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BOUNDSL’FOR'“THE ROOTS OF CERTAIN POLYNOMIALS AND MATRICES
| Harold Hanerfeld

Lawrence Radiation Laboratory
University of California
W Berkeley, California

June 1968

ABSTRACT
Bounds for the roots of polynomials and matrices are sought. A num-
ber of such bounds are found for the case where the polynomial has only posi-
tive roots. - A lower bound for the magnitude of the least root of an arbitrary
‘real polynomial is obtained. By considering matrices in tri-diagonal form,
the bounds are extended to matrices. Finally some bounds are given for the

least root of a positive definite matrix, depending only on the matrix elements.
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I. INTRODUCTION

When looking for polynomial and matrix roots we frequently wish to’
find only some of them. Often it is the least root or the first two, sometimes
the largest. In many cases a lower bound for the magnitude of the least root
will suffice.

The purpose of this report is to develop useful bounds for the roots of
polynomials ahd matrices whose roots are all positive. Since most of the
bounds given here are in terms of polynomial coefficients, some review and
background material is includedin Section II.: Section's IIIl and IV are con-
cerned with polynomial bounds, while Section V deals with matrices.

The bounds developed here are easily extended to matrices and poly-
nomials whose roots are negative. Some of the work might also be extended,

and indeed is, to yield bounds on the magnitude of arbitrary real roots.

II. REVIEW AND BACKGROUND
In this section we review some facts about polynomials with only posi-

tive roots. Let
FIN =N+ C z\n‘1+c )\n'2+au+c 2\2+-C A+ C =0
i 2 » ‘ n-1 n

be a polynomial all of whose roots are positive. Let 0 < ')‘\n < Nn-1 < )\n >
<+ .+ <\, <\ bethe n roots of F(\) = 0. We may express the coefficients

C.1 of F(M\) in terms of the )\‘i as follows

ci=-i txxc Z{'Axx

J>1 J>1
’ k> j

C = (-1)n~1 ﬁ N -1 c = (-1)" TnT
’ _n—i i iﬂjgi')\.j’- n . =1
Notice that the signs of the C; alternate with i. If we multiply F(\) by
(-1)n, we get

-

FN = £ = (-N™ + ag-N""1 ot o, (0772
+ a AN - a AN+a =0,
n-1 n

where the a; are all positive, and the roots of F(A) and f(\) are the same.
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We will consider further the polynomial f(y.) whose roots y; are the

inverses of the roots of f(\). Let

-1 ' -2 2
0=£(y) = (- + by -V # by (=) e D Y D Vb
But: 0
: 1 1
b = -”- —_— —
n i=1 Al a-n
TR T A I
b = = i —_ i}\ = — a, = —
n-1_n \. . )‘k n-1 a
¥ 1 2
n-2 =1 i=1 N 2, =t J)\k a
k>j " k> j
- n-1 1 =_1— n-1 an.z i n-1 _ﬁ_ Z\k ) a _,
2 i=1 2\1 )\j an =1 2\i Rj ah izt k=1 2\‘i }\j a,
j>1i j>i j>i
Zn: 1 1 i a‘n 1 i ﬁ_ _?:]_ an-1
b, = —_—= — — T e . - ,
1 i=1 )\1 an i=1 )\1 an i=1 j=1 )\1 a'n
.s0 that
1 1 ®p-2 2
=f(y) = (W = T (T
. n n .
a a
2 2 1 1
fa Y T vt
n n n

We will call f(y) the dual polynomial of f(A).

