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Abstract 
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The current distribution on a short, plane electrode in the wall 

of a flow channel is calculated at various fractions of the limiting 

current. Near the limiting current, the current density exceeds the 

local limiting value near the downstream end of the electrode. 
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Introduction 

An important geometry in electrochemical industries involves channel 

flow between two plane, parallel electrodes as shown in figure 1. A 

complicated procedure for treating this problem is outlined in reference 1. 

This is based on the concept2 that concentration variations are restricted 

to thin diffusion layers near the electrodes, which allows separate treat

ment of the diffusion layer and the potential distribution outside the 

diffusion layer. This concept has been applied to the rotating disk elec

trode. 3
,4 HOI-leVer, it is difficult to treat the channel problem, and the 

present paper is restricted to the consideration of one electrode. If 

the distance between the electrodes is much greater than the length of the 

electrodes, each electrode behaves independently. This assQ~ption greatly 

simplifies the determination of the current and concentration distributions 

on the electrodes. 

The following assumptions will also be made: 

1. The electrode is embedded in an infinite, plane, insulating wall. 

2. Fully developed, laminar flow prevails, and the velocity can be approxi

mated by a linear profile near the wall, within the diffusion layer. 

3. Dilute-solution theory with constant physical properties is applicable. 

4. The transport equations used here apply to either the deposition of an 

ion of a Single salt or the reaction of 'an ion in an excess of '.supporti'ng 

electrolYte. The effect of ionic migration for intermediate cases is not 

considered. 
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Mathematical Formulation, of the Problem 

The mode of approach is described in references 1, 2, and 3. The 

potential in the electrolytic solution outside the diffusion layer 

satisfies Laplace's equation in two-dimensional form: 

(1) 

where \D is the potential measured by a reference electrode of the same 

type as the working electrode. The appropriate boundary conditions are 

d\D/OY = 0 at y o for x < 0 and x > L , 

d\D/dy = -i/K.oo at y = 0 for 0 < x ;-::: L. 

Equation 2 applies to the insulating surface bounding the electrode, and 

, equation 3 relates the normal potential gradient to the electrode cur-

rent density, where K.oo is the conductivity of the solution outside the 

diffusion layer. 

Wagner5 gives the solution of equation 1 subject to conditions 

, 2 and 3: 

(4 ) 

o 

'* ,where \D is an integration constant reflecting the arbitrary zero of 

potential. The potential \Do near the electrode surface is then 

*. 1 
= \D - 27TK. 

00 

L 

J , 2 
i (x ') Lx (x-x ') dx I • 

o 

Thj.s should be regarded as the potential of the solution outside the 

diffusion layer extrapolated to the electrode surface as if the actual 

current distribution prevails but there is no concentration variation 

riear the elec'trode. 
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Another integral equation can be developed for the diffusion 

layer. 1 The limiting current distribution for such a plane electrode is 

• .nFDcoo (b )1/3 
i(x) = - (1-t)r(4!3) \9Dx ' (6 ) 

where b, a constant, is the slope of the velocity profile at the wall 

(b=dVx/dY at y=O). We assume here that the concentration variation is 

confined to a thin region near the electrode surface. Thus the velocity 

profile within this diffusion layer is linear in y.This approximation 

is valid when L < 0.02 <V>h
2/D. Equation 6 applies when the concentration 

of the reactant-is zero at the electrode surface. Application of Duhamel's 

theorem to~equation 6 gives a relationship between the current density 

distribution and the surface concentration, for currents below the limiting 

current. 

i(x) 
nFD (b )1/3JX dCo(X') ax' 

(l.-t )r(4/3) \9D dx' (' -, )1/3 • x-x 
o 

In many cases the electrode kinetics allow the current density and 

the surface overpotential 1]s to be related by an exponential expression: 

i(x) . GC 9Y
[ '{aZF If -{ t3ZF }l 1 -- exp --- 1] - exp - --- ~ -I 

o~ RT s RI'SJ' 
(8 ) 

where a, and i3 are characteristic parameters of the electrode and io _ is 

the exchange current density at the bulk concentration. - The exchange 

current density at the electrode is taken to be proportional to the sur-

- face concentration Co raised to the power y. The surface overpotential 
~ . 

is related to the electrode' pot.ential V by 

1] = V - -~ - q , soc 
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wherel1c is the concentration overpotential and is taken to be2 

l1c = -(Rr/ZF)[L'JIL (cJco ) - t (l-co/c oo)] , 

where 

Z = -z+z_/(z+-z) for a single salt, 

Z = -n with supporting electrolyte. 

