Ry

- Com ¢ : ‘ . 3 S
Fe & Fon B “ i e » 4§ ¥
; : TA . K v

Umversnty of Cahforma

. b R 1 Sty 49

Emest O Lawrence
Laboratory

TWO-WEEK LOAN COPY

Tech. Info. Division, Ext. 5545

This is a Library Circulating Copy
which may be borrowed for two weeks.
For a personal retention copy, call

- UCRL-18348

e

?\ ’

¢ ‘-; .

RO ORDER

"RECEIVED} ey

LAWRENCE -
RAD?AT!OH LABQMTORY

RUG 2 1 1%8

fis LfBRAﬂY mm

bofczumzmw s&:m*cm

: Kot Lo i S
R e R e e o

GHENTED SPUNE Hmnq e




DISCLAIMER

This document was prepared as an account of work sponsored by the United States
Government. While this document is believed to contain correct information, neither the
United States Government nor any agency thereof, nor the Regents of the University of
California, nor any of their employees, makes any warranty, express or implied, or
assumes any legal responsibility for the accuracy, completeness, or usefulness of any
information, apparatus, product, or process disclosed, or represents that its use would not
infringe privately owned rights. Reference herein to any specific commercial product,
process, or service by its trade name, trademark, manufacturer, or otherwise, does not
necessarily constitute or imply its endorsement, recommendation, or favoring by the
United States Government or any agency thereof, or the Regents of the University of
California. The views and opinions of authors expressed herein do not necessarily state or
reflect those of the United States Government or any agency thereof or the Regents of the
University of California.



To be submitted to Mathematics for Computations UCRL—18346
: Preprint
UNIVERSITY OF CALIFORNIA

Lawrence Radiation Laboratory
Berkeley, California

AEC Contract No. W-7405-eng-48

GENERALIZATION OF SEGMENTED SPLINE FITTING
' OF THIRD ORDER

Jonathan D. Young

July 1968



UCRL-18346

GENERALIZATION OF SEGMENTED
SPLINE FITTING
of
THIRD ORDER
By Jonathan D. Young
Abstract. The formulation for cubic spline fitting is pre-

sented in a generalized form so as to include as particular cases,
the trigonometric, hyperbolic and damped-cubic splines. The formul-
ation may provide for the inveétigation of other spline fits of third
order.

1. _Introduction: We consider the problem of constructing a

fitting function f(x), defined on an interval, [x;, x ], with £(x)

' to be used to estimate the behaviour of a function, y(x), for which

17"
wer f (xl)

values

e
i

y(xi); i=1l,n nz3

are known and for which

i
il

’ IR ] ] 1]
either Yy 'Yl(xl) and Yy, =V (Xn)

il

or - Ng

1" " 1"
1=V (xl) and y =y (x)

are known or can be stipulated.
The function, f(x), is to have the following properties:

1.1 Exact fitting of data

L)
~~
~
H

S
n
<
H

o
=
o,
]
P
<
p -
n
<

it
<
'_J
A\ ]
[
=
a
o
’\‘
~
o]
g
n
[




1 1"
1.2 Continuity of £ and f

-

f e Cy on [xy, x,]

1.3 Convenient application.

Differentiation (first and seéond order), interpolation and
integration of f(x) provide estimates for their counter-processes
on y(x).

2. The Segment Function. vOn each subinterval,

[x.,

5 Xi+l]; i =1, n <1, we construct a segment function, gi(u),

as follows:

Let . di=xi+1-xl i=l,n-1
u=(x-x)/d Osusl
and let h( ¢) be a function having the following properties:

h(0) =0 .5(1) =0

n'(0) =-1 h (1) =«

"
n(0) =0 h(l) =g
where o and B are positive numbers. (& is notational, Osé<l)

Define

gi(u) = y; + (yy4 - v3)u +ajh(w) +b;0(1 - uw); i =1,n -1 (2.1)
r

(We note that h is the same function for all i, the coefficients aj
and by change with i).
or Xj £X sXj4] we define

f(x) = gi(u)



noting

a : f(Xi) =g;(0) =y

and

f(xi+l) = g,(1) = Yi4 85 required.

