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I. Introduction 

It is now well known that nonlinear optical effects arise as a 

result of nonlinear response of a medium to intense light fields. The 

description of these effects is often semi-classical and non s~atistical-

the light fields are treated as classical waves with no fluctuations 

either in amplitudes or phases. Such a description neglects tr.e contribu-. 
tion of spontaneous emission to the stimulated scattering. The questions 

of how the statistical properties of the light fields are distu:::-bed and 

how the nonlinear optical effects depend on the statistical properties 

of light fields are also left unanswered. In fact, as one would expect, 

statistical treatment of nonlinear effects should be more important 

since they always manifest stronger fluctuations than linear effects. 

Thus, a complete description of a nonlinear optical effect requires the 

application of quantum statistics. l 

In this review, we shall not concern ourselves too much about how 

the statistical properties of the intense pump fields are changed in a 

nonlinear optical process. We shall always assume that the depletion of 

power in the pump fields is negligible. Consequently, the perturbance . 

in the statistical properties of the pump fields can also be neglected. 

We are more interested in how the average rate of a nonlinear optical 

process is effected by statistical fluctuations in the pump fields and 

in the material properties. Above all, it is interesting to find the 

statistical properties of the fields generated or amplified in the 

nonlinear process as a function of the statistical properties of the punip 

fields and of the mediumo ' Conversely, measurements on the nonlinearly 

\ 
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.generated fields should yield information about the statistical properties 

of the pump field and/or of the medi~ 

In the following sections, four important problems of nonlinear 

optics will be discussed, namely, multiphoton emission and absorption, 

incoherent scattering, sum and difference frequency generation, and 

parametric amplification and oscillation. Each field component is assumed 

to be a single mode. Extension of the calculations to multimode problems 

is straightforward, and will be discussed briefly in Sec. VI. We shall 

assume for all cases except incoherent scattering that the light fields 

are contained in a cavity. However, as one would expect from the 

corresponding classical description, a cavity problem of coherent scattering 

can be converted to a steady-state travelling wave problem by simply 

replacing t by _Z€1/2/~ where -2 is the direction of propagation. That 

this is alsO true for our quantum description will be illustrated in the 

final section" 

II. Multiphoto!l, Abso;t'Etion and Emission! Raman Transitions 

Let us begin by assuming as the unperturbed system the fields in a 

cavity filled with linear, isotropic, non-absorbing medium with a linear 

dielectric constant Ek(~) at.frequency~. From the Dirac quantization 

2 process, we can write the vector potential ~n the usual form 

~(~,t) ~ c ~ (2rrti/O)t)1/3{ak~(!)exp(~t) + a~ ~(~) exp(-i~t)} (1) 

where t a
k 

and a
k 

are the creation and the annihilation operato~s for the 
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th 
k mode. The epa':'ial function ~J (1') ,is o.n eigenfunction of the ,y.t IV 

equation 

. and obeY'S the or'chonormali-:'y condition 

,The Hamiltonian for this unperturbed system is aimplJr 

\ 
~ . ; 

" ,. 
i, I !~ 

(3') .: \ 
, , 

, ~ , " 

I " 

, : 
(4) 

'i \ 

.', ' 
i 

,~ I 

, The Hamiltonian describinG absorption or emission of photons in the meditun 

is then taken as a perturbation. 

Consider first the case of 6ingle-pl~o';;on transitions bet"Teen t"TO 

states 1*1 > and '11\12 > "ri th a frequency separat.ion w21 ~ wk. Thi s 

can be described by a perturbing Hamiltonian 

l' t 
''1here cli ' 'c21' cli ' and c2i are creatio:,land' annihilation operators 

th 
for electronic states 1 and 2 respectivelJr at the i atom, s is 

the electric-dip'ole . matrix element between the two states" and 

1 

~~+)(~1) = []~")(~1)]t = i(27!'i1Wlt)2 J!:k* (~i)a~ (6) 

• 

" , 
" ,. 

I:" 
',; 

1.4 
" . 

. , 
" i , .' 
I , ' 
I 

, , 
I' . , 
, 

I ~ 
: 

, ., 

r 
I:. 
! , 
r 
I , 
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.. 
l-Te are interested in the, change of statis';;ical properties of the. fields} 

which is most easilY described by the density matrix formalism. In 

the interaction representation, the density matrix p obeys the equation 

. of motion 

iil dpjCJt = [~, p] 

't'lhere 

B:( us~ng a procedure often used in the relaxation calculation for magnetic 

resonance,,3 Eq. (7)· 'can be ~educed to give an equation of motion for 

the density matrix PF of the fields alone. First, the equation is 
3 

expanded through iteration. to yield 

/ 
"l.r~f. 

dp(t.+ 6t)jCJt = (1 ill)(~l(t + 6t), p(t)] 

Then, nn1rreverodble approximation on the density matrix is used by 

QSGuming that the :~.:.:.i·J:·,~: .. l equilibrium of the matter system is harclJ¥ 

disturbed by interaction with the, photon fields" so tha.t we can write 

p(t) = PF(t) II PAi (0), ,.,here PAi (0) is the density matrix for the! 
th i 0 : 

i . o.tom at therma.l equilibritun with diagonal matrix elements PlA a~~ 
., 
.. 

