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.ABSTRACT 

The limiting current and concentration profile ina stagnant 

diffusion cell are calculated fOr a concentrated copper sulfate solution 

w1thconsideration of the variation of physical properties and nonzero 

in~erfacia;l velocity. The calculated concentration profile is compared 

with that observed optically in a cell with a· stagnant electrolyte: a.t 

the limiting current. The possibility and the method for obtaining 

dIfferential diffusion coefficients from the limiting current mea·sure-. 

ments are explored. 

The use of integral dl:t'fusion coefficients in multicolllPonent 

e],ectrolytic solutions at high Schmidt numbers is justified on the' 

basis of hydrodynamic considerations. Integral diffusion coefficients 

are measured bya rotating disk and a stagnant diffusion cell over a' 

concentration range of copper sulfate O.OlM to 0.611, and sulfuric acid 

0.0 to 2.5.M-

Ina copper sulfate, sulfuric acid solution l sulfate ions as' 

well. as biSulfate ions are present in the solution as anions. The 

effect' ofm1grati~n on the limiting current and the concentration 

difference between bulk and surface is measured and compared with 

calculated val~ from the incomplete dissociation of bisulfate' ions. 
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. The theory ·oftranslent behavior of current density and surface 

concentration ina stagrlant d1ffusioncell is discussed. The exper-

imentalresults agree well with the theory; within the accuracy of 

available ele ctJ:'ochemi cal kinetic parameters and the experimental· 

error • 
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I. INTRODUCTION 

'In modern electrochemical industries, such as electroplating, 

e1ectroref1n~ng,and electromach1ning, the rate of electrochemical 

reactions is mostly limited by mass transfer. The three general 

directions to increase the ,operating efficiency of an electrochemical 

process a~j 

i~Increase the concentration of electrolyte, 

i1. Add a proper amount of supporting electrolyte or 

special addition agents, and 

'iii. Apply- appropriate stirring. 

The, stirring helps to increase the mass transfer rate and prevents the 

buildup 01." concentration gradients, whereas the supporting elec~rolyte ' 

increases the rate of charge transfer and makes the current distribution 
. . 

more unifonn. Since the maestransfer rate ie. approximatelypropor­

tional'to the concentration of electrolyte, the more concentrated the 

electl'Olyte is, the shorter· the reEidencetime of operations. 

There is no way-.to study thest1rring unless the hy-drodynamics 

are well defined. In the past decades, several well-known hydrodynamic 

,flow conditions have been subjected to electrochemical mass transfer 

1 study. Two well-written review papers in this area are due to Newman 

and lbl.
2 

.. 
The advantage 'of using an electrochemical system in a mass 

transfer study- istha~ the concentration or maj3S flux can be easily­

measured or contr.olled in terms of current density or voltage. On the 

other, hand, ,the surface overpotentlal, concentration overpotential, and ("' 

• 
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ohmie res1stance a~,11kely to complicate the boundarycond1t10nsin 

solving theequat10n of convective diffusion. 

In a previous paper,,3 a concentrated electrolyte was studied 

'. 

with a rotating disk eiectrode with consideration of the variation of 't; 

phys1calproperties 1n the dIffusion layer" the non~ero interfacial 

velocity due to the high mass transfer rate" and the Schmidt number 

correction. Ther~ was no ,way to measure the concentration profile near 

theelec:trodes or 'to invert the measured integral diffusion coefficient 

into the differential diffusion coefficient. Coneequently" a Simpler 

geometry and hydrodynamic system-----a stagnant diffusion cell (see 

Fig.6-i)-~--1schosen fo~ study" thus keeping the ~ssumpt10ns in 

solving the· diffusion ~qUation as few a.s poss'ible" in order to ·improve" 

our '.1nderstanding of the basic laws of mass transfer in electrolytic 

solu1;ions. . .... 

A metal deposition reaction" namely" copper from a copper 

su1.fa.te solution or f::om a copper sulfate plus su1.fUricacid solutions 

is chosen for this ,study. " 

In chapter 2, the'rigorous method of calculating the lim1ting 

4. 

current and concentration profile of a concentrated binary electrolyte 

(electrolyte consists of one salt and one solvent) is carried out fora 

stagnant diffusion cell with consideration of all the previously men­

tionedconditions. The inverse procedure of calculating the differential 

, . 

• 
~i 

dIffusion coefficie,nt from. the measured limiting' current can be done by * 

means of correlations and 1terative procedure for a complete concentra-

tion range of a binary electrolyte. 
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However, aBone extends the problein to a ternary-electrolyte, 

i.e., 8 solution consisting of one salt, .one. supporting electrolyte, 

and one solvent, the nuinber of transport coefficients increase greatly. 

The actual rigorous calculation ofa limiting current is tedious and 

almost i~possible becaus.e of the lack of data of transport properties 

as fUnctlonof concentration. 

in chapter 3, . integral diffusion coefficients for the'multi­

component, concentrated solution are . defined and measured. An integral 
. 

diffusion coefficient measured by a 'simple hydrodynamic setup can be 

used for other hydrodynamic conditions according totbeir classifica-

tions. 

Because of the· difficulty of treating all effects in a multi-

component solution simultaneously, the effect of migration is, separated 

.out and treated in chapter 4 with,the'assumptions of constant.physicai 

properties and dilut'e solution theory. The incomplete di3sociation of 

'bisulfate ion was ignored in a c~pper sulfate and sulfuri:: acid solu­

tion in most previous work. Its effect on the migration and the con~ 

centration difference of supporting electrolyte between the bulk and 

electrode surface is discussed. , . 

,In limiting current measurements ina solution with little or 

~ supporting electrolyte, the behavior of polar1zatloncurves, measured 
• 

by a rotating disk or a stagnant diffusion cell, is not as ideal as was 

found in most 01' the work that has been done in this area with a large, 

amount of supporting electrolyte (5 to 1000 times more than the reacting 

electrolyte). 

.~ 

. . 

• 
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Fora solution with little supporting electrolyte, the overall' 
" , 

,voltage with a rotatingd1sk is high and the plateau of the polarization, 

curve tends to become' a 'point of inflection.' Moreover,; the limiting , 
, , 

currentjor'the point of inflection, varies with respect to the rate of .. 

increa'se'of applied current. For the same solution, measurements of 

log current .ve. log time in a stagnant diffusion cell have only a small 

, '. " 1 
portion of the curve vith a slope of ~2~ 

The quantitative description of the non-unifOrDiityof current 

distribution by ,Newmanjl,33,34 , at a rotating tUsk electrode and at a 

plane electrode was a major step ,toward the solution of the paradox •. 

In chapter 5, a similar treatment is applied to the study 0:( thetran- ... 

dent behavior in a stagMnt diffusion ceil~ The ·surface concentra.tion" 

of the reacting10n vil1 not be assumed tohav~ a step drop to zero,7, 

b~will be a function of time'. Both ohrilic resistance arid surface and 

'concentrat;J.on overpotentials are included as boundary conditions. 

In chapter 6, the detailed expe~imental procedure of the 

measurement of current as a function of time in a simple capillary tube 

is de,scribed. The results are compared. with the theoretical prediction 

from chapters 4 and 5. 

In chapter.7, 'concentration profiles and surface concentrations 

for depoSition of copper from stagnant copper su;tfate solutions in an " ,lto. 

" 
optical cell are measured at the limiting, current. O'Brien has observed 

concentration profiles by an optical technique at constant current in a 

ceU ot finite length (0.313 cm)'with cathode over anode, His result~ 

deviate significantly from classical solution based on constant physical 

properties. 
" 
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IIi ,s~rY/theobJectives :o;r· tbisvork are 

·1 •. To study the rate of mass transfer1nelectrolytic soiu- . 

ti ons atwrious hydrodynamic conditions' ill'te~ms' of the 'relationship, 

betwe,en lim:l.ting cUrrent and diffusfv1ty. 

2'. To observe th~ concentration profiles ina stagnant diffu­

sion cell at the limiting current and to compare it with the' numerical .. 

so;Lutions which account for the. concentratfon dependence of transport 

' .. p:t:0Jlerties-. 

3. To study the role of bisulfate ion and its effect on migra­

t1on.in C1,1S04/H2S04 system from the measurements of limiting current and 

the 'surface concentration change of, surface acid •. 

'4. ,To study the tranSient bella vioi' of current dens! ty and 

surface concentratioll of a binary electrolyte asafunct10n of time iri a 
. " . 

. st~~ntdlftus!on:cell. 
" 

. I", ." 

, '. 
.. " 

" s· . 

. 'i 

" 

. .' 
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II. ,MASS TRANSFER IN' A BINARY ELECTROLYTIC SOLUTION 

2.1 ' L1m1ting Current Density and Concentration Profile in a Concen- ' 
trated Elec~rolyte 

'The limiting current density is a quantity that is of general' 

interest 'in the mass transfer study in an electrochemical system. Since 

t~is quantity expresses the maximum rate of mass transfer of the reac-

tants t~ the electrode or of the products being remOved from the 
, , 

electrode;,,' the limiting current is thus defined as the highest permis,.. 

s1ble current that may cross an e~ectrode without a secondary electrode 

process occurring. When an electrochemical system is operated at limit~ 

ing current, either the concentrations of reactants become zero or the 

products reach the saturatiOn concentration in the SOlVent. 

In convective diffusion, the limiting current is generally 

proportional to the concentration of electrolyte and inversely related 

to the 'thickness of the diffusion layer which is in turn inversely 

related to the rate of stirring. 

In a concentrated, binary electrolyte, the limiting current 

calcul.8.tion is complicated by the effect of variation of phys1"cal prop­

erties; the nonzero interfacial velocity, a.nd Schmidt number corrections. 
, . 

. The problem has been solved fora rotating disk electrode in a previous 

paper. 3 , The theoretical analysis of a stagnant diffusion cell is 

,similar' to the analysis of a rotating disk electro.de • 

. For one dimensional, unsteady state diffusion, the concentrated 
, 4 .,' 

,electrolyte theory shows that a binary electrolyte in a solution carry-
, . , 

ing a current iy obeys the equation 



., 
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. ----..----

(2 .. 1) 

, , 

wher~ y ~8 the distance from the electrode in the direction perpendicular 

to the ~lectrode surface; vis a mass average velocity which arises , ,y " . 
, .,' 

from the high mass transfer flux; M is the molecular weight 'of salt. , s . 

Subscripts + or .. refer to cations or anions respectively. The mass 

'trac~ion* is"used for consistency with the mass average velocity v • 
y 

~1nce the density of the solution depends on the concentration, 

the velocity is determIned bY' the equaticm of continuity, 

" (2-2) 
., 

, With the assumptIon of, constant surface 'concentration, the'boundary 

cond1tiQns are 

t>o at y -+ 00 

For.a metal deposition reaction, the fluxes of anions and 

solvent are zero at the ,interface; therefore the current is directly 

related to the flux of cations. Thefl~ ina concentrated binary 

electrolyte is (s'~e e.g., Eq. (84) in Ref'. 4.) 

,(2-4 ) 

* mass fraction is related to molarity by c
i 

= ~ IDi " 
. Mi 

. ~ 
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.' Wheret+i~tra'nsfer~ncenurnberof'thecat10l}. and the subscript 0 refers 

,.tQ t~lt~pllYsical propertie'sat z=O.~ 

. Substit~t1ng theponzero interfacial velocity of Eq'. (2-3) j,nto '. . ", ,-"- . ,'-".,. 

" 

.. E:q. (2 .. 4) and solving for·, current density give. 

"" . { 

.. ' .. ' '.' .. ; 

: With the 'dimensionless variables 

y '. 
t=/4nt .~ . . co 

. " 

(2-5) . 

an~theassumption' t~t(J)1's functiori Of t9nly;, and hence th~ same for 

all the other fluid .prope~ieB (PI'D, t+},Eqs.(2-l)and (2-2) are 

.therireduced. to twoord1nary d:Lfferential equations 

( ,"" 

'(2:-7) 

. 
i,',', 

" .",-;, 
. (2';;8)' 

.. " 

:~hereI1s ad1mensionless current. density which is 
,. 

. ..... ·2Mi···· , " .. 
. "'S l V£.t 

. I ~ ", v .ZF ' D . ' .' .. ~~ + +. '.' co . 
. .... 

• . "(2-9) 

',TWo illtegrations. ~fEC1.(2-7) giYe theconcentr.a:tion·J;>rofile 

.• 

.. 

-

~. 

. ... 
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,P>-Cl>o ' 
= 

11\, -<L)'" 
·-000 

~ 1'13 00 1 B 
J - e dU J. - e d~ 
OS OS .. ' 

S :0 pD/PoPrio 

B= J! (~ -~7 ~i~~ 
,." . dt 

p . + 
P.= -H + I----

Prio dID 

.... 

" 

. InteSratlonof Eq •. (2-8) gl~sthe wlocity profile 

." ~ 'H P , 
H = 2~:- 2 J . pd~ +,--2...Q 
. ",,' 'p 0 ' , p 

(2-10) 

CombInIng Eqs. (2-5) .. (2 .. 6a) and (2-9) giVes ,the relatIon of 

dimenSIonlesscUrrentandconcentratI6n derivatIve'stthe'surface . .' .. '. . 

pD ' . 

" 

. ::" 
• c , ·0 o' . 1 dc.o 

. I= -. PoPoo(l-t + -<o+),~ I ~=O ' . (2-12a) . 

CombInIng Eqs. '(2-3) .. (2-6b)and(2~9) gIves the 'relatlo~ of' 

" dimensIonless, current and mass flux 

. " 

'pM , 
I =~ .....JL.H(O). '" pMv" 

00 .+ + 
, /(~-l2b) 

,.: ", 

, The l~tE!gratlon of Eqs. (2-10) .. ' (2-U) and the dIfferentiatIon' 

. of '·Eq., (2-12) were performed numerically. with a digItal' computer •. The 

. , ' , " 0 
physical propertieeof the binary electrolyte of copper Bulfateat25 C 

were obtained from the literature and are linearly correlated as a 
J 

.:. ", 
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.f\1nctioli of (J}5 . 
, , . '. ' , . ,.,' . ',' '. ..,. ;,:, 

'P = 0.99669 + 0;026901 oJ + 0.74 7Pm + o. BonB ro2 

t = 0.40293 - 3.57889 0) + B.2l995 (J}i 
of- , '", l ' ~ 

,D = 0.207 exp (..;29.0 c.o ) + 0.63B":" 0.580 0)2 (2-13) 

The computer program CONCEN was written for this calculation 

and· is presented . 'in Appendix ;Ea. For a '0.411 CUS04 solution" the concen;.. 

trationpl'ofile ~nterm8ofC!/c~ ~s tabulated as a fUnction of the 

dimensionless distance, ~,in Tabie2-l. This is compared with the 

concentration profile calculated without ,consideration of variation of 

phYSical ,propertie,s and nonzero interfacial velocity" which isinde­

pendent of the nature of the electrolytic solution and ca.n beexpressec1 

as' 

(2-14) 

The numerical value of the error function erf(;) is also given in 

Table 2-1 fO~ comparison. For more detailed numerical tabulations" see 

Ref. 44. 

