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ABSTRACT 

We have determined the parameter s in the decay K+ ~ j(0 + Il+ + V 

(K
Il3

) from a muon polarization measurement carried out with spark 

chambers at the Bevatron. The parameter s, which may be complex and 

energy dependent, describes phenomenologically the manner in which the 

basic weak interaction responsible for the K+ ~ j(0 + Il+ + V decay is 

modified by the strong interactions of the K and j( mesons. Because s 
is determined by the structure of the K and j( mesons, itis frequently 

called a form factor. 

The matrix element for KIl3 decay is 

.~ < j(°ll + V I J( J~' tisfO I K+) 
12 

where Gf{2 is the weak interaction coupling constant, J~'~fO the 

strangeness-changing hadronic current, and J~ the leptonic current. 

Summation over the index A is assumed (A = 1,2,3,4). The specific form 
£ . 

of J A is well known from beta decay and muon decay; the form of 

J~'~fO is unknown. We can, however, describe it phenomenologically 

using the fact that the whole matrix element must be a scalar. 

has only vector and axial-vector terms, only the vector part of 

J~'~fO can contribute to the KIl3 matrix element. (The axial-vector 
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h 68-10 term of J
A

' does not contribute as the K and ~ have the same 

intrinsic parity.) These assumptions restrict its form to: 

<~OIJ~,68-1°IK+) = f+(q2)(PK+P~)A + f_(q2)(PK-P~)A' 

Here PK and p~ are the K and ~ four-momenta. 
2 2 

f+(q ) and f_(q ) are 

unknown parameters which may be complex and dependent on the four-

momentum transfer between the K and the ~, 

2 2 
q = (p - p ) • K ~ 

2 2 
In defining the parameters f+(q ) and f_(q ) we have written a 

general vector expression; there are two independent four-vectors in 

the K-~ system, so there are two independent vector terms. The specific 

form of the expression is conventional. The direction of the muon 

polarization vector in K~3 decay is directly related to the value of 

222 
the parameter ~(q ), defined as the ratio of f_(q )/f+(q ): 

We have measured the muon polarization vector in K~3 decay and thereby 

determined ~. 

+ In the experiment K mesons from a 500 MeV/c separated beam were 

brought to rest in a carbon stopper surrounded by lead-plate spark 

o chambers to detect the two photons from the ~. Muons were stopped in 

a magnetic-shielded aluminum-plate spark chamber. The data consist of 

3133 events with ~-e decays and complete kinematics for K:
3

" From 

the angular distribution of the decay electrons we determined the 

vector giving the polarization and related this measurement to a 

determination of the parameter~. The data are statistically consistent 

with the assumption that ~ does not depend on momentum transfer. 

.~. 
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Assuming; constant, our result is ; 

result is compatible with Im; = 0 as would be required by time-

reversal invariance. If we analyze the data imposing the constraint 

that; be real we find S = -0.95 ± 0.3. The muon polarization along 

the direction predicted by these values for S is +0.9 ± 0.1, in 

agreement with the value +1 required by theory. In a calibration 

experiment we find the muon longitudinal polarization in the decay 

+ + K ~ ~ + V to be -1.0 ± 0.1. This result is evidence of the 

ad~quacy of our technique, as the polarization is known to be -1. 
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I • INTRODUCTION 

The current phenomenological theory of weak interactions success-

fully describes ~-decay, a purely-leptonic process, as well as neutron 

~-decay and other strangeness-conserving semi-leptonic processes. We 

wish to test this description of weak interactions by studying 

strangeness-violating semi-leptonic processes. The most readily 

available examples of such processes, experimentally, are the K~3 and 

Ke3 decay modes of the K meson: 

and 

K-4:rr+e+v 

This work is a study of the K~3 decay. 

The basic idea of weak interaction theory is that the Hamiltonian 

for weak interactions is the product of a current with itself: 

In this equation G/~2 is the weak interaction coupling constant. The 

current J A is a four-vector, with A = 1, 2, 3, 4; in the product 

J~JA' the summation over the index A is assumed. The current J A is 

£ the sum of a leptonic current, J A, a strangeness-conserving hadronic 

t Jh,~=O d t h curren, A ' an a s rangeness-vio1ating adronic current, 

. Jh,&-fO• 
A . 

J - J£ + J h ,6s=O + J h ,6s-fO 
A - A A A· 

Separate terms in the product J~JA describe the different weak 

interaction processes. In this theory the leptonic current is a 
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combination of vector and axial-vector terms; specifically, 

(I-i) 

In E~. I-I, * and * are the muon and electron fields, respectively. 
~ e 

*v 
~ 

and * are V 
related to the muon-neutrino and electron-neutrino 

e 
fields, *v and *v ' by 

~ e 

- t * = * '4 

The matrices 'A (A = 1,2,3,4) are the standard 4 X 4 gamma-matrices; 

our convention is' 

(

0 -Oi) 
o. 0 

1 

i 1,2,3 

Here 0i(i = 1,2,3) are the 2 X 2 Pauli matrices. The 4 X 4 matrix '5 

is defined by '5 = '1'2'3'4· 

Experimental studies of both ~-decay, for which 

and semi-leptonic, strangeness-conserving processes with 

have established the specific form of the leptonic current as that given 

'-#' 

.. ' 



-3-

by E~. 1-1. In the context of the present theory the same leptonic 

current J~ contributes to all leptonic weak interactions. We describe 

the strangeness-violating semi-leptonic processes by 

H 
w 

== ...Q. J.et 
J h , 6Sf O 

~2 A A 

h th t J .e.. b E I 1 were e curren A lS glven y ~. -. 

+ This dissertation describes an experimental study of the K~3 decay, 

K+ 0 + 
~1( +~ +v. The Feynman diagram for K:

3 
is: 

.e We describe the lepton vertex by the current J A, with the weak coupling 

constant G/~2; the remainder of the diagram is unknown. We describe 

phenomenologically the contribution of the K+ and the 1(0 to the K~3 

decay Hamiltonian with form factors, parameters to be experimentally 

measured. Since the Hamiltonian must be an invariant, the vector and 

axial-vector structure of theleptonic current J-~ restricts the current 

h 6E,fO 
J A' to vector and axial-vector terms. For K~3 decay only vector 

terms are present, as the K and 1( have the same intrinsic parity. In 

the K-1( system there are two independent four-vectors, the 1( and K four-

momenta; we write, phenomenologically, 
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(I-2) 

Here f+, f_ are form factors; and PK'Pn are the K and n four-momenta. 

~2 is the s~uare of the four-momentum transfer between the K and the n 

222 
n = (p - p) = (p + p ) 
~ K n ~ v 

with p ,p the ~ and v four-momenta. The specific form of E~. I-2 is 
~ v 

conventional. The current-current formalism excludes any dependence 

2 2 
of the form factors on the remaining scalar, r = (p - p ) • 

~ v 

Assuming a current-current interaction, and using the currents 

given by E~s. I-l and I-2, the matrix element for K~3 decay becomes 

(I-3) 

where U and U are the Dirac spinors for the fields ~ and ~ , 
~ v ~ v 

respectively. We define the parameter s(~2) as the ratio of the form 

factors: 

+ 2 
In this study of the K~3 decay we measure directly the parameter s(~ ). 

With this measurement we test the ade~uacy of the basic formalism to 

describe this strangeness-changing weak process. Additionally we 

2 
investigate th~ ~ -dependence of this parameter; the range of momentum 

transfer is large 

relative to that available in purely leptonic or other semi-leptonic 

decays, such as muon decay or neutron decay. The principle of time 
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reversal can be tested by measuring the phase of~. Time reversal 

2 2 
invariance requires the form factors f+(q ) and f_(q ) to be relatively 

00· real, and consequently the phase of ~ to be 0 or 180 , for all values of 

2 q. (Final state interactions, which could introduce an imaginary part 

to ~, have been shown to be negligible. l ) By comparing this measurement 

of ~ in K:
3 

decay with the measurements of ~ in K~3 decay we can test 

the 6I = 1/2 rule, which requires ~ to be identical for both modes. 

The principle of universality of the muon and the electron requires that 

the form factors be the same for K~3 and Ke3 decays. Our determination 

of ~ is independent of ~-e universality. To test this principle we can 

compare our measurement of ~ with the results for ~ of experiments which 

assume ~-e universality. 
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II. METHOD 

In this experiment we determine the parameter ;(q2) by measuring 

the muon polarization for completely reconstructed K~3 events. As 

noted by MacDowe1l
2 

and by Werle,3 the two component theory of the 

neutrino requires that for a specific kinematic configuration the muon 

be completely polarized in some direction. With the lepton current 

given by Eq. 1-1, the neutrino in a given K:
3 

decay is completely left­

handed (has helicity -1); since the ~ and K have zero spin, the ~, for 

the given decay, will itself be fully polarized. In a theoretical 

paper Cabibbo and ~symoWicz4 observed that the direction of the muon 

polarization vector for specified kinematics was a sensitive function of 

2 
the parameter ;(q). They suggested the experiment to measure the muon 

polarization in completely reconstructed K~3 events, and thus directly 

measure;. With the matrix element in K~3 decay given by Eq. 1-3, 

Cabibbo and Maksymowicz derived the relation between ;(q2) and the 

vector direction of the muon polarization: 

where, in the K+ rest frame, 

Here 
2 

:= 2 ~ [E 
m V 
~ 

(11-2) 

(11-3) 
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2 2 2/ 2 /2 a2 (;) = ~ + 2~~Reb(~ ) + m~ b(~ ) 

+m2 
11: 

2 
- m 

~ 

(11-4 ) 

~ 4 
In these expressions Pro and p~ are the ~ and 11: momenta; and E , E , E 

,.. " ~ 11: V 
. + 

are the energies of the ~, 11: and v ~n the K rest system. ~,m11:' and 

+ 0 + m are the K , 11: , and ~ rest masses. For specified kinematics of 
~ 

the K~3 decay the vector muon polarization direction, given by E~. 11-1, 

2 
is a function only of the parameter ;(~ ). 

In our experiment we determined the complete kinematics for K~3 

+ decays from K mesons at rest. For each decay we defined a coordinate 

system relevant to that decay, a system to which we referred our 

measurement of the vector direction of the muon polarization. From 

the calculated kinematics we constructed for each K~3 event three 

orthogonal axes, longitudinal, transverse, and perpendicular, given by: 

(11-5 ) 

In this coordinate system, the muon polarization direction is given by 

E~. 11-1, which becomes 

(II-6) 
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sin e 
rql 

- m )cos e ] IJ. :rql 

(II-7) 

(II-8 ) 

(II-9) 

The functions ales) and a2 (s) are given by Eqs. II-3 and II-4. The 

principle of time reversal invariance requires that s be real and, 

consequently, that the component of muon polarization transverse to the 

decay plane be zero, as shown by Eq. II~. The transverse polarization 

is proportional to a quantity like d . (p X P ) which is odd under the 
IJ. :n: IJ. 

operation of time reversal; so that for invariance this term must vanish. 

Figure 1 illustrates the coordinate system which we constructed for 

each KIJ.3 event. The momenta p and p define the plane of the decay; in 
IJ. :n: 

this plane we defined the axis EL along PIJ.' and the axis €~ orthogonal to 

~ ~ 
p and towards p. We constructed also the axis ET, transverse to the 

IJ. :n: 
~ ~ 

KIJ.3 decay plane in the sense P:n: X PIJ.. In Fig. 1 we have drawn for 

illustration a polarization vector dlJ. and the components (alJ.)L' (alJ.)T' 

(alJ.)~ in this coordinate system (Eq. II-5). 

Figure 2 shows the muon polarization direction at various positions 

in the KIJ.3 Dalitz plot, as predicted by Eq. II-6. The solid and dotted 

ar~owsgive the polarization directions at the kinematic point for 

s = +1 and s = -1, as measured in the coordinate system shown at the 

right. For this example we assume s to be real and independent of q2. 
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X BL6710'S337 

~ ~ ~ 

Diagram of a K 3 decay, showing the momenta p ,p ,p .• 
~ . ~ rt V 

We have drawn an arbitrary muon polarization vector 

d , together with its components in the coordinate 
~ 

system (gL,gT'€~) . 
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Fig. 2,. Predicted direction of the muon polarization vector at 
+ 

various points in the K~3 Dalitz plot. 



-11-

Figure 2 illustrates the increased sensitivity to S of polarization 

measurements for events with low ~o energy, where the polarization is 

largely perpendicular. As defined previously, 

so that high ~o energy corresponds to low ~2; in this region of the 

Dalitz plot the muon polarization is almost purely longitudinal and 

relatively independent of S. 

In this experiment we measured the muon polarization vector by 

. +, stopplng ~ s from K~3 decays and observing the direction of the electron 

in the subse~uent decays 

+ + 
~ -7 e + V e + V • 

~ 

The differential decay spectrum for a muon with polarization P is given 

by5 

neglecting terms proportional to the electron mass. In this e~uation 

x is the electron energy, in units of its maximum, p is a unit vector 
e 

in the direction of the decay electron momentum, and the parameter A is 

the muon decay rate. The parameters P, S, 0 are determined by the 

£ specific form of the lepton current, J A• (s used here has no relation 

to the form factor in K~3 decay, s(~2). The two component neutrino 

hypothesis and the V-A structure of the lepton current, as given in 

+ 
E~. I-l, re~uires, for ~ decay, 
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s = +1 

6 Using these experimentally verified values for P, 6 and S, and inte-

grating the decay spectrum over all possible electron energies, we 

find 

d(C~: e) «~(l + ~ I~I cos e) (11-10) 

where cos e ~ 
= Ipl . ~e 

Equation 11-10 gives the ~ decay probability in terms of the direction 

of the decay electron, and shows that the electron vector direction 

preferentially lies along the direction of the muon polarization. In 

our experiment we inferred the muon polarization direction from the 

observed angular distribution of the decay electrons. As will be 

described later, we have verified the analyzing power of our apparatus by 

direct experimental measurements. 
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III • EXPERIMENTAL APPARATUS 

A. Beam 

Particles produced in a copper or uranium target placed in the 

Bevatron external proton beam were mass and momentum analyzed by the 

+ magnet system shown in Fig. 3. We studied the decays of K mesons 

degraded to rest at the second focus of this secondary-particle beam. 

+ + We designed the K beam to achieve adequate rejection of rt mesons and 

off-momentum particles contributing to background tracks in the spark 

chambers and to false electronic triggers from the counter telescopes. 

An additional design criterion was the minimization of the total beam 

length and consequently, of the loss of K+ mesons by decays-in-flight. 

We chose the beam momentum to be 500 MeV/c in order to maximize the 

. + yield of stopplng K We considered as functions of beam momentum the 

loss of K+ by decay-in-flight and by nuclear interactions or multiple 

scattering out of the stopper, while degrading to rest. 

As shown in Fig. 3, particles produced in the target at an 

angle of 240 to the 5.3 BeV external proton beam passed through an 

electrostatic spectrometer and were deflected 60
0 

prior to being brought 

to an intermediate focus. Vertical and horizontal collimators at this 

first focus defined the mass and momentum acceptances of the beam. A 

second deflection of 600 provided subsequent momentum recombination at 

+ the second focus, where the K mesons were degraded to rest. 

The electrostatic spectrometer deflected particles vertically by 

distances inversely proportional to their velocities, thus separating 

particles of different mass in the momentum-defined beam. At the first 

focus the center of the rt+ and K+ images were separated by 1/2". As 
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the pulses from the beam counters be greater than those from minimum-

ionizing particles. 