(10) 

(11) 

If there is an excess of supporting electrolyte, the transference number 

t will be zero. 

Instead of the integral equation 7, it might have been possible to 

treat the diffusion layer with some sort of power series in x, similar 

to the method used for the rotating disk. 3 However, even with the disk, 

a power series introduces numerical difficulties which can be avoided 

with an integral equation. 4 This is demonstrated in figure 2, recalculated 

for the rotating disk with an integral equation similar to equation 7. 

Comparison with figure 7 of reference 3 shows that the curves are nearly 

the same with one important exception. The current density can rise 

above the limiting current near the edge of the disk and then go through 

a maximQ~ as the limited supply of reactant becomes decisive. However, 

it cannot rise again near the edge of the disk as shown in the earlier 

work. Thus, from a practical point of view, the integral equation is 

superior to a power series and will be used in the present work. 

Numerical Calculations 

To determine the current and concentration distributions along the 

electrode, equations 5 and 7 must be solved along with equations 8, 9, 

and 10. The integral in equation 5 .Tae evaluated .by Simpson f s method. 

The singularity at x'';''x was removed by adding and subtracting i(x) "as 
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Figure 2. Current distribution on a rotating disk for 
Tafel kinetics. For the definition of the parameters, 
see reference 3. 
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suggested by Kantorovich and Krylov~ 6 For a given distribution of total 

overpotential T) +T), the integral equation 7 was solved in conjunction 
c s 

with equations 8 and 10 by the method of Acrivos and Chambre. It might 

be noted that equation 7 is a special form of a more general equation 

which can be applied to other flov7 geometries, for example, the rotating 

disk electrode. 

The nQmber of intervals required to obtain accurate results varied 

between 50 and 140, depending upon the uniformity of the current distri-

bution. The answers v7ere checked by increasing the number of intervals 

and were considered to be satisfactory if they did not vary by more than 

1 percent "\-1i th an increase of 20 intervals. 

The following iteration procedure was used: 

1.. The current density was specified at x=O. Since c =c at x=O, this o 00 

also specifies the total overpotential at x=O. As a first guess, this 

total overpotential was assumed to apply over the entire electrode. 

2. For a given distribution of total overpotential, the current density 

and surface concentration were determined from equations 7, 8, and 10. 

3. From the current distribution, nev7 values of the total overpotential 

were calculated from equations 5 and 9. If the new and old values of the 

total overpotential differed by mOre than 0.01 percent, these values were 

averaged (usually with unequal weights on the ty70 values) and put back 

into step 2. 

This procedure appears to work well over almost the entire range 
, 

between the secondary and limiting current distributions. Convergence 

was always achieved in less than 35 iterations for the cases considered. 
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Results 

The number of parameters required to describe a given situation 

can be minimized by defining three dimensionless quant.ities: 

J=ZFL i , 
RI' 1<.00 0 

5 -

(12) 

These are analogous to those defined for the rotating disk problem. 3 

J, N, and 5 can be regarded as dimensionless exchange, average limiting, 

and average current densities. The limiting current corresponds to 

° = 0.807 N. The total number of parameters required to define the prob-

lem will now be seven--J, N, and 0, the transference nQ~ber t, and ~, ~, 

and Y characteristic of the electrode. 

The two extreme cases are the primary and limiting current distribu-

tions, shown in figure 3. The primary current occur,s when the electrode 

is reversible and there are no concentration effects (N=oo and J=oo). 

Wagner5 gives the primary current distribution as 

2 -1/2 i/i = (l/rr) [x/L - (x/L) ] • avg ! (15) 
\ 

When the current is limited solely by the rate of mass transfer through 

the diffusion layer, the limiting current distribution, obtained from 

equation 6 is 

The secondary current "Till result ",hen there is a surface over-

'. ...l _ ~ "(.. 

I;' :/ . 
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Figure 3. Primary and limiting current distributions 
on a plane electrode. 
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potential but no mass transfer effects. For sufficiently small currents 

(5« J), the polarization law 8 can be linearized to 

i = (a+~)(ZF/RT) i ~s • 
.. 0 

(rt) 

Wagner5 calculated secondary current distributions ,as a function of the 

coefficient in equation 17. A linear approximation can also be made if 

the current distribution is fairly uniform, say 5 < 0.5, even if Jis 

small. 