For the same sO:Lution" the' concentration profile was also 

ealculated for a rotating disk".the details of formulas and calculations 

are giverf in Ref. ,5. For this case" the dimensionless distance becomes , ;, . . 

.. (2-15) 

and the concentration profile otconstant physical properties becomes, 

" 
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(2~16) 

. The detailed tabulation' ofEq. (2-l6) can also be ·found in Ref. 44. All 

four concentration profiles. are plotted in Fig. 2-1. The solid lines 

refer to:the exact cOlicentr~tion profiles, whereas the dashed lines are 

those from Eqs~ (2-l4) and (2-16),i.e., with the assumption of constant 
. . 

physical properties and· nonzero interfacial velocity and, for the disk, 

large Schmidt' numbers. 

A normalized flux at the electrode is defined as 

. el/ cf» JdcJ d~ at ~ = O. It is a constant ofl/r(]/2) or 1.12838 for a 

stagna~t diffusion cell and 1/I'{4/3) or 1.1198 fora rotating disk 

'. 

. . . 
electrode when the physical properties are assumed constant, interfacial" 

veloc1tyis' zero 'and, for the disk; the Schmidt number is large. In 

actuality, 1tdecrea.ses as concentration increases, the numerical values 

,be1ngtabulated in Table. 2-2 and pl'ottedin Fig. 2-2. AgaJn,the solid 

lines and dashed lines'have tne same meanfngsas in Fig. 2-1. 

Since the flux is not an easily measurable quantity, it is 

desirable to find the concentration dependence of the dimensionless 

lim1tingcurrent'density IL• The ~ was defined in Eq. (2-9) and' 

actually calculated from the differentiation of Eqs. (2-10) and (2-12) 

with w+ = O. ,For copper sulfate a~ 25°C, IL are tabulated as a function 
.. .. 

'. of conce~tration in Table 2-3 and iL.[t were calculated accordingly from 
. " 

the def.in1tion of ~ in Eq~ (2-9). 

For the case of the rotating disk electrode, the detailed 

mathematics have been discussed3,5 in a similar manner; only the result 

.. ~ 
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has been transferred here for comparison. The numerical values and plots 

are again put in parallel, with the stagnant diffusion cell in Table 2-3 

and Fig. 2 .. 3. 

Com~risons'Were also made for the case ·of constant physical 

properties and nonzero interfacial velocity ~nd, for the qisk, large 

Schmidt numbers. Fo~ a stagnant cel17 

, . ' 8 
and for a rot~ting disk electrode, i~ is the Levich equation 

.' 2 
1 nF'JV L . , (!)""1 Coo 

JS-n = 0.62048 () D l-t ' 
+ 

" (2-18) 

,In summary, 'With' the knowledge of P, t+, and D+ as functions 

of.;concentration (e'-g., Eqs. (2-13», the ~oncentration pro'file 'can be 

e~tal:iiished numerically by Eq.{2-10). The dimensional limiting current 

(see Eq. (2-9»can be calc\11ated from the slope of the concentration 

profile at the electrode surface by Eq. (2-12), thus. making it .possible 

to predict iL.[t as a function of concentration in a stagnant diffusion·' 

,cell. 

Fro~ a practical pOint of view, it is desirable to predict D 

fr~ th~ experime~tal measurement~ of iL.[t or if -fn. This is what 'Will 
, , 

be discussed in the next section, i.e., 1'!.ow. to invert the experimental, 

measurements of \J"t or iL/.fn into differential diffusion coefficients. 

("'?~'.' 
.~ . 
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Table 2 .. 1 •. Concentration p:rof'ile of'. O.4!1' CuS04at 25°C~ , , . 

e c/c~ stagnant diffusion cell c/c~ Rotating Disk' Electrode 
(Penetration MOd~l) (Boundary Layer M~del) 

.~ cppB. Exact cppB Exact 

0 0.0 0.0 0.0 0.0 
0.2 0.22270 0.1703 . , 0.22352 0.1786 
0.4 0.42839 0.3566, ,0.44090 0.3857 
0.6 0.60386 " 

0·5327 , 0.63716 0·5897 
0.8 0.74210 0.6832 0.79616. 0.1635 
1.0 0.84270 " 0.8000 0.90429 0.8866 
1.2 ,0.91031 0:8821 ,0.96410· 0.9565 
1.4 -' 0.95228 -- 0,.9360 0·98973 0·9868 
1.6 0.91635 0·9616 0.99786 P·9970 
1.8 0.98909 0.9848 ' E>·99968 0·9995 " 
2.0 0·99532 0·9933 0·99996 • 0·9999 
2.5 - ' 0.9994 1.0 
4.0 0·9999 '1.0 
, 

a· ' 
, . Constant physical properties. 

r1'!- ' 

. ; 
.. t. 
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" ~bl~ .2,,3. Limiting cu):'rent.density as a function of concentration for 
, ,,'CUS04 at 25°C. 

SDC '(Penetration) RDE (Boundary 
layer r 

C' COoo ' ' t+oo D ~' 'i .[t iL/.fn ,00 00 L 
,2 'mA ' mA!~ M 10-2 10-:6cm ::::"2~ cm2 sec cm - sec Exact cppB Exact cppB 

0.0099840.1595 '0.3978 6.80 -0.003122 ',-4.916 -4.701 1.608 1.563 
"0.01986 0.3168 0·3901 6.46 ' -0.006206 -9·542 -9·055 3·135 2·995 
0.04969'· 0.1881 0.3805 6.02 -0.01530 -22.84 ,-21.43 1.443 6~986 

" 

0.1000 1·575 J.~628 5~71 -0.03001 .. 44·93 -40.82 14.13 13·05 
0.2000 3.102 0.3368 5·37' -0.0514,8 -82.89 -16.11 26.66 23·91 
0.2985 4.561 " 0.3198 5.14 -0.08300 ' -118·9 -108.4 38.34 33·11 
0.4000 6.020 0.3089 ,4.96 -0.1082 -154.4 -140.3 
0.4989 7.4b3 0.3036 4.80 -0.1320 ' -188.2 -170·9 61.07· 51.51 

a ' ',' 
cpp constant physical properties. 

=======================;:===========-" . 
. ~ . 

,,' 

... " . -

" 



200' 

. . 

18.0 
,-... 

~ 
cu 160' C/) .' 

~I Eu 140:. --
LLJ 
0 

120· 0::: 
. a..;. 
o . .... 
.~ . ·100 

.~ 
U -80 
c 
C/) 

., ... GO-
.0 .... 
'~, 

....40 '.-

20 

0.1 

-18-

./ 
,/ 

-/ 
~~_A 

/ 

O~4· 

/ 
/. 

/ 
/ 

/ 

0.5 0.2 .' 0.3 

c M ,.<0 - XBL 6812-6328 

Fig. 2-3. Limiting currents for copper deposition from copper sulfate' 
at 25°C. . ' ' . 

' . 

,J>. 



.. 

t 

~.2lD:lffere.ntia). Diffusion Coefficients 

. , , 

For decades', a considerable :amount of work has been done in 

the measurement of diffusivittes with various methods •. The most common 

methods appear tobethoee ut.il1zing optical methods 'or' a diaphragm cell. 

The diaphrfilsmcell has the inconvenience of being calibrated with a known 

system occasionally, in addition to the lengthy tim~for one measurement 

and the precision analysis of the concent:ration of solution. An optical . 

method, however, generally involves the use of special precision equip-

mente 
.. 

A stagnant diffusion cell, or.a rotating disk electorde has 

.the advantage of· relatively simple experimental setup and easily measured 

quantities'; current'dens1:ty and time 'or rotation speed~ With modern 

instruments, no difficulty is involved in obtaining four to five signif-. 

cant ·figures in the above quantities. Thus the measurement of diffusivitj 

1s greatly facilitated. 

To invert the measured Value S of iL.[t (or i!.[o' for the case of 

. a rotatins disk electrode) into differential diffusion coefficients 

requires a nurnerical. iteration procedure. In order to illustrate this 

procedu~e, let us take the exact values OfiL.[t from ~ble 2-3 and regard 

them as measured values from actual experiments. 

From the measured values of iL.[t and Eq. (2-11) we are able 

to calculate a first approximation to values of D (1) with the known 

values of t+ taken from the literature. The superscript refers to the 



riUmberof iterations from here on.' The calculated val~es of D(l) are 
,. 

thenlinearily'regressed a~ a funct:l.on of concentration; mass fraction 

is ~sed here for cons'iatency, with the previous section 

(2-19) 

, Once ,we have 'all the physical properties,' density, t+ and D"(l) 

'as a fUncti~n t,f' concentration, i.~., Eq. (2-13), it is pos'sible to 

calcuiate ,I(l) f~om Eq~ (~-12a) by the computer, program CONCE1 and' the' 

steps listed in the previous section,. 

, With t~e measured va,lues Of'iL.[t and' I~l), it is possible to 

go Qne, , step'forward to' the differenti~l di'f:fuSiO~ coefficient ri(2) at 

con~entration ceil) f~om Eq. (2-'9). At this point, one may recall that 

Eq." (2-9) is the definiti'on 'Of I, but' I(l) was calculated from (2-12), 
,; .. 

and not (2";9) •• ' ·At different experiinental concentrations" different 

',values orD(2)are obt,ained. They are again subjected to the linear 

regression program, i.e.:, to fit them as a function of concentrations 

as Eq. (2-19). The process is repeated until the values of D(i) 

converge, i.e., when the d~fference of D(i':~) and D(i) is smaller than: 

a specified tolerable error. This final step yields the differ-

ential diffusion coefficients. 

~ Figure 2-4 shows how the values of D(i) calculated fromEq. 

(2:"17) are con~erted to differential diffuSion coeff1cientsfor the 

binary electrolyte of copper sulfate at 25°C with the 'exact values of 

, iLJ't given i~ Table 2-3.', The numbers labeled in Fig. 2-4 represent the 

iteration. It took six iterations to converge satisfactorily to the 
,I 

.. 

t c, • 



, 
,I ~ 

.. 

'. ' 

-21-

-. . ~ 43 
differential diffisi'on coefficient measured by Eversole~ The detailed 

computer program" DIFFis given in "Append;lxE2 • 

. A similar procedure would also be possible to invert the 
, "" 

measured values of iL/1IT into differenti~l diffusion coefficients for 

the case of a rotating disk" electrode.' 

Despite the good convergence to the literature data of copper' 

sUlfate at 25°C, no one seems ever' (no literature found) to have made 

8;ny limiting current measurements of binary electrolyte by a stagnant 

dif':f'usion cell. Neither- has anyone pointed out the dif~icu1ties" or 

failure of such measurements.' Many of this' kind ()f measurements were 

, . done at, very low concentratlonsand with a large 'amount of' supporting . , 
'; 10 11 42 " , 

electrolyte. ' , 'Systems with supporting electrolyte are discussed 

in the next chapter. 

In the "remainder of this section, the difficulty of the 

measurement of limiting current denSity ina stagnant d1ffusion cell 
I . 

'arid ~ts possible resolution are discussed. For the experimental setups 

arid procedure, one should refer to chapter 6. 
\ " 

,'For a solution with a large amount of supporting electrolyte, 

. a typical plot of log current vs'log time curve consists of two parts, 

the horizontal part which ?orresponds to the ohmic resistance of the 

solution and the decreasing part of slope, -~ where the concentration of 
'0 

electrolYte near the electrode surface drops to zero. {Se~ Eq ... (2-l7) 

or (2-9» 

.' 

With a copper sulfate solution of O.lOOM without,any supporting 

"electrolyte, and a voltage of 0.3 to 0.4 volt*, the decreaSing pe,rl would 

* . , This is the voltage range which is used for most other measurements of 
the solutions with sufficient amount of ~S04 as supporting electrolyte; 
see chapter 6. 

," . 
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. Fig. 2~4io . The inversion·of iJt to differential diff'u~ion coefficients 
for-.a stagnantdif'f'usion cell at 25°C . " . 

- ,0, Nernst limiting value ... . .. 43 
-., ;differential diff'usi vities (Eversole ). 
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not show up until several hundreds thousand seconds, i.e., ,several days. 

This is almost at the same order of magnitude of time as is needed with 

a diaphragm cell. , 

. If the applied voltage is raised,the flat part' becomes shorter. 

A constant voltage of 1. 0, v~lt was applied to the above solution in a 

stagnant cell.' A plot of log i vs. log t' for several different-sized 

capillary t~bes is shown in Fig. 2-5. !nstead of'a monotonic decrease 

at slope of' -l, the: curve wavers up and downJ ' which maker; the quantity 

. iLJ"t, pr~sl.lmablY a constant, not easy to def'ine. 

, The same solution was again run in the capi11a:ry C except that 

the voltage was decreased manually step by step as it is shown in the 

lower part of Fig. 2-6. This time the straight line of the decre!lslng 

part becomes longer than the one in Fig. 2- 5. The curve does not waver 

until at10J OOO sec when the source voltage relilaining unchanged at 0.8 

volt after 5,500 sec. 

These experiments lead us to be1ieve,that a power, source, the 

output VOltage of which starts 'to decrease with respect to the square 

root o~ time wh,en the concentration of' electrolyte near the electrode 

, ," has dropped to zeroJ ' affords a possible method of'measurlng i.[t in a 

i binary electrolyte. 

One, would also notice that all f'our curves in Figs .2-5 and 

,2.6, overshoot above the line of slope -iJ which is in harmony with the 

'cUrves observed in solutions with supporting electro1yteih chapter 6. 

