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. DIFFUSION AND MIGRATION IN :EI,ECTRQCHEMICAL SYSTEMS
o Limin Hsueh
Inorganic Materials Research Division, Lawrence Radiation Laboratory

: Department of Chemical Engineering
A University of California, Berkeley, California -

! o March 1971 ‘
- ABSTRACT '

S

The limiting current and concentration profile in a stagnant‘v

"”.idiffusiOnicell are calculated for a concentrated copperlsulfateisolution :
. withnconsideration of the variation of~physical'properties'and:nonzero -

_ interfacial velocity. The calculated concentration profile is compared

with that observed opticallv in & cell with a stagnant electrolyte at

.the limiting current. The posSibility"and the method for'obtaining '
differential diffusion coefficients from the limiting current measure-

'mente are explored.

The use of integral diffusion coefficients in multicomponent

V.electrolytic solutions ‘at high Schmidt numbers is Justif:ed on the ’

| basis of hydrodynamic considerations. Integral diffusion coefficients
e ~are. measured by a rotating disk and a- stagnant diffusion cell over a’

v;vconcentration range of copper sulfate 0. OlM to 0. 6M and sulfuric acid

,'o.o to 2. 5M

In a copper sulfate, sulfuric acid solution; sulfate ions as’

wellias bisulfate ions are‘present in the solution as anions. The

1 effectVOfxmigration on”the limiting current and the concentration
_ difference betweenlbulk and surface is measured and compared with

| calculated_valu5 from the incomplete dissociation of bisulfate ions.




'I'he theory of transient bchavior of cnrrent density and surface
vvconcentration in a stagnant diffusion cell is discussed._ The exper- | g
1mental results agree vell with the theory, within the accuracy of -
r:v'.‘-available electrochemical kinetic parameters and the experimental . ¥

V errort. .




‘. "1. INTRODUCTIO_N

‘ln modern'electrochemical industries, such as electroplating;
electrorefining,and electromachining, the rate of electrochemical
reactions is mostly limited by ma.8s transfer. The three-general
directions to increase the operating efficiency of an- electrochemical
process are; | | ' o

i, ~:Increaae thevconcentration of electrolyte,'

: ;ii.'ﬁ‘Add a proper amount of supporting electrolyte or
"‘special addition agents, and
. iii. Apply appropriate stirring.

-The atirring helps to increase the mass transfer rate and.prevents the
lbuildup of concentration gradients, whereas the supporting electrolyte )
increases the rate of charge tranafer and makes the current dis ribution
vmore_uniform._ Since the mass.tranafer rate'iefapproximately;proporf
o _tional-'-yto the concentration of electrolyte, the more concentrated the
| ? electrOIyte 1s;>the shorter°the residence time'of operations. |
_ | o There is no way to atudy the stirring unless the hydrodynamice
.pare well defined. "In the past decades, several well—known hydrodynamic
f-flow conditions have been subjected to electrochenical mass tranefer
study.v Two wellewritten revieytpapers in thie area are due to Newmanl
“:and Ibl.2 ‘ . N |
| The advantage of using an electrochemical system in a naesv
~ transfer study is that the concentration or mass flux can be easily

'measured or controlled in terms of current density or voltage. On the

,other hand, the surface overpotential, concentration overpotential,and o

4
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. ohmic'resistance are likely to complicate the boundary conditions in
solving the 'e'q'uation of convective diffusion.
3

‘In a previous paper, a concentrated electrolyte vas studied;'

v’vith a rotating disk electrode with consideration of the variation of

',physicsl properties in the diffusion layer, the nonzero interfacial

- velocity due to the high mass transfer rate, and the Schmidt number
”'correctiona_ There was no way to measure the concentration profile near
v_athe-electrodes or'to invert the measured integral diffusion coefficient_
into the differential diffusion coefficient. -Consequently5 a simpler
geometry and hydrodynamic system-----a stagnant diffusion cell (see
Fig. 6-1)----is chosen for study, thus keeping the assumptions in
solving the diffusion equation as few as possible, in order to improve'
'vour understanding of ‘the basic laws of mass ‘transfer in electrolytic
rvsolutions..*"“ | B

: A metal deposition reaction, namely, copper from a copper
sulfate solution or from. a copper sulfate plus sulfuric acid solutions
B is chosen for this study.'
In chapter 2, the rigorous method -of calculating the limiting
. current‘and concentration profile of a concentrated binary electrolyte’
(electrolyte consists. of one salt and one solvent) is carried out for a
stagnant diffusion cell with consideration of all the previously men-.
tioned conditions. The inverse procedure of calculating the differential
diffusion coefficient from the measured limiting current can be done by

'means of correlations and fterative procedure for a complete concentra-

‘tion range of a binary electrolyte.



'HoWever; as‘one.ektends tne‘problem toa ternary»electrolyte,
| i.e., 8 solution consisting of one salt, one. supporting electrolyte,
and. one solvent, the number of transport coefficients increase greatly. "
The actual rigorous calculation'of a limiting current is tediousvand
‘_'almost impossible because of the lack of data of transport properties
as function of concentration._ . |
In chapter 3 integral diffusion coefficients for the multi-
component, concentrated solution are. defined and measured.' An integral
'diffusion coefficient measured by a simple hydrodynamic setup can be
used-for other hydrodynamic conditions according to-their.classifica-,-‘f
tions.'i‘l*',v.: » S o _ | .
. o Because of the difficulty of treating all effects in a multi-
" component solution simultaneously, the effect of migration is separated
_,out‘and treatedvin-chapter b with.the assumptions’of constant.physical
,Properties-and'dilute solution theory; The incomplete dissociation'of_
"bisulfatejion was:ignored in a.copper sulfate and sulfuri: acid solu-
':~”tion.in most‘previous-work; Its effect’ on’ the migration and the con-
centration difference of supporting electrolyte between the bulk and
electrode surface is discussed.
In limiting current measurements in a solution with little or

A _g supporting electrolyte, the behavior of polarization curves, measured

jby & rotating disk or a stagnant diffusion cell, is not as ideal as was
": found in most of the work that has been done in this area with a large
‘amount of supporting electrolyte (5 to 1000 times more than the reacting

electrolyte).



3 : -u- . .v

» For e solution vith little supporting electrolyte, the overall
vi,voltage with a rotating disk is high and the plateau of the polarization .
curve tends to become a point of’ inflection.- Moreover, the limiting_
current,_or the point;of inflection, varies-with reSpect_to'the rate of . v
‘1n¢reagéfof applied current. For the same.SOlution, measurements of i
log current VE. log tine in a stagnant diffusion cell have only a small
portion of the curve. with a slope of - -2.
| The quantitative description of the non-uniformity -of- current
distribution,bnyewmangl 33f3h at a rotating disk electrode and at a
'plane’electrodevwas'a major step toward the solution of the paradox. ;
In chapter 5, a similar treatment is applied to the study of the tran- :«'
sient behavior in a stagnant difoSion cell. The surface concentration-
of the reacting-ion will not be assumed to have a step drop'to'zero,7.i
;’but will be a function of time.- Both ohmic resistance and surface and
i'concentration overpotentials are included as boundary conditions.
In chapter 6, the detailed experimental procedure of the '
:measurement of current as & function of time in a simple capillary tube
| is described._ The_results are compared,with the theoretical~prediction
" from chapters 4 and 5. o | N
| In chapter 7, concentration profiles and surface concentrations N
for deposition of copper from stagnant copper sulfate solutions in an ,v
’ optical cell are’ measured at the limiting current.vpo’Brien ‘has observedi_-
concentration profiles-by_an optical technique at constantpcurrent in a
celliof'finite length (0.313 cm) with cathode over anode. His results
deviate;significantly from:classical solution based on constant physical

| properties.3



vthe surface concentration change of surface acid.'

e

“In summary, the objectives of this work are

tions at various hydrodynamic conditions in ‘terms’ of the relationship

4}E7Jbetween limiting current and’ diffusivity. o

2 To Observe the concentration profiles in a stagnant diffu-.j o

"“sion cell at the limiting current and to compare it with the numerical
| "fsolutions which account for the concentration dependence of transport

'fuiproperties..;"

: 3, To study the role of bisulfate ion and its effect on migra-

o tion in CuSOh/ 0h system from the measurements of limiting current and.f

" .

fi~744 To study the transient behavior of current density snd

=: surface concentration of a binary electrolyte as . a function of time in a.

fistagnant diffusion cell.v

»ffl To study the rate of mass transfer in electrolytic solu-if_:a."'
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II. MASS TRANSFER IN A BINARY ELECTROLYTIC uOLUTION

2.1 - Limiting Current Density and Concentration Profile in a Concen—5
trated Electrolyte , _

The limiting current density is a quantity that is of general

,interest'in the mass transfer study in an'electrochemical system. Since .

this quantity expresses the maximum rate of mass transfer of the reac-

- tants to the electrode or of the products being removed from the

_electrode, the limiting current is thus defined as the hlghest permis-

sible currentvthat may eross an'electrode without a secondary electrode

process occurring. When an electrochemical system is operated at limit- .

. ing current, either the concentrations of reactants become zero or the ‘

products reach the saturation _concentration in the solvent._

"In convective ‘difi’u_sion,' the limiting current is generally
proportional'to’the concentration-of electrolyte and inVersely related
._ to'the'thickness of the'diffusion'layer vhich is in turn inversely '
1related to the rate of stirringe H

In a concentrated, binary electrolyte, the limiting curreit
calculation is complicated by the effect of variation of physical prop-

-erties, the nonzero interfacial velocity, and Schmidt number corrections.

fThe problem has been solved for a rotating disk electrode in a previous

paper.-3 The theoretical analysis of a stagnant diffusion cell is

similar-to the analysis of & rotating disk electrode.
For one dimensional, unsteady state diffusion, the concentrated
-electrolyte theory showsh that s binary electrolyte in a solution.carry-

ing a current iy obeys the equation

':‘\
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~vhere y'is the distance from the.electrode‘in'the'direction perpendicular

to. the €lectrode surface, v& is a mass average velocity Which arises

. from the high mass transfer flux, M is the molecular weight of salt.,
‘.Subscripts + or - refer to cations or anions respectively. The mass :."

ffraction is used for consistency‘wath the mass average velocity‘vy.

Since the density of the solution depends on the. concentration,

the velocity is determined by the equation of continuity,

_With”thélaSsumption of constant surfacchoncentration, the boundary

'conditions are

o=, . t>0 aty-e )
R .
Bt R s SR R A

For a metal deposition reaction, the fluxes of anions and

solvent are ‘zero at the interface, therefore the current is- directly

related to.thevflux of,cations. The flux in a concentrated binary

electrolyte is (see e.g., Eq. (BIL) in Ref. L.)

1 : Dp ~ ‘1t p . :

Yo =y 0O, ¥y, o |

' Fz+ = N+ = V+QM 3—}-' + + -ﬁ-;m+v .(2-14)
mass fraction is related to molarity by ¢, = —E-GE- S "4

’1 .Mi



:'~’"iwhere t is transference number of the cation and the subscript o refers

: ;to the phyaical properties at z=0.

Substituting the nonzero interfacial velocity of Eq..(2 3) jnto o

'j_{Eq. (2-&) and solving for current den81ty give o

' p D Fz v "éb "

b'"*l~ﬁfWithithe dimenéionlesevVariacleev o

-}and the assumption that a)ia function of & only, and hence the same ‘for i,-

"r,all the other fluid properties (p, D, t, ), Eqs. (2-1) and (2 2) are

‘dz_then reduced to two ordinary differential equations N

'f;rghere;i;iéf&fdimeneionlees,currentgdenSity-vhich'ievr; )

| :l' 2M FOREE
p¢y+ +F v

" .o integrations of Eq. (2-7) give the concentrstion profile =

e ge="§p—'—d—€ = , 2 e (2-8) B

S
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g pD/dem | _“.__1;1vi;_,ﬂ}

e
-f(—-'—-——e)d&

,| ,

.:»;:;i.__':>.' ' dt -,_;,ZJ: s

" Integretion of Eg. (2-8) gives the velocity profile = -

. Ep
H=2¢ :-_;ﬁ- I, P+ =2

_1k2;iiif7."'

Combining Eqs. (2-5), (2-6a) and (2—9) gives the relation or

L dimensionless current ‘and concentration derivative at the’ surface'j"

o I p”Dm (1 t+ l 'E IE : o ','.(2;'??&)_~'._‘

Combining Eqs. (2-3), (2—6b) and (2-9) gives the relation of

'“vdimenaionless current and ‘ma.8s flux

The 1ntegration of Eqs.,(e-lo), (2-11) and ‘the differentiation

.iof Fq. (2-12) were performed numerically with a digital computer. " The

'V'ephysical propertiea ‘of the binary electrolyte of copper sulfate at 25 c :“l7

: _ were dbtained from the literature and are linearly correlated as a8



functton of & | "
‘ '-‘p' = 0.99669 + o 026901 w% + o.7h771m + 0.80718 o®

0.40293 -__ 3.57889 » + 8. 21995 w'g

n

d-:
fl

- 0.207 exp (§29. é') + o.638 - 0.580 w . o (2-13)

Y
o1

v.the computer program CONCEN vas written for this calculation ’
_and is presented in Appendix El. For a 0. hM CuSOu solution, the concen-
; tration p:ofile in terms of c/c is tabulated as & function of the
.dimenaionless distance ﬁlinﬂTable 2-1. This is compared with the
. concentration profile‘calculated‘without consideration of variation of A
physical properties and nonzero interfacial velocity, which is inde-
pendent of: the nature of the electrolytic solution and can be expressed

as

S ==
| e r(i)
: The nunerical‘value.of the error‘function-erf(ﬁ) is also.giren'in
| Thble 2-1 for comparison. For more detailed numericsl'tsbulations; séé'
':..Ref. W, | | B
For the same solution, the concentration profile vas also__
.calculated for a rotating disk, the details of formulas and calculations

_are given in Ref..s. For this.case, the dimensionless distance becomes
- T . -
av Y34 . .

and the concentretion profile of~c0nstant'physical properties becomes

fe —g dﬁ érf (€) o | '. (Q-lu)

L3



- 1imiting current density I.

~11-

2_ '(2;16) .
c M

fe e'g dg

.‘,

.-’1
o~

‘The detailed tabulation‘of‘Eq; (2f16) can also be found in Ref. bk, A1l

four cOncentration profiles are plotted in Fig. 2-1+ The solid lines

refer to the exact concentration profiles, whereas the dashed lines are ’

those from Eqs. (2-lh) and (2-16), 1.e., with the assumption of constant

”fphysical properties and- nonzero interfacial velocity and, for the disk

‘=~jlarge Schmidt nnmbers.'

A normalized flux at the electrode is defined as

“afe )dcm/dﬁ st £=0. It isa constantiof’l/P:3/2) or 1.12838 for ;

stagnant diffusion cell and 1/r(h/3) or 1. 1198 for & rotating disk
‘electrode when the physical properties are assumed constant, interf‘acial'3

.velocitypis zero ‘and, for the disk, the Schmidt number is large. In

* actuality, it decreases as concentration increases, the numerical values
:<oeing'tabula+ed‘in Tabie-e-e and plotted in Fig. 2-2. Again, “the solid ‘

K lines and dashed lines have the same meanings as in Fig. 2-1.

Since the flux is not an easily measurable quantity, it is
desirable to find the concentration dependence of the dimensionless

e The I, vas ‘defined in Eq. (2-9) and

actually calculated from the differentiation of Eqs. (2-10) and (2-12)

~ with a> = O. For copper sulfate at 25 C, IL are tabulated as a function

;of concentration in Table 2-3 and 1 Jt were calculated accordingly from

the definition of IL in Eq- (2-9).

For the case of the rotating disk electrode, the detailed :

'_mathematics have- been discussed3’S in a similar manner, only the result
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‘has beenrtransferred here'for comparison. The numerical'Values and-plOts

'are again put in parallel with the stagnant diffusion cell in Table 2-3
and Fig. 2-3.
Comparisons were also made for the case -of constant physical

properties and nonzero interfacial velocity and, for the disk, large

Schmidt numbers, For e stagnant cell7 "'

= o D (2-
ey =7 V= (e-17)
R T e ' 8
and for a rotating disk electrode, it is the Levich equation .
v' iL 6 )48 -3 nFcJ;I _ ‘ v ' -’ o v8" o
B, ol 0. 20 =) " x o (2= '
. _\R) ( ). 137?::5 o : s ( )

In summary, with the knowledge of Py t +? and D as functions
Tof concentration (e.g., Eqs. (2-13)), the concentration profile can be
established numerically by Eq. (2-10) The dimensional limiting current
(see Eq. (2-9)) can be calculated from the slope of the concentration
profile at the electrode surface by Eq. (2-12), thus. making it possible
to predict 1 Jt as a function of concentration in a stagnant diffu81on
7,ce11.

- From a practical point of view, it 1s desirable to predict D

from the experimental vneasurements of i J—t or il../ JQ This is what will

e discussed in the next section, i.e., how to invert the experimental

'measurements_ofiﬁlt or iI/Q@l into d1fferent1a1 diffusion coefficients.

£

-
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Teble 2-1. - Concentration profile of O.MM CuSO, at 25°C.

-

c/cé Rotating Disk Eleétrode '

3 f;' ¢/c;'8tagnan£ diffusion cell
| o | (Penetration Mogel) ~ (Boundary Layer Model)
PP . Exact _  CPP Exact
0 0.0 0.0 0.0 0.0
0.2 0.22270 0.1703 - 0.22352 0.1786
0.4 042839 0.3566. . 0.44090 0.3857
0.6 . 0.60386 0.5327  0.63776 '~ 0.5897
0.8 T 0.74210° 0.6832 - 0.79%16. 0.7635
1.0 - 0.84270 0.8000 0.90429 10.8866
1.2 090031 10.8827 . .0.96410. 1 0.9565
1.4 0.9%28 © . 0.930 0.98973 - ~ 0.9868
1.6 0.97635 0,976 . 0.99786 © . 0.9970
1.8 | 0.98909 - ©0.9848 " 0.99%68 10,9995
2.0°  0.99532 -7 0.9933 - 0.999% 0.9999 .
- - o 0.999% . 1.0 -
S O - 0.9999 1.0 -
) ”_aConstant physical pfopertieé.
4
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LT

Fig 2- ' Concentration dependence of the flux for copper sulfate
' solutions at 25 c. ‘ v ‘




S L SR

-”ﬁ&bl¢'2—3. Limiting current density as a function of concentration for - |
R . Cusoh at 25°C. -

snc (Penetration) ~ |RDE (Boundary
e : o Layer)
e o ow, t, Do x o ade AR
P -2 . ‘v—6cm- TmA séé | /
M 10 © 10 | om? - sec
’ sec Exact CPP2 Exact cpp2

: 0,60998h o.159$ -0.3978' 6.86 -0.003122 j-h;916 -4.707| 1.608 L.363
©0.01986 0.3168 0.390L 6.46 -0.006206 -9.542 -9.055| 3.135 2.995
0.04969"0.7887 0.3805 6.02 -0.01530 -22.84 -21.L3[ T.hh3 6.986

£ 0.1000 1.575 0.3628 5.71 -0.0300L  =hh.93 -40.82| 1k.13 13.05

1 0.2000 3.102 0.3368 5.37° -0.05748 -82.89 -76.11| 26.66 23.91

- 0.2985 4,561 - 0.3198 5.1k -0.08300 - -118.9 -108.4] 38.3% 33.71

0.4000 6.020 0.3089 496 -0.1082  -15h.h -140.3 -
0.4989  7.403 0.3036 4.80 -0.1320  -188.2 -170.9| 61.0T- 51.51

%cpp cbnstant phjsical properties.
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| Fig. 2-3. Limiting currents for copper deposition from copper sulfate
Loat 25%C. oo from copper sulfste



2.2 Differential Diffusion Coefficients |
- For decades, Y considerable amount of work.has been done in

'3_ the measurement of diffusivities with various methods.v The most common
methods appear to be those utilizing optical methods or'a diaphragm cell.

"The diaphragm'cellvhasvthe'inconvenience of being calibrated with a known .
isystem,occasionally, in addition to the lengthy time for one measurement

: and'the.precision analysis:of'the concentratiOn of solution. An optical
Emethod,thouever, generally, inVolves‘the use of special precision equip-i

' ment. - . | | .

| A stagnant diffusion cell, or & rotating disk electorde has :

,the advantage of reletively simple experimental setup and easily measured

"'quantities, current’ density and time ‘or rotation speed. With modern

instruments, no difficulty is involved.in obtainingvfoursto five signif-
cant figures in the sbove quantities. Thus the measurement of diffusivity ‘
is greatly facilitated.

To invert the measured values of i Jt(or 11/Jh for. the case of

:”'fa rotating disk electrode) into- differential diffusion coefficients

requires 8 numerical iteration procedure. In order to-illustrate ‘this

].procedure, let us take the exact values of i Jt from Table 2—3 and regard

'-_'them as measured values from actual experiments.

From the measured values of i Jt and Eq. (2-17) we are able
to calculate a first approximation to values of D(l) with the known

: values of t+ taken frOm the literature. The superscript refers to the



_p;éon
umber of' iterations from here on. LThe calculated ‘values of D(l) re ..
then linearily regressed as a function of concentration, ‘mass fraction
is used here'for‘consistency.with the previdus section =
, : i . 2 '
S T %o 2 S 03 b Ao
e Once we have all the physical properties, density, t -and D(l)
"as a function of concentration, 1. €., Eq. (2-13), 1t 1s possible to B
. calculate I( 1) from Eq. (2-12a) by the computer program CONCEL and the
-steps listed in the previous section. » .
. ' With the measured values of i Jt and I(l); it is possible to o

(2) 4

go one step forward to the differential diffusion coefficient D
concentration Co from EQ- (2-9). At this point, ‘one may recall that

Eq. (2-9) is the definition ‘of I, but I( ) vas calculated from (2-12),
and not (2-9). At different experimental‘concentrations, ‘aifferent |

(2)

'-values cf. D are'obtained. ”They:are again subjected to the'linear :

regression program, i e., to fit them as a ‘function of concentrations
'ﬁ as Eq. (2-19) The process is repeated until the values of D(i)
converge, i.e., wvhen the difference of . D(i l) and D(i) 1s smaller than'
._ afspecified tolerable error. .,:' This final step yields the_differ-
; ential diffusion coefficients.‘. B . . -_ }

= - Figure 2- 4 shows how the values of D(i) calculated_from'Eq,

| .(2;17) are converted to differential diffusion coefficients for thé, -
binary electrolyte of copper sulfate at 25° C with the exact values of
-1 Jt given in Table 2-3. The numbers labeled in Fig. 2-k represent the -

iteration._ It took six itcrations to converge satisfactorily to the"
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 aifferential diffpsion coefficientfmeasuredvby'Eversole.yS The:detailed :
computer program DIFF is given in Appendix B2, " o |
'4 : | A similar procedure ‘would also be possible to invert the f
_measured values of i //F'into differential diffusion coefficients for
the‘case of a rotating disk electrode.
. Despite the good convergence to the literature data of copper

sulfate at. 25°c, no one seems ever (no literature found) t6 have made ii

<Lfany limiting current measurements of binary electrolyte'by a stagnant

‘ diffusion cell. vNeither_has anyonevpointed out'the difficulties or.
failure’ofisuch measurements.?‘Many of this'kind of‘measurements were
jf‘done at- very low concentrations and with a large amount of supporting
| lectrolytelq 11,42 ¢ Systems with supporting electrolyte are discussed:"°
._in the next chapter. ' -
. In the: remainder of this section, the difficulty of the
‘v”measurement of limiting current density in a stagnant diffusion cell
:’and its possible resolution are discussed. For the experimental setups ,'
' and procedure, one should refer to chapter 6. N

For a solution with a large amount of supporting electrolyte,

g:Qa typical plot of log current va log time curve consists of two parts,

L the horizontal part which corresponds to the ohmic resistance of the

solution;and the decreasing part of slope -2 where the concentration of
electrolyte nearvthe electrode surface drops to zero. (See-Eq;.(Q-lj)

'_or (2-9)) -

With a copper sulfate solution of O 100M without any supporting

'electrolyte, and & voltage of 0.3 to O L volt 3 the decreasing part would

) This is the voltage range which is used for most other measurements of
- the solutions with sufficient amount of Hgsoh as supporting electrolyte, .
sce chapter 6. :
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-calculations in chapter 5.

=

"~ not shov up until several hundreds thousand seconds,'i.e;,;several‘days.
~ This ia-almoStAat~the.same order of magnitude’of time as 1s needed with

-'a diaphragm cell. .

If the applied voltage is raised, the flat part becomes shorter. |

| A constant voltage of" l,O'volt vas applied to the above solution in a
. stagnantlcell. A plot of log i vs. log t for several different sized

1.capillary'tubes is_shown in Fig. 2-5. Instead of a monotonic ‘decrease - .

i_at’31ope of -%,.the?curve vavers'up and down,~which"makes the quantity

'i.Jt, presumably a constant, not easy to define.

The same - solution'was again run in the capillary C except that

the voltage vas decreased manually step by step as it is shown in the

lower-part of Fig. 2—6 , This time the straight‘line of the decreasing
o part becomes ‘longer than the one . in Fig. 2-5. The curve ddes not Waver
'until at l0,000 sec when the source voltage remaining unchanged at 0.8

volt after 5,500 sec.

o These experiments 1ead us to believe that a power source, the ,“

output voltage of which starts to decrease with respect to the square

;root of time when the concentration of electrolyte near the electrode

[y

i':‘fhas dropped to zero, affords a possible method of measuring rJt in a

'1ib1nary electrolyte.

" One would alao notice that all four curves in Figs. 2-5 and

";2-6 overshoot above: the line of slope -3, which is in harmony with the
"curves observed in solutions with supporting electrolyte in chapter 6

»This phenomenon also agrees with what "is predicted in the theoretical
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III. MASS' TRANSFER IN A MULTICOMPONENT ELECTROLYTIC SOLUTION
In our” laboratory, there exist several different experimental
"‘setups,of_different,hydrodynamic»COnditionS'forvthe study of mass transfer
in multicomponent electrolytic solutions.'»The common problem we face is
V_how we define'a diffusion coefficient'and calculate the limiting current.
_ density under these different hydrodynamic conditions and different
concentrations of supporting electrolyte.

