (4) require terms up to order (n-1). 10, 11 One must. 

determine 2n quantities to describe the n complex partial waves~ The' 

differential cros s section I provides n (A
O

' Ai ••• , An_i) of these 

quantities, and the polarization measures n-1 (Bi' B Z'···' Bn _1) 

more. For the elastic channel the optical theorem provides the re-

maining relationship to completely determine the n partial waves: for 

the inelastic channels the one undetermined parameter corresponds to ' 

the overall phase degeneracy. Since precise data, particularly for the .... 

polarization, are often not available, one must make assumptions to 

reduce the number of free parameters to be determined from the data. 

,.', .. 
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The large amount of accurateda,ta irithe 
.', , , . 

, .' ' . , '. '. . . . ~. ' ,.' .... );,', J~ 
Elxchange channels has permitted several authors to publish detailed.:·'}',,:· .. ·t 
..' . . . . .... .', '. :;::::.;.i:.::~;~::il~ 

phase-shift analyses up to c .. m. energies of 1600 MeV •. These analy~es':·.:;:,,;i;~tl: 
.... . . . ". '. >':·:;5:.'~~:·;r 

differ basically in the method used to ensure smooth energy depe~d~nc~;:::it/::{;[ 

.... of the phase shifts and absorption param.eters as a function of c. m:~' .• '. 'F-:,·,'l 
energy in the absence of any general theory for this dependen~~.· ~:'T 

,; 

1Z . 
Roper used a power-series expansion in k (the c. m. momenta), 

plus Breit- Wigner resonance am.plitudes. B 1 13 'd--f'f" .' . ranse en uses a 1 erent· t~ 
't 

parameterization based on dispersion relations and the analytic proper.- .r: 
. I 

ties of the partial-wave amplitudes. Bareyre 14 finds a unique solution>:',' T 
., ',,: " .1'. 

" 'f: by fitting data at each energy separately and then selecting the solution. 

that joins smoothly to the lower-energy solution. Auvil
15 

and, 

'Donnachie 16 require smooth behavior of single-energy solutions plus 

dispersion-relation calculations for the smaller partial waves. 

All these phase-shift analyses used two advantages of the '1TN" 

. .' 

","" , .. '. 

elastic problem not available in the inelastic reaction 

optical theorem, Eq. (6), removes the phase ambiguity from eac~ en-:-

ergy solution in the elastic channel. To match the phase of solutions' . 

at different energies in an inelastic channel re.quires an assumption' for: .' 

the energy dependence of one partial wave. The '1TN channels have 

accurate data for a wide c. m. energy range, from threshold to at 

least 1600 MeV, permitting a smooth continuation of the less complex 
.... <.:" ,'( 

':'. '. ',:. '.'~'7 
'., ',,'., .; ':', 

low-energy solution to higher energies where' 1. = 3 or 4 amplitudes; "':'" '. L, 
:"1 
"I: are required. . ,'. ~ .. 

,," . 

To do a partial-wave analysis on the data of this experiment ...... . 

the energy behavior of each amplitude was parameterized a.nd then ~ail,;. 

the data were fitted together. This procedure overcame the two 
." 

-' 
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difficulties'discussed above and also insured that the Wigner condition 

was upheld. This was basically Roper's approach, 12 but far fewer. 

. parameters for energy dependerice were required to adequately fit the. 

K-N -+ Arr data. 

The partial waves were parameterized by combinations of 

Breit -Wigner resonances and power series expansions in k. The' 

resonant part of the amplitudes was given by 

(7) 

where 4>' is the phase angle of the resonant amplitude at reson~nce 

energy; for 4> = 0 the amplitude is pure positive imaginary at reso.-. 

nance. The energy dependence of the partial widths has been approxi-

mated as 

r ex I I 

r 
k.

2 
] 1i k. 

i k/tX2 E 
. (8) 

by Glashow and Rosenfeld, 17 where X i~ a mass related to the radius 

of interaction and k. and 1.. are the momentum and orbital angular mo-
l I . 

mentum of the decay products of the resonance in the .!th channel. 