This phenomenon also agrees with whatls'predicted in the theoretical 

, calculat.:tons in chapter 5. 
,,~ .. -
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III.' MASS TRANSFER IN A MULTICOMPONENT ELECTROLYTIC' SOLUTION 

In our laboratory, there ex~st several different experimental 

setups.of different.hydrodynamic conditions for the study of mass transfer 

. ,in multicomponent electrolytic solutions. '. The common problem we face is ,'. 

how we define a diffusioncC?efficientand calculate the limiting current 

density under these different hydrodynamic conditions and different. 

concentrations of' supporting electrolyte. 

Until recently,most literature have employed the differential 

diffusion coefficient measured by a diaphragm cell or an optical method 

.directly to an e!.ectrochemical system with supporting electrolyte. 

There is ~o just;l.fication of this e,xcept one of expediency. Onthe 

other hand,the polarographic diffusion coefficients of Brasher alid 

"42' . . 
Jones have been largely ignored. 

• In the previous chapter, it has been shown bow the limiting 
. . . . . 

current . ,~n a binary electrolyte could be calculated for a stagnant 

dif~si()n cell or for a rotating disk electrode. One could see how 

difficult it would be to extend the calculations to a ternary electrolyte. 

For examPle, for an aqueous c.opper sulfate solution with the presence of 

supporting electrolyte of sulfuric acid, the fundamental transport 

-" 

properties consist of three independent sets of diffusion coefficients 

(corresponding to binary interactions between CUS04 and water, H2S04 . . .'.. 

'and water, and CuS04 and ~804)' two transferencenurnbers of three . ionic 

spec:f.es(Cu*, 804, H+); the conductivity, and the' viSCOSity. If all 

these properties as well as the dens! tywere knO\m as functions, of 

. compOSition" it would then be possible to calCUlate the limiting current. 
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ifowever the necessary data usually are not available for most cases. 

Addition agents would certainly-make the problem much more.complicated. . ,. ".. 

,In this cl"!aPter, we will discuss how to treat the mass trans~er 

in mult1c01llPonent electrolytic .solutions by means of integral diffusion 

coeffic:! ents.In .section o~e, the factors that justify the use '01' 

integral diffusion coefficients are discussed" In sectlontwo,<the 

hydrodyn~mic configurations that are frequently used for electrolytic. 

mass transfer studies are classified into two~ namely, the boundary 

layer model and the penetration model. Efforts are devoted to prove 
~ 

how the equation of convective diffusion can be reduced to an identical 

dimensionless equation accoJ:"ding to this classification under the 

assumption of large Schmidt number of electrolytic solution. This is 

also the baSiS, in the final section, that leads us to believe that an 

integral diffusion coefficient measured by one hydrodynamic condition 

can alae be applied to the others according to this classification. -

Some·measured data for a stagnant diffusion cell as well as a rotating 

disk electrode are also included. 

-, 3.1 The Justificat~on of'- the Use of an Integral Diffusion Coefficient 

The use of an integral diffusion coefficient is influenced by 

the following effects;. 

i. the valueof'the Schmidt number, 

ii. the nonzero interfacial. velocity, 

Ui. . the effect of ionicm1gration, and 

iv. the variations of transport properties. 
..-

Each effect has been treated individually by several workers, 

mostly in nonelectrolytic systems. The Schmidt number correction wa's 

.• 



.' i3 treated by Newman. For electrolytic systems, the correction is usual-

ly no more than a few percent. 
, . 

The effect of nonzero interfacial velocity·due to the high 

mass transfer rate can also be expressed as acorr~ct1on factor to the 

mass transfer coefficient in the absence of an interfacial velocity for, 

a rotating ,diSk. 3 ' If the Schmidt number is very large, the correction 

factor has been shown to be a function of mass flux ratio for an arbi­

trary, two-dimensional boundary layer mode19,15 and in a generalized 

, '.16 
. penetration model. 

- Similarly, the effect of ionic migration in the diffusion 

'layer can. also be expressed as a correction factor to the mass transfer 

.' . ' 14 . '. 
rate in the absence of migration. For large Schmidt number, one 

correction factor has been shown to apply to the hydrodynamics of a 

boundary layer model and another to situations obeying the penetration 

- model. 17 

As ,to the effect of variat:f,ons of physical properties, there-

is no general correction factor except undcrthcClsBumpUon that the 
, ~.' . 

properties follow a logarithmic function. However, for an solution 

. of g1venc.omposition the correction should be identical for any. 

, arbitrary boundary layer model and for a penetration model at high 

12 Schmidt numbers, as shown by Acri vas for the boundary layer model case. 

3.2 The Equatioh of Convective Diffusion at High Schmidt Number 

':" 
A. Boundary Uyer Model 

For an electrolytic system, the Schmidt number is lnvari­

'ably'18.rge i beine on the. ordero.f 1000. In steady state, boundary layer 

convect! ve d:f_ffusion~ . the diffusion l8.yer ·is very thin compared with the 
.. ' 

. , > ,: ~ • ," ' 

. ... 
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hydJ:'o(1ynamicboundax;y layer. Consequently" one frequently uses the first 

te~ of the series expansion. of the 'velocity profile of various hydro­

dyriamic conditions as an asymptotic form for mass .. transfer-rate ca1cula-

tiona.· They call be expressed as' 

v ~ yl3(x) x . (3-1) 

v ~ _ 1 dl3(x) y2 + v 
Y 2 dx 0 

. (3-2) 

where ~(x) is the ve1ocitYde~iva!;iVe'OvjOy evaluated at the wall 

(~O) •. The two expressions aiso satisfy the two dimensional equation of 

continuity. 
. 

Hydrodynamic conf'1gurat1ons which are commonly used in e1ectro-

chemical mass transfer studies and fall into this category are 

i.'lWo...;dimensiona1 diffusion layers in laminar forced 

convection. 

. 24 
a flat.plate in a free stream 

. . . 221> 
a cylinder in a free stream 

3. stagnation in plane flow (Hiemenz f1oW)22a" 23 

! 
I 

I 

11 •. Axisymmetric diffusion layer in laminar forced convection 
. 22 

1. a rotating disk electrode . 

2. a sphere in a freestream9 

. . 1 
flow through an annulus and1ts:. special cases" a 

circular tube or two parallel plates 

For steady state".two dimensional or axisymmetric boundary 

layer' hydrodynamic configurations, the general equation of convective 

.. 
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diffusion for an ionic species '1 in a multicomponent electrolytic solti-, 
. 4 

t10n is " 

, ~c ~c . ' ·'·d9J· . q ~c:i. 
v -4 + v ~ = Z P? (uic,i' dy) + ~y(,Di~Y)' " , x OA. .y oy . i dy OY , OY 

" 

In th1s equation, ¢ is the electrostatic potential, u
i 

is the mobility 

ofionfc species i and the remaining symbols have their usual.meanings. 

The terms involving the second order partial derivatives of concentra-

tions and potential with respect to x have been dropped on the basis of 

" - 17" ". 
order of magnitude comparisons with the terms that are retained. 

Here the dilute solution theory of mass transfer has been 

used. ,This :i.s not. orily because of' its simplicity but .also its wide­

spread use in the literature. For the rilultlcomponent, concentrated 
, , 

solution theory.1 which involves the inversion of th~ Stefan-¥.a,xwell 
, . , 

fluxmatrlx and the use of .electrochemical potentials instead of concen-
. " " " . 

tratio~s~ .. on~ should r~fer to the 'pap~rs 'bY Smyrl and Newman. 4, 19 

The y component 'Of the flux of ionic species i,N
13

" consists 

of three contributions, i~e. ,diffusion, migration, and convec tion} 

, ", 

N ::: 
iy 

, dc 
i 

-D~ -1 dy 

" 

',' The., y ;component of the current denSity is the sum of the 

species fluxes multiplied by the charge 

.. 

(3-4) 



. , 
The ma~B average interfacIal velocity9 v at the electrode-

, . . ' " . 0 

solution interface is 

For a 'metal depositon reaction,,: the ,mass flux at the electrode 

s~ace ,is zero for all 10n1~ species ~xcept the reacting ion" (e.g., in 

the CuS04-H
2

S04 system" 'copper ion is the react1ng ion) or 1n mathemati~ 

cal notations 

", 

N =0 
iy 

"where 1 I R 

, .. 

at y = ° 

, Equations (3-5) to (3-7) can be combined to 'yield a relat1on-

ship between the interfacial velocity and the current density -

v = o 

, .. ' 

, (3-8). 

whe;J:'esubscript R l"efers to the reacting ion. If the results of Eqs,. , 

(3-8) and' (3-5) a~e introduced into Eq. (3-4) ~ty = 0,,' ther'e then 

follOY18 

::: - (3-9) 

, According to Eq. (3";8)" the left hand side of the above equation is, 

exactly v. Next" we replace vin Eg. (3-2) by (3-9) and introduce the 
,0 0 

"-:".' 

.. .' 

.' . 
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L1ghthill' transformation, ' 

. . : 
...... 

(3-10) . 

for a two dimensional boundary model and assume that c
R 

and jzI depend 

only on~'. Equation (3-'3) then reduces to 

where 

d z u Fc ' (D dc, dc' .. ( 1 ii d!2l)+ i...! 1) + [3~2 + Q~ = 0 I 
d{ Da d~ d~DR err- . d~ 

,B. ,Penetration Model 

.\ 
I 

(3-118) 

In thismode-l, the dif:fusiC?n layer grows as time elapses. 

,The ,fl.uid velocity normal, to the 'interface can be expressed, in general, 

as a ~ction of the time:-depende,nt sUrface area Set) 

d.tnS(t) +' 
Vy = -y dt Vo '. (3-12) 

21 / 
'l'h~i W~q ~1rtJt p~ppol~4 by .A!l~elg, Li~tto~ arid Haw~;ra A~ a ~~ne;ra.:t1.zed 

penetration theory. 

* ' 
)'or an axf,symmetr1c boundary lnyer model, the Lighth1ll transformation 

has the same form but with ~(x) replaced by r~(x), w~erc r is the normal 
difltance.of the surface from the axis of symmetry. 

'~.. ':: 
-+' 

,f 

'J 



Hydrodynamic configuratlonsbelonging to this category are 

1. a stagnant diffusion-cell, and 
~ , . 

- " 

11. a growing mercury drop in polarographic study. 

For this model,the equation of convective -diffusion of ionic 
. 

species i is 

(3-13) 

The same equations of interfacial velocity, Eqs. (3-8) and (3-9) are 

-, still valid for this model in a metal deposition reaction.' 

-Again, we introduce a similari tyvariable 

. -
(3-14 ) 

Equation (3-13) becomes 

(3-15) 

, -

where Q is e,xactly the same expression as '1n Eg. (3-llb). 

In summary, -the equation of convective diffusion reduces to 

Eg. (3-11) for _those hydrodynamfUonfigurations classified under the 

boundary _layer model, and reduces to Eq. (3-15) for those belonging to -

thepenetratlon' model under the assumption of high Scl)midt number. 

The equation of convective diffusion would then be solved. 

together with the electroneutrality equation. If the transport 



propert1es are known as" funct10ns of compos1t10n, it 1s then possible to 

obtain the concentra~ion profile or'potential distribut10~ for each 

ionic species. ' The ,current density is solved from Eq. (3-9). 

3.3 Int'egral Diffusion Coefficient 

We have proved that for each category of hydrodynamic configura-. , 
,-

tions, there is an unique equation'of convective diffusion at high Schmidt 

number. However, in a concentrated mult i component solution, the trans-
c ' 

port,coefficient data are usually not available as fUnctions of composi-

tibn" which makes it impossible to solve Eqs. (3-11) and (3-15). 

The ~lternative means to approach this problem isto measure 

the11m1ting curren~ density of this solution in a Simple but typical 

eXP7r1mental setup which characterizes its category of hydrodynamics. 

The measured result 1s then applied to other hydrodynamic systems. 

Let us defihe an integral diffusion coefficient which follows 

the equation of convective diffusion' 

, (3-16) 
" 

for a boundary layer model and 

.. 
" , (3-17) 

,fora penetrat10n model. Vx and Vy retain the same expressIons as in 

Eqs. (3-1)., (3-2), and (3-12), except that there is no ';0 in these 

equations. There are no physical properties involved 1n the derivations 

of the above two Eqs. (3-16) and (3-J.7): This is becauoe fOr a solution 



of given composition, the nonzero interfacial velocity correction, the 

effect of variation of physical properties, and the migration effect are 

. ' "3 9 15-18 
id~ntical for each category of hydrodynamics, ' , as we have discus-

·sed in the first section of this chapter. 

,If.weuse the Lig~thill transformation. (see Eqs. (3-10) and 

(3-14) except that DR is now replaced by D), Eqs. (3-15) and (3-16) are 

'then reduced to 

and 
.. 

respectively. The 'concentration profiles ~re the same as in Egs'. (2-16) 

and (2-14). The current density is 

nFDcClO oCR 
, iy =sR Ty/y=O 

where sR is a stoichiometric coefficient in the electrode reaction. 

In Table 3-1, the first terms of theveloc1ty profile and 

limiting current density have been summarized fo!, the boundary layer model 

electrochemical systems. In the table, R is the radius of a sphere, cyl-
. ratio of the c . 

inder or circular tube, ~is th~!8dii of inner to outer cylinder, (v) 
is an average velocity over the condUit., and x is the distance measured 

along an electrode surface .and y is norrnal distance from the surface. 

. . 
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In Table 3-2Jthefluid veloc~ty normal to the interface and 

current density are suminarized for the penetration model electro-
, ' 

chemical systems. For the case of a growing mercury drop, the, same 

approximations'made by Ilkovic25 'were adopted. 

Because of the simplicity of experimental setup, we have chosen 

the 'rotating disk electrode and the stagnant diffusi.on cell to represent 

the boundary layer model and penetration model re/3pectively.The limit­

:'-ng current densities in copper sulfate and sulfuric acid solutions' were 

measured with a rotating disk electrode as well as in a stagnantdif-

, :f'usion cell. 

The integral diffusion coefficients of a rotating disk are 

cal~ulat~d f~omthe, measured iLlfn by the equation in Table 3-1: The 

results'are tabulated in Table 3-3. They agree generally well with the 

rr,easuremeht~ by Arvia35 et ale However, we have covered much wider 

concentration ranges of sulfuric acid and copper sulfa.te. Thedetailed 

experimental method has been discussed in Ref. 5. 