. : \' 

I .... 
\ 

1'1 
!-: 

, ' i 
I 

./ 
, ! 
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o 
P2A, indicating the thcrnl.al populations in the tvo IltatC3 I ~'l> n:1a I ~'2 )-

The. off-diagonal elements of ,,/\(0) -al\rey3 vaniGh. :;quntiC'n (9) cc:~ 

now be. reduced.by trudng trace over the r::.nt.ter :fynte:. \!H.h the h('!r-

of Eq. (8)" straightfonTard calculAtion vill lend to 

with 

j3. = t 21?WklsI21~(!:i)12g(~k)/a 
, , 

= [27?Wk Is 12 ~(wk) /ii ] iV d3r 'I~(::) 12 N(t) 

llt 
= (1/2n) J exp[-i(wk - w~l)t]dt 

-~t t:. 

where N(r) is the atomic density at r. If ~t < n/~lIJ higher-order 
N ,." 

terms in Eq. (9) or (10) can be neglected. If, in addition" 

At » (l/linewidth)" then the limits of integration in g(w
k

) can be 

approximated b,y -~ to +00." and hence g(wk) becomes a a-function, 
4' 

or more generally a line shape function centered at W2l" , These restric

tions on At are in fact exactly the same as those required for ordina.ry 

time-dependent perturbation calculation.4 

Equation' (10) governs ,the change of statistical properties of the 

photon syntem in the Single-photon absorption (p~ > P~A) or emission 

(p~ < p~) process. This is actually the same equation derived by 

, 
" '. 

" r 
J 

f ,', 
I 

! 

," 
f' . 
'I' 
" 

i, 

'" 
l 
!, 

" .J' 

:: 
II' 

., .' I 
:\ 
I 

" 
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Scully and Lamb5 for a 'laser amplifier or oscillator except that the 

higher-order nonlinear terms have been neglected. The derivation cnn 

of course be extended'to include the nonlinear terms ~v.Lthoutmuch diffi-

culty. The solution of Eq. (10) can be obtained analytically for indivi-

dual density matrix elements in the number re,presenta.tion, if either 

o 0 , PlA or P2A vanishes. In the absorption process, it is easy to shm{ 

that at zero temperature (P~A = 0), the statistical properties of ,a 

photon system, which can be described by the p-representation,6 remain 
1 '\ 

basically unchanged. At finite temperature, however, they are diSturbed 

, by spontaneous emission in the absorbing medium. 
" :i 

A similar calculation can be applied to the case of two-photo'r. , 
. ': 

absorption or emission., Here, the perturbing Hamiltonian for tran~~j;iOllG 

between the 'states I \jIl > and I \jI2 > is 

I. 
(11) 

. '. : : . 
\' . " 

where s(2) 16 the matrix element for the two-photon tranSitions. ,'USing 

exact~ the same procedure as in the single-photon tranSition case, one 

would obtain c 

" 
I' 

" 

i 

I ' 

~ 
I 
I 
j 

r 
I 
I 

[ 

I 
I, 
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I 
\ 
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with 

~(2) = tm3wk
w.t Is (2) 12g(~k+ ~-t) Lv d3r N(r) 1'1t(r) 12"u,f,(r) 12. 

The above equation of motion governs the chaXl(5e of statistical properties 

of the photon fields in two-photon absorption or emission. 

from Eq. (12) we find for k ~ -t" 7 

In particular" 
\ 
I 

, , ~ . 
:! , ' 

. :\-' 

, t . t 
o < ak ~ >/Ot:= 0 < a-t a.e, >/ot 

.. 
and for k = ,f, :.: !. 

" , 

, , , 

Equations (13) and (14) sliow that the rate of photon absorption or enussion 

depends on the second-order correlation function of the fields" and 

hence on the initial statistical properties of the fields. For k = ,f,j 
:,f 

even the initial two-photon transition rate is higher for chaotic 

6 than for coherent fields" Since • 

t t t 2 
< a a a a > h ti = 2« a a » c ao c 

t t >' = « ata »2 <aaaa h t co eren 

Physically" a. cha.otic field has more fluctuations. Nonlinear response 

always amplifies the fluctuations, and yields a higher average value. 

... 

, 

(15) 
, I. 

,. 
" 

:' 
i , 

1 , 

f' 
f 
L 
I 
t 
i: 
! 
f' 
I' 
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1 
I. 
I' 
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.. 
Lambropoulous at ale have also discussed the' case of tloTo-photon absorption i 

and emission with 1t = t. Although ~n a different form, they find the' 
• I . 

. same equation as our Eq. (12). Their derivation is however much more 

complicated and less transparent. 