III. POLYNOMIALS, LOWER BOUNDS

First we will consider polynomials with only positive roots:

2

_ (_y\I _yyn-1 _n—Zoe' _
f(A) = (-A) +a1( A) +a2( A) + -I-an_z)\ an_1?\+an.
Let the roots of f(A) = 0 be 0 <A <N\ <+ o+ KN, €N\, .
n n-1 2 1
a
Lemma III.1 A ==
n -~ a
n-1

Proof. We have from algebra that



5

A
o)

~n
a'n =.TT Ai
n i=1
and — .
n —ll—!_i k\l n n 1
an—4 = 2 K — = _IT )\1 -  _)\—
=1 J 1:1 by ]
J j=
Then
n
n = 1= = < = 2\
a 4 n n 1 n 1 1 n
Tl_i )\i Zi . —Zi . )'\n
1= J= J J= J
2_n n
Lemma III.2 an_Z)\ 5 2.y 2\n + 5 & <0

Proof. From algebra we have that

_|1_1|_ n-1 1
a = [l A\ z;
n-2 i1 i i= )\J ?\k
k> j
an_z— 3;% 1 = _1_. a- .3_+ 1 £§3 _1_+
% j= >\j )\k )\n j= }\_] kn—i j;1 '}\j
k> j
n-1 n-2
R E R T o RO
n| j=1 3 j=1 3 1

Since 1/_A1 si/)\n_i
we have

n-2 " n-1

1 1 1

Yot < —

vttt S %

=1 7 1 =17
If n is even and k < n-2/2,

n-1-k k n-1

= 1 S
I P I e D M Wt
J= J J= J J= J

Putting Eq. (3.3) in Eq. (3.2), we have

B

-1

: 1
1N

Eq. 3.2 < K—
n

n
2

[
i
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(3.2)

(3.3)

(3.4)
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Equation (3.3) also holds when n is odd and k <(n-3)/2. If n is odd,

after combining terms in the manner indicated in Eq. (3.3) there remains the

term
n-3 , A . I
i ; | W
2 N e J
1= ?\j
But
n-3
2 n-1 :
LerEE
3=t 7 =t 7
So for n odd
-1 n-1
1 n-3 1| 1 _1 n 1
qu (302)SX— 1+_2_—+7 Z;—_—T——Z_ Z X,—e
n J:1 J- n. _]:1 J

Equation (3.4) has been shown to be true for n even or odd.

Continuing, we have

nz_4 on B 41 oa[& L1
a_ = 2\n 2 N 7\n 2 Z A N
_]:1 J _]:1 J n
From Eq. (3.1)
n; i.: a'n—i
Z N a
j=1 "
Then
an-Z< .1_ E an—i o 1_
a_ N 2 a_  a_ |’
n n n n
or &
, ™
a SN - a4 o a+ 2, <ol | (3.5) {
n-2 ‘n 2 n-1"™mn 2 n ,
Q.E. D, ,
We will show that the parabola
B 2 n n o .
pi(M-an_zk - za At a =0 (3.6)

has two positive real roots. Consider the discriminant
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(3 2,0)" -4 D ]1/2 af 4.8 e (3.7
(E n-t) #n-22%J  ° Z[n-i n “n-2 n] ’ +7)
4 where
n n 2 n n-1
2 2 1 2 1
/ a —]T A Z ~ , a a_= ] A
! -1 j=1 J <1=1 )\1> n-2 mn =1 I =1 N A
k> i
For n =
2
<é‘£—> -2 i o ’ = >0
i=1 i 1=1 i Tk 11 A
k>i !

n
For n >4 we have 8/n <2, and Eq. (3.7)2 5. 1/"12 > 0.

For n = 2, we have a, = )\1 A>s ay = )\.1 + )\2, ag = 1, and v
2 2, 2 2

(k1 +?\2.) - 4)\1 )\2- K1 ?\2 + 22\1 )\2 - 4)\1 ?\2— (7\.1 - ?\2) >0.
For n = 3 Eq. (3.7) also holds, but the result does not wé.rrant the space.
necessary to demonstrate it. That the roots are positive follows from
"Descartes' Rules'' and the above proof that they are real. pi()\) is convex
upwards (slope increasing with A). From Eq. (3.5), we have pl()\n) =<0,
Consequently_1f r, <r, are the roots of pi().\) = 0, then 0<r2 s)\n <ry.