The counters forming the decay-particle telescope are shown in 

Fig. 5, a vertical cross section of the apparatus. In this figure the 

+ K beam is directed out of the page. With the counter T5 in anti-

coincidence the telescope T2-T3-T4 selected particles leaving the 

K+ stopping region which came to rest in the chamber between T4 and 

T5. The water Cerenkov counter, C , was used as a veto against fast 
~ 

+ + + 
decay particles, including ~ from the decay K ~ ~ + v and 

+ 0 + electrons from the decay K ~ rr + e + Vj most of these particles were 

also excluded by the range reQuirement imposed by T5. 

To be considered an acceptable K+ event, the decay-particle signal 

had to come 6 to 44 nanoseconds following the signal of a stopping K+. 

The minimum allowed time between a K-stop and the K-decay was chosen 

to insure a rejection of better than 250/1 against K+ decays-in-flight 

and other prompt events. We measured the rejection factor by allowing 

+ . + rr mesons to trigger the beam telescope. For thlS measurement rr 

scattered through the decay-particle telescope were then a source of 

prompt eventsj we observed the number of events as a function of the 

time delay between beam and decay-particle signals. With the reQuire-

ment that the decay signal be delayed 6 to 44 nanoseconds following 

the K
STOP 

signal, the logic corresponding to an acceptable K+ decay 

was: 

~ECAY = (K
STOP

) . (good decaY)d 1 d e aye (III-i) 
/.' , 
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Fig. 5. Vertical cross-section of the apparatus. 
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This coincidence represented the criterion for an electronic trigger. 

The events selected by the scintillation counters were recorded 

on film by photographing tracks left in spark chambers arranged as 

shown in Fig. 5. In order to determine completely the kinematics for 

+ each K~3 decay we observed the track of a stopping ~ and the tracks 

of electron showers from conversion of gamma rays. o The n produced 

in the K~3 decay itself decayed within 10-
16 

seconds to two gamma rays: 

K+ nO + + 
~ ~ + v 

lr le+ + v + v (III-2) 

+ z. 
To measure the muon polarization, we observed the track of the positron 

from the subsequent ~-e decay. The five particles we detected with 

spark chambers are underlined in Eq. 111-2. Two aluminum plate 

chambers, each with two gaps, were embedded in the beam telescope 

between counters 83 and 84. These chambers indicated the track of the 

K+ before stopping, aiding in the reconstruction of the K+ decay 

position within the carbon stopper. To observe the gamma-ray showers 

we used three 36-gap chambers surrounding the stopping region as shown 

in Fig. 5, a vertical cross-section. All the chambers seen in Fig. 5 

were square, with the exception of the upper and lower shower chambers, 

whose lengths along the beam axis equalled that of the side shower 

chamber. The plates of the three chambers used to detect gamma rays 

consisted of sheets of lead each 0.8 mm thick and sandwiched between 

two 0.3 mm aluminum sheets. To insure rejection of charged particles 

entering the shower chambers, the two plates in each chamber closest 



r 
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to the K+ stopping region were thin aluminum sheets, and were used in 

anti-coincidence. 

We used three 4-gap spark chambers, labeled SC1, SC2, SC3 in 

. + 
Fig. 5, to measure the direction of the charged partlcle fram the K 

decay. These thin plate aluminum chambers were placed directly after 

the counter T2 in the decay-particle telescope to reduce the effect of 

scattering, which would distort the measurement of the initial decay 

direction. 

+ The coincidence criteria for an acceptable event required the ~ 

from a K~3 decay to stop between counters T4 and T5. As shown in 

Fig. 5, these counters were embedded in a 36-gap aluminum plate spark 

chamber. Between counters T4 and T5 was a 28-gap spark chamber module 

whose total thickness was 9.9 grams/cm2 of aluminum. This 28-gap module 

had three sections: a section of 17 plates, each 1/16" thick, centered 

between two sections of 6 plates, each plate 1/32" thick. Ahead of 

counter T4 and beyond counter T5 were modules with 4 gaps; the 5 plates 

ahead of T4 were each 1/32" thick, while the 5 plate beyond T5 were each 

1/16" thick. With this 36-gap spark chamber we measured the range of 

the muon from K~3 decay and the direction of the electron momentum in 

the subsequent ~-e decay. We enclosed the entire chamber in a magnetic 

shield to reduce precession of the muon and consequent depolarization. 
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C. Experimental Techni~ue 

The re~uirement that the charged particle from the K+ decay stop 

between counters T4 and T5 imposed a restriction on its range. We 

placed a degrader in the decay particle counter telescope ahead of counter 

T3 to define this range acceptance. We changed this degrader to study 

K+ decay particles with different range. Table I lists the degrader 

+ used to obtain data for various K decay modes. 

Table I. Degrader conditions. 

Events Degrader Decay particle K.E. Spectrum accepted 
(direct path) 

KIl3 (degrader a) 1" Al 
+ 

61-81 Il MeV 

KIl3 (degrader b) 3/8" Al Il 
+ 

52-73 MeV 

K:rr2 2 3/4" Al :rr + 
108.6 MeV 

K1J.2 1" Al + 2 1/8" Cu 
+ 

151.7 MeV Il 

We studied KIl3 decays under two ~egrader conditionsj 83 percent of 

our KIl3 events were obtained with degrader a, 1" of aluminum. With this 

degrader the range criterion for a direct path from the K+ decay 

+ position selected Il with kinetic energy between 61 and 81 MeV. We 

+ chose this window in the Il spectrum to exclude from the KIl3 data much 

+ + 0 of the background from both K:rr2 decays (K ~:rr +:rr), for which 

T:rr+ = 108.6 MeV, and T' decays (K+ ~:rr+ + :rro + :rro ), where the end point 

+ 
of the:rr spectrum is 53.2 MeV. Additional KIl3 data were taken with 

3/8" aluminum degrader. To aid in our analysis of the KIl3 data we 

+ + + + 
studied events with the Il from K1J.2 decays (K ~Il + v) and the :rr 
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from Kn2 decays (K+ ~ n+ * nO). The different amounts of degrader 

placed in the decay-particle telescope for these studies are given 

in Table I. 

We triggered the spark chambers upon the electronic signal of an 

+ acceptable K decay as defined by E~. III-I. This coincidence signal 

was blocked during the time between pulses of the Bevatron; additionally 

we imposed a minimum delay between event triggers of 250 milliseconds 

to allow the apparatus to recover. For each event we recorded 

photographically the tracks in 9 spark chambers: 2 beam chambers, 3 

shower chambers, 3 decay-particle tracking chambers, and the range 

chamber. Wi th the exception of the range chamber all the spark chambers 

were fired promptly with the coincidence signal; the total delay from 

. + the tlme of a K -stop to the presence of voltage on the spark chamber 

plates was 340 nanoseconds. We delayed the trigger signal to the 

range chamber for 3.5 microseconds. + The ~ , stopped between counters 

T4 and T5, decayed with a lifetime of 2.2 microseconds; with our delay 

in triggering this chamber we observed the electron track in 80 percent 

of the ~-e decays. In order to maintain both the muon track and the 

track of the decay electron for as long as 3.5 microseconds we limited 

the DC clearing voltage on the range spark chamber to 6.6 volts. On 

the 8 chambers triggered promptly we applied between 30 and 40 volts to 

clear residual tracks. In a background study we obtained some data 

of K~3 events f~r which the range chamber was fired promptly; for 

these events the trigger delay time on all the chambers was 340 nano-

seconds and the clearing voltage was 40 volts. All the spark chambers 

were filled with neon, purified through a closed-circuit recirculation 
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system. The view of the apparatus given by Fig. 5 corresponded to that 

seen by the camera. Not shown in this figure are the mirrors mounted 

on the apparatus to permit stereo reconstruction of tracks from two 900 

views of each chamber. Mirrors viewing the upper and lower shower 

chambers limited the closeness of the range chamber to the K+ stopping 

region. Lucite lenses were attached to the spark chambers to allow 

observation of sparks regardless of their depth within the modules. 

In addition to spark chamber tracks of particles, we recorded on 

film with each event fiducial lamps mounted on the apparatus and 

bright grid lines defining the position of the data. We were careful 

to put many reference points on the film in order to simplify its 

subsequent automatic computer-scanning. For each photograph we lit 

numeral lamps giving the event number; this number was displayed as 

well by a row of binary-coded lights, to be computer-scanned. A 

second row of binary-coded lights gave digitized information about 

the event: whether or not a particle was detected by counter 81 in 

+ the beam telescope within 20 nanoseconds of the K decay, and whether 

or not the counter 85 detected a particle within the full time interval 

+ allowed for a K - decay trigger. We digitized also for each event the 

time between the K-stop signal and the signal of the K decay, and 

displayed this information with binary-coded lights. The flashed 

lamps and all 18 views of the spark chambers were recorded on a 24 mID X 

36 mm frame of Tri-X film, using a lens opening of f8. 

Figure 6 is a typical K~3 event. The lower half of the figure 

is a view of the apparatus similar to that given by the vertical 

cross section of Fig. 5. The shower chambers are on the right of Fig. 6, 

• 
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Fig. 6. A typical KfJ-3 event. As described in the text, the lower 

half of this figure corresponds to the view of the apparatus 

given by Fig. 5. On the left is the image of the range 
+ + 

chamber, showing the fJ- track as well as the e track 

from a fJ--e decay. The images of two gamma-ray 

showers are on the right. 
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while the range chamber, with stopping muon and decay-electron tracks, 

is on the left. The muon track in the range chamber does not appear to 

be colinear with its track in the chambers SC1, SC2, SC3; the images of 

these tracks were reflected by different mirrors. The upper half of 

Fig. 6 consists of images of the chambers as seen from above. 

' .. 
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IV. ANALYSIS PROCEDURE 

A. Selection of Events 

+ 
We scanned a total of 80,000 pictures, candidates for K~3 events, 

with SPASS, the automatic computer-scanning system developed by Deutsch 

at MIT.7 With this system we measured the position of tracks in all 

spark chambers except the range chamber. In the scan of the gamma-ray 

chambers we measured the blackening associated with each shower in 

addition to its conversion point. For each event we obtained as well 

the digitized information from the lamps. Using information from the 

SPASS scanning we selected 10,000 events to be hand-scanned for ~-e 

decays on the SCAMP machine at LRL. On SCAMP we measured the direction 

+ . . + of the incoming ~ track In the range chamber, the position of the ~ 

stop, and the vector direction of the decay electron. We selected for 

reconstruction as K~3 events a further restricted sample, using 

information from both the SPASS and the SCAMP scannings. The criteria 

imposed based on the SPASS measurements were: 

1. Two gamma-ray showers were unambiguously stereo-reconstructed, 

with conversion points notm the first two gaps of the 

chambers. 

2. No pulse in coincidence with the muon was observed in the 

cup-shaped counter S5 which surrounded theK+ stopping 

position, shielding the decay point from the shower chambers. 

3. The reconstructed position of the K+ stop must have been in 

the carbon stopper within the box of counters. 

4. Neither of the two showers measured was at an edge of the 

chambers. 
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5. The opening angle of the two gamma rays was greater than 65 0
• 

6. The event did not satisfy K~2 kinematics. From the initial 

charged particle direction and the directions of each gamma ray 

relative to the K-stop position we calculated the gamma-ray 

directions in the ~o center of mass, assuming the event to 

be a K~2 decay, and the quantity 0: 

o = K' . K' 1 2 

Here ~l' ~2 are the gamma-ray directions as transformed to the 

o postulated ~ rest system. K~2 kinematics requires that 

o -1; our criterion for acceptance of the event was that 

o > -0.9. 

7. The line-of-flight of the charged decay particle as measured 

in the thin chambers SC1, SC2, SC3 did not have a kink. We 

required that Pl 'P2 > 0.998, where Pl and P2 are the particle 

directions calculated from tracks in SCl and SC2, and in SC2 

and SC3. 

8. The distance of closest approach of the calculated K+ line-of-

flight to the decay particle line-of-flight was less than 1.0 cm .. 

+ We took as the K stopping position the point on the muon 

+ line-of-flight closest to the incident K line-of-flight. 

We used the hand scanning on SCAMP to select events with the following 

characteristics: 

1. The scanner observed in the range chamber tracks of a muon 

entering and stopping and of an electron from the subsequent 

~-e decay. Events without such tracks were rejected. In 

about 2 percent of the data (otherwise acceptable as K~3 events), 
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the scanner was uncertain whether or not the tracks corresponded 

to those of a muon and its decay electron. After a rescan 

by the author, we considered most of these events (51 pictures) 

to have acceptable range-chamber tracks. Events with both 

tracks extending from the ~-e vertex to the front of the 

range chamber were measured twice, assuming one track and then 

+ the other to be the ~ ; we selected that assignment which 

best matched the line-of-flight measurement on SPASS from the 

chambers SC1, SC2, SC3. For each event we calculated the 

+ distance at the degrader between the ~ line-of-flight measured 

from SC1, SC2, SC3 and the line-of-flight seen in the range 

chamber. If this distance was greater than 6 cm, the event 

was remeasured by the author; 1 percent of the total data 

(otherWise acceptable as K~3 events) were in this category, 

of which 4 events (0.1 percent) were rejected by the rescan. 

2. The scanner agreed with SPASS that there were exactly two 

gamma-ray showers and that neither gamma ray converted in the 

first two gaps of its chamber. 

3. The electron decay direction was not within a forward cone 

about the initial muon direction. We rejected all events 

unless p . p < 0.9. 
e ~ 

4. The ~-e vertex position was not iri the counter T4. To avoid 

+ depolarization due to the ~ stopping in plastic scintillator, 

the experimenter rescanned all events whose vertex was 

measured to be within 1 gap of T4. 

After the selection based on both the SPASS and the SCAMP measurements 



-30-

the remaining 3549 events were analyzed as candidates for K~3 decays. 

The procedures in reconstructing the data in terms of K~3 kinematics 

are described in the next section. Following this analysis our final 

data sample consisted of 3133 completely-reconstructed K~3 events with 

observed ~-e decays. 
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B. Reconstruction of the K~3 Kinematics 

For each event we had the following data: 

+ 1. Range of the charged particle originating from the K decay. 

2. Direction-of-motion of the charged particle originating from 

+ 

3· 

4. 

the K decay. 

+ Position of the K decay. 

Positions of the points where two gamma rays produce showers 

by conversion. 

5. The number of sparks associated with each gamma-ray shower. 

We calculated the energy of the charged particle, assuming it to be a 

muon, from its stopping position in the range chamber. We based this 

calculation on comparisons of measured range with the predicted range 

of particles with known energy: 
+ . + 

n from K~2 and ~ from the K~2 decay 

mode. + We took the K decay position as that point along the line-

of-flight of the track in SCI, SC2, and SC3 closest to the K+ line-of­

flight as measured by two spark chambers in the beam. + From the K 

decay position and the gamma-ray conversion points we determined the 

unit vectors Eyl ' EY2 pointing in the direction of each gamma ray. 

-7 
With the measured quantities E~, p~, Eyl ' €Y2' the kinematics 

of the decay was not uniquely determined. In general there were two 

solutions compatible with the data, corresponding to different momenta 

of the nO. The ambiguity was removed by measuring the energy of the two 

gamma rays. The two kinematical solutions had different gamma-ray 

energies; with a rough measurement of the gamma-ray energies we were 

able to choose between the solutions. 

In Appendix A we derive the formula used to determine the 
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kinematically predicted gamma-ray energies. About 18.7 percent of 

the events fell outside the boundar:,>, of the Dalitz plot and did not 

have a kinematic solution for the gamma-ray energies. For each of these 

events we calculated the change in the measured gamma-ray opening 

angle necessary to put the event onto the nearest edge of the Dalitz 

plot. If this change was less than 30
, it was made and the gamma-ray 

energies foundj otherwise the event was rejected. With this selection 

5 percent of the data were eliminated. 