AnalYtical solution of PF(t) for Eq. (12) can be obtained for: 

i' ., 

i: o 0" 8 PlA = 0 or P2A ~ 0 in the number representation.. Consider two-photon 
.' : , . 

emission with P~ = O. Equation (12) gives 

dp ~t = C P" ( . ) ( . >' ( I 1) ( I 1) . ~nti~ nt IV n ~nti~nt + Dn p n-l k n-l t i n - k n .. t 

.. 

From the above equation, we obtain the Laplace transform of 

where M denotes the smallest integer among the set (~J~' nk, ni). 
The inverse t~ansform yields 

M i 

Pn. non.' n I (t) = L. L. 
K.~I K ~ i=O reO 

[ 

I I 

I • 

'.; 
; 

. *1 

" 

(16)'\: 
Ii· . 
'I ,. 

'\ 
'·1 

\ .. 
I' 
'I: ,. 
I 

I. 

" , 
I 
I· 

! , . 
. ! 

, )' P·7. I 
~ .. 

~ 
\ 
I 
i , : 
I 
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which fully describes the statistical properties ofa two-photon amplifier 

- . 
or oscillator. Because of limited space", lTe shall not go into detailed 

analysis of Eq. (18) here except a few remarlcs. 1) If initially" 

p has only diagonal elements(~ = ~tt "I n.e, = nt')" then it remains so 

at any time t. In fact" the off-diagonal elements of p" even if they 

eXist" would vanish eventually through diffusion processes as in the case 

of a laser oscillator.5,,6 2) If initially. p (0) - p (0).... (0') , n.n 'n.n - n n '"::'1nIlo 
.K~" .K ~ It k ·:rv "V 

then, as time has a distribution peaked at ~= ~to and nt = nt
o
" 

progresses" the peak will move to larger values of nk 

would expect fram a two-photon amplifier or oscillator. 

and nt" as: one 

Statistical: 
... I 

3) Since higher-Ord~ properties of the fieldS also change with time. 
" 

terms have been neglected in the calculation, the solution does not ,show 

saturation of amplification or stabilization of oscillation. 

The two-photon oscillator is of great practical importance, sin'ce 
'. ',\ ~" 

there is potential possibility of its becoming a tunable oscillator. 'j It 
. . \ I 

I' , 
':' " 

coherent field" is interesting to note that if initially Ek is a strong 

such that Ek(:!:) in Eq. (11) can be treated as constant 'c 
I' 

numbers, 

then th~ Hamiltonian ~l reduces to the form for single-photon trans'i tions, 
« 

and the Et field created in the two-photon emission process has the 

same statistical properties as those of the field created in a laser 

oscillator. This is of course a practically realizable case,! 

The calculation can be exte~ded to th~ case of n-photon Jabdorpti'on 
, .I 

) 
or emission. The perturbing Hamiltonian then becomes 'I 

/ 

; I 

r 
i 
f 
f· , 
! 

i 
i 
! 
I 

I· 
I 
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The corresponding equation of motion for P
F 

is 

n n n n . n n 

opF/Ot = _f3{n) [( 11 a~ ffak PF - 2 IT al~PF IT a~ + PF n a~ IT alC)p~ 
k=l ~=l . k=l k=l . k=l lc= 1 

n n n n n n 

+ (IT t;c n {pp - 2 1I a~ PF II ~+ PF IT ak IT ~:)p~ ] 
k=l k=l k=l kel k=l k=l 

" (20) 

with 

The calculation requires only slight modification if in an n-photon transi" 

'bion process, photons 1-rith k :: 1, ••• , m are absorbed, but photons with 

k = m + 1, .••• , n are emitted. The per.turbing ~amiltonian becomes 

, and the equation of motion for P
F 

must be modified accordingly. A case 

. of practical interest is the Raman transitions, in which one photon at 

Wo is absorbed and another photon at w emitted as the atomic enerGY 
~ s ' 

system makes tranSition :Crom 10/
1
> to /0/2 >. The equation of motion 

for Pp in t~is case is' 

~ /~ (2) [t t t t t t 0 
op ot c: -13 (a..e,asa.tas Pp .. 2a-e.as PF a-e.as + PF8-e.8Se.-e.e.S)PlA 

(22) 

,: 

" 
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" .. .: 
'! • 

. from which we obta.in the. rate of Stokes generation" 

t . -t 
. a < as as > rot = :'0 < a..e, El...e, > / at 

, . 

~I. \ + 
(2) (( 0 0 . t t 

&:I 2/3 PlA - P2A,) < a-e, a-e, as as > 

. '\ <, 
I;. ,I 

• ',' ~ I, 
I I . 

: . , .. (23) 
i,' , 

.,' ' 
I . " 

as was given.by Hellwarth.9 . Usually} Et is a strong field, such that. 

a-e, and a..e,t in Eq. (22) can be treated as constant c numbers but sub?ect 

to statistics. ~e solution of Eq. (23) then becomes 

.where 

.: 
; , .. 
\ 

\ (21~) 
; . 
, 
'. " 

1\ 
.; 

.\ 

1 

. It is clear from Eq.(24) that a chaotic pump fi·eld would yield a more. 

intense Stokes field than a coherent pump field, Bince6 
4 

ext 

= l: [2/3 (2) (p~ _ p~)]n «ala-e,)~/nt 
nco 

(25) 

,I " 

, .. 