Glashow and Rosenfeld found X = 350 MeV from a study of the SU(3) 

predictions for the partial widths of the y (JP = 3/2-) octet. 17 Deans 

and Holladay found that X = 17 5 MeV gives a better fit to the 6.(1236) 

resonance. 18 Blatt and Weisskopf19 derive (nonl'elativeistically) an . 

expression for the energy dependence of r i which is identica,.l in form" 

with Eq. (8) for 1= 1, but differs somewhat for higherP. values. 

. , . 

. ,'" 

'. :' 

:" .-' 

.. f 

I 
i 
I 
j 

I 
I 

I 

I 
'1 

I 
f 

I 
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; Both the Glashow and Rosenfeld form [Eq. (8)] and the Blatt 

,'andWeisskopf form for the energy dependence of r were tried in 

fitting the data. In both cases the best fit was obtained with X = 0; 

i. e. a simple k./E dependence. The Glashow and Rosenfeld form 
- 1 

[Eq. (8)] with X = 17 5 MeV gave an almost identical fit; in view of , " 

the work of Deans and Holladay, 18 this form with X = 175 Me V was 

used for the results quoted in this article. 

The nonresonant part of each partial-wave amplitude was 

parameterized by 

T = (A + Bk + Ck2) ei(D + Ek + Fk2} 
.: ' 

T=O 

if A + Bk + Ck
2 > 0, 
2 ' ' 

if A + Bk + Ck < 0, (1b),-
1 ••.• 

where k is the incident c. m. momentum. The parameters A, B, C; 

D, E, and F were either varied or set equal to zero. For the reso-

1/2 1/u.. " " , 
nant part of an amplitude [Eq. (7)] (x 'x) [= cr r) /1.], E

R
, ere r , 

, . r, and <I> were variables. If a particular partial wave contained both 

a resonant and a nonresonant part, Eqs. (1) and (7) were simply 

added together. 
:' .,. 

, ' 

;.. 

. . . . 

: ~.; .. 

' .. '.' 

For each fit a hypothesis was made as to which partial waves' ".; 
<, .... 

were resonant [Eq. (7)]. The nonresonant part of each partial wave 

was approximated by Eq. (1). A set of parameters was chosen to' ,~: .. 

describe each hypothesis and reasonable starting values were guessed> 
. ~ -;. 

. • '. , .. •. """ .~ ... !·t,>. ,~' 

. for each parameter. These starting values were used to calculate,the:'>·' 
. . •. . ", . . . .':~'.''''~.':f~.' .... 

.... '.\ .. ' 

cross sections, angular distributions, and polarizations. The calcu-::'< 

c ' O· 
lated quantities x. were compared with the observed data points x. 

1 1 . 

and their errors ~? to find X 2: 
1 

" 

'. ~';., 
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(x~ _ x~)2 
X2=2; 1 1 

Ax~ 
, 1 , 

, 

where the index i runs over all the experimental data points. The X 2" ' 

function was then minimized ~ith respect to all the parameters by the 

variable metric method20 using the program VARMIT written at LRL 

21 
by Beals. 

VARMIT is a general fitting program for determining the local 

minimum of a function of many parameters. It requires the calculation 

of the analytic partial derivatives of the function with respect to each 

parameter. It then uses an iterative procedure to find a local mini-

mum of the function. At each iteration the minimizing program was 

supplied with the value of X 2 and the analytic derivatives of X 2 with 

respect to each parameter. These partial derivatives define a gradient 

direction for the most rapid variation of X 20 A matrix con~aining 

approximate second-partial-derivative information was used to modify 

the gradient direction. In this modified di rection the X 2 and gradient 

values of another point were calculated. Then a X 2 minimum in this' 

direction was found by using a cubic approximation. A quadric approxi- . 

mation to the second derivatives in this direction was used to correct 

the matrix, and a new iteration was started. 