Until recently, ‘most literature have employed the differential
diffusion coefficient measured by a diaphragm cell or an optical method
directly to an e‘ectrochemical system w1th supporting electrolyte.
.e.There is ‘no Justification of this except one of expediency. On the
l other hand, the polarographic diffusion coefficients of Brasher and
Jonesha have been largely ignored. | '

In the previous chapter, it has been shown how the limiting '

- current in a’ binary electrolyte could be calculated for & stagnant

. diffusion cell or for a rotating disk electrode. One could see how

'.difficult it would be to extend the calculations to a ternary electrolyte.
‘7rFor example, for an aqueous copper sulfate solution with the. presence of
;v supporting electrolyte of sulfuric acid, the fundamental transport
properties consist of three independent sets of diffusion coefficients
(corresponding to-binary Interactions between CuSOh and water, H Soh |
~and vater, and CuSOuvandeQSOh), two transference~numbers;of‘threetionicV';
species'(Cu++,ksoz; H+)3 the conductivity, and‘theiviscosity. If all
' these properties as uell as the density were known as functions of':
" composition, it would then be‘possible to calculate the’limiting current. 2

KN



dimensicnless equation according to this classification under'the

. -27__

fowever the necessary data usually are not available for most cases.
Addition agents would certainly make the problem much more . complicated.
In this chapter, we will discuss how to treat the mass transfer"

in multicomponent'electrolytic_solutions by means of integral diffusion

fcoefficients; “In section one, the factors that Justify theluse'of ‘

' integra] di?fusion coefficients are discussed.' In section'two,<the

hydrodynamic configurations that are frequently used for electrolytic

mass transfer studies are cla551f1ed into two, namely, the boundary

| layer model and the penetration model., Efforts,are devoted to prove

~how the equation of convectiVE»diffusion can be reduced to an identical

»assumption of large Schmidtdnumberof.electrolytic solution. This is

‘also the basis, in the final section, that leads us to believe that an

integral-difquion coefficient measured by one hydrodynamic condition
can also be applied to the others according to this ¢lassification.
Some measured data for a stagnant diffusion cell as well as a rotating '

~disk electrode are also included.v

3 l The Justification of the Use of an Integral ‘Diffusion Coefficient
| The use of an integral diffusion coefficient is influenced by
the following effects, : 2 |
p i. the velue of the Schmidt nuMber,
i1. the‘nonzero interfacial .velocity,
ii1i." the effect of ionic-migration, and
..siv; the variations of transport properties.

Each effcct has been treated individually by several workers,

mostly in nonelectrolytic systems. ‘The Schmidi number correction was
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treated by Névman.13 For electrolytic systems, the correction is usual-
ly no more than a few percent. v | | | | -
- The effect of nonzero interfacial velocity -due to the high
mass transfer rate can also be expressed as a-correction factor to the
maSS'transfer coefficient in the absence of an interfacial velocity for
3

a rotating disk. If the Schmidt number is-very large, the correction '

factor has been shown to be a function of mass flux ratio for an arbi—v.
trary, two-dimensional.boundary layer-model9 15 and in a generalized
'penetration»nodel.l_ | | | |
Stnilarly, the efrect of ionic migra.tion in the diffusion‘
ilayer can also be expressed as a correction factor to the mass transfer
" rate in the absence of migration.lh For large Schmidt number, one |
vcorrection factor has been shown to. apply to. the hydrodynamics of a
4'boundary layer model and. another to situations obeying the penetration
" mogel.tT | |
As +to the effect of variations of physical properties, there

13 no general correction factor except under the assumption thut the
properties follow a 1ogsrithmic function.ls_ However, for an-solution 3

}of given compos*tion the correction should be identical for any

' Jarbitrary boundary layer model and for a penetration model at high

Schmidt numbers, a8 shown by Acrivosl2 for the boundary layer model case.

'3 2 The Equation of Convective Diffusion at High Schmidt Number

A. Boundary Layer Model

For an:electrolytic"system, the Schmidt number is invari-
‘ ‘*ably large being on the order of lOOO. In steady state, boundary layer'

'.7 convective diffusion, the diffusion layer is very thin compared with the




-hydrooynamicfboundary:layer.- Consequently; one*frequentlykuses‘the first
'term:of,the series expansion of the velocity profile of various hydro-
dynamic conditions as anfasymptotic form for mass—transfer-rate'calcula-

;tions.‘iThey cap.bevexpressed as’

A D
»'.'_v&e-g-'dgcx v, '_.')(3-2)

.'where ﬁ(x) is the velocity derivative bvx/By evaluated at the wall
'(y=0) - The two expressions also satisfy the two dimensional equation of
'continuity. | ‘ o | |

| Hyorodynamic configurations which are commonly used in electro-

;chemical mass transfer studies and fall into this category are |

Ry Two-dimensional diffusion layers in laminar forced | |
| cohvection;i | o -._V - o
1. a'flatiflate in a'free streamQh
2 a cylinéer in aifree streaaazbv

3. stagnation in plane flow (Hiemenz flow)eaa’ 23

ﬁ;;ii. :Axisymmetric diffusion layer in laminar forced convection
. 1. a rotating disk electrode22
7,“ ifj é. .a;sphere in a free stream9

”,{3, flow through an annulus® and- its special cases, -

circular tube or two parallel plates o

For steady state,_two dimensional or axisymmetric boundary

tlayerfhyarodynamic configurations, the general equation of convectiveb



diffusionfrorfan ionic species:i ina multicomponent:electrolytic solu-. .

tion.is#‘v : IR S R L e T

x’BSc' * "y—Fy Azipégi (ugey .dy b (D{B_) S (33)

¢

-

- In thismequation; g is the electrostatic potential, 1'1:l is the mobility

of ioniec species.i'and the*remainingvsymbols have their usual. meanings. -

The terms involving the second order partial derivatives of concentra-
tions and potential with respect to x have been dropped on the basis of
order of magnitude comparisons with the terms that are retained.l7‘ ;
‘ Here the dilute solution theory of mass transfer has been
used. This is not only'because of its simplicity but also its wide-

sPread use in the.literature. For the multicomponent,~concentrated

solution theory, which involves the inversion of the Stefan—Maxwell

,flux matrix and the use of electrochemical potentials instead of concen- '

trations, one should refer to the papers by Smyrl and Newman. 4,19 o

The y component ‘'of the flux of ionic species 1"Niy

- of three contributions, i, ey diffusion, migration,and convection,

de g

'._N-‘ = -D-——l_- Z,u Fc d C'V | ;t - ‘_(S-h)

iy iady 174771 dy 1’y

‘ﬂ The, y component of the current density is the sum of the *

species fluxes multiplied by the charge

iy = FZziN1y : - e (3-5)

y consists '

4

”n
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- The mass average interfacial velocity9 vo at the electrode-

'solution 1nterface is

Ny Ep v MmN SO o
v, = Zé 1y . é 1 S e i‘(3;6)

i

For a metal depositon reaction, the mass flux at the electrode
' surface ie zero for all ionic species except the reacting ion, (e. gy 1n;
the Cusou-H SOh aystem,vcopper ion 1is the-reacting ion)vor in mathemati-
cal,notations
Niy =0 ‘}'where i f R - aty=0 o (3-7)
Equations (3- ) to (3- ) can be combined to yield a relation-

'ship between the interfacial velocity and the current density

| 1 MR:"- _ . A '
. N M - ':. .' . N N )
Y " “L*Fsz e =) 1

.’, where subscript R refere to the reacting iOn. 'If the results of Eqs,;v
"(3-8) and’ (3 5) are introduced 1into Eq. (3 L) at y = 0,-there.then :

' follows

K MR 2z u Fe

FZR - cR) dy'y=0 (8 _ .y dy'y=0. .

,MR My R
- According to Eq. (3-8), the left hand side of the above equation is

exactly v . Next, ve replace v 1in Eq. (3-2) by (3-9) and introduce the
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. Lighthill transformstion -0 e
= - . (3-10)
. N 1[3 . 3 }
[9%];‘[3(") axl/3 o
for a two.dimehsidnalxboundary'model and assume that cg and $ depend
only on €. Equation“(3-3) tﬁen reduces to - | |
.4 21“1F°1 agy, a (P %y dey o i
RS AR e, em
" where .  .
SR b i ag) 1 dep '(3;il;)
D - o) dEE=0 T o Ty =0 B adle

:f.f?B. PEnetration Model

In this model, the diffusion layer grows as time elapses. o

.The fluid velocity normal to the 1nterface can be expressed, 1n general, .

es a fupction of the timerdependent surface area s(t)

asns(t) | : o ,,- o o
WET e Ve A - (312)

| | | . : VR
: °* : - ' K . ) .21 . ;
This wae firet pyoposed by Angelo, Lightfoot and Howard ag & generalized

penetration theory.

x o '
Yor an axisymmetric boundary layer model, the Lighthill transformation

'_. has the same form but with B(x) replaced by rB(x), where r is the normal

distance of the surface from the axis of symmetry.

4



'species i is

together with the electroneutrality equation. If thevtransnort

=33~

Hydrodynamic configurationsbelonging to this category are
i. a stagnant diffusion cell, and '
i1 growing mercury drop in polarographic study.

For this model, the equation of convective diffusion of ionic

‘a;'sc- T % L
i a 3¢ 9 iy -
- T "% dy( 1°1 ay) +Fy(DD§) o (3?3’

The same equations of interfacial velocity, Eqs. (3-8) and (3 9) | are .

:'still valid for- this model in a metal deposition reaction.’

nAgain,,we introduce a similarity variable

- vhys(izh o :l_ SRR 3-14) -
N [hnnjzsg(t)atil/2 S o

‘~rEqustion (3413)'becomes _

z.uFe | ' S
d,.1°1 "1 a8 i : oy
(=5 ) ) + [2€+Ql | (3-15)
E 3 ag’ 'E D ag E SR
where Q is exactly the same expression as in Eq. (3-11b)

In summary, the equation of convective diffusion reduces to -

vK. (3-11) for those hydrodynamfc~configurations classified under the_

boundary layer model, and reduces to Eq. (3 15) for those belonging to

. the penetration mode) under the assumption of high-Schmidt‘number.

‘The equation of convective diffusion would»then be solved.
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propeffieeyare known as"fohctions ofccomposition,.it is theh poesible to
'ohtain'the concentration profile or-potehtiel disﬁributioﬁ for each
iOhic‘species."The,currect density is solved from‘Ecl (3—9).f
3.3 'Integfal Diffusion Coefficient | |

.We havefpfoved fhet for_each cetegory of hydrodynemic confiéura-.v
: ﬁions; there is ah unique'eguaﬁioh‘of convective aiffusion at‘high Schmidt
number. ‘However, in‘a concentrated multicomponeht'solution; the trans- '
port coefficient data are usually not available as functions of comp051-
: tion, which makes it impossible to solve Egs. (3 ll) and (3-15).

. The alternative means to approach this problem is to measure
the 1imit1ng current density of this solution in & simple but typical
| experimental setup which characterizes its cacegory of hydrodynamics.
1 The measured result is then applied to other hydrodynamic systems.
| " Let us define an integral diffusion coefficient which follows
'.the equation of convective diffusion.

de,  de. 3%

%R, % _ O¢- _ o
Vi ox T Yy dy D¥by2' I . | (3'16)_

for & boundary layer model and -

2
- e
oz . e

fora penetration model. vy and-vy retain the same_ekpiessiohs as in
- Egs. (3-1), (3-2), and (3-12), except that there is no yo in these
equations. There are no physicel properties involved in the deriyations

of the atove two Eqs. (3-16) end (3-17). This is because for a solutioh o
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“of given composition, the noniero 1nterfacial»velocity correction, the
'effect of variation of physical properties, and the migration effect are

.identical for each category of hydrodynarnics3’9’15 -18

as we have discus-
"-sed in the first section of this chapter. A

. If we use the Lighthill transformation (see Eqs. (3—10) and
(3 lh) except that Dy 18 now replaced by D), Egs. (3- 15) and (3-16) are

'then reduced to

,; | R | dey,  pde

_ dga +.?€ faz é‘OH "y

]
=]

and e .;a cy

dep ,
+ 2& = 0 . - . .
e -

" respectively. The concentration profiles are the same as in Egs. (2-16)
~and (2-14). The’current.density is

nFDec,_, BcR

y " T8y dvly=0

where sR 1s 8 stoichiometric coefficient in the electrode reaction.

In Table 3-1, the first terms of the. velocity profile and
1im1ting'current density have been summarizedvfor the boundary layer model
electrochemicel syStems; In the table, R 1s the radius of a sphere, cyl-

. ‘ratio of the
inder or circular tube, K is the/ radii of inner to outer cylinder, (€>
~is an average velocity over the conduit, and x 1s the distance measured

along an electrode surface‘and y is normal ‘distance from the surface.
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In Tanle 3-2, the 'fluid velocity nomal to the interface ‘and
current density are summarized for the penetration model electro-
chemical systems. ‘For the case of a growing mercury drop, the same
upproximationS‘made by Ilkovid 5'were adopted. 7" ; . s

' Because of the simplicitylof'experimental setup, we nave chosen .
the;rotating diSk electrode and thebstagnant'diffusion cell t6 represent
the boundary layer model and penetration model respectively. ‘The linit-

ing current densities in copper sulfate and sulfuric acid solutions were

umasured with a rotating disk electrode as well as in a stagnant dif—

'.iusion cell.

' The integral diffusion coefficients of a rotating disk are

' calculated frothhe_measured iLﬁﬁltwrthe equation in Table 3-1: The.
results'are'tabulated in Table 3-3. -They agree generally well with the 'l_
measurenehts‘by Arvias? et al. However, we have covered much‘wider B

'concentration ranges of sulfuric acld and copper sulfate. Tne-detailed

. experimental ‘method has been discussed in Ref. 5.

| “The integral diffusionvcoefficients of & stagnant diffusion

"~ cell are calculated'from the measured i Jt by the equation in Table'3-é.v

" They are tabulated in Table 3-h The results should be. 1dent1cal with

) polarographic diffusion coefficients. | |

. Brasher anrd Jonesh2 have measured the diffusion coefficient N
"polarographically at a copper ion concentration of 0 OOOO9M with sulfuric

- acid concentrations yarying from 0.005M to 9.075M (50 to lO5 times more
| tban the reacting ion concentration) in their measurements, the viscosity

- of the solutions dominate‘bver the-limiting current. The diffusivity

becomes as low as lgl x 10 6 om /sec in the sulfuric acid solution of
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9.0755.  bn the'other'hand, as_fhe amoupt of éupporting electrolyte '
-decfeases_té equal or less than thé concentrqtion.of the reacting ion,
the‘effeét.of miératién ﬁould dominate over the>lim1ting currenﬁ.. The
1ntegral>diffus?on coefficients calcuiated in this mannér may reach'ds’
high as 1h.l x 10’6 en?/see (solution 102 in Table 3-k). One should
notice that inﬁegrél.diffusion.COefficients'of thé copper ion defined
hefe do not approach the diffusionycoefficieht'ofvthe»binar& electrolyte
o aé the cqncentratiph bf'éupportingbelectrolyte‘approacheé zero. The
detailed‘eiperiméhtal setup w;ll be discussed in chapter 6.

!
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layer model of hydrodynamlcs.

Veloc1ty profile and limiting current den51ty in a boundary
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Table »3;2. Velocity normal to the interface and current density in a

“of Increase of Volume

penetration model of hydrodynamies.
‘ 3
\' S in . (—-)“—*—
: : 2 'n¥FDe
y (Eq. (3-1%4)
A Stagne.np Diffusion Cell o 1 m‘
' - ' gian 2., 5 R2(t)
A Growing Mercury Drop X T R™(t) Y
S : '[thoR at]™
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Table 3-3.

~ -bo-.

Integral diffusion coefficient of boundary layer model of

CuSOh-HZSOh system at 25°C. |
sol?ti?n_ Cusqu .-H280h  Density Viscosity ?;lzgégz)lndex T%Lxlo6.
# ' M ’ M ' ‘g/mlv ' c.Pe em fsec
9 0.0093 O0.476 1.0298  0.982 . 5.61
2 0.009% 0.980 1.0612  1.080 b.98
4 0.00976 1.469 1.0017  1.186 5.21
11 0.00947 1.9 1.1206  1.29% 6T
13 0.00943 2.43%k 1.1489  1.hk22 S ok
By 0,0200 ©0.9% 1.0621  1.081 1.3454 6.31
10 0.0460 0.h92 1.0361 1.003 | - 5.42
"3 7 0.0461° 0.991 1.0670  1.101° L.86
5 . 0.0488 1.463 1.0968  -1.204 .93
12 0.0462 1.936  1.1252 -1.319 Ok
W 0.0466 .2.420. 1.1547 . 1.460 o . © 3.88
39 0.0967 0.500 1.0438 - 1.030" 1.3413 ) 6.5
15 0.1017 1.003 1.0760  1.151 " 1.3461 5.48
% - 0.0997 1.253 1.08%2 _ 1.180 1.3488 5,68
16 . 0.1031 1.5k  1.1086  1.257 1.3513 5.16
¥l 0.1001 1.769 - 1.1201  1.303- o 1.3537 5. 0k
17 . 0.102k = 2.013 ' 1.1378  1.377 1.3592 4.8
L2 0.1015  2.551 1.1658  1.511 1.3610 k.52
6 . 0.2273 1.451 1.1227 1320 5.38
18 0.2520 0.995 1.0973° 1.224 ° 1.3493 5,98
19 - 0.2565  2.006 1.1585 = 1.490 1.3593 5.1k
20 0.2561° © 2.535 1.1900  1.654 L 1.365h . k.59
7  0.4018 1.464  1.1486  1.k5h | 3 5.66
21 0.4536 0.988  1.1271  1.366 1.355h4 6.03
8 0.639% 1.468 1.1835 1.666 ' 5.81
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Table'SAh Integral di ffusion coefficient of penetration model of CuSOh
‘ e - -H,80, &t 25°C. R |

..Solutipn-. CﬁSQh‘ H,80), - Density Viscosity Refractlve T&ngo
n : . , : . Index 2,
e S M g/ml TS (h—)8932) cm” [sec
. 101 0.1001 0.0  1.0131 ' 0.9507 o e
102 0.1001 © 0.005  1.0136 - 0.9522 - bk
103 0.1001  0.020  1.0146  0.955% - - 11.9
10k 0.0999  0.050 1,064  0.9587 . 10.1
1105 0.0998  0.100 1.016k  0.9%6% . 9.06
106 0.1000  0.125  1.0209  0.9707 . 8.87
107 0.1003  0.175 1.0243  0.9800 . 8.2
1108 0.1001  0.250  1.0290 " 0.9897 . '8.08
51 0.102k  0.810  1.062k  1.085.  1.344 5,42
© 6L 0.1008 0.888 . 1.0667.  1.100 . 1.3451 53
52 0.0986. 0.998 . 1.0731 . 1.120 N 1.3461 . 5.33
.62 0.1005 - '1.085  1.0790 -  1.139 = 1.3470 5.28
53  0.1006  1.195  1.0850  1.262  1.3481 . 518
63 0.1006  1.295  1.0911  °1.183 = 1.340  .5.12
o sh 0,099 1.375  1.0963 . 1.202 - 1.3503 .  5.09
64 0.0999 1473 . 1.1008°  1.224 0 1.3510 5.01
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plv; *HE EFFECT OF MIGRATION IN A MULTICOMPONENT ELECTROLYTIC SOLUTION
| Since it is difficult to solve Equ (3 11) or Eq. (3-15)

" analytically or numerically, we will concentrate our effort on the role

of migration. The problem has been solved by Newman h’ 1 when the

i1 4
solution of three ionic gpecies, Eqs. (3-11) and (3-15) become

assumptiona_of constant D, u, and Q = O are adopted. Ih'brief, for a

D, d ¢ dc z . uF . . :
R S 1‘ m o N ag o (hoy)
DR a2 gt gt e L By "E( ”E) o (4-1)

There afeftﬁree suéh‘eéuations,.1=1; 2;'Rta£d
| k=2 m=1 for a stagnant‘diffusion cell or penetration
k =-3§ m = g'for a rotating disk electfode_or bouhdary layer
model. | - | |

o, )

it is possible to. solve for cl, 02, cR and the electric ~potential g w1th

the known ratios of ionic mobilities and diffusivitles. .

In Ref. lh the electrolytic system of copper sulfate and
sulfuric acid was treated as completely dlssooiated into- SOh H+, Cu++

-

In a pure sulfuric acid solution, the sulfuric acid molecule

sontzes in two stages; the ionization constants?é at 25_C are‘-.



3

KQSOH. i H + HSOh

-e

K, = 10%
.

HSOh _<_. '+ 50, Ky = 1.04 x 107

-e

:'Thevsecond ionization‘constant is'much‘smaller £hen the first ionization
‘.consfent., Consequently;‘except at extreme'dilution,.the bisulfate ion
'fwould not be completely dissociated. o

A simple, dramatic evidence of the existence of bisulfate ions

‘ f:ﬁ a -copper sulfate_and'sulfuric acid solution is the conductivity of .

| tbe'solutions.(see'Appendix A fig. A—l) v‘When copper sulfafe is added‘
~to a solution of sulfuric acid, the conductiv1ty is found to decrease.
Qualitatively speaking, this is because the highly mobile hydrogen ions
have combined with the sulfate ions from copper sulfate and formed the

less mobile bisulfate ions.
| h 1. Comparison of Complete and No Dissociation of Bisulfate Jon . .

_ In this section, the effect of migration of two extreme cases
_ wili beodiSCUSsed, nemely, complete'disSOciation of bisulfate ion and no ;
"dissociation'ofhbisulfate ion. Thevarmer casthasbbeen’carried out in
:3ef.;lu.ﬂ For the latter case the numerical-method is'exactly the same
as before. ' -

The four coupled, nonlinear differential equations (three
' equations(h l)at 1=1, 2, R plus equatiOn of electroneutrality (h 2))
were solved numerically by linearization about a trial.solution which
‘produces a series of coupled, linear differential equations. In the f1nite'
difference form, these give coupled tri diagonal matrices, uhich can
“be solved on a high speed digital'computer. The detailed mathematics

and numerical method have been discussed in Ref. 27.



b

_ Let cA and c be the concentration of copper. sulfate and‘
sulfuric acid of bulk solution; their relationships to the fonic con- 
: centration of bisulfate, sulfate, hydrogen and c0pper for the two
:extreme cases are given in Table h 1.

Table h-l. Relationship of ionic concentration and molecular concentra-

tions.
i vComplete Disseciation ~‘ "~ No Dissociation
' - cBZ'cA;’rZ 0.5 | - cA > epiT < 0.5
R sqﬁ.: QA teg . HSOT = ¢, + g S HSO = 2cg
3 oteey cu' = ¢, cu't = ¢,

’The_ionicjmobility data were chculated"from the ionic con-
.duétahces-at infinite dilution at-25°C which were taken from Refs. 26b

and 39. The Nernst-Einstein relation

-
o

was assumed to be valid. The date used in calculation are

A'(ziuiFa)v o | ziuiF o ;' D, -éj . ii [ ' 181.'.
o . ok gmvelt © g5 en
HSO, 50 5.18, .- .33 -1 .0
soz e _; "80.0.'  8.29 1.065 .2 0
g '  _:‘ ~349.8 : * 1'36.2h_ S 9.312 - 1 ”o
cutc sk 6 5.595 o 7188 2 1

The result is presumably valid at infinite dilution. Hoﬁever,

according to Eq. (h-l), it is the ratios‘of,mobilities and diffusiviéies
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of ionic species with,respect-topthe.reacting ion which are important.
ThereTOre; thefcalculsted results are also valid ifﬁthe ratios. are not
changed with concentration.. | | . | ‘ | '
- The effect of migration on the limiting current for two. hydro—‘
' dynamic-systems 1s shown in Figs. k.1 and h-2 and T&ble b2, The
abscissa is 8 ratio of the concentration of supporting electrolyte to;

-that of. the reacting electrolyte, but expressed as
°B/(° ) kb

so that r’vsries within‘a finite range'of o] to:l foriany ratio of

‘cB/c The ordinate is a ratio of limiting current to the limiting _
diffusion current of a well supported electroljte (r~l) when the viscos-_
ity'effect is.excluded. The solid lines_indicate the two extreme cases.
of rotsting'disk electrode (or boundsry layer’model_in general). ‘The
effect:ofhmiération'is considerably higher'for no dissociation of -
VLbisulfate ion than in the completely dissociated ¢ase. - The dashed lines
.are the case of incomplete dissociation and will be discussed in the ' |
'next‘section. .

For many cathodic metal deposition reactions, the concentra-v
tion of supporting electrolyte is often higher at the electrode surface
than in the bulk solution.- Figures h—3 and k- h show the concentration f

’difference of sulfuric acid betveen the electrode surface and bulk
bsolution fpr the same;electrolytic system.. Numerical~values are given

in Table 4-3. The situation is sgain substantially different for the



-

_l"s;

_treatmentc with cOmplete dissociation or no dissociation of bisulfate
~ions. Moreover, the concentration of sulfuric acid would even decrease
near the electrode . surface for some values of r when the bisulfate model
is used. Qualitatively speaking,{the bisulfate 1on, containing hydrogen, '
‘18 driven avay from the. electrode because of its negative charge.

27

The computer program failed to converge toa solution of
small r for the case of complete dissociation of bisulfate. The program
. aleo'failed to converge for r close to 0.5 or smaller,than 0.5 for the
case;of.notdissociation'of.bisuifate. An anaiytic solution was found

possible for a special case, a Nernst dlffu51on layer This is developed

in Appendix G.




Table L-2.

. ,4»7-

Ratio of limiting current to- limiting diffueion current for
discharge of copper ions in CuSOh/HQSOh system at 25°C.

1.8303

L/
, Complete Dissociation No Dissqciation _
x ~ RpEY - sbc# Nernst 'RDE® SDC# Nernst
1. . u0 - 1.0 1.0 1.0 1.0 1.0
0.9025  1.02k7  1.0216  1.0340 1.0709  1.058  1.10835
0.8 1.050% 1.0440  1.0694 1.155%  1.1283  1.2379-
0.7225 1.0773 1. 0675 1.1062 12617 1.2168  1.399h
S 0.64 - 1.10sh o 1.0920  1.M46 . 1.ho8%  1.3413 - 1.6158
0.5625 - 1.1350 - 1.1180  1.1845  1.6565  1.5547  1.9552
0.50 - - 1.2202  2.6553  2.4981 3.0
0.49 1.2662 © 1.455  1.2263 N N - 2,908
0.36 1.2342 .. 1.2058 . 1.3153 N N ' 2.5625
0.25 ©  1.3113 ~  L.e7s2  1.4126 N N 2.3333
0.16 ~ ° 1.3998 - 1.35%63  1.5188 N N 2.1905
0.09 - - 1.525 - 1.6346 N N 2.0989
0 1.8852 11,8303 2.0 1.8852 2.0 .