The integral diffusion coefficients of a sta:gna~t diffusion 

cell are calculated from the measured iLJ"t by the equation in Table 3-2,. 

They are tabulated in Table 3-4. The results should be identical with 

polarographic diffusion coefficients. 
, '42 ' 

Brasher and Jones have measured the diffusion coefficient 

polarographically at a copper ion concentration of O. 00009t! with sulfuric' 

acid concentrations varying from O.OO5M to 9.075M (50 to 105 times more 
- .. ~ -.-
than the reacting ion concentration) in their measurements, the viscosity 

of the solutions dominate over the limiting current. The diffusivity 

-6 ' 2/ 
becomes as 10>1 as 1.:1 x 10 cm sec in ,the sulfuric acid solution of 

" 



.. 

J 

., 

·~37"· 
.. , 

9.01~ .. On the other hand, as the amount of supporting electrolyte 

decreases to equal' or less than ~he concentration of the reacting ton, 

thee.ffect of migration woUld dominate over the limiting current. The 

integral diffus'ion coefficients calculated in this manner may reach a's 
'! 6 2 

high as 14.4 x lO~, cm Isec (solution 102 in Table 3-4). One should 

notice that integral diffusion coefficients of the cOpper ion defined 

here do not approach the diffusion coefficient of the binary electrolyte 

as the concentration of supporting electrolyte approaches zero. The 

detailed experimental setup will be discussed in chapter 6. 

,. 

,0 

o· 

.. 



-

-

Table 3-1. Velocity profile and limiting current density in a boundary 
layer model of hydrodynamics. 

-
Velocity Profile (first term) . limiting current 

'IX I V!J Cl '\ 
. f(4) 5R 

l. ~ h F D Ct~ 

.L .L .L 
A rotating dis~ a.Xn.~ - o.jvn.12 O.5io23 J%'j (_~} t~)2 (~)3 

A plane flow 

a.-kxl ~ [{V. ~2 ~~ t~)t (~)~ (~)~ potential flOlo/ 1.232588 
Y,,"'ix ; V~c-i~ 

A flat plate 0.. ~ t~) 1~ 1 .• 32824 ~.'i (~1l u .. t l ~ )t 2V.~~ VX 2- 4S j) X. . 'D 

A cylinder nea 

2a.~00~ ~ _~u~ r( 
1. 2 32588 

~:lU .. 'j (~} l~~t (~)t front 
.uR. 

A. sphere 
l l. 

in stokes 3 '3 )( 3 y X ..LS )( l U..,R T 
flow -U""-s,,,- --U~-c.,~- ,n-

2. R. R 2. R' R R R i>(l{ -~$;"2·a 

An annulus 
<"x> 0-

Outer electrode 

4 (1-1<)R. ~ 0 (l= t (1- i) (~)~ ( <V.> ~ 1t .. ' 
Inner electrode 

q (1-1<)~I>X 

IX" to. (-1c+i{,) 
where 

~ I-"j(' 
.1" :l1\y" 

SpecIal case 1·~ 1.1< 
J" I-~ - ~ 

<lJ,,) J. 
A circular. 0 0.- \.() (5..? [ (V,,) Cl ].~ AT!:! tube 1< c 0 'I R D X 

TIoIo parallel b Nil> 0-= IS {~y [<V~> ]t plates T~ .0 
( ... 1<)R.=~V {,b X .... 

.'" 

400:. 
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Table 3-2. Velocity normal to the interface and current density in .a 
penetration model of hydrodynamics. 

A Stagne.nt Diffusion Cell 

A GrOWing Mercury Drop 

Special Case Growing 
at a Constant Rate 
of Increase of Volume 

V' .y 

o 

_~ dR 
R dt 

-gx 
3t 

S in ". 
Eq. (3-14) 

1 

.. 
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Table, 3-3. Integral diffusion coefficient of boundary layer model of 
CuS04-H2S04 system at 25°C. 

-

~Lxl06 
.,;..; 

Solution CuS04 H2SO4 , Density Viscosity Relative Index 
P"=5893A) 

g/ml 2/ ' # M M c.p. em 'sec ,. 

9 0~O093 0.476' 1.,0298 0.982 5.61 

2 0.00956 0.980 1.0612 1.080 4·98 
4 0.00976 1.469 1.0917 1.186 5·21 

11 0.00947 1.946 1.1206 1.296 4.67 
13 0.00943 2.434 1.1489 1.422 4.11 . 
44 0~0200 0.996 ' ,1.0621 1.081 1.3454 6.31 
10 0.0460 0.1~92 1.0361 '1.003 5·42 
3 0.0461 0·991 1.0670 1.101' 4.86 

5 0~0488 1.463 1.0968 1.204 .4.93 
12 0.0462 1·936 1.1252 '1.319 4.41 
14 0.0466 ,2.420 . 1.1547 1.460 3.88 

39 0.0967 0·500 1.0438 1.030 1.3413 6.56 
15 0~1017 1.003 1.0760 1.151 1.3461 5·48 
40 ' 0.0997 1 .. 253 1.0892 1.180 1.3488 5·68 
16 0.1031 1.514 1.1086 1.257 1.3513 5.16 
41 0.1001 1.769 ' 1.1201 1.303 1·3537 5.04 
17 0.1024 2.013 1.1378 1.377 ' 1·3592 t 4.8;2 
42 0.1015 2·551 1.1658 1·511 1.3610 4.52 
6 '0.2273 1.451 1.1227, 1·321 5.38 

18 002520 0·995 1.0973 ' ·1.224 ' , 1.3493 5.98 
19 0.2565 2.006 1.1585 1.490 1.3593 5.14 

1" • 

20 0.2561' ',2·535 1.1900 1.654 1.3654 4·59 
7 0.4018 1.h64 1.1486 1.454 5·66 

21 0.4536 0.988 ' 1.1271 1.366 1.3554 6.03 
8 0.6394 1.~,68 1.1835 1.666 5.81 , 



.. 41-

Table 3~4.' Integral diffusion coefficie~t of penetration m?de1 of CuSOh 
" - -~S04 at 25 c. , " ' ' 

H2S04 ' - 6 Solution CuS04 . Density Viscosity Refractive Dp~10 
,.. 

M M g/m!' 
Index 0 

cm2/sec " - c.p. ' ().=5893A) 

101 0.1001 0.0 1.0131 ,0.9507 
102 0.1001 0.005 1.0136 0·9522 14.4 

103 0.1001 0.020 1.0146 0·9554 11·9 
,', 104- 0.0999 0.050 1.0164 0.9587 10.1 

105 ' 0.0998 0.100 1.0194 ' 0·9656 9·06 
106 0.1000 0.125 ,1.0209 0·9707 8.81 

101 0.1003 0.175 1.0243 0.9800 8.42 

'108 0.1001 0.250 1.0290 ' 0.9897 :'8.08 

51, 0.1024 0.810 1.0624, 1.085 1.3441 5·42 
61 0.1008 0.888 1.0661 1.100 1.3451 5·'34 
52' 0.0986, 0.998 1.0131 1.120 1.3461 5·33 

,,62 0.io05 1.085 1.0790 1~139 ,1.3410 5. 28 . 
53 0.1006 1.195 1~6850 1.162 1.3481 , 5.18 

63 0.1006 1.295 1.0911 "1.183 1.3491 ,5·12 
54 0.0999 1.315 1.0963 1.202 1.3503 ' 5·09 
64 0.0999 1.413 1.1018 ' 1.224 1.3510 5·01 

" 

" 
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IV, 'flIE EFFECT OF MIGRATION IN A MULTICOMPONENT ELECTROLY'rIC SOLUTION . . "," . . 

Since it is difficult to solve Eqo (3-11) or Eg. (3-15) 
,.. 

analytically or numerically, we will concentrate our effort on the role 

14 17 af migra~i.on. The problem has been solved by Newman' when the 

assumptions of constant D~ u~ and Q = 0 are adopted. In brief, for a 

so1:ut1on of three ionic species, Eqa. (3-11) and (3-15) become 

(4 .. 1) , ' 

There are three suchequat1ons, i=l.; 2,R and 

k == 2; ~ == 1 for ~ stagnant diffusion cell or penetration 

o.od.e1o? 

k ==3~ m = ~ for a :rotating disk electrode or boundary layer 

rp,qd~l~ 

When Eqih (4-::l) ~re combined with the equation Of electroneutra1ityl." 

it 1s pc>ssii;>l~ to eolve .for ~l' ~~, cnand th~ e1,e~tric potential ¢' with 

the know~ ~ati.q~ Qf ionic mobilities anddiffusivities. 

IIlc Ret\ 14, the electro1~ic system ,of cOl?per su~fate and 

, - + ++ sulfuric, acid was treated as completely dissooiated into S04',. H ,. Cu .. 

In ~ ~~~ f?ulfuric acid solution, the sulfuric acid molecule 

.t, 1 itt h 26, 0 .&:on 'zes 'n "lOS ages;, t e ionization constants, ' at 25 Care 
I 

, ' 

~" : . 

.. ". ~ 
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The second ionization constant is much smaller than the first ionization 

constant. Consequently, except at extremedilut~on, the bisulfate ion 

would not be completely dissociated. 

A simple, dramatic evidence of the existence of bisUlfate ions 

·1n a copper sulfate and sulfuric acid solution is the conductivity of '. 

the'solutions (see' Appendix A,Fig. A-I). When copper sulfate is add~d 

. . to a solution of sulfuric acid, the conductivity is found to decrease. 

Qualitati vely speaking, this is because the highly mobile hydrogen ions 

have combined with the sulfate ions from copper sulfate and formed the 

less mobile bisulfate ions. 

4.1 Comparison of Complete and No Dissociation of Bisulfate Ion 

In this section, the effect' of migration of two extreme cases 

will be discussed, namely, complete dissociation of bisulfate ion and no 

dissociation of· bisulfate ion. The fOrmer case has been carried out in 

Ref. 14. For the latter case the numerical method is exactly the same 

as before. 

The four coupled, nonlinear differential equations (three 

equations (4-1)at i=l, 2, R plUS equation of electro neutrality (4-2» 

were solved numerical~y by' linearization about a trial solution which 

produces a series of coupled,' linear differential equations. In the finite 

difference form, these give coupled, tri-diagonal matrices, which can. 
. '. , 
be solved on a high speed, digital computer. The detailed mathematics . . 

and nu!rterical me~hod have been discussed in Ref. 21. 
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LetcAand cB'be the, concentration of copper sulfate and 

sulfuric acid of bulk solution; their relationships to the ionic con-

centration of bisulfate" sulfate, hydrogen, and copper for the two 

extreme cases are given in Table 4-1. 

Table 4-1. Relationship of ionic concentration and molecular concentra-
. tiona. 

i Complete Dissociation No Dissociation 

1 804 .- CA + CB 
+ = 2~ 2 H 

." 

3 Cu++ := cA 

~ > c jr > 0.5 - A -
HSO-

. 4 = C + C 
A B 

+ . 
H = cB - cA 

++ 
Cu = cA 

CA > cB;r < 0·5 

HS04 = 2c
B 

SOi; = cA - cB 
++ Cu = cA 

The ionic mobility data were calculated" from the ionic con­

ductances at infinite dilution at 25°C Which were taken from Refs. 26b 

and 39. The Nernst-Einstein relation 

(4-3)' 

was assumed to be valid. The data used in calculation are 

. (Ziui
F2

) ziuiF D1 zi s1 
10-4 cm !vOlt 

. 2 
10-5~ . sec cm sec 

H80i; 50 5.18 1.331 -1 0 

SOi; 80.0. 8.29 1.065 -2 0 
+ 349'.8 36.24 H 9·312 1 0 

Cu++ . 54.0 5·595 0.7188 2 1 

The result 1s presumably valid at infinite dilution. However" 

according to Eg. (4-l), it is the ratios of mobilities and diffusi vities 

t, 

.... 

'-
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of ionic species with respect ,to the reacting ion which are important. 

Therefore, the calculated results are also valid if,the ratios· are not 

changed with concentration. 

The effect of migration on the limiting current for two hydro~ 

dynamic systems is shown in Figs. 4-1 and .4-2 and ,Table 4-2. The 

abscissa is a ratio of the concentration of supporting electrolyte' to ' 

,thiit of the reacting electrolyte, but expressed as 

so tha~ r varies within a finite range of 0 to. 1 for any ratio of 

;;/c:. The ordinate is a ratio of limiting current to the limiting 

diffusi~n current of a well supported electrolyte (r=l) wbenthe viscos-

ityeffect is. excluded. The solid lines indicate the' two extreme Cases 

of rotating d1s~ electrode (or boundary layer model in general). The 

effect of migration is considerably higher for no dissociation of . 

"bisulfate ion than in the completely dissociated case., The dashed lines 

are the case of incomplete dissociation and will be discussed in the 

, next section. 

For many cathodic metal deposition reactions, the concentra­

tion of supporting electrolyte is often higher at the electroqe surface 

than 1n the bulk solution. Figures 4-3 and 4-4 show the concentration 

difference of sulfuric acid bet"leen the' electrode' surface and bulk 

solution for the same electrolytic system. Numerical values are given 

in Table 11-3. Th~ situa,tion is again substantially different for the 

.. 
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treatments with complete dissociation or no dissociation of .bisulfate 

. ions. MoreoVer., the concentration of sulfuric acid would even decrease 

near the electrode surface for some values of r when the bisulfate model 

is used. Qualitatively speaking, the bisulfate ion, containing hydrogen, 

is driven away from the electrode because of its negative charge. 
. 27 . 

. The computer pl'ogra,m . failed to converge to a solut1.on of 

small r for the case of complete dissociation of .bisulfate. The program 

, also failed to converge for r close to 0.5 or smaller than 0.5 for the 

case'of no dissociation of bisulfate. An analytic solution was found 

possible for a special case, a Nernst diffus'ion layer. This is developed 

in Appendix G. 

,. 
. .' 

.. 