In order to measure the gamma-ray energy and its expected error 

from the spark count, we used a relation derived from a study of 

showers of known energy in Kn2 data. For Kn2 events we knew the nO 

energy and direction-of-motion; we could calculate each gamma-ray 

energy from the position in the apparatus where a shower was produced 

by conversion. For the Kn2 events we compared each calculated gamma-

ray energy with the measured number of sparks associated with its 

shower. For this data we made a least-square fit to find the dependence 

f th b d Eobs, th d k t o e 0 serve gamma-ray energy, upon e measure spar coun . 

We made a similar fit to find the expected uncertainty, 5Eobs , in 

the gamma-ray ene;gy as a function of the measured spark count. 

In the reconstruction of K~3 events we compared each of the two 

kinematically predicted pairs of gamma-ray energies with the energies 

determined from the spark counts. For each kinematically predicted 

pair of energies we calculated the chi-square: 

(IV -1) 

,. 



-33-

obs S'.Eobs Here E, , u are the experimentally derived gamma energy and its 

uncertainty, and E. kin is the energy predicted by kinematics. The 
J 

:Lndex j (j = 1,2) references the two choices for the gamma energies. 

We selected that pair of gamma energies with the lower chi-sCluare. 

A study of Kn2 data was used to set an upper limit for the chi­

sCluare. The energy of each gamma ray in a Kn2 decay is uniCluely 

predicted from the observed kinematics. Using the known energies 

Elkin and E2 kin, we calculated for the Kn2 events the d?-i~sCluare given 

by ECl. IV-l. We noted that value of the chi-sCluare above which were 

the chi-sCluare of 10 percent ofl,t~T !~nF data. , KIJ.3 events whose smaller 

chi-sCluare was greater than this value were rejected. This selection 

reduced the d~ta by 8.4 percent. 
, 

By.finding the gamma-ray energies we arrived at a complete sol~tion 

of the K kinematics. To ~ompletely specify the position" in the 
IJ.3 

+ Dalitz plot of the K decay-at-rest we need to know two variables, say 

T and T o. The muon kinetic energy we knew from its range; the pion 
IJ. n 

kinetic energy we determined by finding the gamma-ray energies: 

In order to analyze the muon polarization it was necessary to define for" 

each event a coordinate system with axes corresponding to the 

orientation of the K-decay configuration rather than to directions in 

the lab. 
. ~ .~ 

Knowing the muon and pion momenta, PIJ. and Pn' we constructed 

three orthogonal axes: a longitudinal axis, along the muon momentum, 

a transverse axis out of the decay plane (in the sense p X P ), and 
n IJ. 

a perpendicular axis in the decay plane towards the pion momentum. 
I 

For each K+ event we constructed thi'scoordinate system, defined 
IJ.3 
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by Eq. II-5, and shown in Fig. 1. From the measurement of the 

laboratory direction of the electron in the ~-e decay we calculated 

the electron direction relative to the K-decay corrdinate system 

(Eq. II-5). The solution of the K~3 kinematics and the calculation of 

the electron decay direction in this coordinate system completed the 

reconstruction of the event. 

, , 
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C. Muon Polarization Analysis 

+ Measurement of Polarization Components .in K Rest Frame 

We measure the muon polarization by studying the angular 

distribution of the electron direction in the ~-e decays. + In ~ 

decay the vector direction p of the electron momentum is preferentially e 

directed along the polarization direction of the muon. The angular 

distribution has the form: 

1 P 
dw = 2(1 + 3n 

x)dx (IV -2) 

where P is the component of the muon polarization along an axis n, and 
n 

x = p -fl. The decay probability, dw, is normalized to 1. Since the 
e 

form of the probability function is known, we anaLyze the data with 

the maximum likelihood method to determine the muon polarization 

8 components ..,This likelihood has the form 

N 
L (p ) = II f(P ,x.) 

n i=l n l 
(IV-3) 

The likelihood L , a function of the assumed muon polarization component 

Pn , is defined as the product over the N total K~3 events of the 

normalized probability distribution, f, defined in each event: 

(IV -4) 

E~uation IV-4 is e~uivalent to Eq. IV-2 with the addition of the 
\ 

normalization factor'c. This parameter corrects for a dependence of 

the experimental detection efficiency of ~-e decays upon the vector 

direction of the decay electron. x = (Ap ·n). is the cosine of the 
i e l 

electron direction along the n axis for the ith event. The most 

probable value of the polarization P is that which maximizes the 
n 
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likelihood function L(P). For a sufficiently large sample of 
n 

events the shape of L(P ) is Gaussian; 
n 

the customary estimate of 

the error is that applicable to a Gaussian distribution. Specifically, 

using the maximum likelihood method we find from the data the result: 

where L(P ) maximized 
n 

±6P (1 standard deviation) where L(po ± 6P ) = e-l / 2 L(po ). n n n n 

For each event we have measured the electron decay direction in the 

coordinate system of longitudinal, transverse, and perpendicular axes 

given by Eq. II-5. The apparatus was an equally efficient detector 

for ~-e decays for all electron directions except vector directions 

continuing along the muon track. Because of this effect no events 

were accepted in which the electron decay direction was within a small 

cone about the longitudinal axis. As shown in Appendix B, the normali-

zation factor c needed to correct the likelihood for this cut is: ' 

(IV-5 ) 

Here e is the half angle of the cone about the longitudinal axis 
o 

(cos eo = 0.9). PL, PT, P~ refer to assumed longitudinal, transverse, 

and perpendicular polarization components. The likelihood functions 

for these components then take the form 

-1 

L(PL ) " i~1 {[ 1.9(1 - °61PL) ] [ 1 + ~(Pe O€L)J} (IV-6) 

'" 
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L (P1 ) ~ i~l {(1.9)-1[1 + ;~(Pe '<l)i ] } 

. 
The axes ~L' ET, E~ refer to the coordinate system (Eq. II-5) defined 

.... 
for each event. 

As discussed in a later section, we calibrated directly the 

analyzing power of our apparatus by measuring the longitudinal polari-

zation of muon 
+ + 

rom the decay K ~ j.1. + v. The measured polarization 

agreed with the expected value of -1. In Section V-A we discuss 

this calibration as well as possible sources of depolarization in 

the Kj.1.3 data. 



-38-

2. Determination of ~ 

We determined the parameter ~ directly from the observed electron 

angular distributions in the ~-e decays. We assumed that the muon in 

each K~3 event was fully polarized in a direction given by Eq. 11-6. 

With the kinematics completely reconstructed, we defined a normalized 

probability distribution as in Eq. 1V-2, taking the axis n to be the 

predicted direction of the muon polarization, B. This direction, for 
~ 

each event, is a function of the specific kinematics as well as the 

value of the parameter ~. The magnitude of the polarization, P , n 

along this direction we took to be 1. We constructed the likelihood 

function, depending only on ~, as the product over all the events of 

the separate probability distributions: 

N 
L(~) = II 

i=l 
(1V-9) 

The muon polarization direction is given by Eq. 11-6 as a vector in 

the coordinate system (~L' ~T' ~l) defined by the K-decay; Pe is the 

observed direction of the decay electron in this system, and a is a 
~ 

unit vector along the predicted direction of polarization, P. Both 

the electron and the polarization directions are specific to each 

event as reconstructed. As· shown in Appendix B, the normalization 

factor c(~) for the ith event has the form 

c.(~) = (1 + cos e )[1 - ~ (1 - cos e )[p ·6 (~)].l 
l 0 0. 0 e ~ lJ 

As in Eq. 1V-5, cos eo is the maximum acceptable value of Pe·~L in 

the data; we have taken cos e = 0.9. Our result for ~ is that value o 

which maximizes the likelihood function, Eq. IV-9. The uncertainty 
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in this detennination we found by noting the values of 1; for which 

the likelihood function was reduced from its maximum by a specified 

factor. We made the likelihood analysis for various assumptions 

about 1;: 1; real and constant, 1; complex and constant, or 1; real 

but energy-dependent. Conse<luently the likelihood L (1;) was a function 

of 1 or 2 parameters. Table II gives the value of the likelihood, 

with respect to its maximum, used to determine the uncertainty in 

the measurement of 1;. It should be emphasized that the appropriate 

limits of uncertainty for a two parameter likelihood are markedly 

greater than those appropriate for a one parameter likelihood.8 

Table II. Calculation of uncertainty limits in a likelihood analysis. 

Number of likelihood 
parameters 

1 

2 

Value of L/Lmax at limit of: 
1 std. deviation 2 std. deviations 

-0.5 e 

-1.14 
e 

-2 
e 

-3·10 e 

Having determined the parameter 1; from the polarization data, we 

re-analyzed the K~3 events to measure the magnitude of the muon 

polarization along the predicted direction, a. We constructed a 
~ 

one-parameter likelihood function similar to that used to find 1;. 

(E<l. IV-9) This likelihood is 

N 
L (p) = II 

i=l 
1 f:L + -3

P 
[Pe '0"( 1;) ]J.'] c i (1;,P)L r-

(IV -10)~ 
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with 

)[p . a (s)]. ] . 
o e Il ~ 

The likelihood is a function of the magnitude P of the muon polarization; 

given S, we maximized the likelihood to determine P. The uncertainty 

in the measurement of P was found by calculating values of 

L(P) /L max as in Table II. 

", 
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V. KNOWN SOURCES OF ERROR 

A. Uncertainties in Analysis of K~3 Events 

Each event of our final K~3 data sample provides a separate 

2 measurement of s(q). For each event with specified kinematics we 

determine the parameter s(q2) by correlating the vector direction of 

the electron momentum in ~-e decay with the predicted muon polarization 

direction. The likelihood analysis gives as our result for S that 

value most compatible with the individual measurements of S from each 

event. With this method of determining s it is not necessary to know 

the dependence of the detection efficiency upon the position of the 

event in the K~3 Dalitz plot. Since the measurement of s is made for 

each event, the result for all the data is independent of their Dalitz 

plot distribution. 

Using a Monte Carlo analysis, we studied the effect of the 

We measurement uncertainties on reconstruction of K~3 events. 

generated by computer a large artifical sample of K~3 events with 

~-e decays as predicted for a given value of the parameter S, and 

selected those events which would have been detected by the apparatus. 

For each artificial event we changed randomly the kinematical 

quantities by small amounts to simulate the effect of the measurement 

errors on the actual K~3 events. We reconstructed and analyzed these 

Monte Carlo events in a manner identical to that used for the K~3 data. 

We found that the result for S was insensitive to the presence of our 

known measurement uncertainties. In particular, both the 30 to 50% 

uncertainty in the gamma-ray energy measurements and the ±3 MeV error 

. + 
In the ~ energy had little effect on the kinematic reconstruction 
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and negligible effect on the determination of S. 

In one of many Monte Carlo studies, we generated 12,000 artificial 

K~3 events with kinematical ~uantities as expected for S = -0·95 

(real and constant). We chose this value of S as it is the result 

of the analysis of the 3133 actual K~3 events. The analysis of this 

artificial data sample gave s = -0.95 ± 0.17. We then generated 

another sample of 12,000 artificial events with the same input value 

of s. For each event we changed randomly the muon energy and the 

gamma-ray energies to simulate the effect of the measurement uncertain-

ties on the actual data. The analysis of this sample gave S = -0.91 ± 0.17. 

The artificial data in these two Monte Carlo studies are\statistically 

independent of each other. These stUdies show that the presence of 

measurement uncertainties has no significant effect on the determination 

of S, as there is an expected statistical uncertainty of ± 0.17 in the 

result for s from each data sample. This conclusion is valid as well 

for the actual K~3 data, where the expected statistical uncertainty in 

s is ± 0.3. 

The reconstruction of the nO vector momentum was the most difficult 

step in establishing the kinematics of each K~3 event. We used the 

gamma-ray energies, estimated from the shower spark counts, to choose 

o between two predicted values of the n momentum. As discussed above, 

we found by Monte Carlo studies that the presence of our measurement 

uncertainties in the gamma-ray energies had no significant effect on 

the determination of S. Additionally, we studied the actual K~3 data 

to see whether or not events with incorrectly chosen nO momentum were 

present in an amount which significantly biased our result for S. 

w, 
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Faulty nO reconstruction leads to two systematic effects, dependent 

on the direction-of-motion and on the energy of the nO. If the wrong 

nO solution is chosen, a faulty K-decay coordinate system (E~. 11-5) 

will be constructed. The incorrect nO energy will lead to a further 

error in the prediction of the muon polarization direction as a 

function of~. We separated the actual K~3 data into batches with 

the two possible nO vector directions close to each other, or not 

close, and with the two possible nO energies nearly identical or 

different. We determined from each of these samples values for ~ 

statistically consistent with each other and with the result for ~ from 

all the data. There was no evidence for the presence of a systematic 

error due to incorrect solutions of the nO reconstruction. 

We estimated the fre~uency and distribution of background tracks 

in the shower chambers from pictures taken of K~ decays. There were 

no gamma rays associated with K~2 decays, but random tracks in the 

shower chambers were occasionally interpreted as being conversion 

showers of gamma rays. We assumed these random tracks to be present in 

the K~3 data with the same fre~uency and distribution in the chambers 

as found in the K~ data. The selection criteria for K~3 events 

re~uired that 2 and only 2 showers be observed. Because of the limited 

geometrical acceptance of the shower chambers, we detected only one 

of the gamma rays for many K~3 decays. With a random track present 

in a shower chamber, K~3 decays with only one of the nO gamma rays 

detected could be falsely reconstructed as complete K~3 events. Using 

the Monte Carlo analysis, we determined that the presence of these 

background tracks did not significantly affect the result for~. We 
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generated two samples of artificial K~3 events, assuming a value -0.95 

for the parameter S (real and constant). These samples were much 

larger than the sample of actual K~3 events. To one of the samples 

we added data to simulate the presence of background tracks in the 

shower chambers. The analysis of 12,000 artificial K~3 events with 

simulated background tracks gave S = -0.88 ± 0.17. The analysis of 

a statistically independent sample of 12,000 events without background 

tracks gave S = -0.95 ± 0.17. 

We studied the effect on the result for ~ of variations in the 

criteria used to select K ~ events. Since the muon polarization vector 
~ 

and S were related for each kinematical configuration, each event 

provided a separate determination of~. For this reason the use of 

arbitrarily rigid kinematical selection criteria did not bias the 

measurement of S. We analyzed our K~3 data repeatedly, using various 

selection criteria. We found the determination of S insensitive to 

changes in the selection criteria. 

The determination of ~ involved a correlation for each K~3 event 

between the K~3 kinematics and the direction of the muon polarization 

vector, as found from the ~-e decay. As described in the following 

sections, we measured the muon polarization for samples of K~ and 

of Kn2 events, with ~-e decays in the range chamber. The scanning, 

the selection criteria, and the calculation of the muon polarization 

were identical for the ~-e calibration events as for the K~3 events. 

The ~+ in the K~ decay has a helicity of -1; our measurement, 

PL = -1.0 ± 0.1, is evidence of our ability to observe polarizations 

with the apparatus. 
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Using the Monte Carlo method described above, we found that a 10% 

depolarization of the muon has no observable effect on the measurement 

of ~. We generated by computeir 12,000 artificial Kfl3 events, 

assuming ~ real and constant, and e~ual to -0.95. For these events 

we generated fl-e decays with the muon only 90% polarized along the 

direction predicted by~. The analysis of this artificial data gave 

~ = -0.93 ± 0.17. We found ~ = -0.95 ± 0.17 from a statistically 

independent sample of 12,000 artificial events, generated with the muon 

fully polarized in the direction predicted by the input value of ~. 