I .. 
\' , 
i 

.. , 

.... 

. , 

I 

! 

r 
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. In many cases, one lllay also find p~ ~ o. Then" ana~tical solution 

for P
F 
(t) can be obtained from Eq. _ (22) using the same procedure as 

t in the two.photon emission case. Hith a-e, and a-e, treated as constant 

c numbers with a statistical distribution" the density matrix elements 

for the growing Stoltes field at time t are given by 

}v! i 
(t) ~ L. L. 

i=o r=o 
.. c )] n .. q 

x P(' i) (n' i) (0) exp(c '. t) n- , -. n-r s 8 

with ... 

t If in addition, tpe pump field Et is also coherent, then a~ and a-e, 

can be replaced by constants Ct-e, Equation (22) for the 

Stokes field now beccmes the same af? for a laser ~n:.J.1l:lJ .. .:f.j.'a':rbccePt that 
\ 

o 0 :J. P lA and P2A., are interchangea.. Therefore" the statistical properties 

(26) 

'of the Stokes field generated in stimulated Raman transitions would also 

be the same as those .01' a laser ompllficr.. Saturation of Stokes amplifi·· 

cation or osc~llation has not been taken into accou:rt in the above dis-

cussion. 
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.. 
III. Incoherent Scattering 

\' 

Linear, incoherent Rayleigh andJ3rillouin scattering belongs t~ the, 

class of nonlinear optics in the sense that an excitational wave in the 
I. I, 

medium now plays the role of a light wave. The quantum description of 

'incoherent scattering has close resemblance to the claSSical descri~tion.lQ 

Let us consider only scattering by density fluctuations. The 

perturbing Hamiltonian in this case ia 

where p, is the polarizability, k 
... 0 

the pump mode, and k the scattered 

modes. If' we take into account the propagation effect by assuming running 

modes for the fields ,nth 

then Eq. (26) becomes 

(28) 

where in the Heisenberg representation, 

, ' 

The corresponding equation of motion is 

, ; 
" ' 
" : , ' 

i; 
I • 
, ' 
i , 

, : . ' 
, , 

" 

i. , 
" <: 

'I ,. 
'i, 
I .' ", 

':j 

!, 

" , 
, 
i; 

,! 

t 
I 

k 

! 
" t' i, 
f 

" 
[: 
[., ' 

(' 
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Usually, the pump field is of relatively high intensity, and is 

hardly disturbed by incoherent scattering. We can therefore treat ako 

and a~ as c numbers; but subject to statistical distribution. The problem 

then becomes essentially classical. In fact, it reduces to the one 

discussed by Glauber on radiation by a prescribed current distribution.
6 

The solution of Eq .. (29) would lead to the classical expression for 

scattered radiation. In our notations, at a point r sufficiently far 

1 away from the scattering region, the scattered field is given by 

E~~: (~> t) = ak .. !C!>t) exp(i~ .~)J V d3r f N(~;t )exp [i(!:o -!:).~'] (30) 
o 

. lfi 
!(~,t) = (~x ~ • ~k )x (!:/I:-~I )(2nnmo/Ek L

3 ) exp(i~o~-~ot) 
o 0 

where R is the cent~r of the scattering volume V. From Eq. (30), 'We 

obtain the first-order correlation function 

(31) 

. 
power spectral density of the scattered radiation, and the Fourier trans-

form of < E(+)(rl,t) EC-)(r
2

,t» gives the power density distribution 
sc. sc. 
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of the scattered radiation in the wve-vector space. From Eq. (31), 

it is clear tha'~ '~lle average scattering intensi'~y is proportional 

to the average number of photons in the pump mode, and is independent 

of the coherent property of the pump fielC. Hi~her-order correlation 

functions of E can be obtained fram Eq. (30), and hence ... sc 

the statistical properties of the scattered radiation are described 

th 
camplete~. It is seen that the n order correlation functions of 

. (th 
is related to the n . order correlation functions of ~ 

o 
N(r,t). Therefore, if the statistical properties of the :pump 

"-

field are known, t.hen measurements of correlation functions of E sc 
6 (for example, fram. photon counting measurements) would yield infor-

mation about the statistical properties of the density variation. 

Thus, for example, if the thermal density fluctuations are elastic with 

a Gaussian distribution, the nth order correlation functions of N(,tJt) 

can be written as6 

where the sum r. is taken aver the n1 possible 'Wa\Ys of permuting the 
p 

Bet of coordinates -tn+l' tn+lJ.... ~2n' t 2n • If the pump field 

is in a coherent state .. 130 that ~ can be replaced by the parameter 
o th Ok I then it is readily shown that the n order correlation fUnction 

o . 
of Eo· can also be written as NC 

n 

.~:~ (£l,tl ••• ~2n' t 2n) = ~ j~l G~~~(!j,tj; rp(n+j) tp(n+j) 
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which indicates that the scattered radiation is also chaotic with a 

Gaussian distribution. Crosignani, Di Porto, et al.ll have discussed 

the possibility of investigating statistical fluctuations in li~ids 

and in plasmas from the photon statistics of the scattered light. 

