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and the quantities ~s are determined from

~
s=l

where sand pare/integers, 5 is a Kroneker
delta, y = (1 - ~2) -1 2, the resonant frequencies
of the cavity are

m
s

An important aspect of the design of high­
current devices is the beam loading of the accel­
erating structure. The phenomenon is sensitive to
the charge distribution of the beam and to the
geometry of the structure. Calculations for real­
istic geometry are difficult; to gain insight, a
number of authors have studied the simplified
problem of beam intlr~c5ion with a closed, right
cylindrical cavity. " A formal solution, for
arbitrary charge distribution, has been give3 as
a (double) sum over the modes of the cavity. It
has been emphasized by all previous workers that
the simplified problem apprOXimates reality only
for those modes having wavelengths large compared
to the holes in an actual structure. We have de­
veloped a computational program aimed at evalu­
ating the energy transfer to the cavity when the
geometry of the beam is characterized by inner and
outer radii as well as an axial length. Sums over
selected sets of (or all) modes are available.
Parametric studies are presented of the total
cavity excitation by a charged ring.

Summary

Formalism
J (11 b) = O·o "s '

s = 1, 2,

Letting h ~ 0 and a2 a - a we obtain
the (divergent) formula for a rtn~ o~ zero minOI'
dimensions:

That the double sum (4) diverges can be inferred
from the corresponding integral apprOXimation for
the terms with large values of p and s,

ro-~~11~ 1[,-+7~):lJ C51

which relies on asymptotic forms of the Bessel
functions. The term in cos(WL/v) averages to
zero, and making the change of variables

The problem considered is that of a ring with
total charge Q moving at constant velocity
v =~c in the z-direction, and encountering a
single closed right cylindrical cavity of radius
b and axial extension from z = 0 to z = L.
The cavity is perfectly conducting, and we calcu­
late the energy given up by the ring to the elec­
tromagnetic excitation of the cavity. The ring is
assumed to move through the infinitely thin cavity
walls. The problem *ts solved for a point c~rge

by Kolpakov and Kotov and by Morton and Neil ;
and for a more general distribution by Winterbon.~
The analysis follows the classic paper by Condon.

The result for a point charge is divergent, as
is the energy loss for a ring of major radius, a,
haVing zero minor radii. We consider, therefore,
a ring which is uniformly charged between major
radii a l and a2 , and for z between -h and h,
The energy loss by the charged ring in going
through the cavity l1J is given by

8~~~2Ie+:PO)
p, s

JO(~sa)

~ Jl(~ b)s s

* Work supported by the U.S. Atomic Energy
Commission.

l?3. ­
LI' - ~ tan8 , (6)

we obtain



2
cos e de ,

L'lJ -+ 4Q:&02y (aJ
n a J

which clearly diverges--logarithmically--for large
values of ~ (or s). In the special case that
a = 0 (truly point particle) the Jo(~ a) in (4)
is replaced by unity rather than its as§mptotic
form, and the divergence is more severe (linear in
~) than in the case a ~ O.

3. K. B. Winterbon, "Beam Excitation of a Cylin­
drical Cavity," Atomic Energy of Canada
Limited Report FSD/ING-16, August 1965, Chalk
River, Ontario (unpublished).

4. E. V. Condon. J. Appl. Ibys. ~ 129 (1941).

Computational Resluts

Numerical evaluation of (1) is difficult when
y is large and h is small, as the summation
converges only very slO~lY. Winterbon Cluotes
some numerical results; we have developed a gen­
eral Fortran program which is available to anyone
interested in obtaining values of L'lJ for various
sets of input parameters.
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For illustrative purposes, we present numeri­
cal results for a particular cavity, a limited
range of ring parameters, and with the sum in (1)
taken over all modes. The results are expressed
in terms of B, where

ATT ­
L.JJ =

In the case presented, the cavity radius b is
10.0 em, the cavity axial extent L is 7.0 em,
the inner major ring radius a l is 4.0 em, and
the outer major ring radius a

2
is 4.1 em. In

Fig. 1 we show the dependence of B on h for
three values of y. It can be seen that the value
of B is finite as h approaches 0 (since
a

2
- a l > 0). In Fig. 2 we present values of B

as a function of y for two values of h. It can
be seen that B approaches a constant as y -+ 00,

the asymptotic value being a function of h. In
Fig. 3 we show B as a function of y for a case
in which the ring axial dimension remains constant
(0.1 em) in the ring frame, so that in the labora­
tory, due to the Lorentz contraction, h decreases
with increasing y. The reader is cautioned that
the example presented here is not immediately
applicable to typical accelerating columns; the
energy loss by the ring to excitation of a cavity
having entrance and exit ports is certainly not
given by the complete sum in (1), but rather,
perhapy' by the sum over a restricted set of
modes. ,3
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Fig. 1. Cavity excitation energy [see Eqs. (1)
and (8)J for a uniformly charged ring of
major radii 4.0 em and 4.1 em, passing
through a cavity of length 7 em and radius
10 em. The ring's axial extent is h, and /
its speed is characterized by y = (1 _ &02) -1 2.
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Fig. 2. Cavity excitation energy as B ["unction

of ring speed for two different ring axial
extents. Other parameters are the same as
in Fig. 1.

Fig. 3. Cavity excitation energy as a function
of ring speed for a Lorentz-contracted
ring which has an axial extent of 0.1 cm
in the ring frame. Other parameters are
the same as in Fig. 1.
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