After determining ~ from the'K
fl3 

data, we measured the magnitude 

of the muon polarization along the direction predicted for each event 

by our value of~. The result, discussed in a later section, was 

consistent with the absence of depolarization. 

Among sources of systematic error in the polarization measurement 

was the use of pulses from counters C and T5 in anticoincidence. We 
fl 

+ lost events if the fl decayed promptly and the decay electron passed 

through eitherC or T5 within the sensitive time of the anticoincidence. 
fl 

By adding delays to the anti-counters, we found this sensitive time to 

+ be 16 nanoseconds, about 0.7% of the fl mean life. Using the observed 

angular distribution to calculate the number of electrons passing 

through each counter, we estimated a total loss of less than 0.5% of 

all fl-e decays. The effect of this loss was negligible. A more 

serious source of error was our inability to observe fl-e decays in 

+ cases where the e track was in the same direction as the track of 

+ 
the fl before stopping. As previously described, we eliminated all 

events having fl-e decays within a forward cone about the muon direction; 
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we incorporated this selection into the polarization analysis by 

modifying the likelihood normalization. We chose the angle of the 

forward cone to more than cover decay directions for which the scanning 

efficiency was poor; as with our other selection criteria, the result 

is insensitive ~ variations in this cut-off. Except for this forward 

decay loss we considered our detection of ~-e decays to be independent 

+ + of the e direction and energy. Because the e decay directions are 

+ 
broadly distributed about the ~ polarization vector, the determination 

of the polarization direction is insensitive to measurement errors of 

individual e+ tracks. We calculated that our ±100 uncertainty in 

+ the e decay direction introduced an effective depolarization of less 

than 1%. Another source of depolarization was the presence of a 

+ magnetic field in the range chamber, causing the ~ polarization vector 

to precess in the interval before the ~-e decay. To reduce this 

effect, we enclosed the range chamber within an iron shield; as 

shown in Appendix D the measured field of less than 200 milligauss 

did not cause significant depolarization. 
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1. study of KI-l2 Events 

As a calibration for the polarization analysis, we measured the 

muon polarization in the decay K+ ~I-l + v (KI-l2). We placed degrader 

in the decay-particle telescope sufficient to stop within the Fange 

chamber muons from the decay mode. This degrader eliminated by 

+ + 0 + ( ) range all other K decays except K ~~ + e + v Ke3 and 

K+ ~e+ + v (Ke2 ). The water Cherenkov counter in front of the range 

chamber provided a rejection factor of 100/1 against electrons and 

insured a pure sample of KI-l2 events. 

With the exception of the degrader in front of the range chamber, 

the apparatus for the KI-l2 studies was unchanged from that used to obtain 

the Kf;!3 data. We scanned for decays a total of 4107 pictures on 

SCAMP. We ignored tracks in the shower chambers, but otherwise we used 

procedures identical to those used in scanning the KI-l3 film. We found 

3104 events with visable I-l-e decays in the range chamber. As with the 

KI-l3 data, we referred the measurements of the electron decay directions 

to coordinate systems defined for each event. Since a KI-l2 decay had 

no defined decay plane but only the single direction along the muon 

~ 
momentum, Pl-l' we constructed for each event orthogonal axes using a 

direction fixed in the apparatus. We defined the coordinate system 

~ 

= ..l 
/PI-l/ 

" ~ 

= 
y X Pl-l 

( V-l) 
/YX~/ 
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A ~ 

Y X Pll 

Iy X %1 

A 

with y the unit vector vertical in the laboratory frame. We rejected 

events in which the decay electron direction was close to the longitu-

dinal axis; as in the selection of KIl3 events we required: 

(V-2 ) 

After this cut our data consisted of 3021 KIl2 events with Il-e decays. 

Figure 7 shows the observed angular distribution of the electron 

decay direction for the KIl2 events as given in the coordinate system 

(" A"') K+ + 
(K

Il2
) the neutrino has helicity EL,Ea,Eb • In the decay ~Il + v 

-1. Since the K has zero spin and the muon and neutrino are emitted 

in opposite directions, angular momentum conservation requires that the 

muon spin direction also be opposite to its momentum. The lines drawn 

in Fig. 7 show the expected distributions of the electron decay direction, 

as given by Eq. II-IO, for muons with helicity -1. The normalization 

of the expected distributions is based on the 3021 KIl2 events satisfy­

ing Eq. V-2. For purposes of illustration we present in Fig. 7 the data 

before this cut. In the polarization analysis we eliminated the events 

in the bin of 
A A 

P 'E e L 
furthest to the right. 

We determine the muon polarization components from -the KIl2 data 

with the maximum likelihood method described previously. The likelihood 

function for the longitudinal polarization has the form given by 

Eq. Iv-6; while for the polarization components along the axis ~a'~b' 
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Fig. 7. Angular distribution of the electron momentum vector in ~-e 
+ 

decays, from 3104 K~2 events, referred to the axes 

~L' ~a' Eb • 
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the likelihood function takes the form of Eq. IV-7. This method of 

polarization analysis is identical to that used to determine the muon 

polarization components in the K~3 decays. The likelihood functions 

for the K~2 data are shown in Fig. 8; the results for the muon polari-

zation components along the axes 

P
L 

-1.0 ± 0.1 

P a = 

= 

0.0 ± 0.1 

-0.1 ± 0.1 

are: 

The measurement of the muon longitudinal polarization component is in 

agreement with the expected value of -1 for decays. This result 

is consistent with the assumption that there was no effective depolari-

zation of the muon by the apparatus or the analysis techniques. The 

measurement of the muon polarization component s along axes Ea' E'b 

investigates possible dependence of the detection efficiency upon the 

orientation of the ~-e decay plane in the apparatus; the results for 

these components is consistent with the absence of such dependence. 
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Fig. 8. Likelihood functions for muon polarization components in 
+ 

K1J2 decay. 
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2. study of K~2 Events 

We investigated further the technique of polarization measurement 

with events from the decay mode K+ ~~+ + ~o (K~2). We increased the 

thickness of the degrader placed in the decay-particle telescope so that 

+ rr mesons from K~2 decays stopped in the range chamber. As estimated 

in a later section, these K~2 events included a background of approx­

imately 2% from K~3 decays, statistically insignificant for the 

polarization analysis. Except for the additional degrader the apparatus 

was identical to that used to obtain the data. We did not apply 

the test used to eliminate K~2 decays, because now we wanted to study 

K~2 events. The selection criteria were otherwise the same as those 

used for the K~3 data. We scanned the data for decay electrons in 

the range chamber and reconstructed events as if they were K~3 decays. 

We assumed the charged particle was a muon, and calculated its energy 

from the observed range through the increased degrader. By as~uming 

the event to be a decay, we calculated as previously described the 

o 
rr vector momentum from the gamma-ray energies and the shower positions. 

We measured the polarization components with respect to the coo~dinate 

system (~L'~T,tl) described previously, determined for each event 

from the kinematics of the hypothesized K~3 decay. 

For the K~ events we observed the angular distribution of 

electrons from the decay chain: 

K+ + 0 
~~ + ~ 

l~ + 
~ + v 

I~ + e + v + v 
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We did not detect the track of the muon, emitted with only 4 MeV in the 

+ 
1! decay. Since the + 

1! decay was isotropic in direction, the expected 

electron distribution was isotropic. The K1!2 events, reconstructed 

and analyzed as K~3 decays, were therefore predicted to show zero muon 

polarization. 

The distributions of the electron decay directions in the coordi-

nate system (EL,ET,EJL) are given in Fig. 9. We have plotted only the 

567 K1!2 events with 

A A 

Pee EL < 0.9 } 

the standard selection criterion used for all the polarization studies. 

This cut eliminated 17 events from the bin in 
A A 

P • E e L 
furthest to the 

right. The lines drawn in Fig. 9 correspond to an isotropic ~-e decay 

distribution} and are normalized to the 567 events. 
I 

Using the maximum likelihood method described previously} we find 

the muon polarization components: 

= -0.3 ± 0.2 

= -0.1 ± 0.2 

'F = +0.2 ± 0.2 
.1 

These results are consistent with the prediction that the electron 

angular distributions correspond to decays of unpolarized muons. They 

give no evidence for systematic effects in the analysis procedures 

which would cause false polarization measurements. 
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Fig. 9. Angular distribution of the electron momentum vector in 

~-~-e decays, from 567 K~2 events, referred to the axes 
.... A A 

EL,ET,E.l. Because of the elimination of: events with 
A A I 

Pe"EL> 0.9, the data points are not expected to fit the 

solid lines. 
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B. Presence of Background Events in the K~3 Data 

1. Summary of Background Contributions 

We considered events other than K~3 decays which could be present 

as background in the data. Such events must pass the selection criteria 

described previously. They must have two apparent showers in the gamma-

ray chambers, and a track in the range chamber with an apparent ~-e 

decay vertex. They must be kinematically reconstructable as K ' 
~~ 

events but fail the kinematic test for a Kn:2 decay. As will be: 

described in the following section, we determined experimentally the 

actual contamination of our data by events whose frequency of apparent 

+ 
~-e decays did not follow the ~ lifetime. We calculated the expected 

contribution from all sources of background; the details of these 

calculations will be presented in subsequent sections. 

The backgrounds considered are those due to the following K+ 

decay modes: 

K+ 0 + 
~n: +e +v 

The K 2 decay was the most serious source of background events in the n: . 

K~3 data. For the Kn:2 mode we estimated two sources of background: 

Kn:2 decays with a n:+ nuclear interaction in the range chamber, and Kn:2 

+ + + 
decays with a n: decay-in-flight (n: ~ ~ + v). In Table III we list 

the results of the background calculations. Two sources, Ke3 decays 
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Table III. Results of background calculations. 

Source of background 

+ + 0 ( ) K ~:rr +:rr K:rr2 

+ with:rr decay-in-flight 

+ with:rr nuclear interaction 

+ + 0 0 K ~:rr +:rr +:rr (T') 
+ + 0 K ~1f +1f +yQc ) 

:rr:rr)' 
+ 0 + K ~:rr + e + V(K

e3
) 

Est. fraction 
Bkg ./Kf.l3 events 

2.9 X 10-2 

< 5.3 X 10-
2 

5.0 X 10-4 

1.4 X 10-2 

0.8 X 10-2 

Does frequency of 
"decays" follow 
f.l+ lifetime? 

yes 

no 

yes 

yes 

no 

+ and K:rr2 decays with a:rr interaction in the range chamber, have " f.l-e 

decays" whose frequency is independent of the time delay on the range 

chamber trigger. As discussed in the following section, the analysis of 

the prompt data shows that the total contribution of all such backgrounds 

is (3 ± 2) percent of the Kf.l3 data. The estimated contribution of 

other possibl~ backgrounds is less than 5 percent. 

We have studied the effect of these backgrounds on our determination 

of ~ by adding these events to K' events generated in a Monte Carlo 
f.l3 

analysis. From this simulated data our analysis determined a value of 

~ statistically unchanged from the value used to generate the Kf.l3 events. 

The primary effect of the presence of these backgrounds was to enlarge 

slightly the error limits assigned to ~ by the likelihood analysis. 

A detailed account to justify the numbers given in Table III is 

contained in Section VB-3. A reader uninterested in these experimental 

details should skip to Section VI (Results). 
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2. Study of K~3 Events with Prompt ~-e Decay 

In order to determine experimentally the amount of background 

events with charged particles other than muons, we collected a sample 

of events with a reduced delay on the range chamber trigger. For the 

data used in the polarization analysis we delayed firing the range 

. + 
chamber for about 1.5 muon lifetimes after the tlme of the K decay. 

We chose this delay long enough to observe a large fraction of the 

~-e decays, yet not so long that random tracks in the chamber con-

stituted a background. The fraction of stopping muons with an 

observed decay in the range chamber was greatly reduced by firing the 

chamber promptly. As the apparatus was otherwise unchanged, a 

comparison of the fraction of decays observed for prompt and for 

delayed trigger measured the amount of contamination of our data by 

background events, whose detection was independent of the trigger delay 

time. Events from the Kn2 or Ke3 decay modes for which an interaction 

in the range Chamber was interpreted as a ~-e decay should have 

occurred in equal frequency in the two samples of data. The analysis 

of the prompt-trigger events allowed a direct calculation of the amount 

of such backgrounds. 

Table IV shows the comparison between the data with a normal delay 

and with a prompt trigger on the range spark-chambers. The delay time 

listed is the time from the passage of the muon through the chamber to 

the time after which the decay electron would not produce a track. 

Events were selected as being K~3 decays using the normal selection 

criteria. The numbers of K~3 events shown in Table IV reflect all but 

the final reconstruction test -- that of the chi-square fit of the 
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Table IV. Comparison of prompt and delayed K~3 data. 

Data Length of delay No. of No. K~3 events Without Fraction of 
accepted with ~-e decay ~-e KIl~ events 
K~3 events decay wi h Il-e decay 

prompt 0·34±0.03 Ilsec 1107 165 942 0.149 

delayed 3.5 ±O.l ~sec 4895 3533 1362 0·722 

shower energies to K 3 kinematics. For much of the data scanned on 
~ < 

SCAMP we did not measure the muon stopping position in the range 

chamber if the event had no apparent ~-e decay. The final recon-

struction of an event, which reduces the data by about 10 percent, requires 

the knowledge of the muon energy. We have made this reconstruction for 

all the K~3 events in Table IV assuming the unmeasured muon tracks have 

< a range midway through the chamber, and then applied the chi-square 

test. This final selection reduced equally the four samples of KIl3 

events given in Table IV, and the comparison of the prompt with the 

delayed data was unchanged with these :new numbers. 

From the delay times ahd the muon lifetime we calculated the 

expected value of the ratio R: 

R fraction of promwt KIl3 events with ~-e decays 
fraction of delayed K~3 events with Il-e decays 

As described in Appendix C, we find this theoretical value RT to be 

0.19 ± 0.02, the error coming from the delay length uncertainties. 

With the numbers of KIl3 events in Table IV the experimental value 

~ is 0.21 ± 0.02. 

The KIl3 events listed in Table IV have been subjected to all the 

selection criteria except the final reconstruction fit. We considered 

.. 
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the correction to ~ needed because of the elimination of forward ~-e 

decays. Assuming a muon longitudinal polarization of +0.8 ± 0.1 as 

indicated by the analysis, we observed with this cut (93.7 ± 0.2) percent 

bf the ~-e decays. Recalculation of the ratio ~ with a correction to 

the number of decays observed gave a ratio statistically unchanged from 

0.21. This ratio remained unchanged when we assumed various amounts of 

the decays lost in the forward cone were interpreted by the scanner as 

K~3 events without ~-e decays. 

By comparing ~ with RT, we measured the presence bf a background 

whose frequency is independent of the trigger delay time. We assume 

this background to occur with equal frequency in the data with delayed 

and with prompt triggers on the range chamber. As shown in Appendix C, 

the fraction fB of the observed decays due to such a background is: 

From the value of RE and RT we find 

. fB ::: 0.03± 0.02. 

Sources of these background events include Ke3 decays and Kn2 decays, 

+ wi th a n interaction in the range chamber. We determine experimentally 

that the total contamination of the K~3 data from all such backgrounds 

is (3 ± 2) percent. 