" 

I 
r 
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Table 4-2. Ratio of limiting current to limiting diffUsion current for 
discharge of copper ions in CuS04/H2S04'systeina~ 25°C. ' 

',," 

IL/ID 

Complete Dissociation No Dissociation 

r RDE* s:ocl Nernst 'RDE* srxi Ne,rn:3t 
1, 1.0 1.0 1.0 1.0 ' 1.0' 1.0 

, 0·9025 1.0241 1.0216 1.0340 1.0109 1.0586 1.10:335 

0.81' 1.0504 1.0440 1.0694 1.1554 1.1283 1.23'79 

0.1~25 1.0173 1.0615 1.1062 1.2611 1.2168 1.3994 

0.64 1.1054 1.0921 1.1446 1.4084 1.34i3 1.6158 

0·5625 1.1350 1.1180 L1~5 1.6565 1·5541 1.9552 

0·50 1.2202 2.6553 2.4981 3·0 

0.49 1.1662 1.1455 1.2263 N N 2.9608 . 
0.36 1.2342 1.2058 1.3153 N N . 2.5625 

0.25 1.3113 1.2752 1.4126 N N 2·3333 
0.16 1.3998 1.3563 1.5188 'N N 2.1905 

0.09 1.5025 1.6346 N N 2.0989 

0 1.8852 1~8303 2.0 1.8852 1.8303 2.0 

N Prog'ram MIGR1 does not converge 

* Rotat~ng disk electrod,eor boundary layer model in general 

f. Stagnant diffusion cell or penetration model in general 

, ' 

, ' 
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XBL 6812-6331_ 
Fig. 4-1. The effect of migration for a rotating disk electrode. 
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The' effect of aiigration in astagnantdlffusioii. cell. . . : . . .~ , . .... " : . 

Fig. 4-2. . ' 

, .' ~ . 



,. . 

. . 
Tab1e·4-3. The surface .. concentration change of sulfuric acid for'd1s-

. charge of copper ions in cuS0
4
/H

2
S0

4 
system at 25°C. . 

o OIl/co 
~. 

(cB-cB) cA 

Complete Dissociation No Dissociation'" 

" RnE* snct- "* RDE* snct- Nernst* r Nernst* 

1 0.43158 0.49893· 0·33333 0.16059 0.26781 · 0.0 . 

" 0·9025 0.41885 0.48555 . 0·32200 . 0.10967 0.21829 · -0.05418 
. . 
0.81 0.40543 0.47136 0.31021 0.04743 0.15661 -0.11894 

" " 

0.7225 0·39132 . : 0.45630 0.29794 -0.03267 .. .0.07522 -0.19970 

0.64 0.37644 0.44028 0. 28515 -0.11~502 -0.04289 ~0.30788 

0.5625 0~36073 0.42319 0.27182 -0.33437 -0. 21~645 -0.47760 " 

0·50 0.25992 -1.0 .. 1.0 -1.0 

0.49 0 •. 34411 0.40493 . 0.25791 . N· N -0.96078 

0.36 0.30780 0.36435 . . 0.22822 N N · -0.56250 

0.25 0.26683 0.31746 0.19580 N N -0.33333 

0.16 0.22051 0.26337 
• 

0.16038. N N -0.19048 

0.09 0.16846 .. 0.12179" N N -0.09890 

N Program MIGRI does not converge 

* Rotating disk'electrode or boundary layer model in general 

f. Stagnant diffusion cell or penetration model in general 

* Nernst diffusion layer see Appendix G * .. 

. " 

•. :;~ lY~ 
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0.1 
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~O.I 

, '.~O~2 o 
o 

o 0.2 0.40.60.8' l.0' 
r 

, ~BL~812-6333 

Fig. 4' .. 3. 'The surface concentration change for -a rotating disk e1~etrode ~ 
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0.5 
.I=O 

04 .. 

00.3 

0.2 
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Fig. 4-4 •. The surface concentration change in a stagnant diffusion cell. 
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4.2 Partial Dissociation of Bisulfate Ion 

AS,it was mentioned at the beginning' of this chapter, the 

bisulfate' iori is neither completely 'd'issociatednor completely undis-

sociated. For the case of incompl~te dissociation, all four ions are, 

present in the solution. Let cl ' c2' c
3 

be the ionic concentrations of 

bisulfate, sulfate and hydrogen ions respectively,and c4 be the concen­

, tration of reacting ions of copper. cl,c~,c3 are related by the second 

stage ionization constant 1<2 
" 

(4-5) 

The ionic concentrations 8:re related to the molecular concentrations by 

(4-6) 

. Equation (4-l) for the incomplete dissociation case 1S 

(4-7.) 

There are four such equations, i=l, 2,~,4; prime refers to the derivative 

with respect to ~, and ri=rate of production of ion i by the second stage 

of the ionic reaction (rlerj r 2=-rj .r3=~rj r 4=O where r=-~cl+~c2c3 and 

~= ~lk2)· 
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When Eq. (4~7) of i=l is added to the equation of 1=2, the ion 

production term r
i

, is cancelled. A similar equation would also be 

obtained by adding the equation of i=1 andi=3. Thus we' have two such 

equations plus Eq.(4-5) and Eg. (4-7) of i=4 and the equation of electro-
, , 

neutrality, we may be able to solve for the five independent variables c
l 

to 

c4 and 95. 

The numerical method is essentially the same as the one disc'lS-
, ' 

sed in the first section of this chapter. The program MIGR2 is attached 

to Appendix E3. 

'The effect ofmigratioll and'the surface concentration change 

were plotted in Figs. 4-1 to 4-4, with the icnicstrength of the solution 

as a parameter. Ionic ,strength is defined a~if the solution is totally' 

dissociated into. sulfate,' hydrogen and copper ions 

(4-8) 

The numerical values of the calculated results are' given in Tables 4-4 

and 4-5. ,For the c~lcu1ations the following values were used: '1<2 = 0.01, 

total number of mesh pOints = 402, and mesh size =0.012 for RDE, 0.03 

for SDC. 

The two extreme cases (complete and no dissociations of 
" 

bisulfate 10n) discussed in section 4-1 correspond to very large and very 

small ionic strengths. Foran actual solution, the effect of migration 

and surface concentration chanees would fall between the two extremes. 

I 

" 
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" ' 

" 
According to the analytic solution of the Nernst diffusion 

'. '. ' 
layer in Appendix G, a maximum 8hou~d appear in' the :'~/~ plot' for large 

values of the ionic strength. However, 'the poor convergence of'MIGR2 at 

small,r and a deSire to avoid excessive consumption of computer time 

prevented us from showing themaxim~. For the same reasons, the minima 

are not shown in the surface. concentration difference, plots. 

, (The' circles on £igures 4-3 and 4':'4 'were calculated at a '(err 

slow convergence rate and are not considered completely reliable.), 

,; .' , 

. ' <, ' 

" 
, . 

" 

, . 

'. 

" 



Table Ja.-4. Ratio of limiting current to limiting diffusion current for 
, discharge of, co~pe~ ions in CuS04/H2s04 at 25°C. " , " 

'. 

'r 
1 

0·9025 

0.81 

0.7225 ' 

0.64 

.0·5625,' 

,0.49 

," 0.36 

0.25 

',0.16 

0.09 

o 

Incomplete 'Dissoc~ation , 
RDE or Boundary Layer Model, 'SDC or Penetration Model 

I=l I=Oa I=l ;t:=O.,l ' I=O.Ol 
1~0 1.0 1.0 1.0 1.0 

1 .. 06775 1.05246 '1.05709 ' ,1.04661 1. 02950 

1.14661 

1.24137 

1.35778 

1.496,02 

1.63662 

1.82040 

N 

N 

1.10799 

1.16642 

1.22707 

, 1.28881 

1·35017 

1.46623 

1.56822 

1.65753 

1.8852 

",1.12h78 

1.20844 

1.31527 

1.44763, 

1.58834 

N 

N 

N 

" N 

, 

1009712 1.05990 

1.15114, '1.09116 

1.208126 1.12342 

1.26692 ' 1.15679 

1.32604 }:.191.38 

1.44002 '1.26482 

1.54669 1.34535 

1.69467 i.43649 

N Program MIGR2 does not converge' 

" 

. 

'.' 
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Table 4-5. 'The surface"concentratlon change of sulfuric acid for dis­
charge of copper ions in CuS0

4
/H2S04 system at 25°C. 

0::'00' 00' 

cB-cB/cA 
. Incomplete Dis'sociatlon 

RDE or Boundary .Layer Model SDE Or Penetration Model 
r 1=1. 1;:::0.1 I~l 1=0.1 

'1.0 

~.9025 
.. 

0.~3l5' 0.2332 0.2291 0.3047 

.0.81 0.07690 : 0.2052 ' 0~1706 0.2105 

0~7225 0.01081 0.1172 0.09555 0.2354 

0.64. .. 0.06139 oa499 0.01680 0.2003 

0.5625 -0.1500 0.1246 -0.1<>4'6 : 0.1661 

0.49' -0~~l:39 0.1023 ' ... 0.1989 0.1363 

·0.36 
.-. -0.2310 0.06808' N 0.08599 

0.125 N 0.01~650 N I 0.04606. 
'. 

0.16 N 0.03112 N ':0.02191 

0.09 N N N 

0 0, 0 0 0 

N .. Program MIGR2 does not converge, 

'·"1, 

.' 
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! y. TRANSIENT BEHAVIOR IN A STAGl':ANT D)],li'USIOrr, CELL 

, . '. 

',', ,', , In ,chapter 2, we have mentioned that a typical log current vs. 

,log time curve 'in a stagnant diffusion cell consists of t\-TO parts, the 

, 1 
horizontal Part and the decreasing part of slope -2. According t~ Eq. 

(2-17), the current density, would be infinitely large at the very begin-

ning, and decrease with the square root of time thereafter. Actually, 

• the, current at the beginning is limited by the ohmic resistance of the 

. ' r. 

", 
. ~,' " 

:- '.: 

r, 

solution. The assumption that the concentration of electrolyte near the 

electrode surface viII drop to zero right after the power supply is' 

switch~don,is, of course, not true in actual experiments.' It must take' . 

" 

s certain amount of time, before the surface concentration reaches zero,', 

the amount of time required being a functio~ of appliedvqltage. In 

this chapter, the main interest is concentrated on the flat part of the 

i-t curve • 
, , " " 10 

"Davis, Horvath and Tobias have treated the problem with' 
, ' 

consideration 0'£ electrochemical kinetics, , or surface' overpotential 
. . . . . . 

only. In this chapter the analysis is extended to include concentration 

overpotential as well as surface overpotential and 'ohmic resistance., 

The analysis is Similar to the case of e. p~ane electrode in the wall of 

a flow channel. 34 ! 

5.1, Mathematical AnalYf:lis 
. 

With the a~sumptlon of constant physical properties, the 

equatIon of unsteady diffusion in a stagnant 'diffusion cell f~r a 

solu~ion~r1thout supporting electrolyte or withan'excess of supporting 

electrolyte reduces to 

.~ .. 



.' I, • 

·' 

where 

and 

C = c' /v .,;' c /v . + + _ ,_ J 

c ;:: c
R 

; D = D 

. -59~ " 

'. 

... ' 

for a binary e1ectrolyt~, 

, 

for a solutionwlth an excess of 
supporting electrolyte. 

'r 

Equation (5-1) has to be solved with the initial cond~tion 

that'the concentration is uniform throughout the whole capillary'att=O 

and the boundary condition that the surface concentration c is not a , 0 

constant but a function of time, i.e., . . .. . 

c = c (t) 
o 

c = ceo, 

for t > 0 

for t > 0 

at y = 0 

at y = OD 

If the Laplace transform is taken with respect to t and the 

'converted ordinary differential equation is solved with the above 

boundary conditions, then the transform of the concentration ~rofi1e is 

'_'COD COD -~ Y 
, c ;:: - + (C (s) - -) e 
, so' s " " 

where sandbars have their usual meanings in Laplace, transform opera­

tion~. 'If Eq. (5-2) ,is differentiated with respect. to y, and y is set 

equal to zero, and the result is inverted by means of the convolution 

integra1to yield the concentration gradient at the surface 

~c " -1 It d Co ( t ' ) 1 dt ' 
()y/y=O ;:: To 0 dt I J7r(t-t r) 

, 
where t' is a dummyvar,iable. 

' . 
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The current density at electrode surface is' 

',' 

The current density is further related to ~he 6,ur,face overpotential~s' 

concentration overpotential ~'~, and ohmic· resistance T}ohm in a metal 

deposition reaction by 

, 

. -. 
'lOQ!ri =, iLllCoo I 

. . 

f = 'F/RT , 

e = c Ic . is a dimensionless sUrface concentration. o 00 

io 1s exchange current density. 

a., :,f3;y are electrode' kinetics parameters. 

L is 'the length of the capillary tube • 

(5-6) . . 

z = .. n for solutlon with an excess of supporting electrolyte. 

The total voltage difference between the. potential of the 

electrode Dnd the potential in the bulk solution is the sum of ' 
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. ( . : 
concentratio~ and surface overpotential,s, plus the ohmi~,potentialdrop' 

in ,the ,solution. 

Let us introduce dimensionless.totalvoltage V, overpotential. 
. '. 

Il.; dimensionless current dens1~y' I, exchange current density J, and . 

di'memiionless time T as 

,-: _., '. 

.. ;', :. " .. 

.. ,," '" . 
. .. -:" 

" ,:-," 

. V,'~ ,Zf,{~c+J}s+l1ohm) 

'11 = Zf{ C)c+Tls) 

.. , I=.ZfiL/1C 
...... . . 00 

,,. = tIt '. c 

: ..... 

where t.isacha.racteristic time defined below. 
c 

'.' ,(5-8.) 

(5-11) , 

(5-12) .' 

", ", 

,'. If ~e 'substitute Eq. '(5-3) into Eq. ('5-4) and make 1tdimen-

s1onless, . we obtain 

. ; 

where' . ., . 

.. '" [' ." nZFfc~ 'r~ "'n t . 
'. . c = .. -··.·(l-tR)lCoo ...• ;;: 

. ' 

,In'd1me,nSionless form, Eqs.{5-·$)to (5'-7) become 

I . 

,"' .' 

. '. 

-. 



'. 

", 

" 

where 

and 'I::V-1} • (5-16) 

The dimensionless current I, surface concentration 8 and over­

potential 1} are nonlinearly 'related by Eqs. (5-13), (5-15) and (5-16). 

They can be solved numerically when the s~x' parameters,,' a,f3, Y, J" V" 

and tR are knmm for a gl yen system. 