. After a satisfactory minimum was obtained, the values of the' 

parameters were displaced randomly from their minimum values, and 

the above proc~dure was repeated as a consistency check. Approximately," 

. 20 minutes was required to complete a fit for 50 param~ters to 440 data 

points on the CDC 6600 computer if a reasonable set of starting values 

was c:;hosen. 

.• j 

. i 

'. .' I 

.1 

I 

I 
j 
I 
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,After solutions have been obtained for' several different 
. . '. 

, " ; 2 . . ; ,', .' , . 
. eterizations, the '. 'X values for each can be compared~ and param-

. -'. ~ 

eterizations that do not fit the experimental data can be rejected. 

is done by comparing the confidence level, 

'" -1/2 [co _y2/2 ' 2 1/' 2 1/2 
CL = (21T) t e dy; t = (2X) - (2n-1) 

which is the probability that another experiment would give a worse fit"',,;,, 

assuming that the parameterization accurately describes the actual' 

situation. Here n is the number of degrees of freedom, i. eo, the, 

number of indepel1dent data points minus the number of free parameteis'~:'::"~ 

The equation is valid for n?", 30. 

IV. RESULTS OF THE PARTIAL-WAVE ANALYSIS 

Figure 2 shows the experimental cross-section points and 

their errors for K-N - ATT. The curve is calculated from fit number 

.'.< 

; .: .• -' 

. , . .'.(:;:.\~--':': .~' ,,, 

, which is described later in this section. The cross sections were 

plotted in uni ts of (J /4TT .,.,.
2

, .,.,. being the incident K- c. m. wavelength' 

divided by 2TT. These units correspond to AO' the first coefficien~ 

, the Legendre expansion, since integrating the expansion Eq. (4a) 

over all angles yields 
2 ' 

(J = 41T)-.. AO • 

The major features of the ,K-N - A1T cross section in this " 

energy region are two broad peaks, one centered at 1770 MeV ~~d<;~~', 
, . * ' ',',' 

, at 2025 MeV. The lower bump corresponds to the Y 1 (1770), 

JP = 5/2-, and the results of the partial-wave analySis of this' 

region have already been published. 1, 5 The peak at 20"25 MeV cor-

* p + responds to the Yi (2030), J = 7/2 , reported by Wohl,Solmitz," 

and Stevenson. 2 

" ~ .. , 
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As a consistency check, the parity assignment for the 

*' . . y 1 (2030) was verified in fits 1a and 1b. Only the data for the six 
. . . * 

highest energies were used, in order to isolate the Y 1 (2030). In fit .' 

fa a single 7/2+ resonant amplitude [Eq. (7)] was hypothesized, in 

fit 1b a 7/2- resonance was tried instead. In each case the remaining 

eight partial waves w~re assumed to be independent of energy; i. e. , 

Eq. (1) with B=C=E=F=O and only A and D variable. In both fits the 

overall phase ambiguity was removed by defining ~=1T for the J = 7/2. 

resonant amplitude. The mass E
R

, width r, and the magnitude at 

the resonant energy ( x
NK 

x A1T)1/2 of the resonant amplitude were also 

, allowed to vary, for a total of 19 parameters. 

The solutions that minimize X 2 for the 1a and 1b hypotheses 

are shown in Fig. 3a and b, and the final X 2 and confidence levels 

are listed in Table III. The JP = 7/2+ as signment of Wohl et al. for 

* . y 1 (2030), fit 1a, is seen to make a reasonably good fit to the data, 

(C. L. = 0.007) while the alternative 7/2 - assignment is totally in

-24 
adequate to fit the data (C. L. = 10 ). Both solutions a~e plotted 

,against the experimental Ai/ AO a~d B/ AO coefficients i~ Fig. 4. 