\ | py(N)

For the sake of keeping all the results concerning lower bounds in the
same section, the following result of the next section is presented without
v proof,
- I p,(N)=0=a, N - (n/2) ai}\+n/2 has roots s
is the largest root of f(A) = 0, then

1 232>O, and 7\1

1
S1

<\, s

1
1 sZ"
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Lemma II1.3 0<

n-1

Proof. From Lemma IIl.4, we have an/a.n_1 < l\n. - We will show that

Py (ah/a'n-i) > 0, from which the Lemma. follows.

an : a.n : n a’n n A ('j
Py (2 - a'n-Z a T2 a'n-i a + Z %n
n-1 n-1 n-1

2 .

a-1’1
a.n_2 <a ) =0, . e e
n= Q. E. D.

Lemmas III.1 through III.3 have been concerned with polynomials with

positive roots. Lemma IIl.4 considers arbitrary polynomials with real roots
and gives a lower bound for the root with least absolute value.

Consider the polynomial with real roots.

PG o Ln-1 n-2 . 2
0=£(\)=x"+Db, A + b, N + th N tb 4y A+D .

Let the roots of £(\) =0 be 0 < |\ [< [N ,[< o< 0] < N}

Lemma II1.4

b
Nl el o
n .
(bo_y - 2b_ b,-2)
- -— n n-i * o o 2 -
Proof. 0 =1£(-N)=(-N".+ b1(-2\) + + bn—Z \ bn_1 N+ bn’
_ 3y = (_4\B 2D a2 2, 2
0= £ - f(-N = (FL)TNTT 4. (bn_1 anbn_z)k -l-bn
is an even valued polynomial in N . Let:'y = NZ. Then
0=f£(N) - £(-N) = £(y) = (-y)"+ -+ - (b , -2b_b___)y+b>
T AL LA n-1 °n Pp-2/ Y n’
0 = f(y) is a polynomial with real positive roots, so that
2
(b -2b b ) 20, In fact, .y, = )\2 . We may use either Lemmas III.1
n-1 n n-2 , i i
or Lemma IIL.Z2 to bound Y, From Lemma III.1 ?\\
b2 y
Yo BE, -2b b
n-1 n n-Z)
or
b
RS -l 172
n
bn-'l -2 bn bn-Z)
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Suppose we return to considering f(A\) = 0 with only positive roots.

Then b =a >0 and b > 0.
n n

n-2 - %n-2

Lemma IIL5. If the roots of f(A) = 0 are all positive, -then

a a
A = n = -2 >o0.

S PR L

Proof. a, > 0,‘ a4 >0, a _> > 0 'imply that
a ' . a . Ta
n = n 7 = n
3 17z = 2 \i/2° a
(an-—i -Zay an-Z) ( %n-1 ) n-1

" Q.E.D.
We will now give a technique for finding a lower bound for any of the

roots of a polynomial with real positive roots.

Lemma II1.6 If the roots of f(A) = 0 are all positive then,

a.
\ = 1 i=1,2,+++ n,
1. (n+1-1)ai_1

where n is the order of the polynomial.
Proof. ~ We know that the roots of f'(N) = 0 separate the roots of f(A) = 0.
Let \! be the minimum root of £'(A) = 0. A <N <\ :

n-1 ) n n-1 n-1

_ n-1 n-2
f'N=-n(-N"" - (o-1)ay (-0 7 -..0 +2a 5k-a .
From Lemma III.1 we have for f'(\) = Othat \' -, =2a_ ,/2a_ ,, so that
n-1 n-1 n-2
kn—"l = an_1/2 a_5 - In the same manner the roots of f''(A\) = 0 separate

the roots of f'(N) = 0. So A\ n-1 =< )\”n >

< N\ < A
n

2SN o We can show‘ln

the same way as above that

AM n-2 n-2
n-2 3.2 a 23 3a -3
So a _,
N U
n-2 n-2 3an_3
Continuing in the same manner, we find for i = 1,2, ... n that
a.
' 1
=
)‘i (n+1—i)a._1
! Q.E.D
a. a.
i i-1

It does not follow that < m+il-1+1a )

n+1-i)a -2

i-1
so that a lower bound obtained ‘fo'r, Z\i is frequently a lower bound for )'\‘i-i'

A better lower bound for .)\i could be obtained by using the root-separating
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relationship used in Lemma III.6 and the bounds found in Lemma's III.3 and

II1.5.