-~- -- ----
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3. Calculation of Background Contributions 

K1!2 events 

K+ ----' "" + + ",,(3 ( ) The decay ~" " K1!2 is the major source of background in 

the K~3 data. The K1!2 decay mode occurs 12 times more frequently than 

the 20% of the K~3 mode accepted by the range chamber. The upper limit 

on the 1!+ kinetic energy, imposed by the anti-coincidence counter at the 

end of the range chamber, is 89 MeV, or 20 MeV lower than the 1!+ energy 

in K1!2. Pions which decay in flight (1!+ ~ ~+ + v), or which suffer 

nuclear interactions in the range chamber, can satisfy the range criterion; 

and the initial K1!2 decay could be a background event in the K~3 data. 

It is entirely possible for ~2 events to simulate the K~3 decay config-

uration and to be kinematically reconstructable as K~3 events. Both the 

K1!2 and the K~3 decay modes produce a 1!0; our apparatus has a greater 

detection efficiency for the 1!0 gamma rays from K1!2 decays than for 

those from the actual K~3 events in our data. The apparatus is most 

efficient for events with the 1!0 direction-of-motion opposite to that 

of the charged decay particle; this optimal configuration for detection 

occurs for all the K1!2 decays but for only a portion of the K~3 decays. 

For all these reasons we consider the K1!2 mode to be, potentially, a 

serious source of background. 

We designed the apparatus to reduce the actual contamination of 

the K~3 data from K1!2 decays. As shown in Fig. 5, we placed three 

thin-plate aluminum spark chambers next to the K+ stopping region. These 

chambers enabled us to measure the direction of the charged decay 

particle before significant scattering took place. With the measurement 

of the gamma-ray conversion pOints and of the initial charged particle 

direction we could test kinematically to determine if the event was a 
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K~2. In this way we eliminated most of the K~2 background before 

the scanning for a ~-e decay in the range chamber. For each event we 

+ assumed the charged particle was a ~ from a K~2 decay and transformed 
'1 

the vector directions of each gamma ray into the accompanying ~o center-

of-mass system. We defined the quantity 

A A 

o = k' • k' 1 2 , (v -3) 

A A 

where ki' k2 are the calculated unit vectors in the directions of the 

gamma rays in the ~ rest frame, assuming the event to be a K~2. In 

Fig. 10 the distribution in 0 is plotted for a sample of raw K~3 data 

as well as for K~2 data. In all graphs the actual K~2 events are sharply 

peaked at 0 = -1; the events away from the peak are K~3 decays as well 

as K 2 decays with fauity measurements of the ~+ direction or of the 'Y 
~ . 

shower origins. It should be noted that the obvious K~2 peak in the 

K~3 data is due to events which satisfied th~ K~3 range requirement-­

that is events which have ~+ decay-in-flight or ~+ interactions in the 

range chamber. As will be demonstrated, our selection criterion for 

the K~3 events that 0 > -0.9 was 95% efficient in eliminating K~2 

background events. 

a) K~2 events with ~ + decay-in-flight 

We calculated by Monte Carlo techniques the amount of background in 

our data from the·K~2 decay mode, with associated ~+ decay-in-flight. 

The proportion of these background events to the K~3 events is given by 

N(~~) r~2 
~2 

FDIF fofE . PDIF • 
s (v-4 ) = N(K~3) = 

r~3 N~3 L f*13 6E~3 s 
r ~3 I::::. E~3 allowed E 

~ 
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Fig. 10. Distribution in the parameter 5 for initial samples of Kn2 

and K~3 data. a) all events. 5 is, a cosine and can have 

values -1 to +1,. We accepted K~3 events if 5 > -0.9; events 

':.~ 
i~ 

in the K~3 data with 5 < -0.9 were considered probable Kn2 

decays, and were rejected. b) events with 5 < -0.9. To show 

the sharp peaking in 5, we expand the first bin (-1.0 ~ 5 <-0.9) 

of the curves above. 

... 
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where PDIF is the rr+ decay-in-flight probability, rrr~r~3 the ratio of 

the decay rate for Krr2 to the rate for K~3' and f:
2 

the fraction of Krr2 

d~Cays with two gamma-ray showers detected. For- K~3 events we computed 

th~ rr o detection efficiency f~3 as a function of the muon energy, and 
t s 
['-

sqmmed in 1 MeV bins over E (allowed by the range criteria) the product 
~ 

of f~3 with the relative differential muon spectrum, 6f~3/r~~~3. 

In Eq. v-4 f5 is the fraction of Krr2 events with acceptable 

5 C > -0.9), and f E is the fraction with E > 0·998. The parameter E 

mea.sures the straightness of the track through the spark chambers SC1. 

SC,2, SC3 

E = ~12 

A A 

Here P12' P23 are unit vectors in the directions of the decay particle 

determined from the track positions in SC1, SC2 and in SC2, SC3. A 

+ rr decay-in-flight in these chambers would be eliminated from the data 

if E< 0.998. 

We calculated the rro detection efficiencies'f by MJnte Carlo s 

techniques. We generated in the computer a large samples of events, each 

o with two gamma rays as from a rr decay, and noted the fraction ·of events 

which survived selection criteria reflecting the overall acceptance of 

the apparatus. For the Monte Carlo calculation we estimated the 

geometrical acceptance and energy-dependent efficiency of the lead-plate 

spark chambers for detecting gamma rays. We used the gamma-ray recon-

struction efficiency determined from Krr2 data--where each gamma ray has 

a known energy-angle relation. For each artificial event with two 

o acceptable gamma rays we reconstructed the rr and attempted to fit the 

event to K~3 kinematics, as in the analysis of the actual data. 

found the randomly generated ~rr2 events fit K~3 kinematics when the 

J 

We 
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charged particle was interpreted as a muon with a kinetic energy between 

55 and 90 MeV, the acceptance of the range chamber. The calculation of 

the K 3 efficiencies f~3 for various muon energies includes the selection 
~ s 

of events with 0, defined by Eq. V-3, greater than -0.9, as required for 

the actual K~3 data. In generating the K~3 events and in calculating 

the muon differential spectrum we assumed the form factor ratio, ;, to 

be real, energy-independent, and of magnitude -1. The shape of the 

muon spectrum9 and the results of the K~3 Monte Carlo analysis were not 

sensitive to changes in the value of;. The results for f~3 as a function 
s 

of muon energy are plotted in Fig. 11; the upper curve is the fraction of 

events generated with reconstructable nO, and the lower curve is this 

fraction with the additional requirement that 0 > -0.9. This lower 

curve was used in the evaluation of Eq. v-4. 
n2 

Our result for the Kn2 events was fs = 0.55· We estimated fo' the 

fraction of Kn2 events with 0 > -0.9, from the observed distribution in 

o of Kn2 data shown in Fig. 10. After using curve b of Fig. 11 to 

estimate the number of K~3 events expected in the Kn2 data, we determined 

The direction of a muon from a n+ decay-in-flight before the third 

+ tracking chamber practically coincides in the lab with the initial n 

direction, because of the low muon energy in the decay center-of-mass. 

+ For this reason the factor fo is applicable to early n decays as well 

as to decays-in-flight beyond the tracking chambers. 

+ In our calculation of the n decay-in-flight probability we followed 

the path of the n+ from the K+ decay point to the anti-counter at the end 

of the range chamber. For every position of degrader along this path 

we calculated the minimum and maximum muon energies acceptable by the 

.\ ..... 
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Fig. 11. Calculated acceptance for K~3 events, as a function of ~+ 
energy; a) events with nO detected, b) events with nO . 

detected and satisfying 5 > -0.9. 
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rarlge chamber. + Knowing the ~ energy at each position we calculated 

the muon energy spectrum in the lab from a decay-in-flight. From the 

acceptable muon-energy limits we determined the corresponding limits 

+ on the decay angles in the ~ rest frame, and consequently the fraction 

of decays-in-flight yielding a muon stopping in the range chamber; this 

factor times the decay-in-flight probability over the distance from the 

+ previous degrader position gave the probability PDIF of an acceptable ~ 

decay-in-flight. In Table V we list our results for PDIF for different 

+ regions of the ~ path. We have combined individual subsections in 

listing the values of PDIF for region 4 (from the 3rdtracking chamber 

to the range chamber) and for region 5 (the range chamber). Since we 

took K~3 data under two separate degrader conditions we have calculated 

PDIF separately for each situation. Data taken under condition b (5/8 11 

less aluminum) comprised 17% of the events. 

Table V also shows the value of f in each region, the fraction of 
E 

the decay-in-flight events with E > 0.998. For regions 2 and 3 we 

calculated the acceptable decay-in-flight angles in the lab; and, 

+ assuming the decays uniformly distributed along the ~ path, we found 

the expected distribution in E. Over half the decays in these regions 

should have been rejected because of a detectable kink in the observed 

track. 

Evaluating Eq. v-4, with the K~2 and K~3 branching ratios 20.9 and 

3.4%,10 and combining f
5
·f

E
·PDIF calculated. for each region we find the 

proportion of ~+ decay-in-flight events to K 3 events to be: 
. ~ 

FDIF = 3·1 x 10-
2 

= 2.2 x 10-2 

degrader a (111 aluminum) 

degradei- b (3/8 11 aluminum) 



... 

Our result for all the K 3 data is 
. fl 

-2 
FDIF = 2·9 x 10 
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Table V. Calculation of decay-in-flight probability 

region f fo PDIF € 

degrader a degrader b 

1. + K decay 
-2 0.55X10-3 0.58xlO-3 point to SCl 1.0 5·5xlO 

2. SCl to SC2 0.lj6 5·5xlO 
-2 1.79X10-3 1. 88xlO-3 

3· SC2 to SC3 0.40 5·5xlO 
-2 2.10xlO-3 2. 22xlO-3 

4. SC3 to T4 1.0 5·5xlO 
-2 7.34xlO-3 5. 93xlO-3 

5· T4 to T5 1.0 5·5xlO 
-2 3.32xlO-3 1. 27X10-3 

We calculated the average muon polarization of these background events 

by noting the rr+ center-of-mass decay angles corresponding to the 

minimum and maximum muon energies acceptable by the range chamber. Since 

the range of a particle stopping in the chamber must be less than that 

of the rr+, the range requirement selected those rr+ decays with the muon 

emitted in center-of-mass directions largely opposite to the rr+ direction-

of-motion. + Muons are emitted isotropically in the rr center-of-mass, 

and have a helicity of -1 in this decay frame. Because of the range 

chamber acceptance, in the lab system the average muon polarization 

components are zero except for the component along the rr+ direction-of-

motion. Only muons in a backward cone about this direction satisfy the 

range requirement,. so i~ the lab this polarization component will be 

large and positive~ For each region along the rr+ path, as given in 

Table V, we calculated the limits of acceptable center-of-mass decay 

angles, and from these limits found the corresponding muon polarization. 
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, 
\: 

Using the decay-in-flight probabilities, PDIF' calculated for each regier, 

we then found the average muon longitudinal polarization for all these 

background eventsj our result was P
L 

= +0.7. 

b) K~2 events with ~-nuclear interaction 

Nuclear interaction of the ~+ in the range chamber provides an 

additional source of background events from the K~2 decay mode. If the 

~+ interacts in the range chamber, with no secondary continuing through 

the anti-counter, T5, the K~2 decay will satisfy the trigger requirements 

for the KiJ.3 data. This decay will be a background event present in the 

KiJ.3 data after analysis if it is not eliminated by the kinematic test 

for K~2: the requirement that 0 > -0.9. The fraction of such K~2 events 

with respect to actual KiJ.3 events is given by: 

where 

R 

fiJ.3 
s I 

allowed E 
iJ. 

(v -5) 

(v-6 ) 

In Eq. V-5, PNI is the probability of a ~+ interacting in the 9.9 gr/cm2 

aluminum equivalent of the range chamber. The factor fo is the fraction 

of K~2 decays that escape the cut, 0 > 0.9 as shown in the previous 

-2 section, fo = 5.5 x 10 . The quantity R is the ratio of the probability 

of a K~2 decay with a detectable ~o to the corresponding probability of 

o + 
K~3 decays with detectable TI and ~. As defined in Eq. V-6, R was 

used in the estimate of the background from TI+ decay~in-flight; in the 

.. ' 
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previous section we found: 

R = 43.1 (degrader a) 

41.9 (degrader b) 

+ The kinetic energies of the n reaching the counters defining the 

range acceptance are as follows: 

degrader (KI-L3) 

T at T4 
n 

T at T5 
n 

a 

70 MeV 

46 MeV 

b 

80 MeV 

57 MeV 

To calculate the interaction probability PNI we need to know the n + 

aluminum inelastic cross-section at n kinetic energies from 50 to 80 

MeV. Kn2 decays with subsequent elastic n+-nucleus interactions in the 

range chamber (or in degrader before the chamber) will not contribute 

+ to the Kn2 background, as the n generally will undergo little energy 

loss or change of direction, and so will be vetoed by the anticounter. 

Using the available measurementll of the n + total cross section on carbon, 

from 40 to 70 MeV, 

we find for the upper limit 

a: - 98 mb 
TOT 

-2 PNI ~ 2.2 x 10 

From Eq. V-5,we determine the fractional background to be 

-2 
FNI ~ 5·3 x 10 

This estimate of the nuclear interaction background from Kn2 decays 

is an upper limit, as it includes those interactions. which were actually 

vetoed by the anti-counter. Additionally, in the background estimate 
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we did not account for the selection of events by the requirement that 

the particle stopping in the range chamber have an apparent ~-e decay. 

A study of events normally eliminated from the K~3 data, because of 

5 ~ -1, showed that the Kn2 background events had a percentage of 

lI~_e decaysll half that of the events considered K~3. Since the decay-in­

flight events are expected to be a significant source of Kn2 background, 

we infer that the hand scanning of the range chamber results in a further 

reduction of the n-nuclear interaction background. The decay-in-flight 

events have genuine ~-e vertices in ·the range chamber, and are 

indistinguishable from K~3 events on the scanning table, while inelastic 

n-nucleus events may be rejected because of a multi-track vertex, or 

simply interpreted as having no visible decay. 
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"( , Background Calculation 

The "( and "( .' + + + decays, K -+:rr +:rr +:rr + + 0 o· and K -+:rr +:rr +:rr, 

occur with branching ratioslO 5.5% and 1.7%, respectively. Although 

three times as frequent, the "( decay contributes less than the "(' mode 

toward background even~s in the K~3 mode. Both "( and "(' decays 

must satisfy the range requirement; additionally, a "( decay must charge 

exchange to produce a o :rr and must have no charged particle penetrating 

the cup counter which shields the shower chambers. We shall estimate 

"-
the background contributed by the "(' mode and show this contamination, 

and hence that from the "( mode, to be negligible. 

The maximum + :rr kinetic energy in the "(' mode is 53.2 MeV, 

5 MeV below the minimum of 58 MeV re~uired for a :rr+ to reach T4. The 

lower limits in the + :rr energy, imposed by the range criterion, for each 

degrader condition are: 

degrader 

a 

b 

min. T:rr+ 

68 

58 

We calculated the contribution to the 

% of K~3 data taken 

82.8 

data of "(' decays with the 

+ :rr satisfying the range requirment by straggling or slight uncertainties 

in the range estimate--such as that due to the uncertainty in the K+ 

stopping position. The observed range of + :rr events in a study of the 

K:rr2 decay mode fits a Gaussian distribution with a standard deviation 

o = 3 MeV. Using this value of _.,0 (an over estimate for data taken 

with a degrader) we smeared the theoretical 

in "( , decay: 

+ :rr energy spectrum 
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dE' weE') 1 
.f21!.0' 

Here E is the maximum 1!+ energy (192.8 MeV), and weE') is the 
o 

theoretical + 
1! spectrum, assumed pure phase space: 

weE' ) = 

As noted by Rossi12 , the distribution in range of a particle of given 

('/-7) 

(v-8) 

energy is Gaussian, to an accuracy of a few percent; this approximation 

is sufficiently precise for our calculation. 