Differentiating g with respect to u we have

g; (u)

g;(u)

Evaluating at u = O

B ‘ | 1] '
= ¥541 - V3 + a5h (u) - bsh (1 - w)

114 AL
a;h (u) + bih (1 - u)

and u =1 we have:

+ aih'(O) - b.h (1)

]

g;(0) =y -3
= yl+l - yi - &i —abi

’ ' ' ' "

g;(1) = yi, - v; +2;0 (1) - byh'(0)
=Viq - Vg tOey o+ by

n O) ‘ " 1] .

gi( = a.h (0) + bih (1) = Bbi

" . " : " .

g;(1) = a;h (1) + bsh (0) = Pay

whence

1" "

aj = gi(l)/ﬁ b; = g;(0)/B

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)

Relating derivatives of gi with respect to u to those of f

with respect to x we have
. 1 t v
gi = f %__3(1 = dif .xinSxi_*l
i T » " " 2 n ,
gy = 4;f dx = 4;f X SXSXg g

du

(2.9)

(2;10)



consequently, 2 u 2 u
a; = d;f (xi+l)/a b, = 4;f (Xi)/B

3. Derivatives at Mesh Points, We have from Equation (2.9)

a,f (x,) = g;(0) 8,8 (xg,9) = &y(1)

and from Equations (2.4) and (2.5) with (2.11):
‘ 2 2

(2.11) .

1 . "
dify =¥ - V1 - 1+1/ﬁ - ad;fy;/p (3.1)
v 2 n 2
4T3 = Vi - ¥y *O4T /P + 4T,/ (3.2)
1 1 11t 1" t !
where f;, fj,9, f; and fj,; denote respectively f (x3), £ (x547)5
f (x ) and f (le)
Then from (3.1) and (3.2)
a. [f +af, +1] = (1+a)(y Vi Vs ) + (a-l)fl+l l,{g, i=1,n -1 (3.3)
1 1 2 "
or djlafy + £5,4] = (1+d(yia-v5) - (@ -1)fidiAB; i=1,n=-1 (3.b)
We apply Equation (3.3) at i - 1 to obtain
] 1
_l[fi_l + afi] (l+a)(y -3 l)+ (a 1)f1 i- 1/3, i=2,n (3.5)
From Equations (3.4) and(3.5) we obtain respectlvely
N CT fi+l] = a3 (1) (yy,9-v5)/9; - (oD, 195.19;/8 (3.6)
1] 1 s .
e - - - .
a, [i_ 1 +ozfi] di(l+°‘)(yi yi_l)/d a1t (a 1)1‘1dl 195 /B (3.7) | r
and adding
1 1 '
a.f d f = - -
ifig *oldy 4 )8, L = (14a) [di-l(yi-ﬂ v /a4,y yi-l)/di-l]
i=2,n-1 (3.8)



Equation (3.8) is a system of n-2 equations in n unknowns,
1 ) [ '
fj. If y; and y, are given we set

1 | 1

1
fl= ¥y - agd ‘ f =y

and then have a determinate system (tridiagonal with diagonal

dominance) to solve for the fs.
" "
If y; and y, are specified we have from Equations 3.4 and 3.5

' ' 2 n 2
dq ) +of,] = (1 + o)y, = vq) - (@ -1)yy44/p

and
t T

2 . no2
dy (50 +afy] = (1 +a(y, - ypq) + (@ -1) yd, 178

to complete the system (which is again tridiagonal with dominance).
. ) !
Having computed the first derivative values f3; 1 =1, I,

1" .
the second derivative values, f;, 1 = 1, I may be readily determined.
1" 1"

If f; and f; are not specified

L= o[ vy, - )/ - ey ¢ /] /e D

H
]

}.—b
L1}

A R O VL W CoNR O VWY VRt

In any case
" 2 1 1 2

£y = B{(l +a)(y; - vy)dy - oty fi+l)/diJ/(a -1
. "

provides the f;, i =2, n - 1.