The next step, fit 2, 'was to attempt to fit all the data at the 

* P /-18 energies with the well-established Y 1 (1770), J = 5 2 , and 

* 3 P /+ ..... Y 1 (20 O), J = 7 2 , resonances plus energy-dependent nonresonant' 

amplitUdes. The number of parameters varied in the nonresonant part. 

',' ~ . ., , 

ot each partial-wave amplitUde is shown in Table III. All six parameters 

in Eq. (1) were allowed to vary for the first six partial waves, except 

for the D5 wave--where only A, B, and D were nonzero- -in addition 

to the resonant Y 1*(1770) amplitude. Only three parameters (A, H, and 

" 

".: 
' ..... 

. t·. 
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D) were,'used for the G7 and 09 amplitudes,~hilethe F7 wave was 

. ' . '.' . . * . 
described entirely by the Y 1 (2030) amplitude. In this and allre·· 

. maining fits the overall phase degeneracy was removed by defining 

'. . *' 
ct> =0 for Y 1. (1770). The partial-wave amplitudes that best fit the 

data are shown in Fig. 5. The points along the curves correspond.to "" 

eriergies at which the. experimental data were available (Table I). 
. . .... 

. X 2 and confidence level for fit 2 are shown in Table Ill. The confidenc~"'§fr'· 
.' "",' 

__ 1 'I 

'. t , :':: <.';~.'~'" 

level of 0.8% shows that this fit to the data is not unreasonable. 

Since the I = 1 total cross section shows a shoulder that is 

consistent with a resonance of mass 1910 MeV and width 50 MeV, 3, 4 

a resonance of this mass and width was tried in the series of fits 3.,' 

This resonance was tried in the P3, D3, n5, F5, F7, and G7 waves;.' 

' .. -, ,.,..,. .' fi 
~r 

'I' 
! 

i , 
'! 
I 

. . " "'1 
'.' in each case (except F7) the number of parametel"S used to describe th~) ..... ,:'.··' r 

f' 

'J 
! 

· ,:,,0( 

background in that partial wave was reduced, from 6 to 4 (C=F=O) 01"" 

from 3 to O. The mass and width of the new resonance were held fixed 

at 1910 Me V and 50 Me V; only the magnitude and ct> we re allowed to: 

vary. The only hypothesis that was an improvement over fit 2 was 

fit 3a, * P + which establishes the Y 1 (1910) as J = 5/2 • 
'\1 

The confiderice.:' ! 
. ," -"'J" 

level for fit 3a has increased to 7.70/0 compared with 0.8% for fit 2. ' .. ,The, 

same number of parameters (six)describing the F5 partial wave were 

allowed to vary in each case, The only change was to allow part of.the'::~' 
I . 

* F5 pa.rtial wa ;/e to come from Y 1 (1910) in fit 3a. It is easy to see 

. I . >: 
'f. 

I , I 
" " 
'I 
'l 
, 1: 

• ·"1. 
.' l-

t 
: i 

. i: 

' .... H<' ::~I 
" 't 

that the complicated energy dependence of the F5 wave (Fig. 6) with', 

* 

j 
t,he Y 1 (1910) included could not be obtained with the power series 

expansion in' k [Eq. (1)] used in fit 2, even though the same t:\umber 

of parameters were allowed to vary in each case. The next most 
. I 

'I I 
f' 
f 
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probable fit in the series was 3b, which is for a 3/2+ assignm~nt. The.' , 

confidence level of 0.40/0 for this' fit is less than the 0.8% for fit 2. Fit3b 

is included in Table III to show that JP:: 5/2+ "is the only spin-parity" 

. * assignment for Y 1, (19~0) allowed ~y the data. 

Fit 4 (Table III) is the same as fit 3a, except that mass and width 
* . " 

of the Y 1 (1, 910) were ,allowed to vary as well. The slight decrease in 

confidence level, from 7.7% in fit 3a to 7.1% in fit 4, indicates that 

. the mass and width for Y 1,* (1910) measured by Cool et al. 3 and Davies 

et al. 4 are within errors of the values mea,sured in this analysis. 