The integral in Eq. (31) is sometimes decomposed in two parts.12 

(32) 

The second part in the above equation shows explicit dependence 

on correlation of density fluctuations at t~·ro space-time points. 

Higher order correlation functions can be expressed ina similar way. 

The density fluctuations are usually Fourier decomposed into 

N(r~t) = E N (r,t)exp(iq.r - iW t) •. 
~ qN ,..,.. q 

q 
(33) 

Then, it is clear from Eg. (30) that ,the scattered radiation with wave 

vector k comes essentially from the Fourier components N (r,t) with 
IV q .... 

a = k - k. In crystals, density fluctuations can be quantized in the 
,oJ 'VQ ..... 

t form of acoustic phonons. Accordingly, Nq and Nq become operators 

proportional to the annihilation and the creation operators of phonons 

respectively. 
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For incoherent scattering, explicit expression of the density 

~trix for the scattered radiation'can also be obtained, following 
. , 
Glauber'.s calculation for the radiati<?n'by a. prescribed current distribu

tion. 
6 

We find 

D(~) = exp[~(ak ,N,t) a~ - Adjoint] 
o 

or in the coherent-state representation, 
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with the statistical distribution of a. and N(r, t) taken into· 

It N 

account. 

Eq. (33) would yield the same expressions for the correlation 

functions. of E . as obtained from Eq. (30) •. Thus, -vsc. 
< E( +) (r t)··· E( +) (r t·.) E( -) (r t)··· E

s
C
c
-). (r

2n
, t

2n
) > 

sc. l' 1 SCI n' n' SCI n+1' n+i 

. is proportional to 

2n 2n 2n·n 

< (~ )n(a1t )~. iv<"IT d3r i )<TI N(;:i',ti }> e?'cp[i(~o"~)· L. Ei- L. ~~)]. 
o o· - .i=l i=l· . i=n+l i=l 

, Clear~, the statistical prope~ies of the scattered radiation are deter-

mined by those of incident radiation and density variations. 

·The calculation can be extended to the case of incoherent nonlinear 

scattering, recent~ reported by Terhune, et a1. 13 Here~ two photons 

in the pump modes k and k' are scattered by density variations into 
NO ""0 

. a single photon in the scattered mode k. The perturbing Hamiltonian is ...., 

~l = - L. [R(+)(r
i

) • p(2): E
k
(-) (r

i
) El~;)(r.) + Adjoint]. 

i,k Nk. ~ N 0 IV 'V 1.0 ",:1. 

c 

We find the same equations as Eqa. (30) - (34), except that 
~ . 

-i(21f'tiWk /€k L3)2 ~ exp(ito '!). is now replaced by~' 
o 0 0 1 . . 

"'(2rrl1/L3)(wk ' wk ' /~e ek
t)2 ak ale' exp[i(~o+~~) or] ~ ~ by ~k ~k\" , 

. 000000 0 00 

and p by p(2). Thus, the statistical properties of the nonline~lY 
I ., 

i ,I 

I' 
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scatte'red radiation are' ful~ des'cribed, and again} they depend on '~hose .! 
i.. 

\., 

of incident radia'~ion and density variations in the medium. In particular, "\ 

the intensity of the scattered ~adiation < E(+)(r/t) E(-)(r,t) > is ~: 
sc. sc. I,' 

proportional to < a
l
t a1t'ak ak'>·Jvd3rd3rr<N(r,t)N(r~t»exp(i(IC-lc-l ... ').(r-r')Jl 
C C N tV ,.,""0 ..... 0 '1/ 'V :. o 0 0 0 . !. 

Then" if 
, 

k = k , even the scattering intensity depends on the statistics 
o 0 

of the pump modes, and is two times higher for chaotic than for coherent 

fields. 

IV. Sum-Frequency Generation 

I" , , 
il · 

" 

.' 

,. 
'. 

; 

; 
,j 
p. 
,!',' 

nonlinear! , 
! . 

The sum-frequency generation is closely related to incoherent 
'. 

scattering discussed in the previous section. In fact, the same Hamiltonian 

applies to both cases. The difference is that here the density N(r,t) 
N 

is constant .throughout·the medi;,un. Therefore, the scattered radiation 
I ! ~ I 

is non-vanishing on1¥ in the phase match.ed direction given byk = k + Ie ); 
N ",0 'VO ' 

and is called the coherent scattering. The calculation is hm·rever 

essential1¥ the smae as the incoherent scattering case. Again, if the 

pump fields are very intense and hardly disturbed by the smn-frequency 

generation, then ak andak' can be treated as constant c numbers 
o 0· 

but subject to statistics, and the problem reduces to that of radiation 

by a prescribed current distribution. 6 

Thus, in the Heisenberg representation, the equation of motion for 

i6l4 

\ 
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': 
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I.' 
r 

[I 
r: \ 
/' , 
fl 
I; ! , ! 