Recent experiments13 have shown that the + 
1! spectrum is not 

given by phase space, but more accurately by a linear matrix element of 

the form 

[

2T 
'" 1 + a __ 1!_ 

Truax 
1! -J 

with T the 1!+ kinetic energy, and Truax its maximum. Since 
1! 1! 

.. the constant a has been found to be negative,13 our calculations, 

involving the upper end of the + 
1! spectrum, give an overestimate of 

the T' background. 

From Eq. V-7 we calculated the tail of the experimental + 
1! 

spectrum extending into the range chamber. We found the contribution of 

this direct T' decay to K~3 data to be 'very small: 

FT , ,direct = 
N(direct T') 
N(K~3) 

... 
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Fig. 12. Study of.' mode: + a) n differential energy spectrum, on 

the left, and the factor PDIF for the two degrader conditions, 

shown on the rightj PD1F is the calculated probability of 

an acceptable n+ decay-in-flight. b) Product of n+ energy 

spectrum and the decay-in-flight factor PD1F, for the two 

degrader conditions. 
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A more serious source of background comes from ~, decays in 

which the + 
~ decays-in-flight. The position of these events to actual 

K~3 events is given by 

L ~, ~, ~r , 
~ f • P • 

r ,M 
• M 

s DIF ~ 

r, . allowed .En 
~ ~ 

N{~ 'DIF~ F ~ 
( V-9) = = 

~'DIF N(K~3) rJ.l.3 L M 
f~3. ~3 • M 

s r ~ ~ 
allowed E ~ ~ 

J.l. 

In Eq. V-9 r'/r 3 
~ ~ 

is the ratio of the ~, and. ~3 rates, is the 

+ probability of a ~ decay-in-flight with the + 
~ accepted by the range 

chamber, and 
't't 
f. 

s 
is the o 

~ reconstruction efficiency for decays. 

In the denominator of Eq. V-9 we sum over muon energies allowed by the 

range chamber the product of the calculated o 
rc reconstruction efficiency 

for K~3 events, f~3, times the KJ.l.3 differential ~+ spectrum. In 

Eq. v-6 we gave this same term in calculating the K~2 background. 

from 't" 

We calculated the decay-in-flight probability, PDIF' for + rc 

decays as previously described for + rc from the Krc2 mode. 

B.Y combining the individual probabilities for decay-in-flight, with 

muon of proper range, at each successive degrader along the + rc path, 

we found the overall probability PDIF for an acceptable decay-in-flight. 

We determined this factor as a function of the initial + rc energy, 

rather than at a single point as for K~2; the results are plotted for the 

two degrader conditions in Fig. 12. Also shown in this figure is the 

energy spectrum, calculated from Eq. v-8, and the product of the 

spectrum with the decay-in-flight probability, PDIF. 

+ rc 

.. 
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Using Monte Carlo techniques we determined the 

tion efficiency for ~' decays, 
~, 

f 
s 

For a given 

o 
1( reconstruc-

+ 
1( energy we 

generated ~' decays androted the fraction of events that passed a 

series of reconstruction stages. We repeated the calculations for 

various values T, between 55 and 85 MeV, of the assumed muon kinetic 
j..l 

energy, observed in the range chamber. We found no significant 

dependence of the reconstruction probability upon T • 
j..l 

In Fig. 13 we 

show the results for the efficiency, at successive stages of recon-

struction, as a function of the + 
1( kinetic energy. The top line 

represents the probability of 2 (and only 2) showers being detected; 

this calculation used the same criteria as described previously in the 

discussion of the K1(2 background. The second line from the top 

reflects the requirement that the o 
1( be reconstructable so as to 

allow the ,event to lie on the Dalitz plot, while the third line 

shows the effect of the additional requirement that 0 > -.09 (the test 

for K1(2 kinematics). The final efficiency 
~ , 

f 
s 

is given by the 

bottom line, reflecting the requirement that the shower energies 

correspond to those predicted by one of the possible kinematical 

configurations. This test was made in the same manner on the actual 

Kj..l3 data, and is given by Eq. IV-I. The stages of reconstruction 

reflected in Fig. 13 are the same as used in the calculation of 

and shown in Fig. 11; for the Kj..l3 events the second and fourth step 

have no effect on the efficiency. 

From the results shown in Figs. 11 and 13, and from the 

previously mentioned calculation of the Kj..l3 acceptance, we found, 

with Eq. V-9, 
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Fig. 13. Calculated acceptance for ~'events: a) events with two ItS 

detected, b) events with reconstructable nO, fitting K~3 

kinematics, c) events with 5 > -0.9, d) events whose shower 

energies match those predicted by K~3 kinematics. 
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-4 F , = 2.38 x 10, degrader a 
'f DIF '. 

1.61 X 10-3 
) degrader b 

and for all theda ta) 

N(rr'DIF) 
'" -4 F , = N(K~3) 

5 X 10 • 
'f DIF 
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K . Background rrrrr 

We calculated the contribution of the decay + + 0 K -'rr +rr +r 

to the background in K~3 events. The fraction of K background rrrrr 
events to actual K~3 events in our data is given by: 

r A(rrrrr) F rrrrr 
rrrrr r~3 A(~3) 

(V-IO) 

with 

I fS 
&' 

A(rrrrr) = rrrrz • .6E 
rrrrr r .6E rr 

allowed E rrrrr rr 
(V-ll) 

rr 

A(~3) = I fS M~3 
• LlE 

~3 r~:f'E~3 ~ 
allowed E 

(V-12) 

~ 

The factors given by Eq. V-II and V-12 are the integrated products of 

the charged particle differential rate times the reconstruction efficiency 

at the given energy; the sums are over the charged particle energies 

allowed by the range chamber. The factor A(~3) was used in the Krr2 

and 1"" background estimates, where we found: 

-2 = 7.8 X 10 ,degrader a 

= 8.1 X 10-2 , degrader b 
(V-13) 

To determine the acceptance A(rrrrr) we assumed the K decay rrrrr 
proceeded purely by inner bremsstrahlung with the matrix element given 

by14 

.. 
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<V-14) 

+ + 
where PK' P+, Py are the K , ~ , and y four-momenta, respectively, and 

e is the photon polarization vector. + Fig. 14 shows the ~ energy 

spectrum derived from this matrix element. We used a Monte Carlo 

analys is to determine the 
o 
~ reconstruction efficiency. For 

different values of the energy we generated large samples of events 

using the decay distribution which follows from Eq. v-14. These events 

were subjected to the same reconstruction criteria used in calculating 

the corresponding efficiency for K f
s 

Jl3' Jl3 
The result for the factor 

fS as a function of the 
1(~1' 

curve gives the fraction of 

+ 
~ energy is shown in Fig. 15. The upper 

K 
~~I' 

events with two detectable gamma-

ray showers; this curve approaches 55% at high E, the value found for 
1( 

the kinematically similar K1(2 decay. We found that all the K 
~~I' 

events with observable showers were reconstructable as KJl3 events, as 

were the K~2 events. In this calculation we took as the muon energy 

+ for each event that energy corresponding to the "observed" ~ range. 

Curve b in Fig. 15 reflects the additional requirment on the K 
1(~1' 

events that 5 > -0.9; this selection eliminates events by increasing 

amounts as the decay configuration approaches that of K~. The final 

requirement, that of goodness-of-fit to KJl3 kinematics is met by all 

the K events. 
~~I' 

With the results for and we estimated from 

Eq. V-10 the K . background for the two degrader conditions: 
1(1(1' " 

F 
~~I' 

:::: 

:::: 

48 -2 
1. ,-X 10 ,degrader a 

1.33 x 10-3 , degrader b 
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f 
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XBL 685-893 

Fig. 14. Calculated n+ differential energy spectrum in K+ ~ n+ + nO + y 

(inner bremstrahlung only). 

j 
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Fig. 15. Calculated acceptance for K events: 
1(1(, 

a) events with 1(0 

detected, b) events with D > -0.9. 
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or, for all the data: 

4 -2 
1. X 10 • 

This estimate is an upper limit, as it does not include the reduction 

in K background events by 
reT1 

+ re nuclear interactions between the 

K+ decay position and the range chamber. 

From these background events we expect to observe ~-e decays 

with the decay electron direction uniformly distributed. Each muon is 

fully polarized; but, because of the low muon energy, we do not observe 

its momentum direction. Since the decay muon is emitted isotropically, 

the decay electrons will also be isotropic, and we measure zero polari-

zation. 
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Ke3 Background 

We estimated the amount of background contributed by the Ke3 

d K
+ 0 + decay mo e, ~ n + e + v • The fraction of such events relative 

to the number of 

. F~3 = 

with 

events is 

= 

= 

f • f CI-l r 

allowed E e 

• bE 
e 

(V-15) 

(v-16) 

The acceptance factor for Ke3 events, A(e3), is the product of the 

o + n reconstruction efficiency with the e differential spectrum, 

summed over the electron energies accepted by the range chamber. The 

factor A(1-l3) is similarly defined, and is given by Eq. V-13. The 

Ke3 decay must give a pulse in T4, the counter at the front of the 

range chamber, without being vetoed either by the water Cherenkov 

counter C, or by the counter T5, at the end of the range chamber. 
I-l 

We determined by measurement with the cosmic-ray muons that the 

efficiency of the Cherenkov counter was 99.8 percent for particles 

with ~ ~ 1. To allow for the processes in which an e+ annihilates 

in front of the Cherenkov counter, with a subsequent pair production 

before T4, we take the fraction fC of Ke3 events surviving the 
I-l. 

C veto to be 0.01. We estimate the fraction f of events reaching 
I-l r 

T4 which are not vetoed by T5 to be 25 percent. 

In Fig. 16 we show the results of a Monte Carlo calculation of 

the reconstruction factor f for K events. We calculated this 
:s e3 



-84-

60.-----~----_.----~------r_--__. 

"0 
Q) ...... a. 
Q) 

50 

40 

~ 30 
« 
Vl ...... 
C 
Q) 

> 
lL.J 

20 

o 50 100 150 200 250 

e+ Kinetic Energy (MeV) 

XAL 685-895 

Fig. 16. Calculated acceptance for Ke3 events: a) events with two yls 

detected, b) events with reconstructable nO, fitting K~3 

kinematics, c) events with a > -0.9, d) events whose shower 

energies match those predicted by K~3 kinematics. 
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efficiency as a function of the electron energy as well as the energy 

assumed for the "muon" in the attempt to reconstruct the event as a 

The dependence of f e3 upon the assumed "muonll energy, varied 
s 

within the limits imposed by the range criteria, was not significant. 

As shown in Fig. 16, Ke3 events at the low energy end of the electron 

spectrum are generally not reconstructable as K~3 events, with the 

IImuon" assumed to have '" 70 MeV kinetic energy. The gamma-ray 

showers generated for Ke3 events with high electron energies are 

easily reconstructable into a o 
1C consistent with K~3 kinematics. 

Many of these latter events are eliminated by the criterion that 

o > -009, the elimination of events with K~2 kinematics. 

Using the differential electron spectrum for vector interaction9 

we calculated the acceptance defined by Eq. v-16, summing over all 

electron energies fromthe minimum required by T4 to the end of the 

electron spectrum, 228 MeV. The results for both degrader conditions are: 

degrader 

a 

b 

E Min 
e 

88 MeV 

59 MeV 

A(e3) 

0.17 

0.18 

With reylr~3 given
lO 

by 1.41, we estimated the proportion of Ke3 

background events to K~3 events, using Eq. V-15, to be 

= -3 7.7 X 10 ,degr~der a 

= 7.9 X 10-3 , degrader b 

or, for allK~3 data, 

8 -2 
Fe3 '" O. X 10 • 
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As with the background K~2 events (with ~-nuclear interaction) 

we expect that many Ke3 events are eliminated in the scanning for 

~-e decays. Both sources of backgrounds do not have associated ~-e 

decays in the range chamber, and the frequency of these background 

"decays" is independent of the time delay of the range chamber trigger. 

Our study of the percentage of events with ~-e decays for different 

time delays on the range chamber trigger is a direct experimental measure­

ment of the amount of such backgrounds. 

... 
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VI. RESULTS 
,.-<-

A. + 
Study of K~3 Decay 

We obtained 3133 completely reconstructed K~3 events with observed 

~-e decays. The Dalitz plot of these events is shown in Fig. 17, where 

for clarity we have grouped the events in bins of 20 and 10 MeV in nO 

and ~+ kinetic energy, respectively. Our apparatus accepted K~3 decays 

+ 
with the ~ kinetic energy, T , equal to 70 ± 20 MeV, but with the full 

. ~ 

spectrum of T. For given Tthe data are strongly peaked toward high 
n ~ 

values of T , reflecting the basic interaction structure, given by :rc 

Eq. 1-3, as well as the increased efficiency of the apparatus in 

o + detecting a:rc of high energy and direction opposite to the ~ . 

Figure 18 gives the angular distributions of the electron momentum 

vector for the ~-e decays associated with the 3133 K~3 events which 

satisfy all the selection criteria. These distributions refer to the 

coordinate system ~L' €T' ~~ defined by Eq. 11-5· For illustration the 

data are grouped in bins of 0.1 in the cosines. The lines drawn show 

the distributions expected for decays of muons with average polarization 

components as found by the likelihood analysis. These lines are 

normalized to the total of 3133 events with 

The events eliminated by this cut would have appeared in the bin 

furthest to the right in the top graph. These events have also been 

excluded from the lower two graphs. The effect of this selection is 

evident in Fig. 18; the loss of events with the electron momentum vector 

along EL is reflected by the depletion of events with small cosines 

with respect to the axes ~T and ~~. 
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Fig. 18. Angular distribution of the electron momentum vector in ~-e 
+ A A 

decays, from 3133 K~3 events, referred to the axes ELJETJ€~' 

The lines drawn are normalized to the 3133 events with 
A A 
Pe'EL < 0.9. The dip in the lower two graphs for cosines 

A A 
near zero reflects the loss of events with Pe'EL > 0.9. 
Because of this cut, the data points are not expected to fit 

the solid lines. 
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The likelihood functions for the muon polarization components 

for all the K~3 events are shown in Fig. 19. These components are 

along the longitudinal, transverse, and perpendicular axes (EL,ET,E~) 

+ defined for each K decay, and given by Eq. II-5. As seen in Fig. 2, 

muons from events with high nO energy are expected to be strongly 

polarized in the longitudinal direction. This prediction agrees with 

the result of Fig. 19, an average over the Dalitz plot and hence 

heavily weighted toward high TnO • The component of polarization out 

of the decay plane is -0.1 ± 0.1, consistent with zero and time 

reversal invariance, while the perpendicular component is small and 

negative as predicted in Fig. 2. Since these components are averages 

over the Dalitz plot, they are not expected to form a unit vector; 

it is for a particular event, with specified kinematics, that the muon 

should be fully polarized in some direction. In Table VI we tabulate 

+ the results for the ~ polarization components for all the events and 

in separate bins in the nO kinetic energy. 

Table VI. 