Lemma III.7 If the roots of f(A) = 0 are all positive, then fori=2,3, -.- n
™
2
A\ = - .
i . 2 2. . . /2 Y
((n-1+1) a._y -e(n-1+1)(n--1+2)a,ia.i_'251 o
Proof. Let Ci(J) be the coefficients of the polynomial f(J)(k) = de().)/d N,
where j=0,1,2, +++ , n~-2 and i=1,2, «-+- , n- j. Interms of the co-
efficients . a; of f£(N\)
: . a, (n-i)!
o i
i m-i-)7 °
Let the roots of f(J)E}\) =0 be ?\(i‘])with ,2\({]) z "?421 .. As shown in Lemma IIL®6,
A .= )\.(J) .. From Lemma IIL5
n-i n-i ‘
(3) A Cr(f-)j ~
. I S — .
- - : . 2 . . 1/2
S <E(J) J PO ) )T
n-j-1 n-j n-j-2
Let i =n-j; then we have ’
Ci(n-i)
\ = '
h (n-i ‘- 5 C(n-i_)c(n-i)iﬁ
i-1 i Ti-2
) | a, (n-i)!
5 > ' 1/2
a; y-i+ 41" -2a (n-i)ta _,(-i+2)/2!
a.
- i
(n-i+1)za.2 -n-1+2)(n-i+1l)a, a H/2 !.\
i-1 1 %i-
!'/

i=2,3,-u¢,n,

Q. E. D.

Lemma III.8 If the roots of f(\) = 0 are all positive, then fori = 2,3, «¢¢ n
w o [a2 _Am-i+2) a]i/z’

A i : {i-i i-1 i (n-1+1)7i-2 1 }

fa

. = - > 5
i (n-1+2) a,_,
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Proof. Let c.(J)be as defined in Lemma III.7.  Also as in

i , .
Lemma III.7, )\ .= A(n)l = )\ Sl - As in Lemma III.2, the least root of

f(J)(h) =0, 7\(‘]). satisfles the polynomial inequality

) , 2\(3) 2 . (__J_) ) . 2\(3) (n- J) ) <
n-j- n-j- n-j
Substituting for c.(‘])= a, —Ql-——l-)—-'—— we have,
1 i (n-1—_])!
(j+2)! (J) _omod G+t 3 G) - 3t
Ozan-j—Z 2T 'n_] (-Z)an-j-1 Y 2\n‘].{P(Z )a n-j 0!~
Let i = n-j and multiply both sides of the inequality by 2!/(j+2)!:
2 .
SO i 2 g+ Gy, i _2 4t
022, » N “ZGvar 1T 44 M I gEor oT A
] G i () i '
=a N it AN T eI T eIy &
a

o 2 i i i
Let the roots of pi(Z\)- O-ai_z N - mai_,lr)\-i- RN )

be r. = r. . As in Lemma III, we have
i1 i, 2

()
AT o
Then

o> alls o B -
i i i, 2 }

Iv. COMPLETE BOUNDS FOR POLYNOMIAL ROOTS

In this section we will derive upper bounds for the roots of real poly-
nomials. We consider the dual polynomial whose roots are the inverses of
the polynomial in Section III. The results of Section III for the dual polynomial
will give upper bounds for the polynomial roots. The upper and lower bounds
are combined to give complete bounds.