N Program MIGR1 does not converge

* Rotating disk electrode or boundary layer model in general -

‘ f Stagnant diffusion cell or penetration model in general -
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_ Tebleh-3.

~50-

The surface conéentration change of Bulfurié acid for dis-

¥

:charge of copper 1on$ in CuSQh/HESQu system at 25°C.
. , (e ‘s °B)/°
Complete Dissociation No Dissociation o
r  RE" spc"  Nernst} RDE® sp? Nernst
1 03158 0.k9893.  0.33333 . 0.16050 < 0.2678L 0.0
10.9025  0.41885  0.48555 . 0.32200  O. 10067' 0.21829 .-0.05418
0.81  0.bOSK3 - 0.47T136  0.31021  0.04Th3  0.15661  -0.1189%
0. 7225  0.39132. 0.45630  0.2979%  -0.03267 . 0.07522  -0.19970
0.64  0.3764  0.4ko28  0.28515 -0.1h502 -0.0h289  -0.30788
 0.5625  0:36073  0.42319  0.27182  -0.33437. -0.246k5  ~0.4T760 .
£ 0.50 -« -+ 0.259%2 <1.0  +1.0  =1.0
0.49 0.34411 . 0.h0k93 - 0.2579L - N N -0.96078
' '0.36 .- 0.30780 . 0.36435 - - 0.228022 N SN '--0.56250- _
1 0.25  0.26683  0.317H6  0.19580 N N -0.33333
0.6 0.22051  0.26337 . 0.16038 N N -0.19048
0.09 0.16846 - - .0.2179 . N N '

~0.09890

Program MIGRl does not converge .

Rotating disk electrode or boundary layer model in general
Stagnant diffusion cell or penetration’ model in general
_Nernst diffusion layer see<Appendibe. '

ek M k=
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b2 Partial Dissociation of Bisulfate Jon |

As it vas mentioned at the beginning of this chapter, the '
bisulfate ion is neither completely dissociated nor completely undis-
sociated. For the case of incomplete dissociation, all four ions are .
.present in the-soiutioo. Let ey cé;_c3 be‘the.iooic concentrations of
: bisulfate,'sulfate»and'hydrogen ions reepectively,,ahd ch Se the concen-
.tration of:reacting ions_of c0pperf ci,cé,c3 are reiated By the Second;

 stage ionizétioﬁ'constant X,
o B epe3/ey T (h'5)

" _The {onic concentrations are related to the molecular concentrations by - -

LK

17 %%%"%B o
& f.c3,= 2oy B j, -_f (h-é)'
.vch=CA'

Zi.Equation (h-l)‘for the'ihcomplete dissociation case isu

D, .. . z,uF

1 J F o o . o
Du o * “em"i * 11>h-' (°i¢“'+°{?‘.")_fr1_=-_°_.--, ()

‘There are four such equations, i=1, 2 3,&, prime refers to the derivative
vwith respect to E, and ri~rate of production of ion 1 by the second stage

»of the ionic reaction (r I ro=-r; r3—-r, r),=0 1 where r--klc k2c and

e ‘&/“ )



e
" When Eq. (4-T7) of i=1 is added to the equation of 1=2;_tne ion
' production term ri,is cancelled. A similar equation would also be
dntainedrby~adding the equation of i=l'and“i¥3 Thus we‘haﬁe two such
-equations plus Eq.-(h 5) and Eq. (h—7) of i—h and the equation of electro—
o neutrality, ve may be able to solve for the flVC 1ndependent variables ¢, to
ch and ¢

- The numerical method is essentially the same as the one discus—i

sed in the first section of this chapter. ‘The program MIGR2 is attachéed -

'._fto Appendix E3.

The effect of migration and’ the surface concentration change .
werefplotted in Figs. 4-1 to L4-4, with the ionic strength of the solution

as a’parameter; Ioniclstrength'is_aefined as if the solution is totally -

disBociated into sulfate, hydrogen and copper'ions
- i”%'liz zoc, = be, + 3e, - . '(ﬁ-B)
| 2 1% 7% T o

" The nunerical-values of the calculated results are given in Tsﬁles hrh
and'hss. cFor the calculations the following ualues were used::Ké = 0.01,
.total nunber of mesh points = h02 ‘and ‘mesh size = 0.012 for RDE,:0.03
 for sDC. | |

| - The two extreme cases. (complete -and no dissociations of '

K vbisulfate 1on) discussed in section L l correspond to very large and very
.small ionic strengths. For an actual solution, the effect of migration

and surface concentration changes would fall between the two extremes.
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. ‘ According to the analytic aolution of the Nernst dlffu510n
layer in Appendix G, a maximum ehould appear in the IL/ID plot for 1arge |
values of the lonic strength. However, the poor convergence of MIGR2 at
small. r and a desire to avoid excessive consumption of computer time
‘prevented us from showing the maxlma. For the same reasons, the minima
are not shown in the surface;concentration difference plota.

(The c1rc1es on f1gures 4 3 and 4 4 were calcolated at aivery :

slow convergence rate and are not con51dered completely rellable ).



- ﬁbble b h.

Ratio of limiting current to limiting diffusion current for o

‘discharge of copper ions in CuSOh/H 50, st 25 C. '

' RDE or Boundary Layer Model -
I=1

~.o‘9o25v“
- 0.81

‘o.7é25J:

0.64

.Of5625.” -

- 0.49

0.6
0.09
0

1.0

106775
1;1h66i X
1.24137 |
1.35778
1.49602
1.63662

i.agoho ,

N

'1N 

N

1.8852

.‘IL/

- I=0id
1.0

1.05246
110799
. 1.166h2j
1.22707
"1.28881'-
135007
| 1.16623
1.56822
©1.65753

1.8852

Incomplete Diseociation .

© 8DC or Penetratlon Model

I=] "
1.0

" 1.05709
‘;ial?h?s

1.2084)

1.31527
144763
 1.5883% ¢

2. =2 =2

I=0.1 .
1.0 ‘

 1.04667
: 1;09712
1.1512k.
1.208126

1.32604

L.booe
o 1.54669
169467

1.8303

=0.01

1.0
- 2.02950
 '1405990

- ':'1.09116

1.10342

1.15679

1.19138

1.26482
1.34535
1.k36k9

 v1.83o3j'

N Program MIGR2 does not converge




-_',Table h 5 The surface- concentration change of sulfuric acid for dis- -
o : charge of _copper ions in CuSOh/H SOA system at 25 C.

cB--cB cA _
Incomplete Dissociation

SR , RDE or Boundary Layer Model o SDE or Penetration Model
oroo 1M . Iea Il I=0.1
. 90257{3"j ' '6.1315*" S 0.2332' »*‘:~»‘  0,2297 R 0.3047 _
,,0;72253*~‘; ‘o. 01087 0772 . 0.09555 0.235k

5 04545fff7'j’ -0.06739 O.akgg . 0.0680 . 0.2003
00,5625 | =0.1500 | 0.2k T 0,106 . 0.1667

S odg s -o2139 0023 . -0.1%89  0.1363

0.3 7 -0.2370  0.06808 - . N . 0.08599

©oaes '}.-Nf‘,dl RN 0.04650 | ’ a0 6.04606.

026 N . o037 o s0.02197
o i e

o = = =

0

N' .£%béram'MIGR2 doés:nOt_cpnvefge -
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";,,g‘v._ TRANSIENT BEHAVIOR A snAGLANT DIFFUSION CELL

In chapter 2 we have mentioned that a typical log curzent vs. R

log time curve ‘in a stagnant diffusion cell consists of two parts, the

horizontal part and the decreasing part of slope -5. According to_Eq. o

(2-17), the current density. would be infinitely large'at the'very begin-.‘_

o fning, and decrease with the square root of time thereafter. Actually, -

the current at the beginning is limited by the ohmic resistance of the -

solution._ The aesumption'that the concentration of electrolyte near the."

- electrode surface will drop to zero right- after the power supply is-

. switched’ on is, of course, not true in actual experiments.' It must take‘

8 certain amount of time before the surface concentration reaches zero,A‘-

‘the amount of time required beingra function of applied voltage.  In

-

this chapter,:the main interest is concentrated on the flat.part of the o

Davis, Horvath and To‘bias10 have_treated the problem with -
consideration of electrochemical kinetics,'or surface“overpotential

only. In this chapter the analysis is extended to include concentrationf'

: overpotential as well as - surface overpotential and ohmic resistance.

The analysis is similar to the case of a plane electrode in the wall of
3 - R o o |

e 80 Mathematical Analysis

With the assumption of constant physical properties, the

_ equation of unsteady diffusion in a stagnant diffusion cell for a

solution without supporting electrolyte or with an excess of sunporting

-electrolyte reduces. to



e (5
. 2 X - )
Cw o | ‘
- where c=c /v = ¢ /v i | .
: z+u+D -2 u_ D o ' ,‘ o :
- D= - for a binary electrolyte,
: z,u -z u Rt EeLIOLIL
-anﬂ' s e.=.CR 3,D =D for a solution with an excess of

: ‘ 'supporting electrolyte.

| - Equation. (5—1) has to be solved with the 1nitial condition |
L'that the concentration is uniform throughout the whole capillary at t—O
t‘and the boundary condition that the surface concentration co 1s not a

constant but a function of time, i.e.,

e ¢, (t) for t > 0 at y = 0

c, : for ¢ >0 . aty

3

Ir the Laplace transform is taken with respect to t and the
fconverted ordinary differential equation is solved with the above
boundary conditions, then the transform of ‘the concentratlon profile is

,. -
T S -
o=t (els) - e

where s and bars have their usual meanings in Laplace transform opera-
; tions. 'If Eq. (5—2) is differentiated with respect to y, and y is set
equal to zero,. and the result is inverted by means of the convolution

integral to yleld the coneentration gradient at the surface

- | ._l'tdc(t) 1
) 5/
B"Iy—o o & J’ﬂ(t-t T

where t' is a dummy variable.

w o )
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The currehé'dénsity at electrode surface is

‘nFDac ‘ :
13:“"7'3y|y_0 N 0
| The current density is further related to the surface overpotential n y

concentration overpotential n ) and ohmic resistance n ohm in a metal

, deposition reaction by

1 =1 0 lexp(ozen ) - exp(-pzen )] , —  (5-5)
Mo = /e R - (5-T)
e oxpm

e = cd/c°° -1s a dimensionless surface concentration.

_i 1é.éxchange cgrféﬁt densiﬁy.
.‘a)ié;:T .arg‘e;ec£rpde'kineticélparémetefs.A
’.L; ;ii7A is'£§é length of fhé Eééil#afy ﬁube.“
Z % -.2+z_/(z+-z_). fofja.binéry eiectrolyté;
 ‘Z ==n for qoluti9n wiﬁh an_excéss‘of supporting;eléctrolyté.'

‘The total voltage difference between the potential of the

- . electrode and the potential in the'bﬁlk'solution is thé:sum of -




6l T
“'concentration and surface overpotentials plus the ohmic potential drop ; N
- in the solution._f-" | B | S
Let us- introduce dimensionless total voltage V, overpotential a

: n, dimensionless current density I exchange current density Jy and '

"idimensionless time 1 as

: Zf(qc-i-qs) ' | “ N (5_9)

S

:;755’?*’£/*i*»' ..'77fr*"'7»;fi;7[f:7i1";»r‘<s+12>fff

c

. where t is a characteristic time defined below.'

If ve substitute Eq. (5-3) 1nto Eq. (5—#) and make it dimen- o

-';sionless, ve dbtain L

m B T R _”vzf“"’.f(s-}&;)". T

*%L;J.:zn=qimension1¢ss/:orm,'nqs;f(s-s):t6¢(5¥7)lbecowe

7 ) - g L Gan)



2w ) .'

where - ¢ =TT'tR(l-9)n

end o I=Ven .o (546)

The dimensionless current I surface concentration 6 and over-
potential N are nonlinearly related by Eas. (5-13), (5—15) and (5-16)

They can be solved numerically when the slx parameters,--a., B v, J, V,

“and tR are known for a given'system.¢

5.2 Numerical Caleulation Method L

The integral Eq. (5—13), is solved numerically by the method
.of Acrivos and Chambre. To change the differential Eq. (5-13) 1nto a
difference equation, first, replace deldT by (6 )/Zn where k starts'

from 2 to J and Aﬂ 1s the time 1nterval,' and then replace JT -t' by

'3 3

,(5-13) can now be written as

L | 1 8, - ek_%j[(k-l)éw a(r,-1')

Jx -T and consider T, = (J- 1)Aﬂ as. a constant for a given J. Equation

T i C L

J - .
v k=2 (k-2)2x J
" After integrating Eq. (5-1T) and with some mathemeticél rearrangements,

ve obtain-

1, =7— [9J 9133-1 ‘s ORAJ o) E o (5-1_8)

wheref: v 1 1 ;

B, = 4% - (J:l)” L
o, |

Ay g =297 - (301)7

© ol

- (a 1)

Becauuﬂ all diannion]cua quuntitiea (¥qa, (5-8) to (5-12)) ﬂze linearly

relnted to thelr original) quantities, the worad dimonsionlese is omitted
héreafier. _
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' Knowing the initial cohditloﬁli;e., 671 éﬁltéo as-a.start;né
_point of the first nesh point 3=1, 1t 1s possible to solve 1 from Eq.
(5?15)'1n coojuhction with (5—16);by a:NewtohéRaphsod iteration method
(see, for example, Ref. 31).

For the first mesh point, let n = V, J=1 and f(n) be

f(n) = GY exp(oC) - 6 ex-p( BC) - "'(V-l]) | o (5-19)
}gﬁl) - n§’”’ 1 (s20)

' The-ca]culatsona are repeated untdl n, convechs.Il,is then calculated
from Eq. (5-16) At the’next point, the sequence of calculations is as

follows,

1. use the previous mesh point values of GJ 1 and'njﬁl'as a.

ifirst guess, | |
2. calculate q§r+l) from Eqs.(5-19) and (5-20), =

3. calculate I (r+1) from Eq. (5—16);

ir;l)
J

B 5.V.If the qj does not converge withln a tolerable error, & new

h. 4calculate e from Eq. (5-18)

i witr 8 da: »ing factor & 18 assumed, i.e.,

fklv_d.“f ":” 'QJ = 9§r)d + (1. 0—d)9(r+l) .

6. The new values of OJ, and qJ are used and the calculations L

are repeated from step 2 until n converges.

J .
During the calculatlons, it was ‘found that the damping factor -

’ ,was extremely 1mportant to the convergence of the 1terations. Thev .



dampinéffactor 1§-strongly dependent on Qiand T{’ By»experimentation?
. the optimum & was found to be (1-0)" where n=2 or 3at small time and\
n=l_forl1arge times |

A_ Because of the logarithmic nature of the. variation of I and 8
VBl 1, tbe computer program CURDl (see Appendlx Eh) was designed 80 that |
“the mesh size Ot (or H in the program notation) is a variable.- The
:'program starts with a total of lOl mesh p01nts at a specified Aw which |
'::covers-the first and second decades.of time. After all mesh-points |
have been calculated;lén is increased by a factor of 10 with the same n
Al,'number of‘mesh points; In the third decade‘of time, the values of I,

-q, 6 of the flrst 1l mesh points are taken from the mesh points of l,

. ll,-2l,'3l, ...,lOl of the previousvdecade. By doing g0, this not only o
results_in a safingiof the number of»calculations at large times but also

‘minimizes theppropagation of errors at large times.

: 5.3 Theoretical Results

. The current density I obtained from the preceding numerical
calculation procedures is plotted vs. time T in Fig. 5-1 with V as a |

_parameter; «, ﬁ, Y, J and tR-are.all assumed»equal to 0.5. It.shows the

{»higherﬂthe total applied uoltage'v the shorter the flat part.. When V

.‘iis high, here iszulovershooting phenomenon of the slope of curve at the

. region where the curve starts to decrease. | |

~ .The decrease of the surface concentration O-uith respect to
,time is plotted in Fig. 5-2 with identical parameters as in the previous

" plot. The higher the applied voltage the faster the surface concentra-‘

tion drops to zero. The time required for the surface concentration to.

‘drop to 10% and 1% of its original concentration is plotted in Fig. 5-3.




.

~a shgrter time. 1

L e

Similar to the first two figures, the exchange current densityin"

fJ is plotted as a ;erameter in Figs. 5-h and 5-5 at constant V. QA”;T
'efhigher exchange density means & higher reversibility of an electrode ~'

ireaction, which helps the surface concentration to decrease to zero in
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Fige. 5-1. Decreaee of current density in a stagnant dlffu51on cell
(total applled voltage as a parameter) :
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. ﬁ]fFig.'5-2.  Decrease of =urface concentratlon in a stagnant diffu51on CEII'%
’ (total applled voltage as a parameter) LR
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Fig. 5-3. Tran51ent time in a stagnant diffusion cell.
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Fig. 5<k. Decrease of current density in s Qtagnant dlffu51on cell
(exchange current density as a pararneter) :
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Fige. 5-5. Decrease of surface concentration 1n a stagnhant diffusion cell
(exchange current as a parameter). :
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VI. EXPERIMENTAL WORK~---ELECTRICAL MEASU?EMENT

6.1 Experimental Method in a Stagnant Diffusion Cell

A. Cell Construction : o

The cell was made of two pieces of precisely bored glass

‘capillaryQ‘ The glass capillary tube was chosen because of its good
_thermal conductivity and ease of cleaning in comparison with lucite. To

'.'overcome the poor machinability and sealing prdblems, the cell was

assembled in the following way (see Fig. 6-1).

‘_ The t1p of the lower part of the capillary (L) vas ground in

a small angle, the platinum electrode (E) was then glued to the
. capillary tip by epoxy_and»set forv2h hours. A short sleeve_of glass*'

, tubing‘(S) was fused to the upper part of the capillaryv(U).y,The‘lower B

part was then glued into the sleeve. Heating_was‘avoided to prevent any

'change of the shape of the glass tubing. The upper-part‘of_the.capillary

was*then.filled_with mercury for electrical contact. A copper'wire was

" sealed on the.t0p;

Before the lower parts of capillaries were inserted into the -

_'sleeves, the diameters vere measured on. a platform microscope at the
’Precision ShOp of the Iawrence Radiation Iaboratory. The diametersvand,ﬁ

the lengths of" capillaries are listed in Table 6-1.

' B. Preparation and Analysis of Solutions

Reagent grade Cuuoh SH 0 and concentrated H SOh of” specific

:bgravity 1.84 vere used for ‘making all the solutions. All weighings were

done on a Mettler analytical balance of +0.1 mg accuracy. The copper

concentration was analysed by the electrogravimetric method

and sulfuric acid was titrated with standardized NaOH solution. The

- procedure of analysis is: glven in Appendix B.
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Fig. 6.1. Stagnant diffusion cell.
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Table 6-1. The size of diffusion capillaries.

Capiliary - o | Diameter - - Léngfh
o : o : mm . . cm

-

1.30 1.0
2.08 I 4.0
2,03 4o
28 50
2,08 .- 20
2.8 . 50
2,08 . - " - 20
3.00 - - 6.0
’ 3.0 .. 6.0
s 3.00- . 6.0
300 60

Z X QN o HBEBY QW




- C. Circuit Diagram

The experilnment was designed to measure the current- time
behavior of five stagnant diffusion cells at the same time. A schematic
'diagram is shown in Fig. 6-2. A Trensistorized Power Supply (model 5015A
made by Power Designs Inc., New York) was used as a constant voltage
.soprCe._ The current flow across each cell vas measured by the voltage
drop across a_knowp resistance. |
' ‘The voltageé'were measured'B& a VIDAR 520.Integrating Digital{,
Voltmeter (made by VIDAR 'coz?ps., Mountain View, California) at a time_.
interval controlled by a VIMR 625 Electronic Clock, The digital volt-
meter‘hes an internal impedence of 1000 MQ linear aecﬁracy of *0.005%.
. The eleck hae eh accufaey of less ﬁhen'one hundredth of a second with a
maximum scale of ten thbusend seconds. |
‘The measured data from the voltmeter verevtrahsmitted either

. to atFRANKLIN mode1v103OD High Speed Printer (ﬁade by Franklin Electronic

. Inc.,eridgeport, Pa.) and.ﬁlotted and aﬁalyied manually er’to an AMPEXV
model 7211‘Magnetic Tape ﬁhit ané processed by aecomputer. .Fof the
defailed;data»proceseing,icomputer prograh; and.tape'haedling seev
Appendiees C and D. | | | |

D. Control Panel

CL ~ For convenience in operations, and to start the VIDAR 620
elecfronic clock and to apply the constant voltage to all cells ét_the
sameetime, a contrbl'panel was built'for the'stagnant diffusion measure- .

. ments. The panel vas designed to operate flve stagnant diffusion cells

simultaneously. The detalled operation is dlscussed in Appendix F.
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Fig. 6-2.. Schezﬁatic, diag’fam of stagnant »dif‘fusioncéll me’asurgament. .




6.2 ExPerimental Prooedure oo
Before each run, the capillary cathode was cleaned witﬁ dilute

niéricjacid,to-remove all-previously deposited copper and rinsed with_
distilled wate}.followed_by'the solution. The platinum‘electrode was;_
| then pfedepositea with eopper*at a constaht voltagevof 0.1 volt fen one .
to tnree minutes 1n a well suPPOrted CuSOh—H SOl+ solution. = The solutioﬁi.
was renewed several times to assure that,limitlng,current'was not-reachea.'
| Removing ahd.filling solutioes or acid were done with a plati-
num needle and glass-tipped syringe. (The needle was made of 80% |
: platinum, 20%. iridium, purchased from the Hamilton Company Inc.,
Whittier, California). This is necessary because the acidic corrosion °
'aﬁdicopper,replacement’reéceioﬁ.would take:piace’w;th'an ordinary stain-’
-leéé.steel needle and syfinge tip. . B - v" - o

;_The helically shaped”anede wae made of oxygen free high‘pu;ityv-.
 copper-w1re;':T6 clean the enode, it was dipped inte dilute nitric ecid,
rinsed witﬁldistiiled wéter,.carefuiiy wrapbed-dry withja;tissﬁe faper,
gna>3§0red in & vacuun desiceetor until ready to be used.
~ The capillary and cell are then filled with solution, care
being eXerted thet no air bubble vae’prapped in tHe;dell. The whole:_
‘gssembly was then:imﬁersed in a constant temperature bath for et_least
an hour 8o that it would reach thermal equillribrium with the bath. The
vbeth vas controlled by a Sargent Model S "thermonitor" and monifored
with an‘N.B.S. calibrated thermometer. The'tehperature ;eriatiep ﬁas
.less than 9. 02°C. | | |

o Both the constant voltege povwer soﬁrce and +he digital volt--

meter vere switched on at least thirty minutes before a run actually



T
started. Pretest, calibration and’ checkup of the whole digital system

: were done from time to time. Cables were connected as shown in«Fig. 6—2.
The experimental setup and apparatus are- shown in Fig. 6- 3

Because of the nature of the behav1or of current-time curves,'
the current density vas: measured at time intervals of l sec for the first?t
20 seconds, every- 10 seconds betweenleo.and 200 seconds and every 100
seconds thereafter. ‘The gate time is the resolution time of'the volt-
.meter, the longer the gate time is, the more significant figures it
measuresrlp |

rThe measured current was then manually plotted on a log—loé N
: scale.as a function of time. The recorded tapes were prOcessed by
conputer with the program PROCESS»(see Appendix.c), '

- -

é. 3 Results and Discu581ons
A typical transient behavior of current density end time has
two parts, the nearly flat part where. the ohmic resistance and surface‘
overpotential dominate the behavior at small times, and the decreasing
part where the’ concentration overpotentialvdominates thegbehav1or.at |
large times. 4
In & O. 0986M copper sulfate solution with 1.00M sulfuric acid
.as supporting electrolyte (solution 52), the tran51ent behaviors are
xplotted~in Fig. 6-4 with the.total applied constant voltagevacross the
stagnant.diffusion cell‘as a'paraneter: The results indicate that the
 higher is\tne applied voltage,.the'higher and the shorter.is the flaty
part. They all converged to a single straight line of slopé -} at large

'th&
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Fig. 6-3. The experimental setup for electrical measurements in a
stagnant diffusion cell.



" We should like now to.compare these curves with the theoretical"'
predictions’frOm chapter 5..'Theltheoretical-curves are specified only

J,and V are known (see Table 6~ 2) 5The
32

if the parameters a, B, Y, R?
kinetic parameter.data‘are rare and uncertain. Mattsson -and Bockris
‘have_reported these parameters in a copper Sulfate‘501ution with sulfuric
acid concentratiOn.of d.ﬁM. ‘Based on their data, o, B,.f-and‘other-'
parameters‘are estimated and listed in Table 6-2. ihe exchange current

density 18 estimated to be between 1 and 10 mA/cm for a cathode surface -

' prepared by electrodeposition.'

. The conductivity data are calculated from the correlation

equation which is glven in Appendix 1. Since the solution has excess

' sulfuric acid, the transference number of copper ion was assumed to: be

‘ zero. The integral diffusion coefficients were taken from Table 3—h

| The comparison is made in .Fig. 6-5-foraone of the-voltages oL
shown on Fig. 6-L, i.e., 0.350V. 'Had all the above'estimateS'been'

correct, the experimental curves would have fallen between the two
theoretically predicted lines corresponding to exchange current densities
of 1 and 10 mA/cm . Unfortunately, in seven runs (run 41 to U6 and h8)
with identical conditions of’voltage and concentration of solution, the -

measured current density is consistently lower than the prediction at

R0l \ s -

‘small times. -Similar inconsistencies are also found in”the«ether ’

experimental curves.

Imspite the disagreement of the nearly flat part in the 1-t.
curves, the theory has successfully predicted an overshooting phenomenon
at the transition region when the straight 1ine of slope % is'extended .

When the transference number is calculated from the equation tr=2R u cR/

22 Uy tR would be 0.012 if complete dissociation of bisulfate ion is

b
aslumcd 0.028 if no dissociation of bisulfate ion is assumed for the solu-
tion at that concentration.,

-
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backwards ‘v(the dashed line in Fig. 6-4). “In other words, a plot of the -
slope a log i/d log t would indicate a peak before it: reaches the
~constant value of-O.S. The theoretically predicted slope is plotted vs.
time on atsemilog scale in Fig. 6-6. The peak tends to smooth off and
- diSappear when the'tOtal voltage is decreased.