I·. ' 

!,. .:' 

r 
r , , 

r 
t: 
f' 
i 

I, 
I 

I 
I 
" f r 
j' 
l 
I 

! 
! 
I 
! 
f 
! 
I 
I 
I , 
! 
I 

I 
I 
! 
; 



• 

... 

-19-

.. 
~/dt = -iW1etlk(t)' - (1/ii)fk ak(t)~::1 (t) 

o 0 

from which we obtain 

The density matrix for the sum-frequency field is 

.. 

t 
= (i/ii) J dt fIt. ale aje' 

o 0 0 

UCRL-18044 

" , 
I " 

\' :', ;' 
':: ': 
.1:.1 .. 

,"' . 
'l: \ . 
: : 

From either Eg. (31) or (38) .. correlation fun ctions of ~ can be' obtained 
, (. 

in terms of correlation functions 01' ak and ak , • Therefore, the 
o , 0 

statistical properties of the sum-trequency field depend on the statistical 

properties of the pump fields. It is easily seen that tor coherent 

pump.fields, it PIcCO) = 10 > < 01, the nth~order correlation function Oy, 

the sum-frequency field is proportional to the 2nth-order correlation, 
\ 

function of the pump fields. Therefore, measurements of the statistics' 

I , , 
" ., 

: I 

I 
'I' 
~r 

r : ! 
, t 

t. 
I, 
I" r . 
I 
t • 
I 
I' 

r 
! 
i 
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~ 
I 
f 
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of the sum-frequency or'more conveniently, the second-harmonic output 

would yield direct information about_the statistics of the pump fields. 

Beran, et a1.15 have proposed a'practiCal means u5ing the combined experi-

. mental arrangement of second-harmonic generation in nonlinear crystals 

I ., . . , 

i 
i' 
i" , 
I· 
i' , , ' , , 

.. i 

! i 

und Young's double slit interference to measure the second-order correlation :i., 

functions o~ the pump fields. 
" 

The sum-frequency output has the average photon number given by 

': . 
: 
i 

I 

L 
~ 

t 
I; 
( 

r which shows explicitly that for < ~(O» ~ 0, the average sum-frequency 

output, or the rate of sum-frequency generation d<a~ ak >(t)/dt, is 
.'. t 

\ . r 
r' 

proportional to < a;t ak, ak ak ,> (0). Th.erefore, in the second-harmonic 
o 0 0 0 

generation where 1:
0 

= k~, the, second-harmonic ou:cput depends on the 

initial statistical properties of the pump field, and is two times larger 

for a chaotic than for a coherent pump field. 

In the above discussion, reaction of the sum-frequency generation 
4 

on the pump fields have been neglected. Hhen this is taken into account, 

the sum-frequency Generation would d~pend on higher-order correlation 

function of the initial pump fields, and the calculation becomes more 

involved. . Du~uing and Armstrongl6 have discussed the statistics of 

second-harmonic generation with appreciable depletion of pump pow'er in 

the claSSical limit. 

.\ 
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V.' Parametric Amplification and Oscillation' 

Parrunetric conversion has recently received much at~ention. It 

is important because it ieads to the realization of tunable optical 

oscillator.l7 ltlore generally, it also describes stimulated Raman apd 

Brillouin processez in ",hich elementarY boson excitations in the me~iu!l1 

13 L 
play the role of one of the photon modes. Physically, parametric y 

" 

conversion is simply the inverse process 01 swn-frequency generatior;~, 

Here how'ever, the sum-frequency field is the P1,UUP mode and the others are 

the generated signal anQ idler modes. 1, ~\\ . .: 

i ~.\ 

\ 

The same perturbing Hamiltonian in Eq. (35) also describes the,"" 
i ~ 1 • 

parametric process. In notation~ familiar for parametric amplificatd::ol1; 

it reads 

}! = 
1 

, .. 

" ' ; 

" " 

",here the subscripts p, 6, and I denote PtID1P, 6ignal, and idler moo,e.s 

respectively. The Heisenberg equations of motion for 
;-

n 6 and aX p.l'C 

: f 
'" 

,! 

-w a (t) 
6 S 

" , ~ 

(41) 

Again, we assume a pum~ field of high intensity unperturbed by 

, \ 

7.'ne ~'Y''''' "._ .. ~i,' 
v p" .. <. .• r.0. 'J .. "C 

! ; 

. ; , 
; 
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process, so that . al~ and at 'can be treated as constant c munbers 
.. ' It 

but subject to statistical 'Variation 0_ The solution of Eq. (41) can be 

easily found. 19 

1 

a (t) = s 
t 2 . 

(as(O) COSh(jl~ I (ap up) t] 

1 1 ~. -
+ [iita 11K: I (a";" a )2 J ar(O) 

p p p 

-' , 
sinh( I It I (ap"t ap)2t]) exp( -iW s t \ 

:,' 

1 

ar(t) = (ar(O) cosh[!KI(aptap)2 tJ 

1 

+ [i~a //~I(a fa )2) as(O) p p p 

... 