If, on the other hand, the average current is much greater than the 

exchange current (5)> J), Tafel polarization will apply 

(18) 

IJ 

(For anodic currents, the term in a would be retained.) Gnusin, Poddubnyi, 

Rudenko, and •. Fomin8 determined the secondary current distribution as a 

function of the average current. 

Before considering the case where mass transfer effects are important, 

we compared our calculated secondary distributions with those in these two 

papers. Comparison for the rotating disk3 served as a check on the mass 

transfer calculations. 

Because mass transfer effects occur at higher current densities, we 

used a Tafel polarization lavl in subsequent work considering concentration 

variations. Figure 4 shows the current distribution for N=IOO and average 

current densities at various fractions of the average limiting current. 

At low currents, the distribution is close to the secondary distribution, 

and mass transfer becomes important only at higher currents. At greater 

than about 75 percent of the limiting current, the current cannot continue 

to increase near the end of the electrode because of mass transfer limi-

tations. 
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Figure 4. Current distribution for Tafel polarization 
at various fractions of the average limiting current. 
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Concentration profiles are shown in figure 5 for various values 

of N. For the case of N=lOO at 75 and 95 percent of the limiting current, 

there is a slight increase of reactant concentration near the front of 

~. .. 

the electrode, (x/L F::J O.l),resulting from the rapid drop in current density 

near the front of the electrode. The concentration then has a chance to 

increase a little before the current density begins to increase. 

In figure 6 the ratio of the maximum to minimum current density has 

been plotted against the fraction of the'limiting current, giving an 

indication of the uniformity of the current distribution. At a given 

fraction of the li~iting current, the current distribution becomes less 

uniform with increasing N. In all cases the effect of mass transfer is 

to make the current distribution more uniform near the back end of the 

.electrode. 

Conclusions 

. Current distributions on a plane electrode in the wall of a flm! 

channel are calculated while taking into account concentration variations 

near the electrode, electrode kinetics, and the ohmic potential drop in 

the bulk of the solution. The procedure is similar to that for a rotating 

disk, leading to the conclusion that the diffusion layer can be treated 

by a general method for hydrodynamic situations where the velocityderi

vative at the electrode surface is known. Such calculations can thus 

be carried out for geometric arrangements 'i{here it is also possible to 

treat the potential distribution outside the diffusion layer. 
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Figure 5. Surface concentration distribution for Tafel 
polari zation near the limiting current. 
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Figure 6. Ratio of maximum to minimu.m current for Tafel 
polarization versus the fraction of the average limiting 
current. 
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Nomenclature 

= 6 (v> /h, velocity derivative at the wall of the channel, sec-
1 

- concentr~tion at electrode surface, mOle/cm3 

- bulk concentration of reactant, mOle/cm3 

- diffusion coefficient of reactant or of binary electrolyte, cm
2
/sec 

- Faraday's constant, 96,487 coul/equiv 

- height of channel, cm 

normal current density at electrode surface, amp/cm
2 

exchange current density, amp/cm
2 

i-average current density, amp/cm
2 

avg 

i-average limiting current density, amp/cm
2 

lim 

J - dimensionless exchange current density [see equation 12] 

L - length of electrode, cm 

n - nQmber of electrons produced when one reactant ion or molecule reacts 

N - dimensionless limiting current [see equation 13] 

R universal gas constant,joule/mole-deg 

t - transference number of reactant 

T - absolute temperature, reg K 

<i» -average velocity, em/sec 

v - potential of electrode, volt 

x distance along electrode, cm 

y - normal distance from electrode, cm 
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z. charge nQmber of species i 
1. 

Z - see equation 11, 

0,,13, Y - parameters in kinetic expression [see equation 8] 

r(4/3) = 0.89298, the ga~ma fUnction of 4/3 

II> 
o 

- dimensionless average current density [see equation l~] 

_I concentration overpotential, volt 

- surface overpotential, volt 

-1 -1 - conductivity of bulk solution, ohm -cm 

- potential in bulk so~ution, volt 

- potential in bulk solution extrapolated to electrode surface, volt 
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