Again, f(\) is the polynomial

£ = (N 42y (NP e, (NP N ma hta,
and the roots of f(\) = 0 are _ ' .

0 <N =X\ <\
n _n- ‘

It is easy to show that Lemma III.1 is the dual of the bound

Lefnma IvV.i: )\1 < ;1 )\1 =
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From Section II the roots of the dual polynomial are the roots of |

a - a a
R Wt Sc s T W
0=1£(y)=(-v)" + —— ()"~ + te— Y Yt oo
. . v . n n n n r
1nce , 1 n an_i
TV OS), % o ~
n i=1 n

~which is Lemma IIL.1.

If we apply Lemma IIL 2 to the dual polynomial we obtain
Lemma IV.2:

a a
2 2 n 1 n 1
=Tz Wtz oz <0
n n n
The polynomial
: 2 n n
pplyl=a, v -5a, vyt >=0

with roots S5 <

<sy bound Y, with Oﬂfszsyn»ssi or - s

5 < 1/Z\i <s
giving

1, .
Loy <
1 2
1
Lemma IV.3: = N <—— <a,.
s, i
Proof. Apply Lemma IIL.3 to the dual polynomial
N
*n
<
0< - < s, | Yn
a
n
. or
}\ = ._1. si_ < a .
1 Y s, 1
" _ Q. E. D.
In Lemma IV.4 we consider a polynomial with arbitrary real roots. Fa
: 2 1/2 ‘
Lemma IV.4: In | <) -2b,)7 7, y
' )
- Proof. Apply Lemma II1.4 to the dual polynomial.
: Q.E.D
Lemma IV.5:

If the roots of f(A\) = 0 are all positive, then
2 1/2
?\1$(a1-2a2_)v <a, .

Proof. From Lemma IV.4 and inspection.
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Lemma IV.6: . If the roots of f(A\) = 0 are all positive, then
aj |
I B}\j j=1,2, , N
# i-1
Proof. Lemma III.6 gives the inequality
° a,
A = E

i (n+1-1) a; 4

fof the roots of f(A) = 0. To apply this to the dual f(A) = 0, notice that we

must replace a;, by a_ _. and a4 by ~a_ _.,4 + Then
: a_ .
_)_\__1— = Y. = ( T J_:l)-l .
Moitt b WBTETUA, 54y
Let n-it+1 =j; then we have
a.
Ti_z -t
S Q.E.D
Theorem 1: If the roots of f(A) = 0 are all positive, then
ai ' iai
— £ WIS .
f(n~<1+1)ai_i i a._y
Proof. Combine Leflnma.s III.6 and 1IV.6. QE.D
Theorem 2: If the roots of £f(N\) = 0 are all positive, then for
i=2,3, ..., n-1, we have
(% alsiGi+1)a, , a, /2
i i-1 Ti+1 o
= N\
a4 i
%
= . (4.1)
2 2 ) : 172
/‘V] [(n—1+1) a4 - (n—1+1)(n_14.-2)a.1ai_2] ‘
for i=1 a ,
N 2 1/2 1 | 4.2
: (a.1 -2 a.z) 2)\1 = 5 ' (4.2)
for i=n
na, a,
i, an = (faz . _‘)1/2 . (4.3)
n +n-1 n n-2
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Proof: The right-hand side of the inequality (4.1) is Lemma II.7, In-
equalities (4.2) and (4.3) are obtained from Eqs. (4.1) and Theorem 1. The
left-hand side of Eq. (4.1) remains to be proven. From the dual polynomial
and Lemma IIL.7 we have

bl

y. =
: [(n-i+1)2 b2

1

- -itl) (n-i+2) bibi_2]1/2 ’

where b, = an_i/an, Y; = 1/2\n-i+1’ : and i=2,3, ..., n.- Making the sub-

stitutions and putting j=n -1+ 1, we have
1 2.1

=
N, T r.2. 2 .. 1/2
o [Ty ey ]

3 j‘='1,2,---, n-1.