From the above expressions, correlation functions of all orders pf :0. 
, '·le 

and a
r 

can be obtained. Note that we have the invariant condition 

d(astas)/dt = d(al"tar)/dt. The same is true in sum-frequency Generation. 

The statistical properties of the genera~ed signal and idler modes 

are thus fully described and shown to be dependent on the initial statistj,ca:' .. 

properties of the pump field. In particular, for < asaI > (0) = 0, He 

find the averaGe number of photons in the siGnal out, 

1 ,. 

1 ( t ( t (J I I (-r 2" ~ +"2 <as as> 0)+ <alar> 0)+1 < cosh[2 K apap) t.J 
" 

1 

where < cos h(2/1-/ (a"j' a )2t] > ~ is apparently much larger for a chaotic p p , . 

I 
\ 
i· 

! , 
L 
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.. 
than for a coherent pump' field. Statistical properties of a parruaetric 

amplif~er or ~scillator have been dis~ussed by Gordon et al. 19 ~ley 

have, however, neGlected the statistics 01 the pump mode. Their results 

therefore app~ only to a coherent pump field. 

For the present case, the density matrix for the generated fields 

1920 is most conveniently obtained through the use of characteristic function. ' '. 

Let us consider the density matrices for the Signal and for the idler 

fields separately, p (t) = TrIP I(t) and PI(t) = Tr P I(t). The 
6 5, 6 s, 

corresponding characteristic functions are defined as20 

·t -l~ 
Xs(y,t) = Tr I{ P I(t) exp[ra (0)] exp[-r a (O)J) s, 6, ..s 6 

(l~l~ ) 

which can be rearranged to give 

Explicit expressions of the characteristic functions can no",' be obtained 

by substituting the expressions of as(t) and aI(t) of Eq. (42) . and 

the initial distribution ps(O) and PI(O) into Eq,. (45). The density 

matrices ps(t) and PI(t) are uniquely determined by the characteristic 

functions Xs (r, t) and ~(I(r, t). 21 If the Fourier transforms of Xs (y) t) 

, 
p 
, 

, , , 
. ;" 

:. 
I , 

i; 

. " 
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" 20 i; 
P-repre sentv:~J.on. ' i', can assume a 

2 ' 2 = (lin) f d i XCI' a p' 

with a similar expression for PI(t). If the pump field also has a p

repres~utation, p (t) = J d2a P (a )/a > < a I, we would find , p.. pp p p p 

... 

Gordon et 0.1.19 first used '~his method to find,the density mat~ices for 

the 513nal output from a parametric oscillator. 
. 22 

Mollo~/r and GJ,D.l'ber 

have Given explicH expressions of the de~1Gity matrices corresponding to 

(1~6 ) 

. v.?~ious input dis'i;rib:utiol1 Pa(O) and pIE-O). They have 0.1:;;0' chmm tha:~ 

a P-rey.!'esentation necessarily exists for the signal output after a critj.cr\J. 

tine i13 re::tch.:;cl} and that a non-negative P-function, wh:i.ch rcse:'.ihles a 

clnsfiicc.J. cl1~tribu'i;ionJ S!10WS up at sC!!lcvhat later til.'1.es. The sto.tir.tj.CG . . 

of the pump i':teldJ however -' have llot been included in their tr8a.tncnt. 

Tl.l.e joj.nt density matrix ps,r(t) can also be definecl uniqul1ly by fl. joint 

c:.1aro.cteristic function Xs· I( 1), (;,;., t) J or a corresponding 1,;ric;n(~1' d.ist:cibution 
J 

1 b - t '1 22 :function as discussed by lo!ollow and G au er in great ac aJ. Sn 

ry neglecting the depletion of pump pOlTer, we ha'!e not. t-::.l;;:Cl1 j,nto 

accoun·t; rs.tu.ra-t:J.on of parametric ar:.plification here. The generaJ. caJ.C\..l J.l).'~~ Ol\ 

C0!1Gid:'!l'in3 t:Je reaction of pHrametric conversion on i~he J?UlilJ:>. ficl.<.l l,'Ol1.J d. 

l."le extremely difficult. 
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" 

: ~ . 

VI. Multimode Problems . : ~'., 

. ~ " .\ 

In all previous sections" we as:fumed that each field component, ; 
,~ .. 
. !, ~\~. 

specified by" say, It and w
k

" consists of a single mode" as indicqt'~d 
. . ' .. ' 

explicitly in Eq. (6). The calculations can how'ever be extended to ~he' 

multimode case" even though it becomes some~.,hat more complex. 
. . 

assume that there is a set of spatial modes for each field component ··6f • , 

frequency wk. He have 

·(48) 

\ 

The calculations in previous sections should then be modified accordingly. 
. i 

ThUs" for example, in the case of tyro-photon absorption or emiss~o~l 

with k =~" we find
l 

, , 

(1~9 ) 

~n the 'case of parametric oscillation, we h~ve approximately 

;' 

" 

! , 

, , 

I 
It = (50) " 

i 
it, 
" 
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assuming < E~+) Ei+) > (0) =0. In all cases, the magnitudes of 

correlation functions depend on both the mode structure and the statistics 

'of the fields. 

where 

6 
For stationary fields with large number of mode s, '-Ie have 

.' 