·1.5 
Fit 2 was found from our earlier fits to the lower ten energies' . 

. '.' ,:, 

t"; 
.'.' . 

by adding the higher-energy data one energy at a time. While doing this I 

we noted the solutions for the Pi amplitude went through violent changes 

as the data from 1900 to 2050 Me V were added. This suggested the 

possible existence of a resonance in the Pi partial wave. 

In fit 5 a Breit- Wigner resonance amplitude was added to the P1 

partial wave and the number of parameters used to describe the non-

resonant part of the Pi wave was reduced from six to four. The resulting 

fit has a confidence level of 16.10/0 and is the best fit to the data, and 

is shown in Fig. 6. The Pi resonance had (x x )1/2= O.11:f:0.03, E 
err 

= 1880:f:40 MeV, M:: 220:f:150 MeV, and <I> = 27:f:26 deg. In going from 

fit 4 to fit 5, two additional parameters were added, and the X 2 dropped 

by 16. Clearly the parameterizism of fit 5 is a better approximation' 

to the partial waves; the question is how seriously to take the existence 

* . P + of a Y 1 (1880) wlth J = 1/2 • 

Probably the most encouraging fact for the existence of this 

resonance is that the fitting program could find a X 2 minimum with 

f: 

I 
t 

I, 
i 
j 

f 
1 

. i 

i 
I 

I 

"I 
I 

I 
I 
I 

I 
I 
I 
i 
I 

·-·1 
! 

r 
t 

I 
i 
t 

I 
i 
! 

1 

I 
! 
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.'., . ~ .,-. 
. 1/2 .. 

reas'onable values of (xe x
r

) • E
R

, r I and cpo The effect of such aPi 

resonance on the total KN cross section would be extremely small; 

* assuming the same elasticity as the Y1 (1910), one would find the 

. contribution to the cross section only 1/3 as much and the width four 

times as broad as the Y t (1910). Another channel, such as ~1f. would':' 

be the logical place to look for conformation of this resonance. This 
, *' .' 

analysis alone can only suggest the existence of Y 1 (1880)>> width 220 .... ,. 
'. ;" 

MeV an~ JP =1/2+. The Ai/ AO and BJ AO coefficients calculated' 
.. , '. ~ ".' 

from fit 5 are shown in Fig. 7, plotted against the experimental co-

efficients. 

Fit 6 shows the effect of adding the Pi resonance to fit 2, but' 

* 

. -, ~., . 

' .. 
:;:, , 

"',,,O!";' 
. ... , 
'., ... 

leaving Out the F5 Y 1 (1910) resonance. Fit 7 is the same as fit 5, - ". '", 
, ',~ 

except that the G9 nonresonant amplitude has been replaced by a resona~t " 

amplitude with ER and r fixed at 2252 and 200 MeV, corresponding' 

* to the Y 1. (2250) discovered by Cool et al. in the K-N total cross 

, section. 3 The overall fit to the data is poorer; any information about 

* Y 1 (2250) must await data at higher energies and an analysis that in-

cludes higher partial waves. 

' ... ' 

': . "-' 
. , 

" l'" 
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v. CONCLUSIONS 

The. major result of this analysis was to establish the resonant: 

* 3 . . 
character of the Y 1 (1910) reported by Cool et al. and to make the 

spin-parity assignment JP = 5/2+. 

cation of J
P = 7/2+ assignment for 

Other results include: the verifi-

* 2 Y 1 (2030) made by Wohl et ale ; 

',' 

the measurement of the parameters of the Y 1* resonances in this energy 

region; the general behavior of the nonresonant partial-wave amplitudes; 

and the suggestion of a new resonan~e, Y
1
* (1880) with JP = 1/2+ •. 

