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GENERALIZATION OF SEGMENTED 
SPLINE FITTING 

of 
THIRD ORDER 

By Jonathan D. Young 

UCRL-18346 

Abstract. The formulation for cubic spline fitting is pre-

sented in a generalized form so as to include as particular cases, 

the trigonometric, hyperbolic and damped-cubic splines. The formul-

ation may provide for the investigation of other spline fits of third 

order. 

1. Introduction: We consider the problem of constructing a 

fitting function f(x), defined on an interval, [xl' xn], with f(x) 
, 

to be used to estimate the behaviour of a function, y(x), for which 

values 

y. - y(x.); i ::: 1, n n~3 
J. J. 

are known and for which 
, I 

either Yl - yl(xl ) and Y == Y (x ) n n 

" " " " or Yl - Y (xl) and Yn - Y (x ) n 

are known or can be stipulated. 

The function, f(x), is to have the following properties: 

1.1 Exact fitting of data 

,·or., , , 

f(x.)' ::: Y 
J. i 

I 

f (xl) = Yl 

II " f (Xl) = Yl 

i ::: 1, n 

f' (x ) and ::: Yn n 

" " and f (x ) Yn 
::: 

n 

, , 
7 ..... ·;. 
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1 " 

1.2 Continuity of f and f 

1.3 Convenient application. 

Differentiation (first and second order), interpolation and 

integration of f(x) provide estimates for their counter-processes 

on y(x). 

2. The Segment Function. On each subinterval, 

[Xi' x i +l ]; i = 1, n ; 1, we construct a segment function, ~ (u), 

as follows: 

Let i = 1, n - 1 

u = (x - x.) /d . 
J. J. 

O:su:sl 

and let h(~) be a function having the following properties: 

h(O) = 0 h(l) = 0 
, 

h (0) = -1 
, 

h (1) = a 

" h (0) = 0 " h (1) = t3 

where a and t3 are positive numbers. (sis notational, O:Ss:sl) 

Define 

gi(U) = Yi + (Yi+l - Yi)u + aih(u) + bih(l - u); i = 1, n - 1 (2.1) 

" 
(We note that h is the same function for all i, the coefficients ai 

( 

and 0i change with i). 

?or xi:S x :s Xi +1 we define 
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noting 
f(Xi) =gi(O) = Yi 

and f(xi +l ) = gi(l) = Yi+l as required. 

Differentiating gwith respect to u we have 

(2.2) 

" " " g. (u) = 
~ 

a.h (u) + b.h (1 - u) 
~ ~ 

Evaluating at u = 0 and u = 1 we have: 

(2.4) 

= y. +1 - y. + CXa. + b. 
~ ~~ ~ 

" " ,i g.(O) = a.h(O) + b.h (1) = f3b. 
~ ~ ~ ~ 

(2.6) 

'I " " 
gi(l) = aih (1) + bih (0) = f3 a i 

whence 

(2.8) 

Relating derivatives of gi with respect to u to those of f 

with respect to x we have 
, , 

gi .= f dx = dif 
du 

'\ . " " 2 " 
gi = d.f dx = dif 

~ -
du 

X.5X5X. 1 
~. ~+ 

(2.10) 

{" . 
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consequently, 2 " 
a i = dif (xi+1)/~ (2.11) 

3. Derivatives at Mesh Points. We have from Equation (2.9) 
, , , , 

d.f (x.) = g.(O) 111 dif (xi +l) = gi~l) 

and from Equations (2.4) and (2.5) with (2.11): 

, 2 " 2 " 
difi = Yi+l - Yi - di fi+1$ - adifi/~ (3.1) 

I 2 " 2 " 
d.f. 1 = y. 1 - y. +ad.f. 1/~ + d.f./~ 1 1+ 1+ 1 1 1+ 1 1 (3.2) 

" " " where fi' fi+1' fi and fi+l denote respectively f (xi)' f (xi+1)' 

" " f (xi) and f (xi +1 ). 

Then from (3.1) and (3.2) 

" 2 "2 
or di[afi + f i +1] = (l+Q-)(Yi+l-Yi) - (a -l)fi di/~; i = 1, n - 1 (3.4) 

We apply Equation (3.3) at i - 1 to obtain 
I, 2 "2 

d. l[f. 1 + af.] = (l+a)(y.-y. 1)+ (a -l)f.d. 1/~; i = 2, n 1- 1- 1 1 1~ 1 1-

From Equations (3.4) and(3.5) we obtain respectively 
, , 2 " 

d. leaf. +f. 1] = d. l(l+a)(y. 1-y·)/d. - (a -l)f.d. Id. fA 1-1 1+ 1- 1+ 1 1 1 1- 1f~ 
(3.6) 

[ 
I 'J' 2 " d. f. 1 +af. = d.(l+a)(y.-y. l)/d. 1 + (a -l)f.d. I d ./f3 1 1- 1 1 1 1- 1- 1 1- 1 

and adding 

d.f: 1 + a(d. l+d .)f:+d .. 1f: 1 = (l+a) [d. l(Y·+l-Y.)/d.+d.(Y.-Y. l)/d. 1J 1 1- 1- 1 1 1- 1+ 1- 1 1 1 1 1 1- 1-

i = 2, ~ - 1 (3.8) 
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EQuation (3.8) is a system of n-2 equations in n unknowns, 
1 I 

f i • If Yl and Yn are Given we set 

and 

and then have a determinate system (tridiagonal with diagonal 

dominance) to solve for the f i . 
If U 

If Yl and Yn are specified we have from Equations 3.4 and 3.5 
1 1 2 "2 

dl[fl + cxf2 ] = (1 + a)(Y2 - Yl) -(a -l)yl dl /t3 

and 

to complete the system (which is again tridiagonal with dominance). 