= n~ < E(+)R(-) > n 
k K 

Equation (51) actually holds for ~rbitrary chaotic fields independent of 

the number Of. modes, as followed directly from Eq. (25'). This is expected 

since physically a stationary field composed of many uncorrelated modes 

is equivalent to a chaotic field. Thus, for chaotic fields,~he rate of 

a nonlinear optical process is unchanged in going from the single-mode 

to the multimode limit. For coherent fields, how'ever, the rate increases 

as a result of its dependence on higher-order correlation functions 

and Eq. (51). For coherent f,ields with many correlated modes, the rate 

increase could be much higher. The latter case may actually happen in 

nonlinear optical experiments using laser b.eams, and is possibly the' 

cause of the observed anomalous gain in st.ttlUlated Rnrr.an 

scattering in non-self-focusing materialso 
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" ' 

VII. Traveling Have'Problems 

In many experiments, we are interested in the change ,of statisti'cal 

properties of the beam as it :propagates through a nonlinear medium. For 

steady-state propaGation, ·the statistical ~roperties of the beam Should,' 

be functions of position on~, independent of time. Therefore, a proper 
'I 
" description of such :problems requires existance of a ~oco.l: statistical ,/' 
\ 

average which changes with position. This can be achieved by using " 

, , 
localized operators and a localized density matrix. 

A 
Let z be the direction of propagation. Since the fieldamplit~des 

, , 

depend on~ on z, the vector potential for a plane ~.,ave can be written 

as .. 

A(z,t) 

Here, the localized annihilation apd creation operators b and bt are 

defined under the assumption that < (b~/)m(bk)n > does not vary 

appreciab~ in a distance d large compared with the wavelength,23 and 

that k == 2rrn/d, lIhere n is an integer for free fields, b, is inci.e
It 

~endent of z. Then, the field in a volume of length d, centered,at z, 

2" can be quantized with a corresponding localized photon number operator. ~ 

\. J 
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6'{z) 

,",here A 'is the cross-sectional area of the beam. 

localized Hamiltonian and momentum operators as 

'z +d/2 o 
= (L3 jd) J 'H(z) dz 

z -d/2 , 0 

1 

p(z ) = ~~(zo)/c~2 
,... 0 

u CRL-lS044 

l-le now define the 

(5') : 

... 
where H(z) is the Hamiltonian density at z. Note that }!(z) has the o 

same form as that of a cavity except that t a and a are replaced by 

b(z) and bt(z). The momentum operator plays the role of a translation 
o 0 

operator. 

Accordingly', the unitary translation operator is 
« 

. z, 
u(z,zo) = exp( (i/11) J j.l(Z)dZ]+ 

Zo 

.,~' 

'\-,hr::re the spa.ce-ordered product ( )+ has a similar definition as the 

tiAu~-ordered product. Fields at different spatial points are then'connc~~~~ 

UJ the unitary tra.nsformation 

:\' 
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Thusl field at arbitrar,y point can be found in ter.ms of the field at 

the boundary. In facti the operator equations (53) yields the same 

field amplitude equation as in the classical description. For example, 

in sum frequen~ generationl Eq. (55) gives 

1 

~(-)(Z)/dZ = ikEk(·)(Z) + [i2rrW/C€k2(z)hr(z)~.:p (2)·~~k'~·)(Z)~;;)(~) 
~ 0 0 0 0 

(58) 
I 

Ue also define a localized density matrix p (z) as describing an ensemble 

of photons.ystems which has the statistical properties of fields at z. 

The density matrices at. different spatial points are also connected by 

the unitar,y transformation 

The p.qua.tion of motion for p{z) is 

op(z)foz = (l/iU)[p(z) 1 p(z)] • (60) 

Correlation functions of fields are given by 

for z = ••• = z2n • (61) 

1 
I 

. I 
I 
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With the help of these localized operators, the calculations now 

become exactly the same as the calculatiollB for cavity problems wtth t 

replaced by z€1/2/c as one would expect from the classical wave descrip':' .. 

tion. We can also imagine a thin slab as a cavity, in which the photon 

fields are quantized, propagating in a medium. The fields in the slab 

interact with the medium for a t.ime t, while the slab travels for a 

distance z = ct;.fe. The statistical proper~ies of the fields in the 

slab at z can therefore be obtained from the results of calculation 

for a cavity in which the fields interact with the medium for a time 

t = Z€1/2/c• In the above discussion, w'e have deliberately avoided 

the question of reflection and transmission at the boundaries of the 

medium. To describe the propagation problems fully, a quantum statis-

tical treatment of reflection and transmission woula be important. A 

more rigorous treatment of the travelling wave problems is to treat 

each photon as a wave packet and construct creation and annihilation 

operators for wave packets. The technique has been developed in quantum 

theory of transport in solid state Physics,25 but the calculation in 

practice becomes much more difficult. 
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