“A. Transient Behavibr’at‘Very Short Times

B A further investigation of log 1 - log t behavior at very .
short times (0. 05 to 0.5 sec) of solution 54 reveals that e step drop or
current density occurs in this time range. Before the step change of .
current density, the flat part vas found to fall within the theoretical
:‘ predictions of exchange current density at 1 and 10 mA/cm (see Fib. 6 7,

~the concentretion of the solution, parameters and physicalvproperties-d

ueed}for these calculations have heen listediin Tablevo-e).

| 'Thelreason’for'this step drop of current'density is_unknown,
though'the'phenomenoniwas'fairly'reprodncible in a well supported
"electrolyte.';NovSuch step change in a solution with'litt;g*or no support-
‘ing-electrolyte was,observed}'_lt was suspected to be the charging of the
double 1ayer, but & simple calculation shows that the time of charging
the dodble layer should be on the order of 0.5 millisecond.

From the point of view of the system itself, the step drop of |
current denoity means additiona] resistence setting in besidcs the ohmic
resistence_of the solution. SBince the resistance occurs in the-time

-ranée of 0.65 to Q.Svsec,yit nust relate~to.somegchange taking plece
'very near to the electrode interface;- Let us denote itvby'R;; |
| Two pairs of capilleries (G, E and F, H) of different ratios

of length per area were used to measure the'i-t curyefsimultaneously.




B ,-&lﬁa.
il e

Table '6-;;2.. ;Parametera and phyeical properties used for the theoretical
prediction of transient behavior._ L R

- | Solution 52 s°1uti6n« . R
cuso, cooe _,;0.,9989 e 0.100 e
RSO, Mmoo La
Capillery’ - . B 0B
S 00Ts T 0075
R R U
.‘ 10-66'!112/86(:' R | 5.33 | - o 5.09 ‘ -
sec ‘4 R 1270 | Tho ~ |
a3 raor
S st 10T

= =

ol w n gt "=k

R
o

S

(RN
0




The total applied voltage 18 divided by the measured curren+ in the time
. range of l to 10 seconds’ and tabulated in Table 6-3. Notice that at

that time interval, the R_ has elready set in..

Table 6-3.
) Capillary T - E. . F "
Area of capillary (cm) 0,061 0.062  0.03%  0.03%
‘Clength/area (1/em) 82.# | 81.2 B 58.8 - 58.8
Solutfon CuSQL 1,50, | v/1
# M M ’ Kilohm |
102 0.1000  0.005  14.0 | -' 2.0  12.0
103 0.100L - 0.020 91 9.1 b 8.0
105 0.0998 . 0.100 . 3.4 34 34 3.8
106 . 0.1000 0.125 =~ 2.8 3.0 3.3 3.1
07 0.1003  0.175. 2.1 2.2 23 - 2.8

108 0.100L.  0.250 1.8 21 . 2.2

| For the solution. with little supporting electrolyte, the V/I
" of capillaries G, E are greater than those in ¥, H. As the concentration
'of supporting electrolyte increases, the behavior is reversed.

The phenomenon can be explalned qualitatively in this manner..
nWe»note that R is inversely proportional to the area of the electrode,
('whereas the ohmic resistance ds proportional to L/KA._ When there is.

little supporting electrolyte, the ohmic resistance of the solutionn
'predominates;_as'the concentration offsulfuric,aeid‘increases, the

. resistivity drops sharply and Rs predominates,
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‘The~step drop of current or the hypothesis:involving RB fd
should be subjected to furtherfinvestigation before any definitive
conclusion could be drawn from it. |

B. Current Behavior at 1arge times—--— the effect of migra+ion

. As thechncentrationvof the*reaeting-ion near»the-electrode
surface gradually decreases to zero, cOncentratioh poiarizatiou dcminates
the behavior of‘tue i-t curves. In this region, the current times the:
square root cf_timeywould'be a constant. The values of iVt are functicus
"of_concentratioﬁlcf'copper sulfate and sulfuric acid.. | |

| At constant concentration of'copper sulfate, the effect of
sulfuric acid concentration on the.i-t curves is shown in Fig. 6-8.

"The:average values of Wt were evaluated from the recbrded'tapesﬁin'the

" . following manner;

1. Calculate Wt from the'voltage dropAdcrcss’the known
resist;nces and the areas of capillaries. B
f2. At first iteraticn;,celculate the sverage_values a.ndlk
‘standard deuiations ofvrjt :@r all channels with t greater
than 5000 seconds.v | _
3.' The standard deviations and the average values of rJ% of 1.
:the previous iteration are then used as a criterlon to
e .check all rJ% data. Wherever the deviationiof a datum is
greater than three times th'e' ‘eta'ndar’d deviation, it is
f} . discarded and replaced by -lO 0**(5+ITERA), where ITERA isr
o the number of iterations.
2h.vvRepeat'the check until no'single‘channel'hss‘mbre then one

datum discarded._
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- 5. The maximum number of 1terations was set’ at 8.

'The averages of the measured values of i Jt are tabulated in

Table 6 h. Since the diffusion current 1D, the limiting current measured , |

with an Snfinite amount of supporting electrolyte, ‘could not be measured
. Without introducing a large viscous effect,y2 in comparison with the
'theory of the effect - of migratlon discussed in chapter h the measured _
.;1 J are adjusted to 1 Jt by the theoretically predicted migration factor .
and if the factor is correct values, 1 Jt should be constant.
~ For the case of complete dissociation of bisulfate ion, the

factors B /I were obtained frOm Flg..h—l and the calcula ed 1 Jt vary
from 29. 0 to 2k, O*Jsec_mA/cm ’ with an average value of 26.2 and standard
deviation of 2.2. For the case of incomplete:dissociation, the factors_g
‘Ii/I vas calculated with KéEO.OlOﬁ 26g-and the'i Jt values ‘vary randomly
. around an average value of 23 hisec~ mA/cm » of standard deviation 1. 3
These results seem favorable to. the assumption of the incompletely

diseociation of bisulfate ion in a solution of: copper sulfate vith

sulfuric acid as supporting electrolyte.
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Flg. 6 8 Observed tran81ent behavior in a stagnant dlffusion cell show-;
ing the effect of concentration ‘of supporting electrolyte.
solution # CuSOu : HQSOh “Run # Applles V.;

1 107 0.1003  0.175 . 175 . 0.355

2 105, 0.0998  0.100 - 184 - 0.355
3+ . 10k 7 0.0999 . 0.050 ~ 187 - 0.355 -
L . 103 . 0.1001 - 0.020 190 - . 0,350 -

]




‘Table 6-L.

.

Expsrimental results of measured i J% ir s stagnant diffu-

2k.0

1.0365

gion cell of copper sulfate and sulfuric acid at 25 C The effect of
,_migration : .
Measured Complete _Incomplete'_
. * I G £ or %?7§?ciat§?3% di;sociat{os_
FET nleny [T e ¥ P WD
) ———e Y SEeC,
a cm2 '
102 0.0b7L  k1.35 2
103 - - 0.167  .37.61 2 . |
10k 0 0.33% . 360 10 1.20°  28.8  1.7259 20.1
205 0500 3278 10 1.ak 288 1.5182 216
106 0.555 32.43 . 11 1.2, 29.0 . 1.4364 22,6
107 0.636 31.59 16 -1.095 28.6  1:3179  24.0
108 0.7ih - 30.9% 6 1.0 28,9  1.2191 . 25.4
51 0.888  26.0 3 1.025 25k 1.0679  2h.b
61 0.899 - - 25.4 2 ' 1.022 248 - 1.061 23.9
52 " 0.912  24.8 3 ~1.02  2h3  1.053  23.5
62 0.916 252 . .3  1.02. 2kT- 1.050  2k.0
53 . 0.9k 29 3 1.018 2kl 1.0b5  23.8
63 0.927 ol 8 2 1017 bk 1.043 23.7
sk 0.93 2l.6 3 1.006 2h.2 . 1.038 . 23.7
U6k . 0.937 . 2k 41005

23.6

For the concentrations of copper sulfate and sulfuric ac1d refer to. - .
Teble 3-k. : ‘

()




VII. EXPERIMENT WORK----OPTICAL MEASUREMENT
“In this chapter, the cathodic concentration profile as well as
"the concentration of electrolyte at the electrode surface in a stagnant
'diffusion cell are measured at_limiting current. The anode is located -

5 far‘enough avay. so thatrit does not influence the situation'near'the'_

' cathode{ These’ measurements cannot be observed in a simple, cheap

capillary tube, instead an optical cell has to ‘be used for these purposes.

| ~The apparatus used in this experimental work was & Perkln—Flmer

Model 238 Electrophoresis Apparatus. The apparatus was originally

designed.for electrophoresis measurements and producing a Rayleigh'inter~

' ference fringe bdttern-as'well'aS'a’Schlieren'derivative curve. -

‘The basic principle of Rayleigh inferferometry is very simple,
-.two parallel slits are used to split light into two beams which interfere
.with each other_when they are brought together.p ‘One of'the special
_features of this'interferometer'is~its multipointISOurce._ Figure T-1

'i 1llustrates,the-light intensity.on the sereen of}a~simple Rayleigh‘interé

i’erometer_and its modification. In the modified Rayleigh interferometer,

when the monOChromatic ligbt‘from a‘three point source-(P).passes throughn ;1'

two slits on & mask (M), each prdduces a simple interference pattern. Ifi -

the three point sources are properly spaced, their interference patterns

are superimposed upon one another, givingethree equally intense” fringes

on the screen (S) |

In the actual apparatus, there are more than 162 point sources,

and when the solution in compartments ‘A and B are homogenous, the 162

fringes are straight as in Fig. T-2. If there is a concentration Co
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_ difference between the upper part of the cell and the lower part of the
: cell, the 1r1nges are shifted as 1n Fig.7—3.-
The simple law of interference. shows that the number of fringe

shifts Am is related to the refractive index change An by
-, Mm = 1An _r'_-‘ L L :'7 - 4 (Tﬁl)

where 1 1is the length of light path[acrcas through the cell and M is the
1waye1enéth,cf_tne light'éeurce. TnejRayleighcinterférencevfringe ﬁattern','
is, therefore, a mapping ef tne refractive_index1< Since over.a‘small,'
concentration:range, the refractive_index is 11nearly prcpertidnal toAf

the concentration of the solution,

fm = klc ’ , IR E _:"./(7“2') _
where,k-is 8 ﬁroportidnality_cenetant, a‘nap!of réfractive index is essen-
 tially a‘mapvof concentration. |
Tel Experimental Method
The detailed principles and- operations of the apparatus heve
‘been discussed in the thesie by'Chapman._37 However,;aome of the procedures
and apparatus features this author wishes to repeat and empnasize."

. A. Cells and Flectrodes

The optical cells were purchased from_thenPerkin-Elmer’
Company.W The cell.has twb‘cnannels connected by a U underneath. Eacn
channel has a width of 0.2 cm, length of 0.9 cm in the direction of. the"'

1ight path and depth of T. 9 em (see Fig. 7-&)
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" Top view

- Side view

. XBL6BII-T239

Figﬂ:le A Raylei-gh_intérferometér" and g nultipoint source.”
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XBB 6811-6718

A Rayleigh interference fringe pattern (162 slits light

source ).

Fig. T-2.

XBB 6811-6717

Fringe shift produced by two solutions of different concentra-

tion (Run 17L 13 hours after forming boundary).

Fig..T7-3.
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The electrodes were made from an oxygen-free, high—purity ’

'-copper block. The machining of.electrodes vwas done by the Precision
":Shop of the Lawrence Radiation Laboratory to fit exactly into the |
bv'channels,fpassing a water‘leah test when the sides.of electrodes are
' properly greased, - | . | |

A -design flaw of the electrode was the extended part of the

..Jelectrode, which makes the disassembly of the cell very difficult when

the ground glass flanges are greased. For future work, a simple
rectangular electrode, without the extended part, inserted deep into the ,'

"channels is recommended.-

s. Cell Cleaning
| Before ‘each run, the excessive grease was wiped away by a,,'v
clean tissue paper. The cell.was then cleaned with a.small amount of
,cyclohexane to removedall fgreaseton the_contacting ground flanges
isurfaces. iThedamount of'cyclohexane is important‘in order to;prevent
| any contamination of the cell channels by the dirty solvent.. TheAcell |

".was then washed in a warm Alconox solution and rinsed with distilled

' _water.

Whenever the cell was smeared with grease inside the channels
?the cell vas soaked in a hot chromic acid cleaning solution, (prepared ;
'by mixing equal volumes of saturated sodium dichromate solution and
'Vtechnical grade concentrated sulfuric acid) for 3 to 5 minutes to get
rid of the grease inside the channels of the cell and perhaps, finger
-prints on the outside of the glass. Prolonged soaking in aciad solution ;

or’ cleaning with strong solvents may damage the Joints of the optical

- 'i"
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Optical cell and electrodes.

Fig. T-k.
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cell. The cell 1s then-dried in a dus’t—'free dry box overnight at 40-50°
| A chemically inert Apiezon Type N vacuum grease was used for
 all sealings. | _
' : C. Photography -

, For periodic checks of the 1nterference fringe pattern,
'Polaroid Type h7 pictures were taken, this type of film has ‘& speed of
o ASA equivalent 13000, and an average exposure time of 1 to 2 seconds.
| Tb facilitate counting ‘the fringes on the mlcrophotometer,

: Kodakgdontrast,Process Panchromatic Film (ASA speed.lOO, average~exposure
: time‘éO'to 30‘seconds)'was used to take all'negative transparent‘picturee.
: -These films were packed in film holders in total darkness. Each film was
idenuified by a paper label with pencil writing. The exposed films were
developed 1n a fR Cut-Film-Pack Developing Tank with Kodak D-11 developer .
for 5 minutes, acid stopper for 1/2 minute, and’ fixer for 5 to lO minutes

at room temperature.

D. Counting the Number of Fringes '

A ! The number of fringes was counted by a Jarrell-Ash Record-
.:,1ng'Mlerophotometer.‘ The principle of the operation of thls photometer
‘is shown in Fig. 7-5. The sample film (F) is placed on a travelling
stage (?) ‘with a longitudinal motion driven by a precision motor. A |

light beam ¢5) passes through a small portion of the film and is mag-
'.:nified 100 times on a bench underneath. Only a controllable'part of the.
1mage‘can pass through the slit (8). Behind the sllt‘is a very sensitiue o

photoelectric cell (C), the signal from which is plotted on & chart
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. v{m%r =

- A recording microphoto.rne_t'e_r.

Fig.7-5.



_recorder (3); _ Each dip’ on the plot corresponde to.a‘dark linefon“the
:11m,' SR , . o
-7.2 Evaluatioﬂ of ?roportionality constants k, and”aﬁ

. ' The“direct-application of Eq. (7-1) in the,ferkin-Elmer
Electrophoresis apparatat suifere'the following difficulties;

”i, In most literature the refractive index data were measdred N
'.iwith sodium d -light of vavelength 5893 X. e apparatus used in these
.experiments was equipped with a mercury lamp of wavelength 5h61 A.:

f-;t i1.. The accuracy of most RI data vere 5 x 10 5 at best. To -
calculate the difference of RI means subtracting two roughly equal :
lnumbers, thus losing many significant figures.
' For these reasons, Eq. (7—2) is adopted to replace Eq. (7—1)

~ and modiffed to . S
U mmkle iy (13)

‘for multicomponent systems, under the eame.assdmption that ‘the number of
.fringe ahifts is proportional to the concentration difference. Here
‘Ac and AcB represent the concentration difference of CuSOh and H soh
respectively. :

. - Tb evaluate the constants k end kB the optical cell is first
"filled with the heavier solution at the bottom. The lighter solution is o
-carefully placed on top of the heavier solution by meaas of a syringe
‘vhich is driven by a. slow constant speed motor (see Fig.T-6). The sharp-

ness of the boundary was not important in this case, the straight fringe

: |
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lines at both endsare important to assure Jhat there.was'no mixing of
the original homogenous solutions.i When the fringes were too close to
be distinguished it was necessary to wait several hours for the - boundary
to becOme more diffuse. A typical interference pattern produced with a
,v.1;175M,H280u solution and & 1.079M HQSOh.solution;is shownvin Fig. T-3.

: The'nnmber'of fringe shifts across the diffusion layer is counted by
cthe.previously'mentioned microphotometer. _The resultstsre tahulated in
: Table T- 1.i | C

S In order to compare with the nuMber of fringe shifts calculated
from Eq. (7-1),. he values of 5&61 A and l 81 ¢ém were used for the vave-
length X and the light path 1 respectively. The length 1 is chosen |
because. the actual optical setup was such that the light passed twice
through a cell of width 0 905 cm.

.. Some RI data of copper sulfate solutions and sulfuric acid

solutions were;measured with-sodium,d-light.as-follows

Table 7?2. Refractive Index of copper sulfate solutions and sulfuric '
‘ .acid solutions at 25 C. - : .

Cuso, (M) R m SOh(M) R
0.0385" L ©1.33k2 - 0.7935 . | 1.3416
0.0500 . . | ig33u5 S 0.8850 A - 1.3k25
0.057T ' | "1.3347 | 0.9865 L3437
0.0963 0 1.33%9 . 10810 . 1.3W47

0.0998 L3360 0 180 o 1.3455

These RI date of copper sulfate_togethcr with the data taken from

O'Brien36 are correlated as a function of concentration
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Fige T~6.
a heavier solution.
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A motor driven syringe putting a lighter solution on top of
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A

Tdb;e 7-1. Number of fringé shifts’across a sfép change of concentrs-

- tione. - ' _
Solution . Cuso, - S - ) Average
' - Concentration Film  Run Duffison  Number
Upper Lower #F o # Time - of
' layer layer = o '~ fringes =
M2 mfe R ‘hrs -
14 0.0 0.0385  ¢-10 1OR o 38
SR S : D-1 - 1O0R 1. .37%,
D-4 10R 2 372
. D-2 10L 1 38
_ T : . D-3°  10L 2 38 38
12 0.0 0.0481  B-24 . 6L 0 463 ,
R . -~ c:13 6L o I .
S ' ' 616 0 TL 1 hs . h6 -
113 0.0 0.057. ¢c-8  9R . 25 shi |
. o - D-5 11L 0 55 o
T ¢ 11L 1 " 56 55
111 - 0.0, -0.09%3 -¢c-21 8R 5 86 R
L - _ ' c-23 B8R ¢ 86 86
©119/117  1.081 1.180 < E-3 - 16R o 35 .
ST O E- 17L 13 33 3
116/119 0.986 1.081 . _D-§9 13R 2. 345 ‘
N 7. D22 15L 0 30 .
o : . . -D-23 . 13R 5 - 31 32
118/116 | 0.885 0.98%  E-6  18L 0 3D 32
©115/116  0.794 0.98 = E-7 © 21R ) 67y :
i o - B8  21L .0 65
- E-10 20L 2 67
E-11  20L 0 67 .
, _ E-16 °  22R - 66
o ' .- E-LT - 28R ) 66 - 67
115/117  0.79% 1.180 p-13  12R L 1273
» , p-1k  12L Y 126
5% 12b}

D17 12R 126
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* RI = 1.33256 + 0.041155 ¢, - 0.069305.95 (1)

for-thecopper Bulfete'dbncentrEtions below 0.1M. Thegactual experi-

mentalupoints»and the smoothed correlation curve is.shown in Fig. 7-T.

The RI‘deta of sulfurie-acid are correleted as a straight line
RI = 1.33343 + 0.01032 ey 2 ()

| for aulfuric acid concentrations between 0. 8M and 1 2M. o
| .' In Tuble 7-3, the RI values were calculated from qu. (7—&)
1 vand (7-5), ‘not from Table 1-2. The results show that the actually
dbservedknuMber of fringe shiffs of ‘sulfuric acid is quite consistent'
wltn*the'calculeted‘values. This means that the difference of RI is
relatively 1ndependent of the wavelength of the light source. On the"
;other hand, the blue copper sulfate solutions show considerably less
fringe shifts than the celculatedvyalues, This means that the differencel
of RI is smaller in copper'sulfate golution for the shorter wavelength
'of the blue mercury lamp.. o

The values of k, based on the actually observed number of
o fringe shifts; were celculeted'and_averageq in Table 7-3.' For e bineryl

;‘copper sulfate solution cencentration A < 0.09M,

e =~5AA°A

= (0.965t0.019) x lO3 fringes/M S ,(7-5)‘
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Teble 7-3.

N

Comnerison of dbserved number of fringe shifts with calculation £rom Eo. (7—1)

‘Solution |

Concentration

Refractive mdex(ssgsﬂ) Number of Fr:.nges

.-

COnetant kﬁbf*;"

Upper layer Lower layer Upper layer Lover. layer Calculated Observed 10°-i££2525 R

‘HéSOh

cu50,/50,

0.0

1.081M

0.986

0.88s5 -
o.79h'ﬁ :

0.79% -

o.o"38:5~_a
0.0481 . .

‘.1;33250':

04‘0577." DR

0,063+

1.180M .-
‘1081 ¢

. 0.986

0.986 -

1:180°

o. 0/1 OM O, 1/1 oml

134060 -
. 1.3436%
“1.3425°2
1. 3'1;158

8

1.3115°
1.3437.

1033500

1.3338
1.3347°

1. 33588

- 1.34562
1..3446°

1.34362
1.34362
1.3456%

“1.3u6t

sr?-,?.
7300

Coa
36.k

67.5

-'38L:”‘ 
'h6ﬁu'

55

-
vy
32
'32 D
67.
126
LT

0.987
0.956

0.953. )

0.893:

0.339

0.315 .p

0.348 |

*ave. 0.965

avg.-0.33h

| 0.326§ -
0.790 4 N

oy e

-6ot-
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For the copper sulfate solution ) < 0.1M with sulfuric acid O.BM < QB

< l 2M

‘o= kAAcA+ kB&B

hA, 10{790'X’103.' ;fringes/ﬂ,v.' - I ,,(7‘72 _'

.

(o. 3314_10;019') x 103 'fring'e's/y

| One should notice that k, and k; are function of the concentra-
tion of copper sulfate and aulfuric acid. .They are constant only within '

small ranges of concentrations. This is why the k, value in Eq. (7-6)
aiffers from the one in Eq. (7-7). ;f A L | -
}.3; Snrfacefconcentration in a'Binar&,EIectrolyte
| ln;chaﬁter 5,Ithevterm ﬁsurface concentration?"was repeatedlyj
mentioned'in the.theoretical.analysisi it referred'to.the concentration .
of electrolyte right at the interface between the'aolution'and'the:;
. electrodet' In the actual experinents, it is the'average concentration
at the_nearest distance that can be neasured. Qualitatively speaklng,
in an 1nt8rference meaaurement;the closeneas to the interface 1s.limiteq
by the following factors, | |
1.~ the wavelength of light source for the interference
f,’ - measurement. It is impossible to measure any distance
'smaller than the wavelength. For the mercury lamp sourceh
in the electrophoresia apparatua, this means 6 x lO"5
14, _the grain size of negative photo.film and the expoeure

time. These two factors work against each other, thefl



=107

'smallersothe grnin size, the_higher the reeOlution
'ability of the f£ilm, but the longer the equsure time :
.:“it needs. 'The'lengtn of_exposure time,muet take con-

 elderation of the changing of the diffusion layer with

n time. | .. ;
‘};11. “the res‘olutionability of the microphotometer. For
| example, the JarrelIéAsn Microphotometer has a smallest

resolution area'of’lou x 10 hcme.

From theae three factors, the nearest distance to the electrode

R .
'which can be measured 18 estimated to be about 5x 10 3cm., This-disf

tance when compared:with the time dependent diffusion 1ayer thickness

shows that the uncertainty ia'great at short, times. However, the error -

is-relatiye small at large'time vhen the thickness‘becomes»l;Q'cm;'

In an experiment of copper'sulfate of‘concentration 0.0385M, e

a constant voltage of 0.60 volt vas applied across two electrodes in an

v,_optical cell. The interference patterns were taken from time to time,
& typical fringe pattern is shown in Fig- 7-8. The. upper shaded part

is the image of the electrode. The number of fringe shifts was counted

across the diffusion layer on a microphotometer (see Fig. T-5).

typical plot from the photometer of the relative light intensity across

'the-diffusion layer is shown in Fig. 7-9. Each peak corresponds to a

dark line -on a negative film or a bright ‘line on a positive picture.

*x , : ' o , | .
Fringes spaced at a distance of 5 x 10 3cm are almost impossible to be

distinguished by naked eye. They can only be seen on a negative film
under a- 100 magnification of the microphotometer. :
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p‘According to Eq. (7—6), when_the‘eurface_concentratlon drope |
| to-zero, the total number of fringe snlfte ecross the dlffusionvlayer
should be 37. l. Assuming a linear relation between tne number of frinée
shifts and the concentration, it 1s possible to calculate (l-c /c ) as
a function ofrtime from the observed number of fringe shifts.. The cal-,_‘ T
‘ culations are tabulated in Table . 7-h and the results are plotted in |
| .Fig._7~10.. The experiment with the same solution was repeated also at
’ constant voltage of 0. 80 volt. - | '
' To- cOmpare the result nith theory presented in chapter 5, the

following data were used.

Run 23 - " Run 24 Source

_ T _ o of data .
1. eone. of. CuSO in bulk - 0. 0385M o T
2, conductivity, k _ k.13 x 107 3mho/cm : v 39
3. ‘diffusivity, D . ’ - 6.07T x 10‘6 /eec o 43
L. transference number, t_ - 0.383 ‘ , : 38
5. ‘%2 (see Eq. (5-7)) R : BRI '
6. - length of cell, L : ' 15 cm ‘ o . o
7. area of electrode = 0.178 en® o S R
8. voltage to the cell . - . 0.60 ERE - 0.80V

- 9. -V (see Eq.(5-8)) - e3.h 31 1 '
10. current at short times S O.lsh S 0.?&& mA/cm
11. t, (see Eq. (5-1%)) -~~~  5.60 x 10 sec _
12, exchange current density i 0.1 to 1.0 mA/cm?
13. J (see Eq. (5-11)) o 0.07082 to 0.007082
1k. ‘electrochem. kinetic parameters ’ o
| o B, T . . .05

There are no exchange current denaity data available in the

| literature for an’ unsupported CuSOh solution._ The reasonable estimate
~18'that 1 lies. between O.1 and 1.0 mA/cm . Theoretical predictions and
experimental results are c0mpared in Fig. 7-10. The solid lines are the | N
~ ‘theoretical calculations at an exchange current density of 0.1 mA/ch,

whereas the dushed lines arc célculated at io = l.O mA/cmar It'ehowe.
that'thetsolid'lines havefa satisfactory it to the experimental result.jv.