T 0 n 
(MeV) 

> 76.5 

46.5-67·5 

28.5-46 .5 

0.0-28.5 

all events 

Muon polarization components, K+ events. 
~3 

2 
qave 

Events PL PT (MeV)2 

3.70Xl0
4 

2258 +0·9 -0.1 

7.18Xl04 488 +0.8 -0.2 

9.09Xl04 265 +0.8 -0.2 

11.0 ":Xl04 122 -0.1 +0·.5 

4.95Xl0
4 

3133 +0.8 -0.1 

P
1 6P 

-0.2 each ± 0.1 

-0.1 each ± 0.2 

-0.8 each ± 0·3 

-1.1 each ± 0.5 

-0·3 each ± 0.1 

., 
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Fig. 19. Likelihood functions for average muon polarization components 
. + 
ln 3133 K~3 events. 
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2 
For each bin we list the average value of ~ , the s~uare of the momentum 

transfer to the leptons; in the K+ rest frame: 

2 2 
~. + m 0 - 2m oE o. 

K K n n 

Most of our data are in the low ~2 (high nO energy) region of the 

Dalitz plot. The bins were chosen to give e~ual accuracy in the 

measurement of ~; they are of une~ual size, due to the varying 

sensitivity of the polarization method over the Dalitz plot. As noted 

in Table VI for high ~2 (low T 0) events, we found the ~+ strongly 
n 

polarized along the perpendicular axis with a small longitudinal 

component. For progressively lower bins in ~2 this perpendicular 

+ component decreases and the ~ becomes almost fully longitudinally 

polarized. This general variation of the polarization components over 

the Dalitz plot compares favorably with that predicted by E~. II-6 

and illustrated in Fig. 2. 

We analyzed our data by the maximum likelihood method previously 

described to determine the value of the parameterl~. For a given value 

of S the muon polarization direction is predicted for each completely 

reconstructed K~3 event. The solution for ~ is that value for which 

the electron decay directions in all the data best fit the expected 

angular distributions about the polarization axes. As discussed in 

the Introduction, ~ may be complex as well as energy-dependent. Figure 

20 shows the result of the likelihood analysis of all the K~3 events 

for ~ assumed complex but constant. The three contours enclose 40%, 

67%, and 96% of the volume under the two-dimensional likelihood function; 

the solution given in Table VII uses the middle contour as the limit of 

1 standard deviation. We list in Table VII additionally the results 
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Fig. 20. Likelihood functions for ~, assumed complex and constant, 
+ -1.14 

from 3133 KIl3 events. The e contour corresponds to 

the limit of 1 standard deviation about the most probable 

value, Re ~ = -0.9, 1m ~ = -0.3. 
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Table VII. Results for complex s. 

2 
qave 

(MeV)2 Events 

3.70 X 104 2258 

7.18 X 10
4 488 

9.09 X 10
4 

265 

11.0 X 104 122 

all events 3133 

Re s 

-1.0 +1.0 
-0·9 

-2.0 +0·9 
-0.8 

-0 7 +1.2 
. -0·9 

-0.4 +2.2 
-1.4 

-0 9 +0·5 
. -0.4 

Im 

-0.8 

-0·7 

-0·3 

+0.8 

-0·3 

s 

± 0·9 

+ 0·9 
- 1.0 

+ 0·9 
- 1.0 

+ 1.8 
- 1.2 

± 0.5 

2 for complex S from data binned in q. For each bin S is assumed 

constant; the errors again correspond to the middle (e-l •14 ) contour. 

Time reversal invariance requires s be real; our measurement from all 

the data is consistent with Im s = 0, as can be seen in Fig. 20. This 

conclusion is unchanged by measuring Im s in separate bins in q2. In 

terms of a phase angle ~ defined by 

we find 

I s I = 1.0 ± 0·5 

~ = (200 ± 30)0 

-1.14 with the error assigned from the e contour. This result is 

consistent with the requirement of time reversal invariance that ~ be 

00 or 1800 . 

Assuming s' to be real and constant we obtain the results given 

.,. 
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in Table VIII. The errors quoted are those appropriate to a 1 

dimensional likelihood. 

Table VIII. Results for S, assumed real. 

2 
'lave 

Events Re S (1m s=O) P
TOTAL (MeV)2 

3.70 X 10
4 2258 -0·9 ± 0.6 0·9 ± 0.1 

7.18 X 104 488 -1.9 ± 0.55 0.8 ± 0.2 

9.09 X 10
4 

265 -0·7 
+ 0·7 1.1 ± 0·3 0.6 

11.0 X 104 122 -0.2 + 0.6 1.2 ± 0.4 
- 0·7 

--
all events 3133 -0·95 ± 0·3 0·9 ± 0.1 

The values for Re S from different bins in q2 are consistent with 

each other and with the result for all the data: 

Re S = -0·95 ± 0·3 (1m S 0) • 

In Fig. 21 we have plotted our measurements of Re S as a function of 

q2; they do not show any significant dependence of Re S upon q2. 

Table VII shows that this conclusion is valid for complex S as well. 

To make this conclusion more quantitative, we express the energy 

dependence of S 

222 
s(q ) = s (1 + A q 1m 0) o 1( 

(VI-l) 

we can anaiyze the data in a two parameter likelihood to obtain the 

constants S and A, assuming S real. Our result is o 

s = -1.2 o 
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r---------------~----------------,_~------------_,--------~~r_ .......... ~ I I , 

3.0 
K+_"O+ p.++ II 

Im (EO 0 

2.0 • 

1.0 

Reeo~ ........................................ ~ .................... ~ .......... -Ir-""'''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''4 

-1.0 - - ,- - - - f ---~ ---- ... --t -------'- -----f-
------f ----------------- - ----r---

-2.0 + / AVERAGE 
OF All DATA 

-3.0 

~~.--~~~~.~-L.~~I--------------~I~~------------~I~------~'~T-""''''''~ o 0.5 1.0 x 105 1.5 ~, 

q2 (MeV)2 

XBL 683-4806 

Fig. 21. Results of likelihood analyses for ~, assumed real and 
. 2 

constant, from data in four bins of ~ The result for all 

the data is also shown: ~ = -0.95 ± 0.3. 

.. 
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A == -0.04 

with the contours giving the limits of 1 and 2 standard deviations as 

shown in Fig. 22. For any value of A less than 0.3 in magnitude, S 

must be negative to be compatible with the data. The form of Eq. IV-l 

is motivated by the expressions relating the form factors f+ and f to 

masses of possible intermediate states: 

h "f 2 2 were, 1 m± »q, 

here 

so that the expansion VI-3 is good only for 

2 2 
A± « m1{o /q 

(VI-2 ) 

(VI-3) 

b t " th "2 " 2 ( )2 u Slnce e range 1n q 1S from m~ to ~ - m1{o we have 

Accepting the value of A+ ~ 0, as measured,15 we can write 

2 
s(O)(l + A_ ~) 

m1{o 
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Likelihood contours.f. (~o,)d 

~ = ~o ( I + A q 2 / m}o ) 
rea I form factor s 

0.4 

0.3 

0.2 

0.1 

o +1.0 to 
-0.1 

-0.2 

-3:10 e 

XBL683- 2414 

Fig. 22. Likelihood function for S, real and energy-dependent, from 

Th -1.14 d -3·10 3133 K~3 events. e e an e contours give the 

limits of 1 and 2 standard deviations. 
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which is Eq. VI-l, with ~ A. Thus we can interpret Fig. 22 as 

suggesting there is no large linear q2 dependence in the f form 

factor. If the A parameter is due to a pole term dependence, the 

results in Fig. 22 are invalid for A > 0.2. An analysis of our data 

2 for q dependence of the form 

2 
m 

2 2 
m + q 

gives the result that any values of m greater than 500 MeV are 

equally goodj the corresponding values of's are all'" -1.0. We find a 

the lower limit for acceptable m to be '" 250 MeV. 

Given the values of S listed in Table VIII we analyzed the data 

+ to determine the magnitude of ~ polarization, PTOTAL along the 

direction predicted for each event. For all the data we found this 

component to be + 0.9 ± 0.1, in agreement with the expected value of 

+1.0. 
2 The results for PTOTAL from data in separate bins of q are 

listed in Table VIIIj they are consistent with each other and with 

the predicted value. We obtain essentially the same values if, 

instead of assuming S to be real, we calculate PTOTAL using the 

results for complex S given in Table VII. 

The discussion of this section can be summarized as follows: 

with s = lsi ei~, we find lsi = 1.0 ± 0.5, ~ = (200 ± 30)Oj for. 

2 2 2 
s (q ) = s ( 0 )( 1 + 2 q 1m reO ), we have H 0) = -1. 0, ~ -0.04, the errors 

given by the contours of Fig. 22j and for ~ real and constant, our 

result is ~ = -0.95 ± 0~3. 
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+ Measurement of K Mean Life 

We determined + the K mean life for each of the decay modes, K , 
/J.3 

For each event the observed time between the K+ stop 

and the subse~uent decay signal was displayed by a row of binary-

coded lights and recorded on film with the spark chamber tracks. We 

used a delay-time to pulse-height converter with an analog-to-digital 

converter to digitize the observed K-decay time. The time distribution 

of the 3133 K/J.3 events is shown in Fig. 23. Zero time is at the 

right of the figure. Also shown are the Kn2 data and half the K/J.2 

data. During some of the KIJ.2 runs the display control for the binary 

lights failed to store certain bit configurations; these data are not 

included in the analysis. 

We calibrated the time digitizer by delaying the K-decay signal 

and allowing the system to be triggered by pions in the beam which 

scatter towards the range chamber. We found the calibration to be 

1 channel = (2.2 ± 0.2) nsec. 

To keep our measurement of the mean life free from the resolving-time 

effect of the apparatus we limited the data to events from channel 20 

through channel 8, as shown in Fig. 23. 

We calculated the lifetimes and their uncertainties from the data 

in Fig. 21 using the method of Peierls.16 In this analysis the mean 

life T is the solution to the e~uation 

where T is the time during which data are taken and s is the observed 

mean life 
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L t. 
l. 

all decays 
s = no. of decays 

th 
ti = time of i decay. 

Following the procedure of Peierls16 we have found the uncertainty in 

the mean life, ~~, to be given by 

with 

. / 2 l~ 

[ 
~3(1_e-T ~) ] 

~~ = ~ -a-( l-_-e...;..,-T"..;7:,.....~-) ';"'_b-[-l-_e:""'--=T,-rh-(-l-+ -=!=-)-] 
~ 

. s 
a = s(­

~ 

Table IX gives our results for the K~3' K~, and Kn2 1ifetimes. Each 

+ Table IX. Results of measurements of K mean life. 

Decay Mode Events Mean life (channels) (nsec) 

K~3 1635 6.0 ± 0·5 13·2 ± 1.6 

K~ 773 6.6 ± 0·7 14.5 ± 2.0 

Kn2 278 6.3 + 1.2 13·9 ± 2·9 

combined result 6.2 ± 0.4 13·5 ± 1.5 

of these measurements is consistent with each other, as expected for 

the lifetimes of different decay modes of the same particle. If we 

+ lump together the three measurements of the K mean life, we have 

10 ~ = (13.5 ± 1.5) nsec, in reasonable agreement with the accepted 

value, ~ = (12.34 ± 0.05) nsec 

We investigated the possibility of a dependence of xhe parameter 
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+ s on the proper time of the K~3 decay. We divided the K~3 data into 

two samples according to the observed decay time of each event and 

analyzed each sample to ~etermine S, assumed real and constant. We 

found s = -0.8 ± 0.4 from K~3 decays occurring promptly (in channels 

25 through 20) and s = -1.0 ± 0.4 from K~3 at longer times (channels 

19 through 1). These results are consistent with the assumption that 

s is independent of the decay time. 
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VII. DISCUSSION 

In a study of the muon polarization direction for completely 

+ 2) reconstructed K~3 decays we measure the form factor s(~ . Assuming 

2 s to be real and independent of ~ , we find 

s = -0·95 ± 0·3· 

+ 
Since the direction of the ~ polarization vector is predicted as a 

function of s(~2) for each event of specified kinematics, the 

2 experiment allows a determination of the ~ dependence. Our measurement 

of the muon polarization is directly sensitive also to the presence of 

an imaginary part of S, corresponding to the violation of time-

reversal invariance, as we determine the polarization component out of 

the decay plane. The results indicate that the form factor s(~2) is 

real and constant, within limits given in the previous section. 

+ We find the magnitude of the ~ polarization along the direction 

predicted by our result for s to be 0.9 ± 0.1. This value confirms 

the prediction of the two-component neutrino theory that the muon be 

fully polarized along some direction, and is in good agreement with 

the description of K~3 decay given by E~. 1-3. Background events in 

the K~3 data or systematic errors in the reconstruction of events 

reduce the apparent magnitude of the muon polarization; our measurement 

suggests that these effects are small. 

Previous measurements of s(~2) in K+ and ~ decay are summarized 

in the review article of Lee and Wu.15 We list these results for S 

in Table X, which is copied from the review article. Recently 

published experiments to determine S which are not included in this 

review are listed in Table XI. Two measurements of a single component 
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Table X. SUWMARY OF MEASUREMENTS OF E 

Source Experiment ~ Values 
. I ~ 

Callahan et aL (17) 11A+ ~pectrum Re E 
+1.1 

0.0 
-0.9 

IlmEI - O.O±l.O 

Muon longitudinal polarization( Re E 
+0.9 

-0.1 

K,.,+/K.,+ branching ratio 

TO spectrum aud TI' angular 
correlation . 

Muou total polarization 
(S.1.v.»=O.04 ±0.35 

11111 EI -

-3.3 

+1.4 
0.5 

-0.5 

For 1m E- 0 
Re E -+0.40±o.40 

or ... - 6.98 ±0.40 

For 1m EGO 0 . 
Re E ... +0. 72±O.37 

Ref 
1m E 

-l.·a1.8 
+1.6± 1.3 

Combiriedresulis from above I Re { ... +0.34±0.24 
experiments 

+0.57 
1m E ... 0.09 

-0.87 

Table X - (continued) 

Source 

I 
Experiment 

Bisi-;t'~I:(18;' .. 
"-- ---- .... - ----,,+ spectrum 

Kill branching ratio 

or 

'( , Jensen et al.. 19 J p+ and TO spectra and angular 
correlations . 

Giacomelli et al. (20 p+ spectrum 

Brown et al.;(21: p+ and TO spectra and angular 
correlations 

Cutt$ et al.;(22~ p+ spectrum and P"R 

Smirnitski & P"ft (longitudinal polarization) 
Weis..'lenberg (23) '. 

Croves et al."(24) p- spectrum 

Borreani et al .. ,(25) Pili (longitudinal polarization) 

Bartlett et al. (26) (Si(P»-+0.02 ±O.07 
For ]('> decay 

---- - -

~! 

E Values 

----.~--
_._. -

1m E = 0 
Re E > -3.3. 

1m E == 0 
Re E "" 0.6±0.S 

or -7.3±0.5 

1m E = 3.5 ±0.50 
Re E "" -0.75 ±O.S 

Re E = -1.2±1.0 
O~Hm el ~2.4 

at 90% confidence level 

For 1m E= 0 
Re E = +O.7±O.S 

For 1m E= 0 
Re E = +1.8±1.6 

For Re E- O 
0.8<lm E<2.6 

For 1m E'" 0 
0.2 <Re E< 1.4 

For 1m E- O 
Re E ",,+2 

For 1m E= 0 
Re E ... 0 

For 1m E=- 0 

+2.4 
Re E == 1.2 

-1.8 

ImE = +0. t ±0.3S, 
assuming Re E=O 

I 
I--' 
o 
Vl 

I 



Table XI. . + 0 Recent measurements of s ln K and K decay. 