Having computed the first derivative values f i ; i = 1, I, 

" the second derivative values, fi' i = 1, I may be readily determined. 
II 11 

If fi and fn are not specified 

f~ = 13[(1 + a)(Y2 Yl)/d~ - (af~ + f~)/dlJ/(a2 -1) 

f 
f~ = 13[(1 + a)(Yn - Yn_l)/d~_l - (af~ + f~_l)/dn_lJ/(l - a 2) 

In any case 

< = 13[(1 + a)(Yi +l - Y)d~ - (af~ + f~+1)/diJ/(a2 - 1 

" 
provides the fi' i = 2, n - 1. 

" 4. Interpolation. After values, f i ; i = 1, n are determine~ 
. I " 

interpolation for f(x), f (x) and f (x) for any x in xl' xn can be 

readily accomplished by the following: 

.. . . .. ~ 
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a) If x = xi any i = 1, n 
, ,,, " 

then f(x) = Y., f (x) 
1 

= f., f (x) = f. 
1 1 

otherwise find i such that 

x. < x <x 
1 i+l 

and u = (x-x.)/d. 
1 1 

2 ~" "J f(x) = y. + (y. l-Y')u + d. f. lh(U) + f
1
.h(1-u) /~ 

1 1+ 1 1 1+' 

, 
f (x) = (y. 1-Y . ) / d. + d. [f . "lh ' (u) = f'l: h ' (1-u)] / ~ 

1+ 1 1 1 1+ 
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5. Particular Functions, h(u). The above development completes 

the general formulation for segmented spline fitting of third order. 

We turn now to specific applications. 

5.1 Cubic spline 

Let h(~) = ~3 - ~ 

then h(O) = 0 and h(l) = 0 

as required 

and 
, 2 

h (~) = 3~ -1 
, 

h (0) :; -1 as required 
, 

h (1) = 2 == a 

" h (~) = 6~ 
" h (0) = 0 as required 

" h (1) ::: 6 == ~ 

'," 

~, 
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Equation (3.7) becomes the well-known (See [1]) 

d.f~ 1+2(d. l+di)f'.+d. If'. 1 = 3[<3,. l(Y·+l-y·)d.+d.(y.-y. l)/d. 1] 
• 1 1- 1- 1 1- 1+ 1- 1 1 1 1 1 1- 1-

Similarly the remaining formulas can be particularized. 

The cubic spline s(x) has the desirable property that among all 

functions f(x) having properties 
xn 

1.1 and 1.2 we have 

jr.s"(x)]2dX ~ 
xl 

fr If 2 
/, [f (x)] dx 

1 
·5.2 Hyperbolic Spline [2] 

Let h( ~) = sinhp~ - ~ sinhp p > 0 
sinhp - p 

Then for any p 

h(O) = 0 h(l) = 0 
I 

h (~) = pcoshp~ - sinhp' 
sinhp - p 

, 
h (0) = -1 as required 
, 

h (1) = pcoshp - sinhp ==(X 

sinhp - P 

" E2SinhP~ h (~) = 
sinhp - P 

" h (0) =.0 as required 

"2 
h (1) = p sinhp == ~ 

sinhp - P 

as required 

As before the general formulas can be used with the above 

definition of h. It should be noted that the limit case ( p = 0) 



8 

of the hyperbolic spline is the cubic spline. When the cubic spline 

fitting curve contains inflection points which do not seem to be 

consonant with the data, the hyperbolic spline fit (with sufficiently 

large p) will not have these extraneous inflection points. (See [2]). 

In computation successive integer values of p (starting with 3) can 

be used. The values of a will be greater than 2. 

5.3 Trigonometric Spline 

Let 

Then for any p 

h(s) = sinps - ssin;e p >0 
sinp - p 

h(O) = 0 h(l) = 0 

h' (s) = Ecos;es - sin;e 
sinp - p 

h' (0) = -1 

h·"(t) 2. t 
~ = -;e sJ.nE~ 

sinp - p 

hI (1) = Ecos;e - sin;e = a 
sinp - p 

h"(l) = _p2 sinh;e = f3 
sinh - p 

Again the .above can be used in the general formulas. The merit 

of the trigonometric spline fit is that it is sensitive is small os-

cillations in data and will in general have more pronounced inflection 

than the cubic spline fit. In computation only values of p such that 

a > 0 should be used. In general the value of a is less than 2. Note 

also in the limit case (p = 0) the trigonometric spline becomes the 

C1.:bic spline. 

.,,", 



·5.4 Damped Cubic Spline 

Let 

b(O) = 0 h( 1) = 0 as required 
I 

l-P(1-S)(pS3+3~2) h (~) ;::: - 1 

hi (0) ;::: - 1 as required 
I 

h (1) ::::: 2+p ::2Ci. 

II 

l-P(1-~)(p2£3+6p~2+6£) h (£) ;::: 

II 

h (0) ;::: 0 as required 
II 2 h (1) ;::: 6 .. .6p+p =f3 

The generalized formulas can be particularized for the damped 

cubic spline. The effect of the damping is similar to that of hype~~ 

bolic spline fitting in that it eliminates extraneous inflection points. 

In computation any values of p>O will show pr~nounced effect on the fit. 

The chief advantage of the damped spline over the hyperbolic spline is 

in its relative Simplicity for computational purposes. 

University of California 
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