"

4. Interpolation. After values, fi3 1 =1, n are determined

: " .
interpolation for f(x), f'(x) and f (x) for any x in xy, X,

can be

readily accomplished by the following:




a) If x = X3 any i = 1, n
1"t

, f"(x) = £,

then f(x) = yio T (x) = £,

otherwise find i such that

X, <X<X,
i i
i+

With ‘d; = x; ;-x; and u = (x-xi)/di‘

200 = vy + (v, pov)u + @5 [f, n(w) + £n(1-u) | /8

i+l
£'(x) = (v, ,,v)/a, + di[fi';lh'(u) - f;h'(l-u)] /B
f"(x) = [f;+lhf(u) + f;h"(l-u)]/ﬂ

5. Particular Functions,'h(u). The above deyelopment completes
the general formulation for segmented spline fitting of third order.
We turn now to specific applications.

5.1 Cubic spline

£3 - ¢

Let h(e)

then h(0) =0 . and h(1) =0
as required

and ' h'(E)

i}
W
vy

]

—

h' (0)

1n
§
—

as required

h' (1)

]
no
Iil
>

7

0
(o)
e

b (&)
n'(0)

h (1)

n

[oa} (@)
n
hov

as required




[

Equation (3.7) becomes the well-known (See [1])

1 - ] 1 _ _ -
a, £, +2(a +a)f+a, (f o = 3la; (o -vy)asea (ypyg g)/a; )]

.

Similarly the remaining formulas can be particularized.
The cubic spline s(x) has the desirable property that among all

functions f(x) having properties 1.1 and 1.2 we have

Xn Xn
1" 2 " 2
_/Es (x)] ax = x/[f (x)] ax
X1 , 1
'5.2 Hyperbolic Spline [2]
Let h(¢) = sinhpt - Esinhp p>0
' sinhp - p
Then for any p
n(0) = 0 ~ n(1) =0  as required
]
h (&) = pcoshpt - sinhp
: sinhp - p
h'(O) = -1 as required
"n'(1) = pcoshp - sinhp =&
. - sinhp - p )
" 2 .
h (&) = p sinhpt
‘ © sinhp - p
" |
h (0) =0 as required
" :
h (1) = stinhE =B
sinhp - p

As before the general formulas can be used with the above

definition of h. It should‘be noted that the limit case ( p = O)




of the hyperbolic spline is the cubic spline. When the cubic spline
fitting curve contains inflection points which do not seem to be

consonant with the data, the hyperbolic spline fit (wiﬁh_sufficiently

large p) will not have these extraneous inflection points. (See [21).
In computation successive integer values of p (starting with 3) can
be used. The values of & will be greater thah 2.
5.3 Trigonometric Spline
Let = h(t) = sinpt - Esinp p >0
.- 'sinp - p
Then for any p
n(0) =0 . n(1) =0
' . ' } .
h (&) = pcospt - sinp
Ysinp -p
n'(0) = -1 n'(1) = pcosp - sinp =
‘ o sinp - p
h (&) =_-E2sinE§
sinp - p
: " . ) " ’ .
h (0) =0 h' (1) = -p°sinhp =B
~ sinh - p .

“Again the .above can be used in the general formulas. Thé merit
of the trigonometric spline fit is that it is sensitive is small os-
cillations in data and will in'general have more pronounced inflection
than the cubic spline fit.'_In computation only values of p such that
@ >0 should be used. In general the value of @ is less than 2. Note ?'
also in the limit case (p = 0) the trigonometric spline becomes the =

cubic spline.




]

.,

5.4 Damped Cubic Spline
Let  n(e) = 2"P(-E)g3 _ ¢ p >0
n(0)

n'(e) = 27P(1E)(pe343¢2) - 1

0 h(l) =0 as required

1

]

n'(0) = - 1 as required
n'(1)

h(e) = £7P(1-8)([2¢34ge2 ey

24p = O

i}

il

n(0) =0 - as required

h"(l) 646p+p2 =

it

The generalized formulas can be particularized for the damped
cubic spline. The effect of the damping is similar to that of hypef;
bolic spline fitting in that it eliminates extraneous inflection points.
In computation any values of p >0 will show prqﬁounced effect on the fit.
The chief advantage of the damped spline over the hyperbolic spline is

in its relative simplicity for computational purposes.
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