5.2 Numerical Calculation Method 

The integral,Eq. (5-13), is solvednumerica11y by the method 

of Acrivos and Chambre •. To ,change .the differential Eq. (5-13) into' a 

diff~rence equation" first, repla~e d8/d~ ~Y'(8k-8k_1)/6T wher~ k,starts' 

from 2 to j and ~T is the time interva1,,* and then replaceJT-T t by 

JTj-T' and conslde~ T
J 

= (j-l)6T as.a constant for aglven j. Equation 

(5-13) can now be written as 

. I 

. J 

i 8 -8 1(k-1)6T 
k k-1 

:: E br 
k=2 (k-2)br 

(5-17) 

After integrating Eq. (5-11) and with some mathematical rearrangements, 

we obtain 

where' 
1 1 

B :: j"'2 _ (J-1)"2 
j 

\ 1 1 1 

A
J
_

k 
= 2j2 - (j+l)~ - (j-1F~ 

(5-18) 

'j 

'0)(.. ' . 

HCCa,UflC all dlrlll'nnionlcoD qunntl1".:l,cfl (l~qfl. (5-8) to (5-12» al'e l:l.neo.rly 
l'clo,ted to their orlg1.nal qunnt1tlco, thcwol'd "dimC'nalonless ll 1e omitted 
hOrcQfL~r~ . . 

" . 
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Knowing the initial condition,i.e., 6=1 at,"=O as a starting 
OJ ' 

point of the first mesh point j=l, it is possible to ,solve '1 from Eq~ 

(5-15) in conjunction w,ith (5-16) by a ,Newton-Raphson iterat~on method 

(see" for example, Ref. 31). 

For the first mesh pOint, let '1 = V, j=l and f (TJ) be 

.' 

I 

and 

(5-20» 

The cal.culat!.ono nre repeated unt:S.l '11 convcr~cs. I l
, is then calculated 

from Eq. (5-16). At the next point, the sequence of calculations is as 

follows, 

1. 

2. 

3. 

4. 

use the previous mesh point values of 6.1-1 and TJ j _l as a 

first guess,' 

calculate C}~r+i), from Eqs. (5-19) and' (5-20), 

calculate I
J 

(I'+l) fro om Eq.(5-l6), 

(r+l) '" ) 
calculate 6.1 from Eq. (5-18 • 

5. ,',If the 11.1 does not converge within a tolerable error, anew 

6 witI: ada:':-,;ing fac'~or d isa.8sumed, i.e., 

6. 

6.1= 6~r)d + (1.0-d)6~r+l) 

The new values of 6.1' 'and fl.1 ate used and the calculations 

are, repeated from step 2 until '1.1 converges. 

During the calculations, it was found thotthe damping 'factor 

was extremely important to the convergence of the iterations. The' 
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~amp1ng factor 1s strongly dependent on o and T.' By experimentation, 

the optimum d was found to be (1_8)n where n=2 or 3 at small time and 
...... 

n=l ~or large time~ 

Because of the logarithmic nature of the variation of I and' 8 

VS.T, the computer program CURDI (see Appendix E4) was designed so that 
. . . 

. the mesh size txr (or H in ,the program notati.on) is a variable. The 
. . - .: . 

, , 

program. starts with a total of 101 mesh pOints at a. specified 4i which 
, , 

covers the first and second decades of time~ After all mesh pOints 

have been. calculated,' txr is increased by a factor of 10 with the same n 

. 'number ofillesh points. In the tp,ird decade of time, the values of I, 

'I, 8 of the first 11 mesh pOints ar.e taken from the mesh pOints of I, 

11,21, 31, •••• 101 of the previous decade. By doing so, this not only,' 

results in a saving of the number of calculations at large times but also 

minimizes the propagation of errors at large times. 

5.3 Theoretical Results 

The current density I obtained from the preceding numerical 

calculation procedures is plotted vs. time T in Fig. 5-1 with V as, a 

parameter; a, ~, r, J and tR are, all assumed equal to 0.5. It shows the 

higher the total applied voltage V, the shorter the flat part. When V 

1s high" there ;is an overshooting phenomenon of the slope of curve at the 

region vhere the curve, starts to decrease • 
. . ' , . 

'!be decrease of the surface concentration 8 with respect to 

t1me 1s plotted in Fig. 5-2 with identical parameters as in the previous 

plot. The higher the applied volta6e the faster the surface concentra-' " 

tion drops to zero. The timcrequired for the surface concentration to 

drop to 10~ and l~ of its original concentration 1s plotted in Fig. 5-3. 

~, 
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, 
. Similar to the,. first two :figures, the exchange current density 

'J is' plotted as a ,parameter ,in Figs." 5:"4 ~nd 5- 5at ',con,!ltant,V. ,A , 

. higher exchange :denSitymeans a higher reversibility Of an electrode 
" .., " .,', . 

reactlon" ,which helps the surface concentration to decrease to zero ,in 

a shorter time. 

. ;. 
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a = /3 = y = t + = 0.5 
J = 0.5· . 

10 

I 

O.IL-____ L-~ ____ ~~~ __ ~~ ____ ~ ____ L ___ ~~ 

0.001 0.01 0.1 10 100 
T 

XBL 6BII-7263 

Fig. 5-1.. Decrease of current density in a stagnant diffusibncell 
(total applied voltage as a parameter). 
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',a' = f3' ,= 'y = t+ = 0, 5 ' , . 
, , 

I/J·~2.0 

T 

X8L6811':i235 

!. 

F1g~ .5:~.necrease .Ofsurf~ceconcentrati~nin' a stagrumt diffusion cell 
, (tot~la.ppliecl voltage as aparameter)~' ',. 

, . 

I 
,! 
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XBL6811-7234 
Fig. 5-3. Transient time in a stagnant diffusion cello .. 
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a ={3= y = t+= 0.5 
V=-IO 

0.1 L-----L-.l~---L---l.-------L..;~---..:..--L..-~-~--'--~O 
0.001 0.01 0.1 10 I 0 

T 

XBL6811-7233 

Fig. 5-4. Decrease of current density in a stagnant diffusion cell 
(exchange current density as a parameter). 
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0.4 0.6 
T 

a = {3= y = t+ = 0.5 

V.= -10 

0.8 1.0 

XBL6811-7232 

Fig. 5-5. Decrease of surface concentration in a stagnant diffUsion cell 
(exchange current as a parameter). 
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VI. EXPERIMENTAL WORK----ELECTRICAL MFA$UREMENT 

6.1 Expe~imental Method in a Stagnant Diffusion Cell 

A. Cell Construction 

Th~ cell was mad~ of two pieces of precisely bored glass 

capillary. The glEi.ss capillary tube WaS chosen because of its good 
, ' 

, thermal, conductivity a~d ease of cleaning in ,comparison with ,lucite. To 

, overcome the poor machinability and sealing problem.s, the cell was 

assembled in the following way (see Fig. 6-1). 

The tip of the lower ,part ,of the capillary (L) was ground in 

a small angle, the platinum electrode (E) was then glued to t,he 

capillary tip by epoxy and set for 24 hours. A short sleeve of glass" 

tubing (S) was fused to the upper part of the capillary (U). ' The lower 

part was then glued into the sleeve. Heating was avoided to prevent any 

change of the shape of the glass tubing. The upper part of the capillary 

was then filled with mercury for electrical contact.' A copper wire was 
. . 

sealed on the top. 
" 

Before the lower parts of capillaries were inserted into the' 

sleeves, the diameters were measured ona platform microscope at the 

Precision Shop of the lawrence Radiation laboratory. The diameters and ". 

the lengths of capillaries are listed in Table 6-1. 

B. - Preparation and Analysis of Solutions 
" 

Reagent grade Cuso4' 5H20 and concentrated H2S04 of specific 

gravity 1.84 were used for making all the solutions. All weighings were 

done40n a Mettler analytical balance of ±O.l mg accuracy. The copper 

concentration \Vas analysed by the electrogravimetric method., 

and sulfuric acid ~as titrated with standardized NaOH solution. The 

procedure of analysis is eiven in Appendix B. 
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Fig. 6.1. Stagnant diffusion cell. 
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Tab1e6-1. The size of diffusion capillaries. 

Capillary Diameter ' Length 
men em 

B 1.30 7.0 

C 2.08 '4.0 

D 2.03 .4.0 · 
E 2.80 5·0 
F 2.08 2.0 

G 2.78 5·0 
H 2.08 2.0 

J 3·00 6.0 

K .3·00 6.0 
). 

.L 3·00 6.0 
'M 3.00 6.0 

, , 

... 
" 

/ 
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C. Circuit Diasram 

The experiment was designed to measure, the current-time 

behavior of five stagnant diffusion cells at the same time. A schemtitic 

diagram. is shown in Fig. 6-2. A Transistorized Power Supply (model 50l5A' 

made by Power Designs Inc., New Y~rk) was used as a constant voltage 

souree •. The current floW across each cell was measured by the voltage 

drop across a kriown resistance. 

The voltages were measured by a VlDAR520 Integrating Digital' 

Voitmeter (made by VIDAR Corps., Mountai~ View, California) at a time 

interval controlled by a VlDAR 625 Electronic Clock.. The digital volt­

meter has ~n intern~l impedence of 1000 Mn linear accuracy of ±0.005% • 
.. 

The clock has an accuracy of less than one hundredth of a secona with a 

maximum .scale,often thousand seconds. 

The measured data from the voltmeter were transmitted either 

toa FRANKLIN model l030D High Speed Printer (made by Franklin Electronic 

Inc .. , Bridgeport, Fa.) and plotted and a~lyzed manually or to an AMPEX 

model 7211 Magnetic Tape Unit and processed by a computer. For the 

detailed data processing, computer program; and tape handling see 

Appendices C and D. 

D. Control' Panel 

- ,.- For convenience in operations, and to start the VlDAR 620 

, . 

electronic clock'and to apply the constant voltage to all cells at the 

same time, a control panel was built for the' stagnant diffusion measure- .. 

mente. The panel 'Was designed to operate five stagnant diffusion cells 

Simultaneously. The detailed operation is discussed in Appendix F. 

.. 
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Fig. 6-2~. Schematic diagram of stagnant diffusion· ce:"'l measurement. 
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602 Experimental Procedure 

Before each run, the capillary cathode was cleaned with dilute 

nitric acid to remove allpreV!ously deposited copper and rinsed 'with, 

distilled water followed by the solution. The platinum electrode was 

then predeposited with copp~rat a constant voltage of . 0.1 volt fOI: one 

to three minutes in a well supported CuS04-H2S04 solut ion. The solutioh , 

was renel-Ied several times to assure that li!liitingcurrent was not reached. 

Removing and filling solutions or acid were done with a plati­

num nee~le and glasa-tipped syringe'. (The needle w~s made of 80i 

platinum, 20i iridium, purchased from the Hamilton Company Inc., 

Whi tt,1er, ~alifornia). Thi s is necea sary because the acinic corrosion 

andc,opper replacement reaction would take. polace with an ordinar~ stain­

less steel needle and syringe tip • 

. The helically shaped 'anode was made of oxygen free high purity 

copper wire. To clean the anode, it was dipped into dilute nitric acid, 

rinsed with·distilled water, carefully wrapped dry witha'tissue paper, 

and stored in a vacuum desiccator until ready to be u.sed. 

The capillary and cell are then filled with solution, care 

being .exerted that' no air bubble was trapped in thee'ell. The whole 

assembly was then immersed in a constant temperature bath for at least 

an hour so that it would reach thermal equilibrium with the bath. The 

bath was controlled by: a Sargent Model S "thermonitor" and monitored 

with an N.B. S. calibrated thermometer. The temperature variation was 

less than ±O.02°C. 

Both the constant voltage power source and the digital volt­

meter were switched on at least thirty minutes before a run actually 

, . 

." 

... 



.' 

started. ,Pretest, cal1bration,and checkup of the whole digital system' 

were done, frorritimet6 time. Cables were connected as shown In. Fig. 6-2. 

The experimental setup and apparatus are shown in Fig •. 6-3 •. 

Because of the .nature of tlie behavior of current~time curves, 

the. current denSity was' measured at time intervals of·l sec for the first· 

20 seconds, eve.ry 10, se.conds . between 20, and 20,0, seconds and every leo, 

seconds thereafter. The ga:t;"e time' is the resolution time of the volt­

me1;;er, the longer the gate time'is, the more significant figures it 

mea sure s. ' 

The measured current was then manually plotted On.a log-log 

scale as a 'function of time. The recorded tapes were processed by 

computer with the program PRDCESS (see Appendix. C). 

6.3 '. }:tesultsand Discussions 

A typical transient behavior of current denSity s.nd time has 

two 'parts; thehearly flat part where the ohmic resistance and surface 

overpotential dominate the behavior at small times; and the decreasing 

part where the 'conc,entration overpotential .dominates the' behavior at 

large times. 

In a o,.o,9B6M c~pper sulfate solution with 1.OOM sulfuric acid 

as supporting electrolyte (sol~tion 52), the transient behaviors are' 

plotted.in Fig. 6-4 with the total applied constant voltage across the 

stagnant diffusion cell as a parameter. The results indicate that the 

"higher is the applied voltage,the 'higher and the shorter is the flat 

part. They all converged to a single straight line of slope -! at large 

times. 
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Fig. 6-3. The experimental setup for electrical measurements in a 
stagnant diffusion cell. 
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We should like' now to compare these curves 'With the theoretical 

predictions from chapter 5. The,theoretical curves are specified only 

if the parameters cr., /3,Y, tOR' J, and V ar~ kno'Wn (see Table 6-2) • The 
,0 32 

kinetic parameter ,data are rare and uncertain. Mattsson~nd Bockris 

have reported these parameters in a copper sulfate solution 'With sulfuric 

acid concentration of O.5!1. Based on their data, 0" /3, r and other 

parameters are estimated and listed in Table 6..;2. ,The exchange current 

2 
density 1s estimated to be bet'Ween 1 and 10 rnA/cm for a cathode surface 

prepared by electrodeposition. 0 

,The conductivity data are calculated from the correlation 

equation 'Which is given irt"Appendix 1. Since the solution has excess 

eul~ric,acid,'the transference number of' copper ion 'Was assumed to be 

zero. * . The integral diffusion coefficients 'Were taken f.rom Table 3-4. 