Now, replacing j by i and inverting, we have the left-hand side of Eq. (4.1).

Q. E. D.
Theorem 3: If the roots of f(\) = 0 are all positive, then we have,
for i=2,3, «**, n-1, ,
(i+1) ety S NN
m-1i+1) ) 72 ° N
L2 ditd)a; g2,y
i i iln-i+1)
oy 2, - dmsira) a]“Z
i i-1 |%-1 7 Tm-i+1) %i-2%H .
(n-i+2) i 2 a;_» ’
(4.4)
for i=1,
4 a
2 g/
ZN, = ; (4.5)
na, - (n _af -.8 n\'a.z)i/2 1 na, + (nzaf -8n ;2)1/2 \')\
and for i=n,
. W
na +(n2'a2 -8na a)1/2 '
-1 n-1 n-2 n N
4 a ~"n
n-2
na —(nza.2 -8na a)1/2
n-1 n-1 n-2 n
= 13 (4.6)
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Proof. The right-hand sides of the inequalities  (4¢.4) and (4.6) come from
Lerﬁma II1.8. The left-hand side of (4.6) comes from the comments preceding
Lemma IIL3, | |

To prove the left-hand>side of Eq. (4.4) we use the dual polynomial

and Lemma III;, 8:

| - 1/2
2 (n-i+2) J
i by - [P 4 fered P2 b
Y. = T ’
i (n-1+2) Zbi-Z A

where v, = 1/'2\n—i+1

j=n-i+1 we have

and bi = an_'_i/an . Making the substitution and putting

. 1/2
1 n—j+'1 a.-[a.z- (‘;(_-}_1)1)3._18.1_1:) o
1 o n-j i L7 Jj+1)j Tj-17 ,

N (G+1) 2 a.
J (4.7)

jt+i
The left-hand sides of (4.4) and (4.5) follow by inverting (4.7) and replacing j

by i. The right-hand side of (4.5) follows from the comments preceding
Lemma IIl.3 applied to the dual polynomial. 0.E.D

V. BOUNDS FOR THE EIGENVALUES OF
POSITIVE DEFINITE MATRICES

In this section methods are described which allow us to apply to positive
definite matrices the inequalities for polynomials derived in Sections III and
IV. Some bounds for the smallest eigenvalue not derived from the coefficients
of the characteristic polynomial are also discussed.

There are many techniques for finding eigenvalues of matrices which
depend on first finding the characteristic polynomial. Several of these methods
are discussed by Fadeeva,, * In general these methods antedate large-scale
computers and are no longer used.

More recent methods a rely on first reducing the given matrix to tri-
diagonal form. In this form the characteristic polynomial can be evaluated

for different values of N\ without explicitly finding its coefficients. This is

*V. N. Fadeeva, Compufational Methods of Linear Algebra, Chapter 3
(Dover, New York, 1959).

M':See the methods of A. S. Householder and W. Givens in Simultaneous

Linear Equations and Determination of Eigenvalues, National Bureau of

Standards Applied Mathematics Series 29 (U. S. Government Printing, Office,
Washington, 1953). ' |
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sufficient for finding the roots of the polynomial. As we are concerned with
b’o'unding the roots, the coefficients of the characteristic pdlynomial are de-
sired, and an algorithm for finding them is developed. This technique may
also be used for bounding in absolute value the least eigenvalue of a symmetric
matrix as in Lemma III.4. ‘