~: * 
Table IV summarizes the parameters of Y 1 (1770), Y 1 (1880.), 

Y t .(1910), and Y t (2030) determined in fit 5. The quoted errors are 

'. the s.tatistical errors calculated in the fitting program, increased by a . 

factor of two. The statistical errors have been doubled in an attempt 

to include uncertainties arising from the particular parameterization 

chosen for the nonresonant partial-wave amplitudes and from the some- . 

what ad hoc energy dependence used for r in the Breit-Wigner resonance 
,,: 

formula. With two e~ceptions [in fit 2, for Y 1 (2030), xNRxAlT was 0.041 

(1.10) and r was 182 MeV (1.5 a)l, the corresponding resonance 

. parameters found in fits 2, 3a, 4, ~, and 7 agreed to within the quoted 

errors of the parameters from fit 5. Since a study of a reaction channel 

measures only the product of the elastic and reaction branching ratios, 

XAlT ,has been calculated from the measured product, x'NKxAlT' by 

using the latest world average values for xNKo 22 

There is at present no general theory to explain the behavior of.> 

nonresonant partial-wave amplitudes. However, this partial-wave 

. analysis yields rough measurements of these amplitudes in the reaCtion. 

K-N - AlT. The sum of the nonresonant and any resonant part of each 
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,amplitude is shown in Fig. 6 for fit 5. The A, 'Bi C, D, E,and 

'parameters for t~is fit are given in Table V. 

of the error matrix are quoted for each parameter. 

of Eq. (i) introduces large correlations between the parameters. " 

A, B, C, D, E, and F parameters are given in Table V with 

precision to enable one to use them to reproduce the partial waves as " 

" ,',' shown in. Fig. 6. 

The measurement of 4> for each resonance yields information, 

on its SU(3) assignment; detailed discussions of this have already been' 
,:'~ ~ " :' 

* "- '* * 5, 23 *' " ".,' ,. published for Yi (1770), Y1 (1910), and Y'1 (2030). Since Y1(1880),", 
, '* " " * ,',:: 

" is in phase with Y (1770), the restrictions listed in Ref. 23 for Y 1(1770),; , 

* also apply to Y 1 (1880). 
':-
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E*' 
(MeV) 

1675 

'·1705 

. ·1730 

1750 

1770 

1790 

1810 

1830 

1855 

1885 

. 1896 

1945 

1986 

2026 

2065 

2109 

, 2151 

2215, 

Total 

'" '.' Table I. 

Number 
of 

events 

. 144 

394 

463 

632 

626 

598 

489 

496 

468 

108 

719 

281 

553 

3412 

388 

520 

394 

274 -
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Su~mary of the ~atausedirtthi~ analysis~ 

, ......•. ;"iit~i4~r:f~ 
Ta r g et";~:,;<:;:flr 

<.( .:. \" ;'.( ' .• :'" :'".' ~ 

Bins in 
angular 

distribution 

9 

Bins Experiment " 
in (Reference 

polarizatio~ num~er) 

6 Smart (1,5) 

14 6 Smart (1,5) 

15 6 Smart (1,5) 

19 8 Smart (1,5) . 

20 8 Smart (1,5) 

20 9 Smart (1,5) 

17 8· Smart (1,5) . 

17 7 Smart (1,5) 

16 7 Smart (1,5) 

7 0 Smart (1,5) D 

20 12 Wohl (2) 

15 6 . Trower (6) 

20 8 Wohl (2) 

20 '. 20 Wohl (2) 

20 8 ,Wohl (2) 

20 8 Wohl (2) 

16 7 Dauber (7).· ' ,'. '" H :' 

15 

300 
Dauber (7) ·H:·j~'\;f:;;', 

········ .•. ~&~~D1~~· 
6· 

140 

" ~, 
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Table II. Various notations used for partial-wave amplitudes. 
Tneparity P of the two-partic1esystem in the 

final state has been calculated from 
P = (_1)1 PBP = - (_1)1 -

for the' usual case ~ a pseudoscalar 
meson, M, and even-parity baryon, B. 