The, cOmparison is ,made l.n ·Fig. 6-5 for" one of the· voltages 

ehownon Fig. 6-4, i.e., O.350V. Had all the aboveestlmates been 

correct l the experimental curveS would have fallen between the two .' ) . 

theoretically predicted lines corresponding to exchange current densities 
, 2 

of 1 arid 10 rnA/cm. Unfortunately, in seven runs' (run 41 to 46 and 48) 

with identical condition.~, .of',vpltage and concentration of solution, the 

measuredc::urrent density is consistently l;.ower t~.P "the prediction at 
. .' ..;,.. :". I". . 

small times. Similar inconsistencies 'are also- f~l :f:n"11be"';'Q>'t;Irer ' • ,.' .~. ' 

experimental curves. 

Despite the disagreement of the nearly flat part in the i-t 

curves, the theory has successfully predicted an overshooting phenomenon 

at the transition region when the straight line of slope -~ is extended 0 

i o • .' . ' •••• • • 2 . 
When the transference number is calculated from theequatlon tR=zRuRCR/ 

Ez2 ui C , tR 'Would be 0.012 if complete dissoci,ation of bisulfate ion is. . 
astu!lle~J 0.028 if no diasociation of bisulfate ion is assumed for the solu-

tion at that concentration.. 0 • • • 
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backwards (the dashed line in Fig. ,6-4 ).In ether words, a plot of the 

slope d log tId log t would indicate a peak before it reaches the 

constant value otO.5. The theoretically predicted slope is plotted'vB. 

time on a semilog seale in Fig~ 6-6. The peak tends to smooth off and 

disappear when the total voltage Is decreased. 

A. ,Transient Behavior at Very Short Times' 

A further investigation of log i-log t behavior at very 

short tim,es (0.05 to 0.5 sec) of solution '54 reveals that a step drop 0:' 

current density occurs in this time ra.nge~ Before the step'change of 

current density, the flat part was found to fall w,ith1n the theoretical 

, predictions of exchange, current density at 1 andlOmA/cm
2

(seeFig. 6-7, 

, the concentration of the solution, parameters and physical properties 

used for these calculatIons have been listed in Table 6-2). 

The reason for this step drOp of current de'nsity 1.s unknown, 

though the phenomenon was fairly reproducible in a well supported 

electrolyte. No such step change in a solution with little or !!2. support-

ing electrolyte was observed. ,It was su'spected to be the charging of the 

double, layer, but a' a,imple calculation shows that the time of charging 
~ ~. ,".e:. 

the double 1ayerm'shp~fl be on the order of 0.5 millisecond. 
"':"t-." .. ' .•. " .. " 

From the point of view of the system itself,the step drop of 

currcnt den131ty means additional rcsistance scttins·4.n -bes'1qes, the ohmic . . ...... 

resistance of the solution. Since the resistance occurs in the time·' 

range of 0.05 to 0.5 sec, it must relate t.o.·s,ome, change taking place 

very near to the electrode interface. Let us dcnote it by Rs~ 

Two }nirs of capillaries (0, E arid F, 11) of different ratios 

~f length per area were used to measure the 1-t curve Simultaneously. 

_I. ii" 
" ", .... 

.' , 
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Tabl.e6-~., . Parameters. and ,physical 'properties used "forthetheore,tical ' 
'predibtion of transient behavior. " 

CuS~4 

~S04 
Capillary 

... 

'(1. 

z -D 

t e 
i , 

o 
J 
f '" 
o 

J, 

, " 

!:!. 
M" 

, mh~/eD1 

' .. 6 2 " 
10 ' em /see 

see 
, 2 

rnA/cm 

/
' 2 "rnA em 

..... 

" 

, 

Solution 52 Solution 54 

0.0986 0.,100 

i~OO, 1.315' 
B B 

,0.:15 ,0.15 ' 

0.25 0.25 

,,0"50 ,0.50 

o. o. 
, 0·379 0.493 " 

2 2 

5·33 5·09 . '''., 
, 1270 740 

1 1 • 
1.431 1'.101 

,io 10 

14.3'7 ,11.01 

" , 

'. 

, .. 
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The total applied voltage. is divided by the measured current in the time 

. range of 1 to 10 seconds and tabul.8.ted in Table 6-3 • Notice that at 

th8.t time inter:val~ 'the Rs has already set· in. 

Table. 6~3. 

. Capillary G E F H 

Area of" capillary (cm) 0.061· 0.062 . 0.034 0.034 
,length/area (l/cm) 82.4 8l~2 58•B ' 5B.8 

Solution CuS0
4 ~S04 v/r 

# M M Kilohm 

102 0.1001 0.005 14.0 12.0 12.0 

103" 0.1001 0.020 9.1 9·1 7.4 B.o 
104 0.0999 0.050 5·3 5·37 4.9 5·0 

~05 0.0998 0.100 3.4 3.4 3.4 3.B 
106 0.1000 0.125 2.B" 3;0 '3·3 3.1 

107 0.1003 0.115. 2.1 2.2 2.3 2.B 
lOB 0.1001, 0.250 1.B 2.1 2.2 

For the solution with little supporting electrolyte" the v/r 

of' capillaries G" Eare greater than those in F,,·H. As the concentration 

of' supporting electrolyte increases" the behavior is reversed •. 

The phenomenon can be explained qualitatively in this manner. 

We note that R· 1s inversely proportional to the area of the electrode" 
, . s. 

wherea~ the ohmic resistance ,is proportional to L/KA. When there is . 

little supporting elect!olyte" the ohmic resistance of the solution 

predominates; as the concentration of· sulfuric acid increase.s" the 

resistivity drops sharply and Re predominates. 
.1-" 
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Fig •. 6-7. Theoretical and obs~·r:..::ed transient bei1avior. at yery short 
time (Solution 54, total applied voltage 0.225 V,. Rtin82, 0 Run 83; 
A Run 84; l::!. Run 85. 
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The step drop of current or the hypothests involving R .. s 

should be subjected to further· investigRtion before any definitive 

conclusion could be drawn from it. 

B. .C,!lrrent Behavior at large times---- the effect of migration 

., As the concentration of th~rea.ctirigion near the electrode 

surface gradually decreases to zero, concentration polarization dominates 

the behavior of the i-t curves. In this region, the current times the 

square root 6ftimewould be a constant. The values of iJtare functto"ns 

of concentration of copper sulfate and sulfuric acid. 

At constant concentration of copper sulfate, the effect of 

sulfuric acid concentration on the i-t curves is shown in Fig. 6-~ • 

. The'.average values of iJ"twere evaluated from the recorded tapes :in the 

,following manner; 

1. Calculate iJ"t from the voltage drop across the known 

resistances and the areas of capillaries. 
·c 

'~2. At first iteration, calculate the average values and 

standard deviations of iJ"t for all channels with t greater 

than 4000 seconds. 

The standard deviations and the average values of iJ"t of 

. the previous iteration are then used' as a criterion to 

:check all iJ"t data. Wherever the deviation of a datum is 

greater than three times the standard deviation~ it is 

, discarded and replaced by -lO.b*-j(·(5+ITE~), where ITERA is 

the number of iterations. 

4. Repeat the cheqk until no single channel has more than one 

datum discarded. 
'. 

I ', ... ( .c •• ·., 
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5. The maximum number of iterations was set at 8. 

The averages of the measured values of iL.[t are tabulated in' 

~ble 6 .. 4~ Since the diffusion currenti
D

, the limiting current measured 

with an j.nfinite amount of supporting electrolyte, could not be meuriured 
c. \ .-

, , 42 
without introducing a large visc~us effect, in comparison with the 

theory of the effect 'of migration disc~ssed in chapter l~, the measured 

,iL.[t are adjusted to inJ"t by the theoretically predicted migra.tion factor 

and ,i'fthe factor is correct values" in.[t should be constant. 

, For the case of 'complete dissociation of bisulfate ion" the 

factorsIL/ID were obtained from Fig.l~-l, and the calculated i DJt vary, 
. i, 2' 

from 29.0~o 24.0 .Jsec-mA/cm " with an average value of 26.2 and standard 

deviation of 2.2. For the case of incomplete diSSOciation, the factors 

" . 26a ~/ID was ~alculated wi~h K2=0.Ol04" ,'and the iD.[t values vary randollily 
" 2 

around an average value of 23.4.Jsec-mA/cm " of standard deviation 1.3. 

These z:esults seem favorable to the assumption of the incompletely, 

aissociation of bisulfate ion in a solution of ' copper sulfate with 

sulfuric acid as supporting electrolyte •. 
( 

" 

, . 
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Fig. 6-8. Observed transient behavior in: a stagnant diffusion cell show­
ingthe effect of concentration of supporting electrolyte. 

solution # CuS04 H2S04 Run # Applies V.' 

1107 0.1003 0.175175 ' 0.355 
2 ' 105, 0.0998 0.100' 184 0-355 
3 104 0.0999 0.050 187 o~ 355 
4', 103 ,0.1001 0.020 190 ,0.350 
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,Table 6-4. Experimental results of measured 1L.[t 1! a stagnant diffu-
sion cell of 'copper sulfa~e and sulfuric aci.c;1 at 25 C. The effect of 
migration .. 

, .. 
Measured Complete Incomplete 

* iL.[t 
dissociation dissociation 

Solution r # of IL/ID i .[t ~/ID iD.[t .. 
" . ¥f Eqo (4-4) exp1ts. D 

mA2 .Jsec. 
. ,-.~ 

cm 

102 . 0.0471 41.35 2 

103 0.167 ,37.61 2 
. 104 0.334 34.60 10 1.20 28.8 1.7259 20.1 

105 0·501 32078 10 1.14 28.8 1·5182 21.6 

106 0·555 32.43 11 1.12, 29·0 1.4364 22.6 

107 0.636 31·59 16 "1.095 28.6 1·3179 24.0 

108 0.714 30·94 6 1.07 28.9 1.2191 25·4 

51 0.888 26.0 3 1.025 25.4 1.0679 24.4 . . 
61 0.899 25·4 2 1-..022 24.8 1.061 23·9 

52 '0·912 24.8 3 " 1.02 24.3 1.053 23·5 
62 0.916 25.2 3 1.02 24.7' 1.050 24.0 

53 0·924 24·9 3 1.018 24.4 1.045 23.8 

63 0·927 24.8 2 1.017 24.4 ' 1.043 23.7 

54· 0.934 24.6 3 1.016 24.2 . 1.038 23.7 
" 

'. ;. 

64 0·937 . ' 24.1~ 4 1.015 24.0 ' ' 1.0365 23~6 

... ~,.. 

'* For the concentrations of copper sulfate and Bulfuricacid refer to 
Table 3-4. 

.. 

j " 

'1"-
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VII. EXPERJl.1ENT WORJ(----OPrICAL MEASUREMENT 

In this chapter, the cathodic concentration profile a.s well a.s. 

the concentration of electrolyte at the electrode surface in a stagnant 

diffusion cell are measured at limiting current. The anode is located 

far enough away so that it does not influence the situation near the 

cathode~ These measurements cannot be observed in a simple, cheap 

capillary tube, instead an optical cell has to be used for these purposes.' 

The apparatus used in this experlmentalwork was a ?erkin-Elmer 

Model 238 Electrophoresis Apparatus. The apparatus was originally 

designed, for electrophoresis meas'urements and producing a Rayleigh inter-

ference ,fringe pattern as well as a Schlieren derivative curve. 

; The basic principle of Rayleigh interferomeitry is very simple';' 
" 

" 

, two parallel slits are used to split llght:lnto two beams which interfere, 
, ' 

, with each other when they are brought together., One of the special 

reatur'es of this interferometer is its multip0int S0urce., Figure 7-1 

illus.trates the light, intenSity: ,on the screen of :asimple Rayleigh inter­

ferometer and its modification. In the modified Rayleigh interferometer, 

when the monochromatic light,from a three point source (p) passes through .. _, 

twosli ts ona mask (M), each p,roduces a simple interference pattern. If 

.the three point sources are properly spaced, their inter.ference patterns 
.. ~ .' 

are super.imposed upon one an0ther, gi vingGthree- e.qUally intel'lse- fringes 

,on the screen (S). 

In the , actual apparatus, there are more than 162 pOint sources,' 

and when the solution in compartments A and B are. homogenous, the 162 

fringes are straight as in Fig. 7-2. If there is a concentration 

',~ 

.,' :-\1\:1, , ;0 
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dlf'ferencebetw:e'en the upper partc:if the cell and the lower part of' the 
" ' 

cell, the fringes are shifted as in Fig.7-3. 

,The simple law of interference , shows that the number of fringe 

shifts tm,is related to the refractive index change An by 

Atm = Ilm (1-1) 

where 1 is the length of light pathacross through the cell and' A is the 

wBtvelength of, the light source. The Rayleigh interference fringe pattern' 

1s, therefore, a mapping of the refractive index. ' Since over a small,' 

concentration range, the ,refractive index is linearly proportional to 

the concentration of the solution, 

, (7-2) 

wherek is a proportionality constant, a map of' refractive index is essen-

tially a map of concentrat::ton. 

7.1 Experi!Uental Method , 

The detailed pri~ciples andoperatlons of' the apparatus ,heve 

'been discussed in the thes1sbyChe.pman. 37 However, some of the procedures 

and ap~ratus features this author wishes to repeat and emphasize. 

A. Cells and Electrodes 

The opti~al cells were purcha'sed from the Perkin-Elmer 

Compan~. ' The cell has two channels connected by a U underneath. Each 

channel has a widt,h of '0.2 cm, length of 0.9 cm in the direction of the 

light path and depth of 7.9 cm (see Fig. 7-4). 

" 

.. 
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Fig.7~.l.A Rayleigh interferometer and E; r.lultipoin:t sou.rce. 



-94-

XBB 6811-6718 

Fig. 7-2. A Rayleigh interference fringe pattern (162 slits light 
source) . 

XBB 6811-6717 

Fig. , 7-3. Fringe shift produced by two solutions of different concentra­
tion (Run 17L 1~ hours after forming boundary). 



, , 

,The electrodes were made from an oxygen-free I high-pur! ty 

. copper block. The machining of electrodes was done by 'the Precision 

'Shop of the Lawrence Radiation Laboratory to fit exactly into the 

, channels,passing a water leak test when the sideBof electrodes are 

properly'greased. 

A design flaw 'Of the electrode was the extended part of the 

,·electrode~' ~htch' makes the disassembly of the cel?--very difficult when 

the ground glass fianges are greased. For, future work, a simple 

rectangular electrode , without the extended, part 1 inserted deep1nto the 

channels is recommended. 