Source Decay Experiment Result for s, assumed 
constant 

Eisler et al.27 K+ 
f.L3 

Dalitz plot distributions Re s = -0.5 ± 0.9,Ims 2·3 

28 KO Dalitz plot distributions Re S = 1.2 ± 0.8,Ims = 0 Carpenter et al. 
f.L3 

Auerbach et al. 29 KO + 
perpendicular polarization Re s = -1.2 ± 0.5,Ims = 0 

fl3 fl , 
I-' 

Young et al. 3O KO + 
Im s = -0.01± 0.07,Re~= 0 ~ 

fl3 
fl transverse polarization 

Bettels et al. 31 K+ + 
fl3 

fl total polarization Re s = -1.0 ± 0.3,Ims = 0 

This experiment32 K+ + 
f.L3 

fl total polarization Re s = -0.95± 0.3,Ims = 0 

or: 

S + 0.5 Re = -0·9 4 o. 

Im s = -0.3 ± 0.5 

". 
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of ~+ polarization in K~3 decay have recently been reported. 29 ,30 

o These results for ~ from K experiments, as given in Table XI, are 

consistent with the results of this experiment, in agreement with the 

requirement of the 6I = l~ 

Previous determinations of 

studies of the Dalitz plot 

+ + 
ratio of the rates K~3/Ke3: 

rule that ~ 

~(q2) . K+ 
ln ~3 

distributions 

be the . + 0 same ln K and K decay. 

decay are primarily from 

or from measurements of the 

R 
f(K+ ~ ~o + ~+ + v) 

f(K+ ~ ~o + e+ + v) 
(VII-l) 

These experiments are insensitive to the presence of Im ~, and their 

determination of the real part of ~ is strongly affected by possible 

2 
q -dependences. In practice it is necessary in these experiments to 

assume ~ to be real and constant. The measurement of ~ from the ratio 

R, Eq. VII-l, requires the further assumption of ~-e universality, 

under which principle the form factors in Ke3 and K~3 decay are 

identical at identical values of q2. The determination of ~(q2) from 

the measurement of the direction of the muon polarization vector for 

events of specified kinematics is independent of these assumptions. 

This experiment has the further advantage that ~(q2) is found independently 

from each completely-reconstructed K~3 event. For this reason our 

results are not sensitive to systematic effects in selecting the 

event; we were able to apply strong criteria to assure a pure ,sample 

of data. 

In Table X the measurement of ~ with the smallest qU9ted uncertainty 

is that reported by Callahan et al. j
17 their result of ~ = +0.34 ± 0.24 

is in disagreement with our measurement. The value for ~ given by 



.. ;'. 

-103-

Callahan et al. 17 i.s a combined result for separate experiments from 

the same data sample. As seen in Table X, the n~ber quoted for ~ 

is derived primarily from a measurement of the K~3 Dalitz plot 

distribution (~o spectrum and ~-~ angular correlations) and a measure-

ment of the parameter R (Eq. VII-I) from the observed K~3 and Ke3 

decay rates. Both these methods· of determining ~ have experimental 

difficulties not encountered in the muon polarization-method. Tne 

methods of Callahan et al.17 require an accurate knowledge of the 

experimental detection efficiency as a function of the K~3 kinematics. 

By contrast, in the polarization experiment ~ is determined from 

each event rather than from the data, collectively, and so is 

independent of the K~3 detection efficiency. One does need to know 

the detection efficiency for ~-e decays -- the analyzing power of 

the apparatus -- but one can calibrate the apparatus directly with 

K~ events. 

The measurements of Callahan et al.17 and similar experiments 

require far more serious corrections to the data· than those needed 

in polarization experiments. To give an example, the K~2 decay mode 

(K+ ~ ~+ + nO) with a ~+ decay-in-flight is a serious source of 

+ + background in all K~3 experiments; with the ~ continuing along the ~ 

direction-of-motion, the event is kinematically indistinguishable from 

a KJ..I.3 decay. In our analysis we simply eliminate from the K 3 data 
~ . 

all events with kinematics resembling that of a K 2 decay. Certainly . ~ 

we lose some K~3 events in this way, but we do not bias our result 

for~. The K~3 branching ratio and Dalitz plot measurements require 

a correction for data lost in such a manner as well as an accurate 
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calculation of the remaining background c:ontaminaticm. To calculate 

background contributions accurately one again needs to know detection 

efficiencies with precision. 

In Table XI we give the result of a recent experiment by Bettels 

et al.,31 in which the polarization method is used to determine s. 
This result, S = -1.0 ± 0.3, is in good agreement with our measurement. 

The apparatus used by Bettels et.al. 31 was completely different from 

our spark chamber apparatus. 
. + 

In their experiment K~3 decays were 

observed in a heavy liquid bubble chamber. Due to the presence of 

a strong magnetic field in the chamber, only that component of 

polarization parallel to the field could be measured. For each K~3 

event with subsequent ~-e decay they observed the direction of the 

decay electron momentum with respect to the magnetic field direction. 

The data sample of Bettels et al. 31 consists of 6000 K 3 events, 
. ~ 

compared to the 3133 events in our experiment. With a magnetic field 

they lose polarization information; consequently the uncertainty 

quoted in the result for s is the same in both experiments. 

Stiening33 has suggested an explanation of the discrepancy between 

the values of s determined from muon polarization experiments and 

from the K~3/Ke3 branching ratio measurements. We have remarked that 

i(he determination of S from Eq. VII-l requires the assumption of 

~-e universality -- the assumption that the form factors in K~3 and 

Ke3 decay are identical. Stiening33 notes that if one allows 

universality to be violated, the measurement of S from the two methods 

can be made compatible. The amount of violation of universality 

required is not ruled out by present tests of universality in strange-
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particle decays. Even with universality violation, however, there 

remains the disagreement between the polarization experiments and the 

experiments measuring the K~3 Da1itz plot distributaons. 
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APPENDICES 

A. Solution of Kinematics 

We calculate the possible solutions of the kinematics to the decay 

K+ ~ nO + ~+ + v with the subsequent decay-in-flight o 
n ~ '1 + '1' We 

observe the K decay at rest at a known position and measure the direction 

and range of the charged decay particle, as well as the positions of the 

gamrm. ray conversion points. As shown in Fig. 24, we define the quanti ties: 

'" p~ = unit vector in the direction of the charged particle, 

'" '" kl , k2 = unit vector in the directions of the gamma rays, 

-1 '" '" cos (kl 'k2 ) = opening angle of the gamma rays (defined 

< 1800
), 

~ 

E~, p~ = total energy and momentum of the charged decay particle. 

All these quantities are experimentally determined. 

Applying conservation of momentum to K~3 decay gives the 

following equations 

and 

Here 

PK=P +p +p 
n ~ v 

are the four-moment a of the o + 
:n: , ~ 

(A-l) 

(A-2) 

and v; 

and kl , k2 are the four -momenta of the gamma rays. From Eq. (A-2) 

we obtain 
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XBL 686-1050 

Fig. 24. a) Diagram of a K~3 decay; b) the decay with measured 

parameters indicated. 
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2 
m 

:n: 

where E1 2 , 11(1 2 1, while from Eq. (A-l), evaluating PK in the K+ , 
rest frame, 

W l( 2 + m2 + m2 ) 
= 2~ :n: f.1 

Combining equations (A-3) and(A-4), we find: 

2 
m 

:n: 

(A-4) 

(A-5) 

Equation ~-5)gives the two possible pairs of gamma-ray energies consis-

tent with Kf.13 kinematics, corresponding to the two possible signs in 

the numerator of the expression for El . All the variables are defined 

in Eq. (A-~ and are experimentally measured. For each pair of gamma 

energies the corresponding complete solution to the Kf.13 kinematics 

follows directly as, 
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B. Calculation of Likelihood Normalizations 

The likelihood function used in determining the parameter s 
has the form: 

N 
II 

i=l 
f(S ,x. ) 

l 

where the product is taken over N events of the normalized ~-e 

decay distribution function 

f(S,x.) 
l 

Here x. = [~ ·8 (s)J., and P is the magnitude of the muon polarization 
l e ~ l 

along its predicted direction A 
(J • 

~ 
The normalization constant 

obtained from the condition 

+1 

~ f(s,x)E(x)dx 1 

"'-1 

c. 
l 

The function E(x) represents the experimental efficiency of the 

apparatus in detecting ~-e decays. We had difficulty in observing 

is 

the decay if the electron direction Pe continued along the direction 

of the incident muon, Because of this inefficiency we imposed a 

cut in the data, eliminating all events with the electron decay within 

a forward cone about A 

P . 
~ 

Outside this cone we took the efficiency 

E(X) to be unity. The normalization integral then becomes 



J f(~ ,x)dx 

all x outside 
cone about P 

[J. 
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1 
211 J f( ~,cos 9) sin 9d9dcp 

all 9,cp outside 
cone about p 

[J. 

Figure 25 shows the space over which the normalization integral is to 

be made. The "'- axis is the polarization z 

and 

yz 

:; axes are chosen 

plane. We define 

-1 
cos (P '2) 

[J. 

such that the muon 

9 half angle of cone about p 
a [J. 

direction, "'- and the ~ (J 
[J.' 

direction ~J-l. lies in the 

Events with p .p > cos 9 were excluded from the data, We integrate 
e [J. 0 

the probability distribution over all decay distributions outside this 

cone. This distribution function is: 

f( ~, cos 9) 
1 P = C"(l + 3" cos 9) 

which, in a coordinate system about 

2' 

x' = ~ 

becomes 

p: 
[J. 

1 P 
f = C"[l + 3"(cos 92 cos 9' - sin 92 sin 9' sin ~,)], 
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XBL 686-1049 

Fig. 25. Calculation of likelihood normalizations. 
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so that the normalization condition is 

2n n 
1 
2n ~ I ~[l + 5(COS 92cos 9' - sin 92 sin 9' sin ~')] 

o 9 

sin 9Id9Id~' 1 (B-1) 

Solving Eq. (B-1) for the normalization factor c, we find 

c 
P cos 92 

(1 + cos 9 )[1 - 6 (1 - cos 9 )]. o 0 
(B-2) 

In the analysis for the parameter s we assume the muon to be fully 

polarized (p = 1), and observe the distribution of the electron decay 

direction with respect to the predicted polarization directions, 

In this case we have 

c.(s) = (1 + cos 9 )[1 - ~(l - cos 9 )(p ·8 (s)).]. 
1 0 0 0 e [l 1 

8 (s). 
[l 

Having found s we use the likelihood to measure the magnitude P of 

polarization along the predicted direction. From Eq. (B-~we then have 

c.(p) = (1 + cos 9 ){1 - ~(l - cos 9 )(p ·8 (s)).] 
1 0' 0 0 e [l 1 

In determining the average muon polarization components in the K-decay 

rest frame we define for each event orthogonal axes ~L' ~ E:.L. T, For 

the longitudinal component, 

1, 
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so that 

P 
(1 + cos 9

0
)[1 - ~(l - cos 9

0
)J . 

. ~, 

The transverse and perpendicular axes are orthogonal to the muon 

direction, 

cos 9 = p.~ = ~.~ = 0 
2 ~ T ~ 1 

and we have 

" 
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C. Comparison of Prompt/Delayed Kfl3 Data 

We studied events, observing the + 
fl and its subsequent 

decay, provided the fl-e decay came within a given time from the 

initial K+ decay. We obtained data from two different values of this 

waiting period: the data subjected to the polarization analysis, 

for which we observed fl-e decays up to a time t d , and a smaller 

amount of "prompt" data, with decays observed to time t 
P 

fraction of muons which decay within a time t is given by 

f l .. e -tiT 

The 

where T is the muon lifetime. Defining R as the ratio of the 

fraction of decays in the prompt data to the fraction of decays in 

the delayed data, we have 

so the predicted value of R is 

-t h 
l-e p 

-t /-r 
l-e d 

(C-l) 

The data consists of events with fl-e decays and events without decays, 

"stops" as called by the scanner. From the observed number of events, 

we calculate 

(C-2) 

..,. 
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where D, S are the numbers of decay events ar"Q of It stops" in the 
p p 

prompt data; Dd,Sd are the corresponding numbers for the delayed data. 

In addition to these numbers of true KIJ.3 events, there may be back-

grounds which can be interpreted as KIJ.3 events with IJ.-e decays. 

From sources such as Kn2 decays with a + 
n interaction in the range 

chamber, the frequency of these background events will be independent 

of the time allowed for the IJ.-e decay, but proportional to the number 

of actual KIJ.3 events. If we define B as the number of events in 

the delayed data due to such backgrounds, then the experimental value 

of R is 

which reduces with Eq. (C-2) to: 

== 

From the observed value ~ and the theoretical value calculated 

with Eq. (C-l), we can calculate f
B

, the fraction of background 

"decays" in the delayed KI-+3 data. 
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D. Depolarization by a Magnetic Field 

Our method of measuring muon polarization required that the 

magnetic field be small in the region of the ~-e decays. We delayed 

firing the range chamber for 3.5 ~sec, about 1-1/2 muon lifetimes, so 

that the decay electron track would be frequently observed. For each 

event we did not know the time after the muon came to rest that the 

decay took place. Significant procession of the muon spin duri~g the 

time the apparatus was sensitive to a decay would have affected the 

polarization measurement .. We enclosed the range chamber in a double 

walled iron box to reduce the magnetic field in the decay region. The 

residual field was less than 200 milligauss. 

To estimate the actual depolarization in our data due to the 

magnetic field, consider a muon at time t=O with polarization of magnitude 

P along some ,aXis •. 
o 

The spin is processed with frequency n so 

that at-time t the observed polarization P will be 

P 

where n 

If we measure 

which becomes 

" ' 

= P cos nt , 
0 

= W 18 x HI;w = 8.51 x 10
4 radians/gauss-sec. 

0 0 

the muon polarization by observing all decays from 

[
tl -tiT dt 

cos nt e' -o T 
: t 

f. 

~(";t/T dt 
: e 

T 
',: 0 

t,ime 

f' 



p 
p -

o 

The muon lifetime, T, 
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-tl/T( ) l-e i cos DT sin Dtl 

(1_e-tl/T)(1+D2 T2) 

10 
is 2.2 ~sec and tl was 3.5 ~sec. The f,raction 

of remaining polarization, plPo' as a function of a magnetic field 

transverse to the polarization direction is shown in Fig. 26. We 

measured all components of the field throughout the decay region under 

'magnet and accelerator conditions similar to those during the data 

collection. The largest component observed was less than 200 milligauss, 

a value indicated by the arrow in Fig. 26. From magnetic fields of 

this magnitude there is no significant depolarization. 



Q) 
::J 
~ 

+-' 
Q... 

"'" -0 
Q) 

> 
~ 

Q) 
(f) 

..0 
0 

CL 

.9 

.5 

.4 

.3 

.2 

.1 

o~ o 

-124-

5 
magnet ic field 

10 
(gauss) 

XBL 685-881 

Fig. 26. Apparent muon polarization as a function of magnetic field 

transverse to the polarization direction. 
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') LEGAL NOTICE 

This report was prepared as an account of Government sponsored work. 
Neither the United States, nor the Commission, nor any person acting on 
behalf of the Commission: 

A. Makes any warranty or representation, expressed or implied, with 
respect to the accuracy, completeness, or usefulness of the informa­
tion contained in this report, or that the use of any information, 
apparatus, method, or process disclosed in this report may not in­
fringe privately owned rights; or 

B. Assumes any liabilities with respect to the use of, or for damages 
resulting from the use of any information, apparatus, method, or 
process disclosed in this report. 

As used in the above, "person acting on behalf of the Commission" 
includes any employee or contractor of the Commission, or employee of 
such contractor, to the extent that such employee or contractor of the 
Commission, or employee of such contractor prepares, disseminates, or pro­
vides access to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 
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