*
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ffusion layer in a stagnant diffusion
image of the electrode (picture
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The number of fringe shifts across a diffusion layer 1n a:.

: stagnant diffusion cell.

e Rﬁﬂ,23v o
number of .1 - ;—
- fringe -

(sec) Eries

e
. e

-]

' film'

#
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¢

number of 1 - ég_

fringe

shlft

Dt

1200 .
. 2hoo
. 3600

" 5610

23400

23730 .

VI

i n
f‘;lﬁ ,' 
':~;ao§

30
32

. 0.108
. 0.62
. o.gke
; 0.296 .-
0.405
'0.553
. 0.807
. 0.861
1000

E-18
E-19
E-20]
E-21

E-22

. E-23

E-24

CF-1

‘600

h020
5430

6210
9060 -
15790

20850

123900

. m .

5 5_7,
1200
2400"

19

12-13
15-17
20-21
o2 .
S273
3T
37
o3t

0. 135-0 189 ,
0.189-0.243
0.324-0.350 -
0.402-0.457
'o.sho-o 566 :

0,592
: o.7h3 |

ot
- 0.99T
100

Ffﬁii
CF6
w
CF9
: F-lok'-'
F-11-
Cpae
P30
'F414,v"   .
F;i5 ;v‘




-112-

15 20 25 30 35 40
Time (103 sec) |
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XBL 6812 6317

i ®5/% T
Fig. 7-10, Transient behavior of surface concentration of copper eulfate L
(0.0385M) in a stagnant diffusion cell (e Run 23; o Run 24; dashed
: lines, i, 1 0 mA/cm2 _ solid lines, i, —O 1 mA/cm2 .
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7.h Concentration on Profile in a Bipary. Electrolyte

‘ Uhder the same assumption that the number of fxinge shifts is»
‘proportional to the concentration change, it is possible to deduce a ‘
concentration-profile from a plot of Fig. 7-9, since the flat stage of "
i'ﬁicrophotodeter,'on which thevfilm is placed, is driren by a,constant.
speed motor. - If both the film speed and recordeér speed are known, it is
'possible to correlate the length‘of paper to the distance on the film.
| .:Inltheforiginal_design of the ElectrophOresis apparatds, the
7vérticai,distance,between‘two points'oh a film should exactly equal the
- distance:os the optical cell. .To avoid any geometrical distortions in
theuoptical‘system or shrinkage of film, two very'fine markings were>
scribed:on the-face of'the'ceilg These'scratcbesvappeared as:fine’lines;J
acrosS'tbe'pbotographs of:the'fringes patterns_and thus served'aS*a‘f’”
:reliabie rramé of referencepfortcalculating the;ratiO'of.actoai distance’
to the film distance. B | |

v The normalized concentration profiles of a copper sulfate

solution of concentration 0. 0385M at a total applied voltage of O. 80 \'
are plotted in Fig. 7-11 with time as a parameter. The abscissa is
‘the distance from the electrode, stretched by dividing. by Vi, When
"vthesevprofiies are compared with the theoretically calculated-concentra;kv
tion prorilepfrombchapter‘2, the results indicate that tbe conceptrationf;‘
N profilejsould not reach a“steady conditidn‘until aiter'aFVEry 1obgftime.‘
Infotherfwords, the‘similarity transformation, defined in'Eqs..(EAEa; b), _'
was not a suitable approach to predict concentration profiles although
ve havc considered the variation of transport properties .and nonzero

intcrfacial velocity., This is because of the strong trans1ent effect
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Fig. T7-12. Fringe patterns in a stagnant diffusion cell of a copper
sulfate solution at 25°C (Run 2k).
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. dne binafy’i electro.lyte-. of low cdnduetiv_ity-which'makes. it 'dif_ficult to ‘
achieveca constant concentration at the electrode. o
| For this mentioned eolution, some interference fringevpatterns;
.taken at various times, are shown in Fig. 7-12.
o 7Q5f'Surface Concentration in a Multicomponent Solutiony
| "Zip a well supported copper sulfate solutionyithe conductivity '
:of the éoiution is high; the surfﬁce concentration of copper.ions drops_
flto zero much faster than in a binary electrolyte and the transient
. behavior of the copper ion concentration is no- longer of interest. "

- For many_of_the discharge reactions, the concentration of
.suptorting'electrolyte is higher at the electrode Surface than.in~the .
bulk eolution. .Tne difference is of considerable interest'in free":';’i

convection problems since the convective‘velocity is due to the density
difference in thé solution produced by the electrode reaction, and these -
" density differences are affected by -the concentration of supporting
electrolyte to roughly the same extent’ as by the concentration of the -
reactant.:

There are two methods to determine the surface concentration L
:of sulfuric acid 1nterferometrically.' | | |

Direct Method: The refractiveiindex-of the bulk solution 15" '

"-first measured with the same light source as used in the interferometer.j
From the total number of fringe shifts at limiting current, it is POS~.
‘,eible to calculate the change of RI across the diffusion layer by Eq. -
(7—1) The concentration of sulfuric acid is then directly determined

from the known correlation of its concentration and RI.
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Indirect Method' The method is based on. Eq. (7-7) No accuratc
.RI data are needed except that the constants k and kB have to be deter—
'mined experimentally from solutions of known- concentrations. The EA and
'kB are constant only within a small concentration range.. |

: TWo runs “(#28, 29) vere carried out in two different concentra-
tions of copper sulfate at 1.0M of sulfuric acid. The total applied
.'voltage across the optical cell was 0. 15 'V for both runs. The total'b
: number of fringe ghifts across a diffusion layer was counted at different )
times. The numbers reached a constant after a certain amount of time
(see Fig. 7—13) Presumably, ‘the concentration of copper jions drops to
zero at that time; The concentration of sulfuricvacid at'the,electrode'j
»vaurface is then calculated from Eq. (7 7) The results are tabulated in’
Tbble 7-5 and compared with theoretical predictions of chapter L,

‘The ratio Ac e, of experimental results did not fall within ”

the theoretical observed range of ‘complete and no dissociation of -

- bisulfate ions. The causes ‘of this discrepancy may be attributed to the

follouiné reasoﬁs) Theoretically, because of the'lack”of'concentratiOn ‘
dependence .data of ionic mobilities and ionic diffusivities, the con-
centration changes were calculated from the data at infinite dilution. _:
The Nernst-Einstein relation vas also assumed. Experimentally, the |
standard deviation of ky and kg are relatively high in Eq. (7-7) If'ln
-the uncertainty is taken into account, the uncertainty in the experi-;x .
: mentally measured concentration changee will allow some overlap with

the theoretical results. Another;possible cause of this deviation'is
that‘the total applied V voltageluas not-high'enough;' When_the experiéi'

ments were performed, the author was anxious to see some transient effect,

EE
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Fig; 7-;3;;_Tbtal number of fringe shifts acrogs a diffusibn_layer.
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B

Table 7-5. Surface concentration change of copper sulfate and sulfuric ’
S ~acid in a stagnant diffusion cell a% 25 C.

Rn28 . Run 29

[ewso,3 - om | 0.0M
(H soh] S S LM - 1.0M
total applied voltage o 0.sy 0.5V
observed fringe shifts » . T , ’
at steady value oo 60 L 30 _
©cg-cy cale. from . 0.0569M%0.00€1 "~ 0.0284M -

B B | \
r Eq. (4-1) - 0.909 - _ 0.952
o-ceo- : o 4 : . ) .
cBmB cbserved - . 0.569 | | 0.569
Theoretical predictions : : .
complete dissociation 0.48 _ 0.49
no dissociation v © 0,22 . : . 0.24

incomplete dissociation
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thevtotal'appliedrvoltage vas - only 0.15 V, compered with'0.6 to 0.8 V.
for copner‘sulfate'solution and 0.35 V¥ for most electrical.neasurements
in chapter 6 Because of the'voltage,‘the-surface concentration of

¢

copper ions may not have dropped to zero but reach: d 8 constant value.

7.6 -Concentration Profile'in e Multicomponent Solution
- The fringe’patterne;meésured”in a solution'of.o.ug'copper

sulfate and 1.0M sulfuric acid are shown in fig; fflh. The moleculer;' 3
jconcentrations cennot be determined'separately in a multicomponent solu-
tion by an interference method. Tt is possible‘to calculate the con-
centration profiles.of ionicispeciee from the conputer program MIGRY or_l“
MIGR2 and.convertithemito fringe nrofiles-from thefknown concentration l
dependence,of'RI. However,.the'lack of RIfdata that are measured with
8 mercury light source detract from’ the value of Comparlng the observed
profiles quantitatively.. A _ .

_ Qualitatively, we may notice that there’ie a‘clear hump in the»ﬂ
first tvo fringe patterns‘of-Fig. 7elh in contrast to the,ﬁatterns in
Fig. 7-12. This is because'hydrogen ions.move much faster than copper
ions, hence the diffusion layer of sulfuric acid is thicker than that of
copper sulfate. As a result, there is a maximum of refractive index in
tne direction of diffusion. Although thereris no clear hump at the f o
_.transition re%ion in the next two fringe patterns, yet one may notice
that the slope of fringe in that region is much steeper than those in
Fig. T7-12. |

In Fig. T-15,. two normalized fringe profiles are plotted as

; function of y/ft at t = 11400 sec and t 22080 sec._-The,two profiles.
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Fig. 7-14. Fringe patterns in a stagnant diffusion cell of a copper
sulfate and sulfuric acid solution at 25°C (Run 28).
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VIII. 'CONCLUSIONS AND RECOMMENDATIONS

The mass transfer rate and concentration profile 1n 8 etaénant
.bdiffusion cell have been calculated with consideration of. the effect of
variation of~transport'properties and nonzero interfacial velocity*in a |
binary concentrated”electrolyte.' The work' was esaentially parallel to
vhat has been done for a rotating: disk. 3,5

The 1nverse procedure of determining the differential diffusion
'.coefficient ee a functiontof concentration’from the-measured-limiting_
chrrente'hee been.worked"out and tested. ' The method has the advaotage ‘
of simplicity and-efficiency,in-comparison wito other methods, such as
those utilizing anloptical for:diafhragm cell. The shortcoming
that may‘limit the applicability of this meyhod'is‘the-high‘ohdic poten- -
tial drop aeeOCiated with a bioary electrolyte. A possible solution to
this problem might be an elegaﬁt'poﬁe#ﬁEOufce_wﬁoSe-outputholtege con- )
| tinuouslyvcc stepwise:decféaees with respect’tovthe‘square root'of tiﬁe.;
~ Ope o::thé original objectives of the condentration brofile
E oeesurements was to see whetoer the variation of tfeneport'properties
and nonzero interfacial velocity are. the causes of the deviation observed
-in O'Brien 8 ﬁeasurements.éy Uhfortunately, e’ could not make a defin—-
itive conclusion, because of the strong transient effect in a binary
'»electrolyte of poor conductivity, which makes 1t difficult to achieve a
:constant concentration at the electrode surface. |

’For mass transfer ina multicomoonent.electrOIyte at high- .
Schmidt numbers, it is believed that an,integfal,diffusion-coeffieient'ﬂjf
measured under one hydrodynamic cohaitionbwould be cirectly epplicable; :

to others of the same classification. The integral diffusion coefficient o
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of copper ions‘invthe copper sulfate and sulfuric acid system at 25°C
has been measured.for a wide ranée of'concentrations in a stagnant »
'diffusion cell (penetration—model classification) and a rotating disk
jelectrode (boundary-layer classification) '

: K Many previous workers ‘have ignored the - incomplete dissociation L
of bisulfate in" solution of copper sulfate and sulfuric acid. Theoreti-
ICal~analysis indicated that ihcoMplete dissociation has a drastic effect.'.
onxthe;migration and the surface concentration of - supporting electrolyte.
‘The_existenceiof‘bisulfate ions would increase_the-effect of migration '
and decrease.the concentration difference of'supporting'electrolyte _

p between the bulk solution and the electrode surface. )
The limiting current - measurements in a stagnant diffusion cell

indicate that the actual effect of migration is- higher than the theo-

. retieal predictions from the case of cOmplete dissociation.k ‘The experi~. .

::mental results favor the theory of the existence of the bisulfate ion..‘a'

_ The experimental data on change of surface concentration of o

o supporting electrolyte, sulfuric acid in this work, deviate significantly

from the theoretical prediction. However the accuracy of the experiment

‘is in doubt, and no definitive conclusion could be drawn from it.

For years, several of our co—workers in this laboratorylhave :>“

'battled the quality of the polarisation curves measured in a- solution of

~f' little or no supporting eléctrolyte. Factors that affect the polariza='-

dL tion curves in such s solution are

1. poor conductivity of the solution, the high ohmic

resistance overshadowing the overpotential,
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2. the nonuniformity of current diét;ibutiop,-

'3, ‘the transient effect. - | ,
. In this work, the.transient behavior has been‘worked outlfor
.favetagnaﬁt diffusion cell.l The experimental work is eesenﬁielly'aoother
versionfof'ﬁestinglour knowledge on the‘analysie‘of polerization and
currentzdistribution. The resulting current-time eurvee andlthevtranq
‘sient behavior of surface concentration.of'e binary electrolyte are
.found ﬁo:agree with ﬁhe theoretical predictions within the accurecy of_h
available electrochemical kinetic parameters and experimental error. |

| For future work, the study of transient behavior should be

extended to the case. of a rotating disk, 1. €oy

e, de
B'W‘DS'"

or, to account for the variations in x direction (see Fig. 8—1) for a

'finite disk, 1. e.,'

dc .. Oc | 32

r _
AT A% Ak

M

with the boundary conditions similar to those discueeed in chapter 5.

Thisﬁwopld'prOVide a key to the paradox mentioned in the introduction,

the change of limiting current density, or inflection point with respect

to the rate of applied current.
Finally, for transport coefficient with a rotating disk
electrode or a stagnant diffusion cell, several 1mprovements are recom-

mended for their design (see Fig. 8—1)

-
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Fig. 8—1. Modified design of a rotating disk (top) and a. stagnantj_ ¢:ﬁ” ‘_.‘H_

diffu51on cell (bottom,_see Fig. 6 l)
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 Tﬁe cell (C) of,the'fot;tiné disk should be made of glass. of
hemispheriéal shape, the éouAter;eléctrode (A) be madé'bf the proPer'l
‘electrode'material'by casting accordingly. For a finite disk_imbéddgd‘j
1n'an'infin1te inSulétlhg plane,>£he-equlbotential cdntouls'approacﬁ :
:f‘hemlspﬁeresjfar from>the disk.h0’33 This wéuld not only reduce the”ﬁall :
'effeét pn{the éurreht‘distributioh;‘but élso wbulé minimlze the proﬁlemé-'
of sealing, cleaning, and Hydrodynémic 51stortion in a‘cylihdribal cell.
The cell wduld be held by a cast aluminum flange (C) vith a fubber
" gasket (R). . o
The main part of the stagnant diffusion cell should Stlll be :
Amade of t*ue bore glass capillary (ef. Fig. 6-1). A large tube (T) is |
glued to the capillary (L) Tt is coupled to’ upper part (U) by‘a'metal
‘sleeve(s). The-material of the élgeve énd'upfer part cbuld be any suit-vﬁ
. ablé metgl.. The advaﬁtagﬁsof_this Aesign.aré 1£s ease Qf-cléaning.and

. the effective électrode area can be measured{acturétely.



- e

'frby the American Chemical Society..

ACKNOWLEDGMENTS .

I would like to express my deep gratitude to Professor John

‘_tNewman for his guidance and support throughout this project. The sugges—T_ H

tions and critical review by Professors C W. Tobias and D. R. Olander o

’are greatly appreciatedn

Thanks are also due to Mr, J. Robert Selman for generously ”ﬂ

' sharing some of his apparatus, to Mr. Kbng-Heong Tan for proof reading

"the manuscript, and to Mrs. Cross for typing this thesis.

I would like to express ‘my’ appreciation to my wife, Yean Ming,_.

ﬁxd for her encouiagement and assistance in nume rous small tas<s during the

"7,preparation of this thesis.»

This work was initially supported by the United States Atomic '

iﬂ_iEnergy Commission and later, by the Petroleum Research Fund, administered :fff

[3



-

" aeemDIX A
Physical Properties of CuSO HéSO Solutions at 25° c

Aqueous solutions of copper sulfate and sulfuric acid are
eommonly used in experimental studies of electrolytic mass transfer.
-.The widespread use Justifies ‘8 careful study of the relevant physical
properties of this system.

A complete survey of 1iterature from 1906 to 1966 done by :
_: Selman,A?T-revealed a total of 22 papers in addition to the‘dataVrecently f
' dbtained in this laboratory by several of our co-workers. ' A “

- In order to provide a correlation of the concentration depend-

ence of these physical'properties and to complement the eXisting data,
jadditional measurements of density, visc¢osity, refractive index and
'-_integral diffusion coefficients were conducted in this laboratory. All"
| data which are used for the correlation will be tebuleted by Selman,AzT
Additional data for binary electrolytes of CuSOh or H SOA in water may
."be found in the compilation of Chapman and Newman,A?8 and the physical’
properties of CuSOh in water are correlated as & function of concentra~‘b
'tion inrtne'M S. thesis’of HSueh;A26 N | o
i;lg Experimental methods used in this laboratory :
o Density Densities were measured with 25 and 50ml Pyrex |
-pycnometers wvhich were calibrated with doubly distilled water.
‘ﬁViscositz Viscosities were measured with Ubbelohde viscOmeters,:

"calibrated with distilled water.

Refractive Index An Abbe refractometer with & sodium lamp (wave

]length 5893A) was used for refractive index measurement.

 Integral Diffusion Coefficient See'Refs..A25, A26,
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" Concentration” ‘Solutions were prepared from ACS reagent grade

copper sulfate and sulfuric acld. Concentrations were deter-
mined‘by‘titration snd electrogravimetric method. All weigh- -

| ing,was3done onfanfanalytical balance'of'O;lmg accuracy.

“ Temperature'Control‘The measurements, except the integrsl;
' vdiffusivity, were'conducted in a constant temperature water
":bath controlled by a Sargent Model S thermonitor and - -
"‘*L;fmeasured with an N.B.S. Calibrated thermometer. The maximum ,'ﬁ
"5%¥temperature'variation was less than £0.02°C. 'The integral=
‘T‘:diffnsivity me&surements were;cerriedﬁout in-a'separate'bsth
“1'3223with temperature control of +0 1°C. |
é Correlations | | .
. The reason for using e correlation eqsation is mainl& a lack
of experimental data at the concentrations of interest. In other cases
& continuous set of date may be needed for a theoretical study in an
.:electrolytic system. A deviation of the correlation equation ‘from the i
"original experimental values is. almost inevitable for the majority of
. evailsble data. However, the correlation equation does represent a

smoothed curve as a result of least square fitting. An effort'was made

" to incluae as many date as possible. Although many of the measurements'i""

may. have been subject to systematic, experimental or personal errors thevl
use of‘s large nuMber of sets of data from various sources- should |
.gusrantee that major systematic deviations do not persist in the cor-
“relation itself.

The correlation obtained by collecting all experimental dats

within the concentration range of interest at 25°C and subjectlng them to
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<1east_square_fitting. The deviation of every point vas'calculatedland
if any-datum point deviated by mOre than‘Q.S‘times the standard deviae
tion or exceeded the specified maximum tolerable relative error, the
~ datum was eliminated from the correlation. An improved fit vas then
dbtained and again checkedrfor excessive deviations.l For-the'case ofv
conductivity, the data are fit to minimize the relative error.

o The physical properties of Cusoh - H,50, at 25°C have been

'correlated as functions of concentrations in the form
e R . : . 2
p = ao.+ al[0usohj + aeinesou] + 8y [CuSO ]
_2 o | o
aeaiﬂasoh] .+fal2[0usoh]£nésoh]

'where p is the phyeical properties of the solution and the concentrations

are~in’the unit of M. The constant aé and the coefficients al to alé are
tabulated in Table A-1. i
It is generally true that the wider the concentration range

which the correlation has to cover, the poorer the fit.: Because of the

: 'large amount of density and viecosity data: available, correlations for

'fdifferent concentration ranges were madel | |

1. the very dilute range,

if. the saturation range, and

iii. in between these two extremes;

No attempt was made for a further division of concentrationvrangea at the |

risk of systematic error of individual workers and the discontinuity _

frOm one concentration range to the other.
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The standard deviation, maximum absolute percentage deviation,‘“
the initial total number of date points that have been collected the

total number of data points involved in the final correlations and;the

,'source of data are also listed in Teble A-1l.- The“second‘correlations

. of density, viscosity and refractive index were taken from. Ref. A2L for

‘ comparison.'v; - ‘ : N

There is a quite large difference of conductivity measurement .

. o “
. between Richardson and TaylorA14and Kern and Chang'A 3 at exact-identical .

vconcentrations._'Both data vere included in the.correlationr'~The'cor—.

related curves were compared with the egperimental data shown in Fig.
A-l. |
For those who work in anodic dissolution the solubility of

copper sulfate (in M) at 25 C is correlated as a function of concentra-

~ tion of sulfuric acid (in.g) based on the saturated golution data.given

by Refs. Al and A3, 'The experimental data and the correlation'are'.
plotted in'Fig. A-2. » o
' l

]° 2 - 1. 63073[H2soh]

. [cusou] = 1.35158 {1'-28-6&2, [fxesoh
.._3-‘.' 2.
+ e.io828 x 10 [HQS(.)“']

vhere '

o.om < [n soh] < l6M
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Table A-»]‘.. Coefficients of correlation of copper sulfate and sulmric
: acid at 25°C.
P =agte (cuso ]+a2[H2uO,+]+a [cuso, I +d22[}12uol+]
[Cuso 1[H sou]
- Density v " Diffusivity
L - -, _3.‘ (RDE) :
L | 8/‘-‘m —Scme/sec
CuSOh <0.01 0.05-0.1M 'o._01-.sat'urat.eid (saturatcd 0.01-0.65
H,80), < 0.0L 0-2.5M 0.0l-saturated saturat:-d 0.5-2.5
8, 0.99705 0.99900 - . 0.99837 1.1010: 0. 597
8y 0.16903  0.14219 0.15020 -  0.320
ey 0.07565 0.061374 0.06240 0.0464 5 ~0.0656
811 - - .. 0.002276 0.05785 -0.306
85p° - -0.0003722 . ~0.000789 - =0.0001¢ -0.00585
a ' .-0.83954k "-0.005536 -0.00692L . - - -
. 12 P . _5 _)+ _3 - -3 ' ) "2 i
. std.dev.. 1.00x10 7 hx10 0 1.60x10 7 - . 5.65x10 ° - 3.45x10 © -
© max.%ev. 0.0033% 0.35% ' - '
data 66 - 30 1k - 25
collected | ' o ) '
-data'used 66 30 133 22 _ 25
data = AT A2k Al1-A3,A10,A24 Al,A3° AR5
source - A16-A19,A25 : o
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Viscosity_

- C. P

Conductivity

Q cm -1

i'Refractive""“

o Index '

o0 B2
std. dev.

,max %_deyg 

data

.. collected -
. data

used

“data -
" source s

o <o.00 -
L <0.00
08939k
. 0.80030
T 0.2718%0
‘ ,.‘-1h.07o3__ N
" 0.027576
0;09237h,;5
1.9x1073

'”:f-3o MasL
.f6 9bxlo"5
0.02%

- 66

AT

. 0' OS-OQlM -
- 0-2.5M

0.89864

_ 0 45948
0. 1L068 f'J

S

o

. 0.01-0.65
. 0.02-2.5
osous
_; Qi42999q |

0.13393

T 0.26385
' 0.03069%6

0. 10308

6 ox1073

1%

103

CK16-M19
. A10, A2k,
oA

"o;i.hy

- 0-2.0M
0.011163
~0.030798
. 0.42355

-0.0b522Y

©-0.135359
9{22x10'32' '.

68

- A3,A1h A15,lf
A3 n

0.05-0.1M

S 0-2.5M |
133313

©0.027952
T lo.ol0861

. =0.0002211
. 20. oo3L7u :

1x10~%

e 285i ;t.‘:'”

Ak
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© Fig. A-L Conductivity of CusO,-H,S0) at 25°C.
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Fig. A-2. Solublllty of CuSOh in H soh at 25 e,
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o - APPENDIX B |
:‘AnalySis'of Copper'Sulfate and.Sulfuric Acid Solutions
‘._pThe principle of electrogravimetric analysis of CuSOh
simply to plate out electrochemically all copper’ to a platinum gauze
' electro@e'from a known amount of solution. For the genersl»discussion -
" of this method;fone-could refer to Ref, k1. | |
l‘In'order.to’avoid any mechanical loss of soluticn and to
" obtain a solid deposition'film, the slow method.of electrolysis vas
7a60pted._ The electrolysis was performed at a current of .1 to O. 15 '
ampere for a sufficient amount of time until the blue color of the - .
solutignihad-entirely disappearedf | .
The electrolySis'efficiencyvin:aluhstirred‘solu1ion was'very a
poor. ‘Ai25m1.sample'solution of coppervsulfate concentrationio.lg' ‘
vtheoreficallyfrequires-only180 minutes:uifh sufficient stirring to deplete;
‘all copper at 0.1 ampere. Actually,‘it_pook”QO'to'2h1hours before_all =
the copper’was depleted;- The excess electricity was_waSted,in water“
'decomposition. .
‘..g~The completeness of-deposition uas.tested by adding 2 to 3
drops of M potassium ferrocyanide K, Fe(CN)6, when deposition reaches
, .end point, the solution becomes clear, homogeneous deep yellow color.‘
Any.brqynish precipitation indicates the formation of complex ions of a
.‘vfree eopper ions_end ferrocyenide-ions._ There was no vay to‘feaissolve |
the'piecipitation but tovrepeat the analysis., |
| There was no deep: yellow coloring in & blank test (a solution

containing everything except copper sulfate) However,vafter passing the
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same amount of electricity in the- blank solution, the eolution does turn

o

to yellow when potassium ferrocyanide is added.

follows:

2,

’ The procedures of slow electrogrevimetric:metnod is summerized .