We will suppose that the given real symmetric matrix has been trans-

formed into the tri'—‘diagonal matrix A = (aij)’

where
' o i>j+1
' b, # 0 i=j+1
a.1j ¢ a; #0 1=
1 i=j-1
0 i<j-1,
A\
and i, j=1,2, -«., n. The determinant IA - MI is evaluated for any A\
by the recursion relation
&N = (a; - Ny, (N -b_y @ (N, )

where

ayN =1, @ ,(N=0, by=1, and i=1,2, --+, n, and

|A - L] = o (M.
The roots of ané)\) = 0. are the eigenvalues of A. The coefficients of the poly-
nomial an(}\) are obtained by an extension of the recursion relation (5.1).
Consider Table I; the second column is the sequence of polynomials

ai(A). In column three we define a new sequence 6.1, i=0,1, ..., n, where
61 is the constant term in oz.l(}\). By inspection of. ai+1(k) we see that 61+1

can be determined if we know 61 and 6. In column four we define the

sequence Y., i=0,1,2, -+, n, where ly: is the coefficient of N in the poly-
nomial ai(}\). By inspection of a/i+1()\) we see that Yi4q can be determined
if we know Vi Y5oqo and 61-1' In the same manner we can define a new se-
quence for each power of N in the polynomial sequence ai()\). The terms in
the new sequence will depend on the two previous terms in that sequence and
on a term in the preceding sequence. |

The coefficients in ozn()\) can then all be found successively in the man-
ner described above. The computation is very simple and the Table may be

generated either columnwise or rowwise.

The above result is summarized as follows:

¥

1

-C



Table I. Coefficients of some terms in ozi()\).

i Polynomials ' ) Coefficient of Coefficient of ) Coefficient
a5 (M) constant term in o (N Nterm in ozi(K) ~ of N termin ozi(k)
6- @y =1 . 5,=1 - Yo =0 _ - €g=0
1 ozi()\) = (a1-)\)aro 61 = a160. vy =-1 ) € = 0
2 2N = (2;-Ney - byq, 8, =238, - bydy Yz = 3Yy mbyYy 8y €= l=a,6 ~by€g -y
3 a3(N) = (a3-Na, - byay 83 =238, - by, Y37 337, - by - 8, €37 336, 7 b T Y,
4. ay(N = (a4-Mag - bya, b4 = 2483 - b3d, Y4 = 24Y3 7 b3y, - 8 €47 3483 " b3E, 0 Y

b

n-1 an-'l(}'\) = (an-i-)\)a’n-z-bn-zaﬁ-:i n-1%n-27 n-25n-3"Yn-2

5
n an(k) = (an-)\)a/n_,l-bn_io:n_z : )

-g I-

L9281-"1T40N
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Lemma V.1 Let the coefficient of N in the polynomial ozi(l\) be

0 i<j
_ i Do
aij = (-1) 1=
2% 4§ "Pi-1%-2§ "%-1 j-1 F>05
where j=0,1, ***, n and i=0,1,2, -++, n-1. In particular .anj is the

coefficient of N in the characteristic polynomial an()\) of the matrix A,

Two lower bounds for the least eigenvalue of a positive definite matrix
will now be given. Each of the bounds has a region in which it is best, al-
though the first which is due to Kato'is easier to evaluate and is best in a

larger region.

e

Kato's Lemma V.2.  If A= (aij) is an nxn positive definite matrix,

then
|A]

n n n-1
Z a,.
i1
n-1

Proof. This result follows.from the relation between the geometric and

arithmetic mean:

from which

or

Lemma V.3, If A= (aij) is an nxn positive definite matrix,

then IA‘

“T. Kato, Estimation of Iterated Matrices with Application to the von

\ >

n

‘Neumann Condition, Numerische Mathematik 2, 22 (1960).
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"Proof. Let B = (bij) be the inverse of A. Then we can write

i1 Ay

1 2 1 i 1=

— < = b = , (5.1)
M ;2;1 N &= A1
o where Aii is the cofactor of a ;- By considering the quadratic form of A,

one has that Aii is also positive definite. The following inequality exists for

positive definite hermitian matrices

n B
IAI < ﬂ_ ajj'

=1

Then we have

EA -Uauz

212y
which combined with (5.1) gives
T a0
I a.. a..
N [A]
n
or
)‘ > |§L
n n n
a5 2, =
j=1 J &£y i
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