" ........... , 

". ================:==:::============::::::========================' " , 
:I: T + T + Tt' , 0 T1 1 T Z 

ilJ S1 P1 ' P3 D3 

JP 1 1+ 3+ 3 
T "2 T 2 

' + T + T Z T3 3 

D5 FS F7 

S S+ 7+ 
2 2 2 

-
T4 

G7 

7 
y-

T +. 
4 ". '. 

... ;', .:\., . 

. ' 
",:" . 

. '".," 
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TableiII~·· Summary of the paramete.rization~sed for. each partial-,', 
wave amplitude used in the fits described in Section IV. The 
number under each amplitude iridiCates· hoW-many paramete 

. [Eq. (i)] were allowed to vary, in the order A, D, B,' E, 
F, while the remaining ones were kept fixed at zero. The _' 
letter R indicates that a Breit- Wigner l'esonant amplitude, ... , 
[Eq. (7) J was added to Eq. (1) for that partial wave. The re"; 
suIting X 2, number of degrees of freedom (n), and confidence; 
level are also given. . 

Fit Amplitudes 2 
C.l:!~· ..x- n --- ---

S1 P1 P3 D3 D5 F5 F7 G7 G9 ". '. ,:",: .:'. 

- -
1a 2 2 2 2 2 2 R 2 2 194 149 .007 

1b 2 2 2 2 2 2 2 R 2 376 149 

2 6 6 6 6 3+R 6 R 3 3 464·. 394 
-,: .. " , 

" 

3a - 6 6 -6 6 3+R 4+R R 3 3 435 394 

3b 6 6 4+R 6 .3+R 6 R 3 3 472 394 
~'.. " 

4 6 6 6 6 3+R '4+R R 3 .3 434 392.' 

S 6 4+R 6 6 3+R 4+R R 3 3 418 390 

.6 6 4+R 6 6 3+R 6 R 3 3 455 392 

·7 6· 4+R 6 6 3+R 4+R R 3 R 429 391 

., 

.1 •. 

: . ': .' .~;, ' ,; 

: ' -
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. . . * . * .. ~ 
Table IV.· Parameters and quantum numbers Y1 (1770), Y i (1880), 
. Y1*{1910), and Y/(2030)~The quantitiesmeasurecfor .: 

verified in this analysis are underlined with a solid line; . 
quantities ·suggested by this analysis are indicated by a 
broken line. 

Mass Width Spin 

ER r J 
(MeV) 

(MeV) 

. 1775:1:.7 146:1:.9 W. 
1882:1:.40 222±150 !L~ ------- -------
1902±11 52±25 W:. 
2032±6 160±16 Jl!:. ----

Parity XKN"A1T p 

0.071:1:..009 

+ 0.O12±.007 --- - - - ----

+ 0.006±.003 

+ 0.045±.004 -

x-
KN 

.CI> 

. (deg)·. 

0.45 . 0.16:1:..02 0 

0.08 

0.11 

0.08±.04 

0.41±.03 

-27±26 

34±21 

174±8 

'., ' 

,'." . 
... r 
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Table V.The A~ B, C, D, E. and Fparameters(Eq.(1)] deterrriiiie4:'~;':'(i:;1 

in fit 5~ . Only thediagional elements of thee'rror matrixare,'\;!:'.:,,,,:.:'!":i:?;;) 
quoted for' each parameter. However, Jhe form of Eq~ (1)in~':"~'::'''>i<\::~<i,;:j . '. .. .... , ... " ,,,',, .... ,,·,"'··1 

.... troduces large correlations betweenthe parameters. - The param';';:':~,;c.c';:i}'>,} 

eters are given ~ere with sufficient ~rec.isionto be used to re~"'\~':'>f);1 
produce the partlal waves as shown 1n Flg. 6. ;~'.; 

". 
Par

_ .. ··tial' 
A 

• wave 

81 1.298±0.3 

P1 -0.008:1:0.16 

P3 .... 0.343±0.3. 