Remove the previous deposited copper'hy dipping‘the
platinum electrodes into concentrated nitric acid. Wesh

them thoroughly with distilled water und dry in an oven.

yTake'the electrodes out of the oven, cool in & vacuum

desiccator, weigh and record.

Sampling 25ml, or‘lese depends on the apﬁrdximate concentrael,

- tion,,solution and dilute to 200ml, add a few drops of

l 5;

1.
. tion.

concentrated HNO..

3 _ _
Set up electrodes and make sure there is no short circuit.

- Start to»electrolyéis at O.l—O.lS'empe}e per one set of .

electrode for at leESt 2h hours.
Lower the electrolyte container befor: turning off the t
current, check the reaidue solution with 1M potassium

ferrocyanide, wait for 5 minutes,to see if_there is any

_brownish precipitation.

Before removing electrodes from the stands, rinse them
with distilled water from a polyethylene wash bottle, then

with clean pure acetone from‘a syringe. Dry the electrodes

~in an oven of 120°C for at least 5 minutes but not over 15

‘minutes. Cool in a desiccator, weigh end record.

The increased welght is the amount of copper in the solu-



50

30

O.1 N NaOH

mi

10

I R T I R I
<+ N O 0 in N O
< s

Fig. B-1. Titration curve of 10ml sample solution #106 with 0.1 N NaOH. =

XBL 6812-6323
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The sulfuric acid concentration was determined by titration
with standardized 0 1N sodium hydroxide solution. A typical titration
‘curve of lOml sample solution of approximste30.12§ﬂ sulfuric acid and_
O.IOQE'coppér sulfate is shown in Fig. B-1. The initial solution, 10ml 1 :
sample solution diluted to 200ml,'has pH value 2.2. The curve has a
small dip at the yery beginning and has three plateaus at pH approximste—
ly equal to 2.2, 5.5 end 11.8. The length of the first plateau is con~
. sistent with CusO, 1f a simple reaction of formation of Cu(OH) is ;
essumed; It may be attributed to the complex ions formation of copper
.ions in an alkaline environment. The exact formation,mechanism and its
effect on determining the end point ‘of H,S0, were‘not investigated |
further.. Without very strong reason, the end point in this tltration

vas selected at pH L, h
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- APPENDIX C

'Data Preceeeing of a Magnetic Tape -
L Data from the digital volimeter were either recordtd by a
hFRANKLIN model 1030 D high speed digital printer or recorded on a mag-
netic tape for further mathematical treatments.
| A section of paper tape from the printer (run 179, solution
A 106) is shown 1n Fig. C-l. Each,rOchorresponds t0 one set-of measure-
:ment'qf time and voltageiat specified'ehanﬁel. To be consisteht'with’the
computer,program, and to avoid any cenfueion on magnetic tape,lfrdm,her» t
; oﬁ, each row of the datetis cailed-a LINE, each 1ndividual nuMber or.
: Bién in the.colﬁmn is calied a WORD. The sequenee of words isvgiyen.in i
" Table C~1.. For‘example,?the first line in:Fig. c-1 reeas::et'tégobrlee-é
the'voltage'pf chaenel 21 is -0.0078701V, notice the decimal peint was
counted. from right to 1eft‘at Tth r;gure, i.e., the usual»E;formet,’witﬁ -
athe.exponent being negative. Similarly, line 20 reads; at t=500 93sec '
ﬂthe voltage of channel 26 is O. 30873 volt which, in01denta11y, is the

output voltage of constant voltage source.

ir



40

35p

30}

25

20

10

bk

10 00 38 22 -p37598 7
1000 19 21 -036463 7
09 009 26 +0308%Y3 5
09 00 70 25 -0lg232 7
09 00 51 24 =-015898 7
09 00 3~ 22 -0401(8 7
09 060 18 21 -0387U9 7
08 00 90 26 +0308Y0 5
08 00 71 25 -017243. 7
08 00 52 24 -016732 7
08 00 3§ 22 -043310 7.
08 00 19 21 -041411.7
‘07 00,90 26 +030882 5
07 00 71 25 =018191 7
07 00 52 24 «p17536 7
07 00 33 22 .<0471%0 7
07-00 18 21 -0a4751 7
06 00 90 26 +0308/7 5
06 00 71 25 -0190U3 7.
06 00 52 24 -01@292 7
. 06 00 39 22 -052060°7
06 00 19 &1 «0Q490U5 .7
05 00 93 26 +030873 5
05 00 70 25 019753 7
05 00 51 24 -019015 7
05 00 32 22 -058350 7
05 00 18. 21 =054593. 7
04 00 93 26 +030868 &
04 00 70 25 -020393 7
04 60 51 24 =0l19662 7
04 00 32 22 ~066238. 7
04 00 18 21 -0619%8 7 -
03 00 90 26 +030864 §
03 00 71 25 <020992 7
‘03 00 52 24 -020288 7
03 00 3b 22 -Q74741 7
03 00 19 21 =070575 7
02 00 90 26 +030858 5
02 00 71 25 =-021527 7
02 00 52 24 «020831 7.
02 00 33 22 -082311 7.
02 00 18 21 =0787Ul 7
[ S ORR TS T NE TOROO R Y O |
4 8 12 16 20 2%
WO RD

- XBL692-180

‘Fig. C-1. A section of paper tape from Franklin Printer. . -
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Table C"'lo .

WQRD?humbeix
| ~.11215_. -
- 3’,M-L:,
6

S112

13

Tlu;ﬂ'

15-20
=

e

_paper tape SR “1?” g o o e: magnet1c tane
Htime. (lO sec 102sec or 10 min,l min) - ;BCD~~--"

Tispace e o L kB -

h“tihe}'(lOVSéo;ééc)f“f:e;7 o i'ﬁ'““y . BCD
Space | S - LR Cap
time: (10 sec lO Prec) o B N  §.-v'_BCD
S oo o g
_Channel.number ',‘ lf;te S  'f;;~«f BéDA
Space BN RPN -

_,voltege'mantiesa* L TR . BCD, - .
Space . o 1e'_.,u: PR - 148
‘nebative exponent voltage -ﬁof“'a, 'Ae  ”’_n.31'BCpfﬂ_‘
end-of-line symbol "7‘- o 168

S . Table C-2.. Binary Codlng on a Magnetlc Tape -

-
B,

6Bfff‘ “{.A
' :ZB.ff.f”‘

Octal BCD

Real T Octal Bcn a }"v Real
T T - 5
. 1B 9o )
12B:1:v . 4, plus J‘.
B x*-.i ._ i'space  v" |
_ ;"153; ¥v*f;u‘f vfo,* overload S
.‘:‘ 16B  o w:‘z - end of‘a‘llne"v f

R oM W D

- AT - . -, minus
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v '3 The measured data can’ simultaneously be transmitted to en
~_Ampex RF-1 core memory. After 42 LINES are stored in the memory, they
are then transferred to an Ampex 7211 Tape handler unit in batchwise and
'vlrecorded on a' magnetic tape of 1/2 inch width and approximate 5.6 inches
in 1ength.‘ This batch 1 called one RECORD. '

Each RECORD contains 512 rows of magnetic spots, see Fig. C- D
'(only the first two rows of spots are drawn) ' In tne'computer program,
each row'of spotS'is called one MESSage.'

Each MESSage has 60 magnetic spots, or BITS in computer

._terminology. Each WORD in the paper tape has to be store in six BITS in

binary coding, magnetized or antimagnetized of each individual spot.

The coding system of this apparatus is 1isteﬁ in Teable C- 2.

In paper tape, one line consists of 2k words, each MESSage can _

only store ‘10 words, therefore 2.4 MESSage units are needed to store one
LINE, when the Ampex 7211 is operated at high density storage.' The g
sequence.of storages and their<corresponding‘data line in a paper tape.
18 also shownt in Fig. C-2, o

. Accordingly, h2 lines occupy the first lOO 8 message units in
this RECORL, the remaining MESSage units are unused. | |

”n The computer program "PROCESS" consists of three parts.

into real numbers.

2. TAPES: to check all words, to see if they are. correctly

spaced as they are specified in Table A-2 and convert them into actual L

numbers with decimal points. The data are then store in ARRAY of 60

'spaces,'30'seta of {imes and‘voltages. 'The unused portions of ARRAY have

R ASCENTF SUBROUTINE IBITS to convert these magnetic spots ”

»
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‘MESSage (1]

MESSoge (2)
MESSage (3)
MESSoge (4)

MESSage (5)

=

* MESSoge (101 |

-~
——

MESSage (5/2)

| 7 13 19 25 3 37 43
000000000000000OC..n..oo.loco.co.oco..oot‘oQoo.too..lo..c.oo

~ [IS(D|IS(2) [IS(3) {IS(4)1S(5)1S(6)1S(7)|1 S(B)IS(9) IS(I0)
[ - ~Line (1) —— I

0008000000000 000008000000000800000080000000000000060000000000

JIsth) lIS(IZLS(I3)]IS(I4)[IS(I5) {IS6) |Isu7)psue)115(:9) 113(20]
= Line (1) Continue — —

IS(@N]IsaIse3yISR4YIs() |15(2) (3)] (4)] (5)] (6)]
F——Line (1) }4‘ — Line (2)————4' |

s | @) (91 to)] (inj02) | 131 14| () usJ |
I — Line (2) Continue - . .

{ISU7) . (8)] 19)] (20)1' (2n] (23 '(23)[ (2a)1s (1) |1s(2)]
J————Line (2) —— ‘ laLine (3) |

|Bungmumlusn eon(znuzzn(zsn(zml L]
- b——Line (42) : - —w] All

blank
hereafter

L . L
e All blanks ]

XBL68BII- 7246 -

Fig. C~2. One RECORD of data on a magnet,tape;

It
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-10§ in them. They are then written in the WRITE statement on Tape 6
4;;ready to be used in the main program PROCESS.
To minimize the data lost in the storage because of parity
" error in one RECORD, the part of "SEARCH FOR A LEGAL LINE" was written
| for this purpose. _

3 The main program PROCESS" RBAD the data from Tape 6 and
stores only the actual existing data and does all the mathematical treat-"
ment of data. For the special case of diffusion measurements, the
mathematical treatment of data was discussed in section 6-2.

; tWhenever_mathematical treatment of.data is not needed, or'very o
oilargexamonnte of data'ére:recorded in one run, or’whenvminimization‘of
'theveonpnter etorage is critically important;.the second progrém'ﬁPROCESS"
shonld bevuéed. In the second program, the set’of‘date'are processed in‘
groups each containing NMAX gets of data.

Summary of Input Data Notations in Program PROCESS"

N3UN: ‘totgi number of runs recorded on a tape roll

n:.MINN: recorded time scale’

| iMiNN=O the input time is in seconds

'tMiNN=1:the input time is.in minutes
NCHAN: totalvnumter of,ohannels.used in an_exnerinent
f’NSUBﬁ totai number of subrun | 3
_ hSUB =0 for a’ run laeting 1ess than 10,000 sec. | 'ie*\o :
NSUB=1 for a: run lasting 1esa than 20, 000 eec.A_i o |
-~ NSUB=2 for a run lasting less than 30 OOO sec. |

: etc.
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NPASS: nﬁmﬁer'of bypass or unwanted fun betveen two good runs
‘ M; 'expéfihental fun numbéf  | |

- ICHAN: chénnei,numbers.actually'used'in §<frun-
. NMAX:‘Ymaxiﬁﬁm number of datae that;canvbe mathematically tréated in one

‘ batch.



"-1504

PRDGRAM PRUCFSS(lNPUT'OUTPJT'TAPtS,TAPFO. APE2= lNPUT TAPE3)

PROGRAM TO PROCESS THE DATA RECCRDED ON TAPE FROM YHE TAPE- RECDRDER_

L OF -IHE DIGLITAL VOLIMETER.
PRIGRAM LEADS TO DO ALL THE MATHEMATICAL TREATVENTS oF DATA

VO_TAGE FRUM CHANNEL IZHAN{I) IS STORED IN V(I,ND),
DIMENSION TIMEI30U),V( 5,300),ARRAY (2,300, ICHAN(3U}
ODIMENSTON, JJFblN(J)pSUM(S)gAVFRAbE(5)nCUNST(S)vCCUNT(S)'STD(SD

DIMENSION NCHANG(5),SUMSQ(5)

100 FURMAT (F9.2,4E14.5,14)

. 101 FURMAT (1814)

102 FORMAT (FS.2,5€E14.4)
103 FORMAT (7H RUN ,I5)"
104 FORMAT(1%X,13,5114)

o 1US5 FORMAT (1HI) . S

106 FORMAT (F9.2, 4E14.5,14)
107 FORMAT {4EB.4)
108 FORMAT (% TOTAL DATA COUNT®,Fé.C, 3F14 Ol
109 FURMAT (# SUM=%,4E14.5)
110,FORMAT (¥ AVERAGE=%,4E14.5})
111 FDBMAT(//10Xs* THE INPUT TIME IS IN SECONDS.*)
112 FORMATA//710X,% THE INPJT TEME IS [N MINJUTES.#)
113 FORMAT (% THERE WAS MORE THAN 30U, SETS OF DTAT,IT IS NUT UF CAPACI
§TY GF STORAGE®) .
114 FURMAT (% STD DEV=%,4El4.5)
115 FORMAT (1HO.* NUMBER OF xTERAIIUMSt.IS'
READ.1Ul, NRUNS,MINN )
. NRUN=U $NC=5 o . SNMAX=300
REWIND 5 ’ ‘
1 NRUN=NRUN+1, -
~ IF (NRUN.GT.NRUNS) STOP
REAC 101, = NCHANy)NSUB,NPASS M, C(ICHAN(1) 411, NCHAN)
CNCHML =NCHAN-]
READ 1075 (CONSTLT ), T=1,NCHM1)
NPASS=NPASS+1
PRINT 105
DO 7 I=14NPASS
7 CALL TAPES
- NSTART=1 $NS=0 |
" IF(NCHAN .GT JNC) NCHAN=NC
"2. D0 10 ND=NSTART ,NMAX
9 READ(6) (ARRAY[I),I=1,60U)}
CTIME(ND)=0.0
IF (ENDFILE &) 4,5
.5 DU 3 [=1,NCHAN
J=1CHANLIT)
T=AKRAY{1,J) + 10000, U*FLDAT(NSI
1F ([ .GE.C.U) TIME(NDI=T
3 VII,ND)=ARRAY.L2 ¢ J) :
IF (TIAE(ND)}.FQ.U.0) GO TO 9

.1C CONTINUE _ _$PRINT 113
4 ND=ND-1
. IF (NS.GE.NSUB) GO TO 8 . .
CALL TAPES  SNSSNS+1 : SNSTART=ND+1
_ 60 102 ‘ o -
8 IF (MINN.LEQe1) PRINT 112 $IF (MINNJEQ.U) PRINT 111

" PRINT 103, * . .

CPRINT 104y (LCHANCI) oI=1,NCHAN)
T DO 6 J=140D . :
"6 PRINT 1u2, TIMELJ)y(VIiIoJd),y1=1,NCHAN)

LLOMMUL NRUNAMINN | o o o e e e e e n e e e e e
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MATHEMATICAL TREATMENTS OF PRCCESSED DATA
PRINT 105 $PRINT 103,M

_ PRINT. 1G4y (ICHANCE), E=1,NCHML) . L . .

DO. 11 J=14ND
SAT=SQRTITIME(J))
DO 11 I=1,NCHML

_IF (VUL ) LE.~1.0E+6) 60 TO 11

VIIsJI=ABSIVI I, J)Y)#CUNSTI)*SQT

AL CONTINUE e e o e e e

.12

ITERA=Q .
ITERA=ITERA+L
DO 16 I=1, NCHM1

. SUMt11=0.0 $COUNT(I)=0.0

SUMSQLI )=0.0 $NCHANG(I}=0

e DDLL5 JZ L aND e e

13

1F (VI JYsLE T 0EveT G0 70 15" ‘
1E (ITERA.LF.1 .AND. TIME(J).LT.1000.0) GO TO 15

If (ITERA.LE.1) GO TO 13 _
LF(ABS(V(1,J)-AVERAGE(T)).GT, 3.3STD(I)) GO TO 14

SUM{T) =SUMTFY+V(T, )

e L SUMSQUI )=SUMSQUIN VT d)B%2

la

15

COUNT(1)= CCUNT(I)+1 0

.60 .T0 15 ..
V(I,J)=-10. 0**(5*ITERA) -
NCHAVG([)—NCHANG(I)+1 ' -
CONTINUE '

emmimieew LEL. (CUUNT(II;LE;D&O) 5070 lb__,,w,w,wmw.wun.. B

16

CPRINT 114, (STO(I),I=1,NCHM1)

11 LF _(NCHANG{I).GE.1) 6O TO 12  _

18

19

FPPUR

A A A e e S L e SR ML A R AR AR T AR N ek G e ke ANes L e et S

AVERAGE( 1)1=SUM{T)/COUNT(I)

STO(I)=SQRT{SUMSQ(I)~- SUM(I)**ZICCUNT(I))I(CUUNT([) 1.00)°
CONTINUE

PRINT 115,1TERA _ ' v

PRINT 1U8, (COUNT(I), [=1,NCHM])

LPRINT 109, (SUMUT),y I=1yNCHML) . . .

PRINT 110, (AVERAGE(I},I=1, NCHMI)

IF (ITERAJGE.10}) GO TO 18
IF (ITERA,LE.1) GU TO 12
DO 17 I=1,NCHM1

PRINT 105 $PRINT 103,M

PRINT ‘104, {(ICHAN{1),1=1,NCHM])

DO 19 J= 1,ND _
PRINT 106, TIME(J), (V(!iJ)yIFlyNCHﬂi’nJ
PRINT 1u8y (COUNT{I), I=1,NCHML} :
PRINT 109, {SUM{I}s J=1¢NCHM1)

" PRINT 110, (AVERAGE(I)s1=1,NCHMI)
CPRINT 114y (STDCI)yI=1y NCHML)

END UF MATHEMATICAL TREATPENTS
60 16 1.
END
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suskourlne TAPES
DIMENSION ARRAY(2,30), M[SS(512)1KS(1010’ _ S
COMMUN NRUN,MINN - B e
- DATA 160, MAXCHAN, NREC, IEND/ 1: 3U, O, 60 /
.. .103 FORMAT{//1UXs%* THERE ‘WAS A PARITY ERROR ON THE LAST READ. *)
. 104 FORMAT(/10X,13,% ERRORS OCCURRED IN READING THE INPUT TAPE.*)
T0=0.0 $10=0.0 $NERR=0
DO 64 1=1,1END
64 ARRAY(I)=_-1000000, . e s e
REWIND 6 ) ] , T
GO TO (2,11} IGN
1‘N&RR=NLRR + NLINE-LINE
2 NREC=NKEC + 1 . i
BUFFER IN (5,1} (MESS{1),MESS{512}}

65 IFLUNIT. 51 _6633215.67 v B e

66 CALL RECALLI(S5) $GO 10 65
67 PRINT 103 -~ )
3 LUINE=0 SLL=LENGTHF(5)
F.(LL.GT.101}) tL=101 L -
JM=lu%LL - - $NLINE=IM/24 - $160=2 $1=0 .
ST 1 L B0 Y 0 g OOV SO
DO 4 K=1,10 S
I=k+] . ’ .
4 IS(!i*IBlTS(b*(K 1)¢1, 6%K, MESS{L )) .
=24 00 L I .
SR S .__§EARCH FOR_A. LEGAL LINE e e e e e em e e e oo+ e e s e — e
S IFf (11.G6T.IM) GO YO | $1=11-24 . . .
6 1FUIS(1+24).EQ.168) GO TO 7 sII=11+23 $G3 ‘TO 5
IFLIS(I+23).EQ.168) GU TO & $II=11+1 $60 TO. 5

7 IFCISII+3).NE 148 JOR. IS(I+ 6).NE.14B) GO 1D 8
CIF(ISUI+9)oNE.14B .OR, IS(I+10).NE.14B) GO TO 8
o AELISTI+13).EQ. 148, AND.IS(1+21),EQ.148)_G3 10 9

B II=11424 $60 T0 5
9 INDEX=10*ISEI+1L) + 1S(1+12)
IF. (1SU1+14),EQ.158) GO TO 8

€ . IS(I+14) EQUALS 158 IF THE VOLTAGE EXCEEDS ITS ALLOWABLE RANGE.
FFCINDEX.LEWU »ORs INDEX.GTJMAXCHAN) GO TO 8
e b EAASLT 1 VoG9 GO O B L L
c ALL THE CHECKS ARE CORRECT. .

TIME=FLOAT(10*IS(l+4)+[5(I+5))+0.01*FLOAT(10#!5(!#7)*[5(I+8))
IF(MINN.EQ.U) TIME=TIME41CUOXFLOAT(LIU*IS(I+1)#IS(1¢2))
IF{MINN.EQ.1) TIME=TIME+60. O*FLOAT(10*15(1+1)+IS([+2))
i 2 YOLYEGL O —
[ THE . MUST LEFT . F[GURF 187 THROhN AHAY. “IF vou NANT To RETAIN
L 1T SET VOLT EQUAL Tu IS{I+15)%1.0E5 IN THE PRECEDING STATEMENT,
LINE=LINE+1] .
DO 10 K=1,5
L=l eK41S5
e 10 _VYOLY=VOLT+FLOATIIS(L)I*10.¥*(5-K) -
1E==1S(1+22) = ’ )
L WOLT=VOLT*10.%%(1E+3)
. IF (I5(1f14) EQ.lTB) VOLT=-VOLT -
I TH}S GIVES_ VOLY IN MILLIVOLTS. TO GET VOLT IN VOLTS, DELETE +3.

IFYOLT.EQ.0.0) GN TQ 8
11 IF(TIME,LE,TO-2.) GO TU 16
_EFCINDEX.LE.IO) GO TO 13
IF(TIME.GE,TO+2.) GO TO 13
12 ARRAY (1, INDEX)=TINE
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. ARRAY (2, INDEX)=VOLT T
... TO=TIME $10=INDEX . $GO" 1O 8,
13 WRITE(6): (APRAY(I).! 1o xznn» St e
A4 A=) dEND o S Y S S U DA
14 ARRAY(1)= -1000(00. $G0 TO 12 '
. 15 I60=1: . D
16 IF{NERR. NE.O) PRINT 104. NERR
_____ WRITE(6): CARRAY {[)4I=1, [END}
C “THE -UNJSED poprxuws OF ARRAY SHOULD navs ~1000uoo. IN THEM,
..___.-._*EunflLL.Lm-m- A - : . ,-,“~u-“«d“_;"-knu-A.kwéa__
- REWIND 6. ' ‘-'_‘ —
.. LRETURN. . - . e il
END - L

— N-.“.-;.}._nssz A

| ey s

END

i ASCENTF SUBROUTIAE !BITS(([.!Z.X) . '

«THIS ROUTINE SELFCtS BITS I1 10 12

2SIVE) . OF X, AND STORES THEM (RlGir ADJUSTOGOOUCCO00LDID
' - S g0v00UD00ueo0

00000GUI0000uY

V000000 00LGY

00000UdV000uY

BSSZ 1

IX2="X2-X1. _
SB4= X2-59

SA3 B3

LX6= B X3

£Q. .. _BUsB4 RET

_'.X*(XB)
SLEFT SFIFT (Xx3), [i=-1 BITS

. «DONE IF N=60 -
.RIGHT SHIFT 10 END OF HﬂRD

LX6 - 'B4,X6
CoMX0 1
TSB4 B4+l

L LXO B4yX0 '
- BX6E -XU%X6 , .
EQ BULBO REY L e

;EURM 6C-N BIT nASKj:’

BSSZ ' " '.Nl‘H ZERU FILL) IN- IBITS.
——— "BSSZ 1“ I «BITS ARE ‘1 TO 60 LEFT TO RIGHT
BSSZ 1 - : s o :
" _RET " BSSZ 1
S . .SA1 Bl < I1=tx1)
it e e SBYE X1 L U AT IS
. SA2 B2 o .12 (XZ)

oN= NUMBER OF BITS IZ—[1+1‘(54) 60

CINCLUDDOOOU (OBULUD

56110

.6211 777776

56220

37221 .
6242 777704.
56330 :

22613
0404 - LO00VO]L - .

22646
43001
6144 000001,
22040 :
15660

0400 LO0GO1
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PRIGRAM PINCESS{INPUT (OUTPUT ,TAPES ,TAPEG,TAPE2 = INPUT TAPE3 ).
T DIMENSTON TIME(202),v L 5.230)'ARRAY(2'3°).IC%AN(30!
NC=5 § NMAX=202
" COMMCN NRUNGMTINN . 0
101 FORMAT (18714)
T102 FORMAT(F9,.2,6E14.5)
103 FORMAT (7H " RUN ,15)
T10% FIRMAT(15%,13,5114)
105 FORMAT (1H1)
1106 FORMAT U7H " NTAT=,16)
© READ 101, MNRUNSsMINN § NRUN=D §° REWIND 5
TNRUM=NRUN+T 67 IF (NRUNSGT «NRUNS) GI TO 99 ¢ PRINT 105
READ 1901, NCHAN,NSUB4NPASS,M ¢ NPASS=NPASS+l § DO 7 I=1,NPASS
"CALL TAPES- ¢ READ 1n1, {ICHAN(T) 151 ,NCHAN) .
MORE=0 $ NTOT=2 $ NS=h : :
CTF(NCHAN .GT N2} NCHAN=NC
2 N0 10 NO=1,NMAX : o - - :
- 9 READ(6) (ARRAY(1)4I=1,60) $ YIME(ND) =)o § TFLENDFILE 6) 4,5
5 DD 3 I=1,NCHAN $ J=ICHAN(I) ¢ T=ARRAY{1,J) + 100CN.0*FLOAT(NS)
IF{T.GELY.C) TIMELRD) =T
3* VOI,NDI=8RRAY (2,J) $ IF(TIME(ND).Z2.9.7) 30 139
10 CONTINUE $ MORE=1 $ ND=NMAX+1
4 NO=ND-1 $ NTOT=NTOT + ND

~ -

o0

" DA YOUR THING
"PRINT 1233, M : '
PRINT 124 , (ICHAN(1), I=1,NCHAN)
DD 6 J=1,4ND
5 PRINT 132, TIME(J)y(VII,J),1= 1.NC4AN)
o "PRINT 106, NTOT
- C . : :
TIF(MORE.EQ.0) G0 TC 8 $ MORE=C $ GO TO 2
8 IF(NS.GENSUS) 6O TO 1 $ NS=NS+1 $ CALL TAPES $ GO TO 2
" VOLTAGE FROM CHANNEL ICHAN(I) IS STIRED IN V(I ND),
IF A RUN HAS MNRE DATA SETS THAN NMAX, THE SETS ARE PRNCESSED IN
GROUPS EACH CONTAINING NMAX SETS. ’ ) :
ALTERNATELY, IMNSTEAD OF SPECIFYING THE CHANNFLS. ONF COULD SEARCH
FOR CHANNELS WITH INFORMATION,., FJR A CHANNEL T WITH NO
. INFORMATION, ARRAY(1,1) AND ARRAY(2,I) HAVE RFEN SFT FQUAL TO
-ltlEé ’

OO OOO

99 STOP ¢ END

: (Péges-154 and 155 are the original programs‘written by John

»Newman."Fér.processing the data tapes, these programs were modified by

the author, evehtually coming to the form on pages 150 to 153.)
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SUBROUTINE TAPES S DIMENSICN ARRAY(2'3C).WESS(512).Iﬂ(lOlO)
" COMMON NRUNMTNN

DATA 1G9, MAXCHAN, NREra I‘ND/ 0, 30y 0, 60 /

T FORMAT (7 /719X, % THE INPUT TIME IS IN -SECONDS.*)

18 FURMAT(//19Xs% THE INPUT TIME IS IN MINUTES,*)

‘19’ FDRWAT(///.IOX *THERE WAS A PARITY ERIOR IN THE LAST RFAD.*)
20 FORMAT(/10X,13,% ERRORS CCCURRED IN READING THE INPUT TAPE . %)

TO=3.C % 10=0.0 ¢ DO 21 I=1.,1END

21 ARRAY{1)= =10017C00, & NERR=0 § REAIND 6

TIFLIG0.EV.2) 6O YO 2 $ IFUIGOLEQ.YL) GO TH 11

IF (MINN.EQ, 1) PRINT 18 ¢ IF(MINN.ZQ.0) PRINT 17 $ 6O TO 2
1 NERR=NERR + NLINE-LINE . N )
2 NREC=NREC + 1 $ BUFFER IN(541} (MESS(1),MESS{512))

6 IFUUNIT5) 5643,15,67

66 CALL RECALL{S) % GO TO 65

"67 PRINT 19

3 LINE=CG 3 LL=LENGTHF(S) $ TF{LL.GT. 131) LL=101 s IM=10%LL
T TNLINE=1IM/24 $ 1G0=1 . ‘
I=0 $ DO & L=t,LL $ DO 4 K=1,10 ¢ I=1I+1 .
4 ISUI)=I8YTS{A%(K-1)+1, 6%K, MESS(L )} ¢ I1=26
'SEARCH FOR A LEGAL LINE

"5 IFLI1.6T.TM) 62 To.1 ¢ 1= 11-24

& IF(IS(1+24).E2.16R) GO TO 7 ¢ I[=11+23 6 30 TN S
IFLISOT+23),E0.168) 60 T 4 & II=1[+1 $ G) TN-5

"7 IFISUI+3) . NEL14B ,OR, IS{I+6).NE.14B) GO TO 8

CIF(ISCI+9)  NEL14B LOR. IS(I+12).NEL14B) G) TO B
CIFCIS{T+13).60.148 o AND, IS(I1+21).EQ.148) GO Tn 9
'8 Fl=11+24"6 GO TO 5§ _ A _ _
9 INDEX=1J%IS{T+11) + IS(1+12) $ IF(IS(I+14).FQ,158) GN Tn 8
" ISUI+14) EQUALS 158 IF THE VOLTAGE EXCFENS TTS ALLOWABLF RANGE.
FFLINDEX,LE.C o0ORe INDEX.GT.MAXCHAN) GO TJ- 8
IFCIS(I+1).6T.9) GO TO. 8
ALL THE CHECKS' ARE CORRECT.
 TIMZZFLOAT (1CHIS(1+4)+1S(1+5)) 0.0 L%FLOAT(10XTS(T+7)41S{I+8))
CIE(MINNGEN.N) TIME=TIME+100.0%FLOAT(1I*IS(I+114]S(1+2))
IF(AINNGEQ.1) TIME=TIME+6N,C*FLOAT (10 IS{T+11+1S(1+2))
VOLT=0.9 .
THE MOST STSNIFICANT ‘FIGURE IS THROWN AWAY. IF YOU WANT T3 RETAIN
1Ty SET VOLT EQUAL TO IS(I#15)%1.9E5 IN THE PRECENDING STATEMENT,
LINE=LINE+1 $ DO 10 K=1,5 ¢ L=1+K+15 v

10 VOLT=VOLT+FLOATLIS(LII*D, %%(5-K) $ 1E=~I5(1+22)

VOLT=VOLT*10,%%{1E+3) & IF(IS(I[+1%).E3.173) VOLT=-VDLT
THIS GIVES VOLY IN MILLIVOLTS. TO GET VOLT IN VOLTS. NELETE +3.
TR(VOLTLEQ.D.D)Y GO TN & .

‘.l}‘IF(TIME.LE.TO-Z.) GD TO 15 ¢ IF{INDEX.LE. IO} GO-TU 13

IF(TIME.GE ,TO+2.) GO TO 13

_lZ ARRAY( 1, TNDEX}=TIMES$ TO= TIME § ARQAY(Z INQEX"VDLT $. 10=INDEX

GO TO 8

13 WRITE(6) (ARRAY(I),I=1,1END) & DC 14 I=1,TEND .

14 ARRAY( I)= -1077000. $ GO 11 12

15 160=2 : : _

16 IF(NERR.NE.O) PRINT 2C, NERR $ WRITE(6) (ARRAY(T).I=1,TEND)
THE UNUSED PORTIONS OF ARRAY SHIULD HAVE -1700000. TN THEM.
'ENDFILE &S REWIND 6 $ RETURN $ END .



~ APPENDIX D
-'Magnetic Tape Handling .

‘In the Ampex 7211 tape unit ‘the: two—channel-photosense ~unit

autOmatically stops:tape motion and gives 8 signalvto a remote equipment,'

Ca digital voltmeter or a computer, when reflective tabs are sensed. In

other words, two reflective tabs are essentially the. points where the"

recording starts and ends.

" The tabs have a size of 3/16'1nch byrl inch, and'are made of

’aluminun foil. They are located 1/32 inch from the lower edge of tape
as an indication of the starting point, 1/32 inch from the upper edge of
tape as.an'indicatiOn of the end“point.'

der the purpose‘ofvecOnomizing the'hse’of magnetic tape and
saving the cost of tape cleaning and the storage spaces, the tape can be
.left on the tape recording unit without rewinding between ‘two runs when-
ever'it iS‘possible. If it becomes necessary to remove it from the |
tape unit, a tab of the above size should be put at the lower edge of
the tape as a second starting point at the position of recording head
where the tape stopped. . | |

When the remaining part of the tape is being used again, skip

the first tab by pushing. the "FORWARD" button once. The tape unit awto-

matically'stops;at the second starting point and recording will start

to record at the second tab.

Remove the first tab, when the tape is sent to be processed,

or remove the second tab and set NSUB in program PROCESS equal to the )

total number of runs previously recorded.

»
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APPENDIX El

CONCEN program notes

Program CONCEN was written for calculating the velocity ann:lil

'concentration profiles and dimensionlese current density on a stagnant R

bdiffuscion cell when the variation of transport properties and nonzero :

1nterfaeial veloeity_are-taken into consideration.. _The program notah,t_ ’

tione‘ére:7

'  .N .r~f";fnaner efgiteratidns '
trDYu Vﬁ}it;nesh'eize ' ..

t,i'ERR 1ﬁit; relative tolerable error  |

awe M,V /M e R

. quERdwfﬁg c; o R
. AMPf_ri§5\Ir(eee EQA.(?—9))‘t:
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PROGRA1 CCMCEN (xupqr,ourpur, TAPE2= xwpur. TAPE3=0UTPUT)
DIMENSTON 3(1u01).H(1001).N(1n01),C(10 1).RA110(1001),<L0P£(1001)
101 FORMAT (414,5F840)
102 FORMAT (1kl, 69H INPUT DATAeess N oy’ w=1NF W=2ERO -
$ ERROR - M+#NU+/MS / 15X»143F64331P3E11e351PE11e4//)
C1N3 FORMAT (1541P5E15,4) .
1n4 FORMAT (1F0/ 84H 1 V-PROFILF W=-PROFILE C (MOLE/L)
$ .0 - C/CINF C/CINF/DY®] /) , S
105 FORMAT (15Xs8H D=INF = sF11e4s 5X» 8H C—INF = Ell.4 / 15X,
'S BH D-ZFRU= » Elle495XsBH C-ZFRO= +E11e4/ 19Xs4H 1= s1PEl1Lle4/ .
$ 9X»14HNO. ITERATION= »16 /9X» 14HTIME IN SECONDs F9e2 )
106 FORMAT (5Xs18HDUINTEGRALY/DINF= - s1PElle&s//) ‘
8 READ (2s171) NsNTNP, NpClNFoCZfROo”Y;FmR;GN P
IF (N.EQe%) GU TO §
CALL SECONN(TIMF)
RINF=1.0
10 ROLD=RINF
WINF=CINF/RINF#0415961
RINF=RHO{WINF) :
TEST1=ROLD/RINF-1,0 : :
1F (ABS(TEST1)«GT.FRR) GO TO 10
WZERO=CZFRO%#0615961 :
AMP=0N,0 .
" RN=RHO(WZERO)
TPO=TP(WZERD) ~
CTMO=TM(WZERD)
DO=D(%ZERC)
DINF=DIWINF) _
SO= RO/RINF*’)’)/DINF
DO 1 J=1,N
WJYy=sWINF
1 H{J}=0.0 : ,
ITERA=0 ' L . : ' ..
2 AD=AMP ' : : : .
HINF=H(N)
ITERA=ITERA+]
Wi1)=0.0
B(11=0.0
$1=50
Pl1= RO/QINF#H(1)+AWP*TPO
ADD1=P1/S1
PO 3 J=2sN
52= RHO(n(J))/RINF*D(V(J))/DI\F
P2=RHO(W(J) ) ZRINF*H( J)+AMPETP (W ()
AND2=P2/52=2.3/D 14 1J) yEDINE® (J=1)%DY
B(J)=B(J-114+DY/2.0% (ADDLI+AND2)
WlJI=WlJ=174DY/2, ﬂ*(FXPF(E(J))/52+’XPF(U(J 1))/<1)
ADD1=ADN2
3 51=S2 :
CONST =(WINF~ NZERO)/H(N)
DO & J=1sN
& W(I)=CONST*W(J)+WZERD
AMP=~CONST/TI40 -
Hil)= AMP*GNJP*RINF/RO
SUM=040

Y
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. RHO1=RO

DO 5 J=2sN

RHOZ2=RHO (W (J) ).

SUM=SUM+DY /2. u*(RHOl+RH02)
H{J)=2.0%(J=1)%DY=240/RHO2#SUNM+H (1) #R0O/RHO2

RHO1=RHO2

IF (ITERA.EQ.1) GO TO 2

TEST1=AMP/AO-1.0

TEST2=H{N}/HINF-1,0

CIF (ABSITESTY)«GT4FRR) GO 70 2

1F. (ABS(TEST2) +GT«FRR) GO 7O 2

DO 9 . I=1,N _ :

ClIy=W(T)¥RHO(X (1)) /0415961

RATIO(1)=C(1)/CINF

NOH=3,141592T#(AMP/2, O*TM(wINF)/'INF)**Z

" SLOPF(1)1=R0/50/0415961/CINF*CCNST

DO 7 I=2sN ’
SLOPE(I)=RATIO(L)Y/DY/(1-1)

WRITE (35102) NsDYsWINFsi:2EROsFERR»GNIIP

WRITE (35105) DINFsCINFs DOsCZEROs AP ITERASTIME

WRITE (3,106) DOD S :

WRITE (3,104} . v

WRITF (35103) (LaH{T)eW(I)sC{T}sRATIOUI)sSLOPE(L)s T=1sN1)

WRITF (35104) ] : _ '

WRITE (35103) (IsH(I)sw(1)sC(I)sRATIOCIYsSLOPE(T)s T=N1INP )

GO 7O 8 _ : : : . , : v
STOP - " BEND

FUNCTION RHO (%) _ : e
RHO=0499669+0 ¢ 026901 %% 00 5+Ce T4 7T 1¥ 0+ e B0T18*%X] 45
RETURN - $SEND - Co

FUNCTION THUu) ' S _ o
 THM=0,597063+3. 57889%14-8021995% %% 45 '
RETURN $END

FUNCTION TP(#) ‘ :
TP==3,57889+12.329925%W*#045
. RETURN SEND

FUNCTION D (%) o :
D=0+ 207HEXPF (=29, 7% W#%005)+00638-2,580%4%%045
D=D%1.0E-5 ’ .
"RE TURN SEND
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APPENDIX E2
DIFF Program notes - .f o T '}
Program DIFF was written for obtaining differential diffusion
eoeffioients from the limiting current measurementsf The program nota-
ﬁions'ere: e |

MAXTIT maximum number of iterations,’ e.g. 15

TOL = . tolerable error in differential diffusion coefficients, e.g.'
v_lO 8cm /sec’ |
NVAR inumber of variables in correlations, e.g., 5 (see Eq. (2-19))

NDATA ‘total nurber of input experimental data

 SALTMH- - molecular weight of salt

_ GNﬁP" y y v/M - SR ‘_‘_
ETRON ifn' . .
AREA -. f'_a.rea of capillary'(c’:me)' " .
N _ :number-of mesh-points,~e.g;‘501'
DY mesh eize, e.g. 0.01 .i: ' A 2 i .-':.; ;; ‘  ;,» ' .:. i.
ERR - | relative toleeable error, e.g. 1¢'5 ' o
" CDATA t_f concentration of solutions (M) |

SQRIT = _experimental result of IIJE (kaéec)
AMP T (see-Eq~ (2-9))
(1) differential aiffusion coefficients at ITERA th iterations

DPRED predicted diffusivities from Eq. (2-19))
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PROGRAM DIFF (INPUT OUTPUT, TAPE2=INPUT»TAPE3=0UTPUT)
DIMENSION COF(IO)oX(60,10).WDATA(60)-DD(60)oCDATA(60),§QRIT(60)-
$ . DEN(60),DDO(60)
COMMON NVAR.NDATA.SALTMW.COE,X.WDATA pD
101" FORMAT (14+E842)
102 FORMAT (21434F8.0)
104 FORMAT (1HOs 10Xs20H NOe OF ITERATION= s14s/14Xs16H TIME IN SECO
SND. »FBe2// TXs2H 1 9 9Xs 3HAMPs12Xs 2HDDs15Xs1HDs14Xs4HTIME )
105 FORMAT (5Xs1443F16e4sF16e2)

106 FORMAT (1HOs5Xs 20H STANDARD DFVIATION= » E1le4) .
107 FORMAT -(90H THE NUMBER OF TTFRATIONS HAS EXCESSED THE NUMBER OF

$MAX ITERATIONs PROBLEN TERMINATED )
108 FORMAT (6E1044) . .
109 FORMAT (1453E10e4)
110 FORMAT (3E1544)
RFAD(25101) MAXIT,TOL
READ(25152) NVARSNDATA»SALTMW,GNUP,ETRONSAREA
READ(2+109) N, WZFROsNY,FRR :
READ(2s108) (IDATA(I)sSQRIT(I)»]= loNDATA)
"WRITE(3,116) .
CALL SECONDITIME)
DO 1 I=1,NDATA
DD(I)~SORIT(I)/(ETRON*96500.0*AREA*CDATA(I))
WDATALI)=CDATA(1)/DEN(1)*SALTMW/100040
DDCI)=TM{WDATA(L ) #DD (1) v
DRI =3.141594DD (1) *#2
1 WRITE{35110) WDATA(I)sDEN(TI)sDD(])
" ITERA=O . o »
2 DO 3 I'=1,NDATA
3 DDO(Li=ND(I)
ITERA=ITERA+1
CALL DMATRX
CALL CORRFL
WRITE(35104) ITERA,TIMF
STDD=0.0
DO 4 I1=1,NDATA
WINF=WDATA(I)
CALL AIMPERE (N-NZFRO,NINFyDY,ERR,GNUP APy
CALL SECOND(TIME)
DPRED=D ( WINF) S
WRITE(3,105) TsAMP DD (1) e DPREN T IMF
STDD=STRD+ (DD L I)=DPREN ) #%2
- DD{I)=2. O/CTRQN*SALTMW/IOOO.O*SORIT(I)/AREA/DCN(I)
T4 DDIIY=(DDI1)/965004C/ANMP)*%2
STDD=SQRT{STDD/(NDATA-1))
WRITE (3+106) STDD
IF (ITERAWLLTWMAXIT) 60 TO 5
WRITE(3,127)
GO T0 .100
5 DO 6 1=1sNDATA
6 IF(ABS(DD(I)—DDO(I)).GT.TOL) GO TO 2
100 STOP :
END
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SUBROUTINE AMPERE (NsWZEROSWINF DY sERRIGNUP ¢ AMP )
DIMENSION 8(1001). H(lOOl);v(]OOl)
AMP=0.0 . ,
RO=RHO(WZERO)

TPO=TP(WZERO)

DO=D(WZERO) .

RINF=RHO(WINF)

DINF=D(WINF)

S0=RO/RINF#DO/DINF

PO 1 J=1sN

W(J)=WINF

H(J)=0e0

AO=AMP ,

HINF=H(N)

W(1)=0e0

B(1)=0.0

$1=S0- .

P1= RO/RIN"~H(1)+AAP*TPO

ADD1=P1/S1

DO3J2’N

S2= RHO(W(J))/RINF*D(W(J))/DINF o
P2=RHO(W(J))/RINF*¥H(J)+AMPRTP(W(J))
ADD2=P2/52=-240/D(W(J) ) ¥DINF#* (J=-1)%DY
BlJ)=B(J=-1)+DY/2.N*(ADD1+ADD2)
W(J)=W(J~ 1)+DY/2.0*(FXPF(B(J))/52+EXPF(d(J 1))/%1)
. ADP1=ADD2

S1=52.

CONST —(WINF WZERO)/W(N)

DO 4 J=15sN

WiJ)= CONST*W(J)+WZERO

© AMP==CONST/TM(WZERO)

"H{1)=AMP#GNUP#*RINF /RO

SUM=0.0

RHO1=RO

DO 5 J=2sN

RHO2=RHO(W(J))

SUM=SUM+DY /2. O*(RH01+RH02)
H{J)=20¥(J=-1)¥%DY~ 2,0/RHOZ*SUM+H(1)*RO/RH02‘
RHO1=RHOZ . v o
IF(ABS(AMP-AQ) «GTe FRR*ABS(AMP)) GO 70 2

IF (ABS(H(N)—HINF)ooToERR*ABQ(H(N))) GO 10 2
RETURMN S
END
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SUBROUTINE CORREL
~ DIMENSION COE(lO)oX(éO,IO)yB(lO)vA(lOolO)
COMMON NVARsNDATAs SAL TMWs COE 5 X
101 FORMAT (214)
103 FORMAT (35H ONE OF THE DIAGONAL ELEMENTIS.Z7RO )
104 FORMAT (1H1ls 10( 15H COEFe OF X ( s I3s 4H) = s E1244/))
111 FORMAT (1H1) I ,
NVAR1=NVAR+]
DO 3 K=1sNVAR
B(K)=040 '
DO 2 1=1,NVAR
2 A(Ks1)=0,0
" DO 3 J=1sNDATA
BIKI=B(K)+X(JsNVARL)*#X (JsK)
DO 3 I=1sNVAR |
3 A(KsT)SA(KsI)+X(JsKI®X(Js 1)
DO 4 I=1sNVAR -
4 1F (A(Is])eNEe0s0) GO TO-5 _ o
" WRITE (3,103) o ' o _ L
GO TO 100 : : . o
5 INM1=NVAR-1
DO 12 1=1,INM1
1P1=1+1
AlIsI)=1. O/A(I,I)
B(I)=B(I)¥*A(IsI) : \
DO 11 K=IP1sNVAR
11 ACIsK)I=A(IsK)*A(TIs1)
" 'DO 12 J=I1P1,NVAR
B(JY=B(J)=B(I)*A(Js1)
DO 12 K=IP1lsNVAR _
12 A(JsKI=A(J9K)=AlTsKI*A(Js 1)
"BINVAR)=B(NVAR)/ATNVARsNVAR)
DO 13 JJ=2sNVAR o
J=NVAR=JJ+1
JP1=J41
DO 13 K=1sJ
13 BiK)= B(K)-A(K’JPI)*R(JPI)
‘WRITE (3s111)
. DO. 14 I=13NVAR
. COE(IN=BI(I) _ -
14 WRITE (3,104) Iy COE(I)
100 RETURN ~
END
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SUBROUTINE DMATRX

DIMENSION COE (10)5X(60510) sWDATA(60)50D(60)
COMMON NVAR>NDATA»SALTMA s COE X s WDATASDD.
NVAR1=NVAR+1

DO 1 J=1sNDATA

X{JsNVAR1)=DD (J)

X(Js1)=1.0

X(Js2) =WDATA(J)¥%0 5

X{Js3)=WDATA(J)

X(Jr4) =WDATA(J) #%145
X(J»5)=WDATA(J)*¥2,0

RE TURN

END

FUNCTION. D (W)
DIMENSION COE(10) -
COMMON NVAR,NDATAsSALTMW s COE

D=COE(1)+COE(2)¥W#*0, 5+COE(3)*W+COE(4)*’**1 )+COC(5)*W**2

RETURN .
END

FUNCTION RHO (W)

RHO=0% 99669+O 026901 #W*¥%0, 5404 74771*W+O 80718*w**1 5
RETURN . :
END

FUNCTION THM(W) , -
TH=04597063+3457889%W=8+21995%W¥¥1,5
RETURN -

END

FUNCTION TP(W) ‘
TP==3,57889+12, 329925*W**O 5
RETURN .. ‘
END :




4 transferred here for easgy reference.
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_ .. APPENDIX E3

'"MiGRl" and MIGR2"7Program notes

Programs MIGRL and MIGR2 vere wrjtten by Newman;

1h 27

MIGRZ2 is

‘MIGRL was written for calculation of

the ‘effect of migration on. the 11m1t1ng current and surface concentratlon

'changes for the cases ‘of no or complete dissociation of bisulfate ions.

' MIGR2 was written for the case of incomplete dissociation of bisulfate

ions. The programs notations are:

- MODE

" MODE=1 Nernst diffusion,

-

:"j MODE=2‘ Stagnant diffnsion or‘penetration model,

YA'JZMODE—3 Rotating disk or boundary layer model. -

N

STRI;ii;
h :'r (see Eq. (4~ b))
7Ké (see Eq. (h 5))

- R
AK

.CRO

Hesol -

Cm(’.:,)‘.'f";."

© 7 total number of mesh points, maximum capacity h03
total number of ionic species, ‘maximum capacity 5

i’f mesh size, e. g., 0.2

fonic strength of solution (see Eq. (4- 8))

».. concentration of reacting ion at electrode surface-
.concentration of copper sulfate in bulk solution

J concentration of sulfuric acid in bulk solution o

concentration of individual ionic species :

'ﬁ>%0ne blank card terminates a system,.two-blank cards stop‘thei.-

program.

of calculated current.

. The built-in relatiVe;tolerable'error_in'iteration is 0.0000L
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" PROGHAM V1GR2 (INPUTS UTPUT)

1c}
102

l§3

104
1¢5

1€6
1c?

1c8
1¢9
110
111
113

99

S WN -

3l
2

- 33

PROGRAM FCR EFFECT OF MIGRATION CN LlMITING CURRENT

INCCMPLETE DISSC CIATI“N

DINVENSICN 0(6.6)08(606)oC(6o403)90(6013)06(6)oX(6o6)oY(606).U(6)o
lV(QCJ)|DIF(6).2(6)oS(6)oCIN(6)-REF(6)

MVON- AgBaCaDoGoXsYINsNJ

F“RPAT (31443E8.4)

FCRVAT (4EB,4eA6) ) .
F”RVAT (4HOAJI'X615H| H‘0F6-4/3“HOSpECIES L . DIF 4
1 S/(3X90642F8.5,2F5,1)) o

FCAMAT (32MINERNST STAGNANT OIFFUSI”N LAYER)

FCRMAT (32H1GROWING DRCP CR PLANE . ELECTRSDE)

CRMAT (14MIRCTATING DISK)

CRVAT (5EE,.4)

FCRVAT. (30HCTHE. NEXT RUN 0lI0 NCT CONVERGE)

F“RN“T (1HC+26X42F10e6¢ FBeR/ (IX1A6,2F9,5))
"FCRVAT (S4RCSPECIES .  CINF CZERS. . .- AMP . AMP/AMPD O R)
FORWAT (¢ THERE ARE TwC IMAG.OR NEGA, CONC.#/4E15,4)

FCRVAT ( /7777 10Xe14CUSChma,lPELG, 4'9X"H25”6l°v19514 &/
$ 0 ICNIC STRENGTHE®91PEL14,494Xe*DISCe CONST=S, 1PE14,.4 . )
REAC 1C1y. MCDEsNJoNoH ' o

IF (MOCELEQ.C) - STOP

GC TC (14243).M00E

He1,0/ (hNJ=2) v

CinSTaCL0 $AMPD=] 40 . SPRINT 104 $6C 7C ¢
CONST=Ze0. $AMPDa1,12838 $PRINT 105 $GC TC 4
-Cuhsia3.0 SAMPDs1 1198 SPRINT 106 :

Nv}aN=1] SAV2aNL2 .

REAC 1C€2, (U(l)|DIF(1)-Z(I)oS(I)|REF(I)oll!oNFl)
PRINT 103, thH-(REF(I).U(I)-DIF(I)oZ(I)oS(I)ol'loNNl)
REAC TCT7+STRI+RyAK¢CRO )

IF (STFI.LE.C.0) GC TC 99

CUSC4=(1,0=R)/(440=R)OSTR] .