. D3 ";0.187:1:0.3 

D5 -0.451±0.2 

F5 -0.084:1:0.04 

F7 

G7 0.018:1:0.03 

G9 -0.055:1:0.02 

B 

/ 
-1 

(BeV c) 

0.321±0.3 

C 
-2 

(BeV /c) 

D 

(radians) 

1 .,. ; .. f 

E ·',,' . .'F ." ,1 
'I,.', 

(radians) '. (~adirns-)!:t::(,',:::,1 
(BeV Ic) -1 (Be V Ic(~2 .. ',;',' I 

2.263±0.8 -1.81±2.8 11.27±9. 7 ~14.69:1:8.0"".1 
," .~ .. :;::<. :'", ~ 

2.73±0.9 -4.43:1:1. 3 .' .• 1 

. i 
1.364±1:0 -1.074±0.811.17±4.5-20.19±14.411.80:l:11.2 'J 

i . ",". ", .. :. ,."","" i. 

0.758:1:1.0-0.514:1:0.8 -10. 74:1:4~4 36.47±14.5-30.~O:l:11.7· ;:/ 
f 

0.683:1:0.2 5.24±0.2 

0.188:1:0.06 1.74:1:2.4 -2.74:1:3.5 

~0.006:1:0.04 -0.18:1:0.35 .. 

0.118:1:0.03 

',' <"'< ••. " 

:".:, . ," 

. ,", 

.' .. ", 

" . \ : . 

" . 

. ' : . ~ 
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FIGURE CAPTIONS 

. ! .. 

Fig. 1. ~rgand diagram for a resonant partial-wave amplitude in a'" 
>. " \ • •• ' , ".:.:, :~. " : •••• 

reaction channel. The circle at radius 0.5 is the unitary limit.' 

Fig. 2. The I = 1 total cross section for K-N - Aw, obtained by 
, , 

doubling the cross section measured for' K- p '- A w 0 • The· 

curve is calculated from fit 5, which was the best fit to the 

combined data. 

Fig. 3. Argand diagrams for the partial waves (real part vs. 

imaginary part) which best fit the data above 1950 Me V with the 

hypotheses of constant S1, P1, P3, D3, D5. F5, and G9 partial' 

waves plus (a) resonant F7 and constant G7, and (b) resonant 

G7 and constant F7 partial wa'Yes. Fit la has a Confidence 

Level of .007; for fit 1b it is .10-
24

• 

Fig. 4. Comparison of the Ail AO and Bil AO coefficients calculated 

from fit fa (solid carve) and 1b (dashed curve) with those ob-

tained from the experimental data. 

Fig. 5. The partial-wave amplitudes from fit 2 with resonances in the 

D5 and F7 waves. The dots. indicate the energies at which data 

were available, as listed in Table I. The solution for the G7 

... 
. ', 

wave was essentially constant. even though the parameterization .' 

permitted energy variation. 
I 

Fig. 6. The partial;'wave amplitudes from fit 5 with resonances in the "'> .: 

P1. D5, F5, and F7 partial waves. 

Fig. 7. Comp:.nison of the Ail AO and 'Bil AO coefficients calculated 

from fit 5 with those obtained from the experimental data. The 

values for the cross section (AO> are shown in Fig •. 2. 
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This report was prepared as an account of Government 
sponsored work. Neither the United States, nor the Com
m1SS1on, nor any person acting on behalf of the Commission: 

A. Makes any warranty or representation, expressed or 
implied, with respect to the accuracy, completeness, 
or usefulness of the information contained in this 
report, or that the use of any information, appa

ratus, method, or process disclosed in this report 
may not infringe privately owned rights; or 

8. Assumes any liabilities with respect to the use of, 
or for damages resulting from the use of any infor

mation, apparatus, method, or process disclosed in 
this report. 

As used in the above, "person acting on behalf of the 
Commission" includes any employee or contractor of the Com
mission, or employee of such contractor, to the extent that 
such employee or contractor of the Commission, or employee 

of such contractor prepares, disseminates, or provides access 
to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 
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