H2S5C4aR/ (4 ,0«R)8STR]

PRINT 113, CUSC49IH2SC4sSTRI,AK

Q@2m=CySTu4=~3,09H25CH<AK $QI=2,0PH2SD4% (CUSTLeH2S04)
D-ozﬁcc-«.cocs ssooasonr(ABS(o))

; RCCTIm(=02¢5QD)/2,0 80T28 («02-8Q0) /2,0
IF (ROCT14LT.04C «AND, ccTz.LT.o.O) G2 T 33
CSUNBCLSOG+H2504¢ -
IF (RCCT14LT.Ce0eCR,RECTLGELCSUM) GC TC 31 .
CIN(L1)=RCCT] SCIN(4)=mCUSCT4 SCIN(5) =040 " 860 TC 32
CIN(1)Y=RCCT2 $CIN(4)=CUSC4. SCIN(S)#0,0
CIN(2)aCUSC4+H2504~CIN(]) © . SCIN(3)82.,0%H2504=CIN(])
GC 1C 6 ) .
PRINT 111+RCCT1,RCCT2 $GC TS 5
PRINT 110

DC 7 JsluNJ
¥ (J)® CONSTe (He (NJ=ju]) ) #e (MODE=1) 00IF (NM1)
~C(NPLed)IE CRQ o (CININM1) = CRO)®(NJ=J=1)/(NJ=2)

© GINeJYE 040

DS T ImleNM2

C(lsd)s CINCD) .
JCOUNTSC $AVP=0,0
JCCUNTS JCCUNT o ]

Ja ¢ :

DS 9 I=l,N

DC 9 K=l4N.

Y.(IsK)® 0,C
X(1sK)® 0.C
JeJ e 1



11
12

13

14

.15

16
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D¢ 1Y IsleN

G(1)5 Ce0

DC. 11 Ks)eh

A(I¢K)B 0e0

Blsn)= 0,0

D(leK)s 0,0 :

IF. (J=1) 12412914

DO 13 I=)yN

B(I+I)=-1,C

G(he CIN(I)_ , _

CALL BAND(U) - : $62 1C 10
DC 15 Kz)lahMl ' , '
BINeKYZ Z(K)

if (thJ) 16418518

DC-Y7 I=YlyNMl

PP: U(l)/DIF(I)G(C(h Jol)-C(N.J—l))/z C
PPPa” U(I)/DIF(I)“(C(N.J‘l)‘C(NoJ-l)-Z O¢C(NoJ))
CPs (T(Isdel) o C(Ied=1))/2:0

A(Jodl)B =« 1,C & PP/2.0 = H“V(J)/Z-O/OIF(I)

-~ 8(Iyl)® 2,C = PPP

17

D(Yel)B = 1,0 = PP/2.,0 ¢ H°V(J)/2o0/DIF(!)
AtToN)s U(I)/ZDIF (110 (CP/2.0 = C(1vd))
B(IsNK® 2,09U(1)/DIF(1)®C(14J)

D(IsN)E = U(I)/DIF(I)S(CP/2,0 ¢, C(loJi)

G(I18 = PPPOC(IyJ) = PPeCP
DC 23 1e2,3 o o
ALTe1)=A(1e]) - $B(1,1)=2B(1,1) $D(I+1)=0(1s1)

A(TeNYSA(IsN)sR(1IN)
BEToNIBB(TgN) @B (L1yN)

" DCIGN)ED(ToaN) 4D (1oN) |

23

18

19

20
21
22

G(I)1=G(11 G (1)

A(l23)30,0 $B8(1lel)mmAK ) sD(l'l).OQO
A{ls4N)20,0 $Blly4N)=060 $O(1,N) =040

G(i)= C(3,0)8CL24J)

8.103)8C(24J)

B(le2)=C(3sJ) ’ : '

CALL BAND(J) $GC 1C 10

DG 19 lIs2.hv2

PPm U(I)/DIF(I’“(C(NONJ)'C(NONJ-Z))

Y(lsl)o « 1,C SA(I,1)=pPP $B8(1y1)=1,0
Y(IsNMl) = S(I)“DIF(NMI)IS(NMI)/DIF(]) : ‘
B(IiNMl)a = Y (I4NMI)

Y{(IsN)3 (S(l)/S(NMI)’U(NMI)OCRO-U(I)“C(IONJ-I))/DIF(I)

" B(IsN)® = Y(IeN)

G(1)= FPeC(IyNJel)

A(NMIgAV1)Z 1,6 SG(NML)I=CRO _
G(1)=C(I I 9C (29 o
B(lolya-AK '$B(152)sC(3sd)  SB(1yT)aC(2ed)
CALL BAND (J)

AMPCE ANP

ANPE: (L(NMI)'CRO’(CfNuNJ'Z)-C(N NJ))6DIF(NMx)O(C(NMloNJ'Z)-c(NM1-
(INJY ) /240/H/ LCIN(NM1) =CRO)/DIF INML)

RAMPEANP/ANBD .

IF (ABSF (AMP=AFPS) »(400001 OABSF(AMP)) 22-22-20_

IF (JCCUNT=10) 8 8921

PRINT 1cC8 '

PRINT 109, ANP|RANP.Rq(REF(I)QC(XO!)!C(IoNJ 1)0 IaleNM])
GG TC.E

END
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SUBRvU?!NE BAND (J) :
DIVMENSICN A(6o6)’8‘606)'C(60403)00(69!3)!6(6)0X(606$o7(6|6)o
55(6070403)

‘CCMMIN. AoBtCoDchXOYoNoNJ
FORMAT - (1SHODETERM=C AT Js414)
IF (JeZ) - 14648

NPIs N ¢ 1

DC 2 I3lyN:

D(Iv2%Nel)= G(I)

DC 2 L=),yN

‘LPNm. L ¢ N

D(1slPN)m X(le)

- CALL MATINV(n.2-N;1.DEVERM)

IF (DETERM) 44344

PRINT 1G1s J
DT .5 KelyN

E(KeNPlel)= D(Ky20Nol)

D” 5 L’l.N

E(KIL01)= - D(K'L)
"LPNEL e N
S X{KoL)2 = D(K'LPN)

"RETURN ~

0C 7 I=sl4N

‘DS 7 Kzl4N

DS 7 LsleN

DToK) e D(1aK) ﬂ(l!L)“X(LQK)
IF (J=ihJ) - 114949

D¢ 10 l'lph .

DC. 10 L=]lyN

G(l)' G(I) » Y(IsL)SE(LINPLyJ=2)

8,10 M=) 4N ’

A(I LYs A(lsL) o Y(IoM)’E(McL.J-Z)
0C.12 Ialen

D(IonPl)a = G(I)

"D 12 LaleN -

12
13
14
15
16

17

18

19
20

D(IwNPL)= D(IsNPL) » A(XoL)“E(LQNPl.J-l)
DC 12 Kllg“
BAIsK)z B(leK) A(I!L)“E(LcKQJ-l)
CALL MATINV(NGNP1,DETERM)

IF (DETERM) 14413014
PRINT 1Cly J

C 15 Kal,N
DC 15 iMsl NP1
E(KeMy)e = D(KsM)

IF (JaNJ) 20916416

C 17 K=]l4N
C(K!J)= E(KINPIO )

T 18 luds2 4Ny
Ma N = JJ e 1
C 18 KxlgN

CleMi! EtKeAPYoM)

D 18 LzleN o
CIKeM)B - C(KoM) & E{KoLoMI®C(LoMe])
DC 19 Lsi,nN ’

0C 19 KaleN -

C(Kol)® C(Kol) o X(KtL)“C(L93)
RETURN
END
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“SUBHVUTINE MATINV(N My DETERM)

'&in'

DIMENSICN A(6,6)08(6o6)'C(69403)'D(6 13).10(6)
CCMMSN . A4ByCoD :
DETEKM=. 1.0 \

DC 1 I314N:
ID(I)= C,0,

S DE 18 M= 1,~' ;.'
s BNAX-'COO :

DC 6. T=1gN -

1F (10(1). 24246

D08 JsleN - -

IF (IDGJ)) 343,55 : . R
IF (ABSF(B(IvJ)) = BMAX) - 59594
BVAX= ABSF(B(IOJ’) S

IRgwW= . 1

SJCoLE U

CvNTINLE

‘CCNTINLE'Z"

IF. (BMAX) f 1748

DETERM= 0,C
RETURN ?

10 (JCoLy= ] I,
IF " (JCCL=TRCW) 9&12'9"

- DC. 100081 eN -
SAVES E (IRCWeJ).

B(IRCWsJ) = BEJCOL oY) .

10

11
12

13

C 14

15

16

17

18-

B(JCOLrd) = SAVE

11 KelyM
SAVE= C(IRCWsK) ~
D(IRCWIK)I = D (JCCLoK)

D(JCOLsK)= SAVE =
‘F= loO/B(JC“L'JCuL)

13 Ivm]1yN :
B(JCVLWJ)‘ B(JC”LQJ)*F

. D8 16 K=1yM

D(JCCL oK) = o(Jc"L.K)or
D 18 Ialoﬂ

IF (I4uCoL) 15.18.151

Fza B(IOJCCL) o

DT 16 ig3)eN

B(IvJ)z B(IlyJd) = F’B(JC"LQJ)

DS 17 KaleM. -

D(IsK)B D(IyK) = F“D(JC”L Ky - =~
CNTINLE ' S

. RETURN

CEND
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L  APPENDIX Bk
. l_l MCURDI" program notes
. | The first input data ‘card is the six parameters ALPHA BETA
GAMMA, TPLUS a'l corresponding to ay B, Y, + v mentioned in chapter Sy
'and EXCH =1 /J TAF = 1.0 for Tafel polarization. ‘ ‘
The second (third etc., if change of mesh. size 18 necessary) -
1nput data card is | ' ' | '
MAXI - maximum allowed number iterations, e. g. 50

DAMPE. - eyponential in damping factor, 'see n in P. 6h

.e.g., DAMPE=2.0 £0 3.0 at small tlues RS
‘ DAMPE 1.0 at large times | | _
. Aﬁ:ﬂ‘r. ﬁl;mesh size of time scale, e.g., O OOOl, 0 OOl, O Ol, O 1 etc.'v
AuERRZ fl‘l relative tolerable error, e.g. O. 0001. | SR

- "ci The actual numbers of 1terations of each mesh point are printed .
" in the 1ast column under the heading I. TP I=MAXI, the calculations. were
not_converged-at that particuvlar mesh point .. Thus, either adjust DAMPE.
: orvincrease MAXT. Increase DAMPE if I=MAXI occurs at the beginning of
e cycle, decrease DAMPE if I—MAXI occurs at the end of :1 cycle. |

If the mesh size H and/or DAMPE 1s too large, the dlmensionless '
:surface concentration G(CJ) may overshoot . and become negative. In this
case, either reduce H or DAMPE or both.

One blank card terminates a.system;ttuo blank cards stop the

program.
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102
103
104
105
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PROGRA# CUKDI (INPUT,OUTPUT)

DIMENSION A{1U1)» B(lOI)oC(lol)oCUR(IOI)’ETA(IOI) -
FORMAT (BF8.2) '
FORMAT (18 FB8.2sFB8s3,FBe4)

FORMAT - (1H1,% ALPHA. ~ BETA  GAMMA TPLUS EXCH
FORMAT (1HOs* -  MAXI DAMP E H ©  ERR v
FORMAT (E10e2sF1044s1P2E1444s14)

FORMAT (1HO,* TAOQ ctJ) ETA(Y) CUR (J)
FORMAT (1HOs# CJ OVERSHOT sNEGATIVFE, REDUCE INPUT H OR DAMPE. -

FORMAT (1r0s* IF I=MAXIs CALC.4WAS NOT CUNVERGED» ~ADJUST

- C1=0.0 i $C2=1.0

10

DD 3-J=1,101 :
C3= J+1l . T BC3=C3%#0,5
A(J)—Z N#*#C2-C1-C3
BtJy=C2- Cl $C1=C2

€2=C3 . '
READ 1019ALPHA,BCTA90AMMA;TPLUS EXCHsTAF sV
IF(VJEQ.040Q) STOP $JIBEGIN=1

IF(EXCH.LE.QOU.O) GO TO 2

" TAF=0.0 : 3EXCH=1.0

READ .102 »MAXI s DAMPE s H4 ERR
IF (HoEQeNe0) GO-TO 1

"PRINT 103 SPRINT 101sALPHASsBETAsGAMMAs TPLUS»EXCHs TAF sV
PRINT 104 - SPRINT 102sMAXIsDAMPE HsERR

_PRINT 106 ; Lo

IF. (UBEGINNE.1) GO TO 40 $CJ=140 SETAJ=V

Cl=H¥#045/2.0
DO '8 J=JBEGINs101
IFtJaEQel) GO TO 5

S SUM=CL1)¥B(J-1)

@ -3

wt . l‘l'

IF (JsEQ.2) GO TO 5 $J41=J-1

DO 4 K=2,JMl

SuM= SUM+CIKI#*A(J-K) .
SOLVE ETA(J) BY NEWTON-RAPHSON METHOD (SEE E.Ge LAPIDUS)
DO 6 -1=1sMAXI j

'IF.(J-EQ.I) GO T0 9

DAMPINZ (1¢0~-CJ) #%DAMPE
CJ=CJI¥DAMPIN+1C1*CURJ+SUM ) # (1, 0=DAMPIN)

IF (CJeLT«040} PRINT 107
C2=ETAJ+TPLUSH(CJ=140) .

X1=CJ*#{ GAMKA—~ALPHA) #EXP (ALPHA®C2) % TAF
X2=CJ*# (GAMMA+BETA ) *#EXP (BETA*(-C2))
F=X1-X2-EXCH# (V-ETAJ)
DF=ALPHA*X1+BETA*X2+EXCH

ETAP=ETAJ-F/DF . :

CURJ = V-ETAP. . ) _ .
IF (ABS(ETAJ-ETAP) LE.ERR*ABSIETAP)) GO TO 7
ETAJ=ETAP

CtJy=Cy BETA(J)=ETAP SCUR(J) = CURJ o FTAO=(J=1)%H

PRINT - 105.TAO.C(J)’ETA(J),CUR(J),I

DO 11 K=1,11 " -

J=K#10~9 $C(KY=C(J) . SETA(K)I=ETA(J}
CUR(K)})=CUR(D) - - . :
JBEGIN=12 $PRINT 108

"GO 10 2 "SEND
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- 'APPENDIX F
Control Penel in Electrical Mea surement.
_ The circuit diagram of the control panel is shown in Fig. F-l.
The "VOLT SOURCE" 1§ connected to a constant voltage power supply which | -
serves as a ‘constant voltage source for all five cells connected in.
parsllel. The inlet voltage 1s measured at V6
Three precision resistors of 100 ohms were built inside the

control panel for measuring the current of the.first three cells Cl, ce, .

and'C3. For thé flexibility of measuring»sny special electrolytic solu~-

. tion with an eéxtremely low or high conductivity solution in. cells ch and

CB, the two other resistors were not put into the control panel; external
decsde resistor boxes can be connected for measuringvthe current to these
cells. On the rear panel, V1 to V6 were connected to a VIDAR 12361 1 |
scanner at selected channels which gives the current flowing through .
cells 1l to 5 and the source voltage. ’ . ,
The eccuracy of the three built 4n resistors (Shallcross Mfg. LT
Co. Wire wound type BX 110, lOOohms resistor, Accunacy +0. 05%) were | |
checked_one}by one with a standard resistor. (Leeds and Northrup Co.i'
Catalog #hO3OB, serial #1692170 terminal resistance at 25°C 99.9999 ohms,
uncertainty 0.00I%). . The VOltsge drop across the.resistor and standardh
'Aresistor, connected in series, wvere measured by a digital voltmeter.v |
Four dry cells connected in parallel were used as the current source. - *i
- The measured resistances are | “
S ) 100,06£0.01 ohms
S 100.07£0.01 chms..

#3  100.07#0.01 ohms



“

13-

.’

* The deviation from 100.0 ohms vas neglectedvin all previous calcula-

tions. - _ . |
The four push-button-switches (START, STOP, RESET, and
MANUAL ELTRY) located in the front. of the panel have the same functione

a8 those located inside the electronic clock drawer. They_take over

the function when the local~remote switch is at "RMT" position.: The

"START" switch on the panel will not only start the clock but also

switch on the power source and start the current flowing through the

,cells. fhe‘ "sTop" switch, on the other hand, stops the clock and switches

off the current. These control signals are transmitted to the clock

through a “cable with an AMPHENOL 165-15 plug at one end and an AMPHENOL

57—30360 plug at. the other end.
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“For a:metaltdeposition reaction, N

relation (3-5) becomes
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APPENDIX G-
Analytic Solution of the Effect of Migration in Nernst lefu51on
Layer

An analytic solution to the effect of migration vas found

'possible when k=0 in Eq. (h-l) Physically-it is a steady diffusion

in'a motionless layer of,thickness 5. A simpler case that all ions are
monovalent-nas given \".)y'Le'v:lr:hQ8 and Bucken. 29 Here we extend the ‘treat-
ment to the more general case.,

. Let the subsaript 3 denote the reacting *on, 1l and 2 denote

" the remaining two specles of indirferent ions (see Teble h-l) Integrat-'

ing Eq. (h-l) once with k=0 gives

de, - -
o as
0 & - ziutii dy ~ 1

i
=

'151;2;3«~ | i} _(Gfi).f

1= N2'='6; thué'the eu:fent-end flux

1 =Fz N, P - (c-2)

}

. The. three ionic species have also to satisfy the electroneutrality Eq.

(h-2) thus it is possible to solve the three equations (G-l) and Eq. ©

(h-2) simultaneously with the following boundary conditions
e, =c, and $=0 aty=5 1=1,23 -  (G-33)

c, =0 . : ‘sty=0 and.1=1  (G-3b)
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Integrating Eqs. (G—l) for i=l, 2 with boundary conditions.

(G—3a.) givee 1 g
: o )
e | -¥ | SRR g
o Yy : w “Yo S S ' :
'c; = c,e i e = cpe B L - (6-k) ) )
‘where .y, =2t _g . . - . (e-5)
) L TR N - o 27
. .Subetitut_ing into Eq. (h-2) _wé obtain 'c3, o B " ‘
. . C -\I.{ » : \'f . L o ‘ ) ' . .
o - = o © 1 R ) o . o S Lt
Z3c3 - zlcle | 2202 e o ) .. . . ) (G"‘6)
If ve replace N3 in Eq. (G-l), -3, 'oy Eq. (G-2) and replace
cg by Eq. (G-6) and replace de /dy by the derivative of Eq. (G-6), we
obta*n A
| 1‘ a‘ { é'oo “*1(23"‘.3) ) 'zi‘il . 21«" o “Vp 23‘43 Y 'd¢‘: o
55 4y = [z, Fe : - —= z.Fc.e il e
e T Y RN R I S
Finally, we 1ntegrate the above equation with boundary
conditions (G-3a) and use the equation of. electroneutrality (h 2) and
Eq. (G-h) to simplify the 1ntegrated equation, the final result being
[ . D ) "W - ’ o
- 4(y-8) o 3 Dy ¥y U3 o ~¥o o
=c, - c., + (1 -e )+ E ‘(l-e ) - (G-Ta) -
23D5F : 3 . 3 ulD3 : 2D3 2 ' S .
e o 3l ) Dg o e e e
- + L T 'y
- F °3 o3ty (ey- 1) t b, (e 2) : B (6-75)

13 23
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1. Complete Dissociation of Bisulfate Ion

At the electrode surface, y—O where ¢

Y o v.,. . ]

—0 A= iL, we define n

0 _ o
zlol - .

o ooggwpe S
R=1- Quenl e U (e-9)
v ‘ l l 2 _ S
' Theﬁeéﬁdtion’offelectronegttalify;af'yeo becOmeszlbi'=7;;éeé;',Frdﬁ Eq.
(G-}4), we can prove the following relations at y=0

'If we evaluate Eq. (G-Ta) at y—O with all the relations we have got
.-frOm Eqs. (G-8) to (G- 11), and with elaborate algebraic rearrangements'_l;f
.. end simplifications, we then obtain | e
- "1’8'-'._zun O T
D_F -R RO

%3°3 1

Lf;the limiting diffusion current

15

‘ z3D3F°3

e o, T a0y

When Eq. (h-l) is solved without the migration term, we obtainf _f'



- -178-

Therefore the ‘ratio’ of’limiting current to the limiting aif-
fusion current is the right hand side ‘of Eq. (G-le)

The surface concentration of each ionic sPecies is calculated

from the comblnation of Eqs. (G-) and (G- 10) or. (G ny ~
B 1,
o__*R e o gL BRTT Y.
ey = ¢4 i ¢y = C0 . ' | (3-13)

'“'For'the electrolxtic‘systemlof copper sulfate aud'sulfuric”,'
acid withucouplete dieeociation, tﬁe relation'of'ionic concentration
Aand molecular concentration is shown in Table h—l. We can prove that
*q-r in this case, where r is the concentration ratio defined in Eq. (k- h)

l and R = 1 5 If the Nernst- Einstein relation is assumed

| ?aud

IL:" 1-r3 . '
A

e S

'cA 1 . Y

Numerical plots and tabulations of these two ratios have been given in

Figs. G-l and G-2, and Tables h 2 and k- 3. N o | e

-2, No Disaociation of Biaulfate Ionlgwhen > 0.5

-The mathematics are ‘essentially the same as in the previous A | .

case, except that q‘is now»(cB-cA)/(cB,cAb. " In order to be comparable'c' |
to the_preulous case, q is related to r by q = 2r f.l. Again if the

,NernstﬁEinstein_relation (4-2). 1is aSsumed,we.obtain



5o .

If cl’°2’ and ¢

.The same equations (G-13) of surface concentration are also valid in this

case. - If the ionic concentration is replaced by . molecular concentration ‘
(see stle h-l) and we are able to solve for cg, there follows
.}hl . 1
7 0 1R T, » ®
g (o -ep) + 34 (erey)

”'; 3. No_ Dissociation of Bisulfate Ion, when r < 045

In this case the copper ion is the only cation, when its con—;:
centration drops. to zero at the electrode surface, the remaining two -
anions have to be zero too, s0 that electroneutrality would be preserved.,
3 are set to equal zero at y=0 in Eq. (G~7b) and ionic‘

concentrations are replaced by molecular concentrations of N and Cqs

and the Nernst Einstein relation is aesumed, the ratio of limiting

‘currcnt s then reduced to

I, 1 +.2(_1;_, +v(1~2r),

I T ert S Mler

and the ratio of concentration change

o.® -
b - r
l-r

(-]
Cp

Numerical tabulations and plots of these two ratios have been given in

Figs. G-1 and G—2 and in Teble 4-1 and L2,

-
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. Fig. G-1.. The effect of migration in a Nernst diffusion layer. . '
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0 02 04 06 08 1.0

o . o  XBL 6812-6324
Fig. G-2. The surface conge‘ntra‘tibn_ change in a Nernst diffusion layer.
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- NOMENCLATURE

~ (The numbers:in parentheseE-refér to equation nunbers )

)
s

0

w4 ol

e t:A‘JJH. H b om.

o

Y
BRI

A constants (Tbble 3-1)

"concentration of species 1 (mole/cm

t’.“?i<

ffmolecuLEr.diffusivity‘(cme/sec)

" integral diffusion coefficient (cme/aec) '

3¥-runction”expressing dimeneionless-velocity in‘y'direction

_:dimensionless current (2-9), (5—10)

1.fionic strength of solution (4-8)

'da'Constantv(h—l)
'ionization reaction kinetics constants

"constants (7-3)

LAY

N

concentration of copper sulfate (mole/l)

. concentration of sulfuric.acid;(mole/l) .

& damping factor
'”,.Faraday's constant (coul/equit)‘ -

. /R

*"vdistance between two parallel plates of flow channel (cm)

dimensionless limiting current

“‘tcurrent density ,
ﬂc:fexchange current density

- _ dimensionless exchange current density (5-11) R .

first and second stage ionization constants

&

length of capillary tube (cm) -

length of light path across an optical cell -
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molecular weight of species 1 .

ven'exponent (4—1)
»number of fringe shift S
.change of refractive index (7 1) s
_ flux of species 1 (mole/cm —sec) S
h'fp,a ratio of fluxes (3-11b)
-an ionic concentration ratio (5-8) -‘:
_Liffifuniversal gas constant (Joule/hole—deg)
’f;}ﬂ}a ratio (-9} : S
'Lf};l'radius of growing mercury drop, cylinder, sphere (Teble 3-1)
'Refractive index | v
';f{?n'cOncentration ratio of supporting electrolyte (h k)
| defines position of surface for an axisymmetric body (cm)
ii rate of ionic production (mole/cm -sec)
Eipe“fluid velocity normal to the 1nterface
"Schmidt number
gﬁg?r'stoichiometric coefficient of species 1 1n electrode reaction f(
A flltemperature (deg K) L | .

C time (sec)

transference number of speciea 1-

D characteristic time (5-1%)

. mdbility of species 1 (em’ -mole/Joule—sec)

b .average velocity in a conduit (cm/sec)
_'_dimensionless total applied voltage (5-8)

- distance measured along an electrode surface (cm)

. distance normal from electrode (cm)

(5-7)

valence or charge numbher of species %



'“)B:T

B(X)'

‘~5ratio of radii of inner to outer cylinder

'vb'wavelength of light (cm)

v,V

-184-

”'electrochenicalﬂrcaction’kinetic'paiameters (5-5) °

velocity detivative-at'electrode surface (sec'l)

the gamma function

thickness of Nernst diffusion layer (cm)

| dimensionless distance (Table 3-1)
" dimensionless. total overpotential (5—9)
‘concentration overpotential-
.o_ surfsce overpotential:

‘dimensionless surface concentration (5-6)

conductivity-(mho/cm) S,

viscosity (g/cm-sec)

ikinetic viscosity (cm /sec)

‘_number of cations and anions proouced by dissociation of one.
. molecule of electrolyte . |
‘>vfdimensionless variable (3 lO) and (3 lh)

‘density (g/cm

‘dimensionless time‘:
. electroststic-potentisl (yOIt)r

dimensionless electroststic potential "

rotation speed (radian/sec)

mass fraction of salt in binary electrolyte

»



.‘ff :-;85;’

Subséripts or_Superécriptév

tym ) cation,-anibn o

Q‘ .‘j', in the bﬁlk of s6lutioﬂ.
6 ,b o ‘at elécfrode,éﬁffacé"

. diffusion current

limiting current

B o

R. ., . _ reactant
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LEGAL NOTICE

This report was prepared as an account of work sponsored by the
United States Government. Neither the United States nor the United
States Atomic Energy Commission, nor any of their employees, nor

* any of their contractors, subcontractors, or their employees, makes

any warranty, express or implied, or assumes any legal liability or
responsibility for the accuracy, completeness or usefulness of any
information, apparatus, product or process disclosed, or represents
that its use would not infringe privately owned rights.
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