B. Cell Cleaning 

Before each rUnr the excessive grease was wiped away by a, 

clean'tissue paper. The cell was then cleaned with a small amount of 

cyclohexane to remove' all :grease on the contacting ground flanges 

surfaces. The' amount ofcyclohexane is important'in order to prevent 

anycontam1nat10n of the ,cell channels by the dirty solvent. The cell 
I 

was then,washed in a warm Alconox solution and rinsed with· distilled 

water. 

Whenever the cell 'was smeared with grease inside the channels 

,the cell was soaked in a hot chromic acid cleaning solution, (prepared 

by mtXingequal volumes of saturated sodium dichromate solution and 
" . 

technical' grade concentrated sulfuric acid) for 3 to 5 minutes to get 

rid of ,the grease inside the channels of the cell and perhaps, finger 

prints On the outside of the glass. Prolonged soaking in acid solution 

or cleaning with strong solvents may damage the joints of the optical . . 
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Fig. 7-4. Optical cell and elect rodes . 
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cell. The cell is then·'dr.ied in a dus't-free dry box overnight at 40- 50° 

c. 

A chemically inert 'Apiezon Type N Vacuum grease waB used for 

ail seailngs. 

C. Photography 

" 
For periodic checks of the interference fringe pattern, 

Polaroid Type 47 pictures were taken; this type of 'film has a speed 0:C' 

ASA eqUivalent 3000, and an average exposure time of 1 to 2 seconds. 

To facilitate counting the fringes on the'mlcrophotometer, 
.. 

Kodak::Con~rast, Process Panchromatic ¥ilm(ASA speed ,100, average' expo:mre 
. . 

time 20 to 30 seconds) was used to take all negative tra,nsparentpictures • 

. These films were packed in' fiim holders in total darkness ~ Each film was 

identified by a -paper label with pencil writing. The exposed films w(~re 

developed in a:~ fR Cut-Film~Pack Developing Tank wUh Kodak D~ll developer 

for 5 minutes; acid stopper for 1/2 minute) and fixer for 5 to 10 minutes 

at room temperature. 

D. Counting the Number of Fringes 

The number of fringes was counted ~y a Jarrell-Ash, Record­

.1ng Microphotometer. The principle of the operation of this photometer 

is shown in Fig. 7-5. The sample film (F) is plac.ed on a travelling 

stage {~)'With a longitudinal motion driven by a pre~ision motor. A 

light beam (L) passes tlirough a small portt'on or the film and ,is mag-

nified 100 times on a bench underneath. Only a controlla~lepart of the 

image, can pass through the slit (8). Behind the slit is a very sensitive 
.. 

photgelectric cell (C), the signal from which is plotted on a chart 
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recorder (RY. Each dip' on the plot corresponds to a dark line on the 

film. 

7.2 Evaluation of Proportionality constants kA and 'k:s' 
, The direct application of Eq. (7-1) in the Perkin-Elmer 

Electrophoresis apparatus suffers" the follow,"ng difficultiesj 

i. In most literature the refractive index data were measured 

, with sO,dlum d-light ~f wavelength 5893 A~ 
) 

The apparatus used in these 
" " , 0 

experiments was equipped with a mercury lamp of wavelength 5461 A. 

.. ( ii. Tb~ accuracy of inost RI data were 5 x 10- 5 at best. To" 

calc\ilate the difference of RI means8ubtracting two roughly equal 

numbers" thus losing many significant figure's. 

, For these rea.sons, Eg. (7-2) is a.dopted to replace Eq. (7-1) 

and modified to 

, (7-3) , 

for multi component systems, under the·same assumption that 'the number ,of 

fringe shifts is proportional to the concentration difference." Here 

~A an~ ~ represent the concentration difference 'of CuS04 and H2S04 

respect 1 ve1y • 

'To evaluate the constants ~ and K.s' the optical cell is first 

filled with the heavier solution at the bo~tom. The lighter solution is 
.. " 

carefully placed on top of the heavier solution by means of a syringe 

• " 

~'hich ia driven bya slow constant speed motor (see Fig.7-6). The sharp-
,,' 

ness of the boundary was not important in this case, the straight fringe 
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lines at both ends are important to assure tl~t there was no mixing of 
~. . ~ .' 

the original homogenous Bolutions.Whenthe fringes were too close to 

be distinguished, it was necessary to wait· several hours for the boundary 

to become more diffuse. A typical interference pattern" produced with a 

"1~175M H2S04 solution and a 1.079~ H2S04 solution. is shown in Fig. 7-3. 

The nu.mberof fringe shifts across "the c1iffusionlayer is counted by 

the .previously mentioned microphotometer. The results .are tabulated in 

In order to compare with the number of fringe shifts calculated 
. . • 0" . 

from Eq~ (7-l),the :values of 5461 A and 1.81 em were used for the wave-

length A. and the light path 1 respectively. The length 1 is chosen 

because the actual optical se~up was such tha~ the light passed. twice 

throtigh a cell. of width 0.905 cm. 
. 

.• Some RI data of copper sulfate solutions ahdsulfuric acid 

solutionS were. measured with Bodiumd-light ·as follows 

Table 7-2. Refractive" Index of copper sulfate solutions and sulfuric 
. acid solut1"onsat 25°C. 

CUS04 (M)· RI H2S04 (~)" RI 

0.0385 1.3342 0.7935 1.3416 

0.05°0 1.3345 0.8850 1.3425 

0.0577· 1.334r{ 0.9865 1.3437 

0.0963 • 1.3359 1.0810 1.3447 
0.0998 1.3360 1.1800 1.3455 

These RI data of copper sulfate together with the data taken from 

O'Brien36 are correlated as a function of concentration 

.. 

. 
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Fig. 7-6. A motor driven syringe putting a l i ghter solution on top of 
a heavier solution. 
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Table 7-1. Number of ~ringe shifts across a at~p change of concentra-
tions. --

Solution CuS°4 Average 
# . Con<~entration Film RUn Duffison Number 

Upper Lower # # Time of 
. layer layer fringes. 

~ 

M/P- M/P- hra 

114 0.0 0.0385 C-I0 lOR 0 '. 38 
D-1 lOR 1 

. 1 

37"f 
D-4 lOR 2 372" 
D-2 lot 1 38 
D-3 10L 2 3B 3B 

112 0.0 0.0481 B-24 . - 6L 0 .46~ 
C;"~3 6L 21.. 47 
t;"16 7L t- 45 . 46 12 . 

.113 0.0 . 0.0571 c-B 9R' 2.!. 41 
2. 5 2. 

D-5 l1L 0 55 
D-7 11L 1 '56 55 

111 O~O , . 0.0963 . C-21 BR 5 86 
C .. 23 BR 7 86 86 

119/117 1.oB1 1.1Bo E";3 16R 0 35 

116/119 . 
E-5 17L 1~ 33 34· 

0.986 1.081 D-19 13R 2 34~' 
D-22 15L 0 30 

11B/116 
D-23 13R 5 31 '32 

0.885 0~986 E-6 1BL 0 '32 32 
·115/116 0.794 0.986 E-7 21R 0 67i' 

.E-8 21L 0 65 
. E-I0 20L 2 67 

E-11 20L 0 67 
E-16 22R 2 66 

. E-17 ·22R 4i' 66 67 
115/117 0.794 1.1Bo D-13 12R 4 1 1272"' 

D-14 12L 4 126 . 
D-17 12R 1 

52. 124i 126 
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RI =1.33256 + 0.041155 cA .' .. ~ 

(7-4 >. 

f'orthe'copper sulfate concentrations below o.1M. The actual experi-
, I 

mcntalpointssnd the smoothed correlation curve is shown in Fig.' 7-7. 

The RIdate. ·of sulfuric, acid are correlated as a straight line 

(7-5)" . 

tor sulfUric acid concentrations between 0.8,!1 and 1.2M. 

In Table 7-3" the RI values were calculated from Eqs •. (7-4) 

and. (7-5)" not from Table 7-2~ The results show t~t the actually 

obser~d.nuniber of fringe shifts of sulfuric acid is quite cons~stent' 

with' the calculated values. This means that the difference of RI is 

relatiyely independent Of. the' wavelength of the light source. On the' 

. other hane;}" the blue copper sulfate solutions show considerably less ' .. 

fringe shifts than the calculated values. This means that the difference 

of RI is smaller in copper sulfate solution for the shorter wavelength 

of' the blue mercury lamp.· 

The values of k" based on the actually observed number of 

fringe shifts; were ca1culated.andaveraged in Table 7-3. For a binary 

copper sulfate solution concentration c
A 

< 0.05M, 

(7-6) 
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Table .. 1'-_3,. n_CO!!l:Pari.s.onof 'obse.:t:ved nU!lil:~.~~.J::tf 'f1'1I1ge' :..shiftS W1t_h·ca1c1l.la(iorifrom E~d7-1).· 

Solution. COhcent~tion'· .... .. .. Ref~:qt±~ '!7:lde~(5893K) .Num'c)e·; ·~f.Fl"iIige~ .. ConstaiTt it· .. 
. Upper lAyer Lower layer .' Upper'layer LoWer.laY~r Ga~culated. Obs~l"Ved 103.fri~ges 

~S04 

h3~5b' 
.. ' '4' 

J 
0.0 0.0385M .' 1~3340' 51:' . 38' .... 0·987 . 

0.'0481 1.33438 . 62, 46 0.956 . : . ave •. 0.965 

0.0577· 1.334~ 73 .. 55 0.953 .. 
.' ~ .. : 

1.33588 .' 'U2 . 86" 0.:0963 0.893--: 
1.08lM 1~i8o!', . 'l.34t.6°·' 1.34562~ . 34 .:'. '34 '0.344 '" . ~:. 

0·986 1.081 1.34362 '1.34460 .32.4 '32 0.339 ~ • 
. 1.342~ . 1.34362 

~ 

0.885 . 0.986' .. 36.4. 32 0.315 . avg. 0.334 0 
VI 

.1.34158 1.34362 
I 

0.794 '0·986 67.·5 67.' .: 0.348 

CuS04 . 

0·794 1.1So· 1.34158. 1.34562 .134 .... 126· 
. . I 

·0.32£; 

O.O/l.OM 0.1/1.0M 1.3431-5. : . 1.34621 . 81.5' 'n . 19. ..... 0.79O·,i 
. -. , .. - .. CuS°4/~S04 

',.' 

,," . .. 
• ~'1>" • 

:-. ". . 
. ;., ~-.~!.~' 

. .. .. 
'.: '-'. . ,'" ~',. .. 

' .. 
\ 

'. ,. 
,- .:' '. , 

~ 
;;,- .... ' .. ...; 

_;'" •• _,' :": •• 11:;1... .f .. " 

." . ..... 
. . ' .. '~ . ~-;:, . 
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. .. 
For the'copper sulfate solution cA < O.l!:!, with sulfuric' acid .0:8.!1:<·~ 

v < 1.2!1, 

m =kA&A + k:a&B 

kA =. 0.790 :it 103 ' :fringes/!1 . 

.. ~ = (0.334±0.019) x i03 fringes/!:! 

One should notice that kA andk:a are function of the concentra­

tion of ~opper sulfa.te and sulfuric acid.· They are constant only within 

small ranges of concentrations. This is why the kA value in Eq. (7-6) 

diff~rs from the "one in Eq.· (7-7). 

. 
7.3 Surface Concentration in a Binary Eiectrolyte 

. . . " . " . 
In chapter 5, the term surface concentration. was repeatedly 

mentioned in the theoretical analysis; it referred to the cOri.Centratio~ 

of electrolyte right at the interface betwe~n the· solution and the ; 

~ electrode. In the actual experiments, it 1s the'average concentration 

at the nearest distance that can be measured. Qualitatively speaking, 

in an 1nterf.erence measurement the closeness to the interface is limited 

by the follOWing factorsj 

i. : the wavelength of light source for the interferenc.e 

measurement. It 1s impossible to measure any distance 

. smaller than the wavelength. For the mercury lamp source 

in the electrophores:l.s apparatus" thi~ means 6 x 10"5 em. 

ii.the grain size of negative photo film and the exposure 

time. These two factors work against each other, the 

.. . 
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smaller, the grain Size" the higher the resolution 
, .' 

, ' 

'ability of the' film" but the longer the eXF05ure time 

"it needs. The' length of exposure t~ine must take con-

side ration of the changing of the diffusion layer with 

time. 

'1ii.' the resolution ability of the' microphotometer. For 

example" the Jarrell-Ash Mlcrophotometer has a smallest 

-2 -4 2 
resolution area of 10 x 10 cm. 

Fromt,hese three factors", the nearest' distance to the electrode 

which can be measured 'is, estimated to be about 5 x 10-3cm• * This dis-
• '" I. '. 

i;.ance when compared with the time dependent diffusion layer thickness . . . . 
" 

shows that the uncertainty is graat at short, time~. However" the error 
: " 

is 'relative small at large time when the thickness becomes 1;,.2cm. 

In an experiment of copper sulfate of concentration 0.038~" 
" -

a constant voltage of 0.60 volt was appli~d across two electrodes in an 

optical cell. The interference patterns were taken from time to time" 

a typical fringe pattern is shown in Fig. 7-8. The upper shaded part 

is the image of the electrode. The number of fringe shifts was counted 

across tht: diffusion layer on a microphotometer (see Fig. 7-5).' A 

typical plot from the 'Photometer of the relative light intenSity across' 

the diffusion, layer is shoWn in Fig. 7-9. Each peak corresponds to a 

dark line on a negative film or a bright line on a positive pIcture. 

* ' 3 Fringes spaced at a distance of 5 x 10· em are almost impossIble to be 
distinguished by naked eye. They can only be seen on a negative film 
under a 100 magnificatIon of the microphotometer. 

. , 

1 
I 

, I 
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According to Eg. (7-6), when the surface concentration drops 
.' 
to zero, the total number of fringe shift's across the diffu'~)lon layer 

should be 37.1. As~umlng a linear relation betw~en the numl)er of fringe 

shifts' and the concentration, it is posstble to calculate (l-c /cOlJ) as 
. '. . 0 . 

a function of time from the observed number of fringe shifts.' The cal-. 

~ulatlonsare tabulated in Table7~4, and the results are plotted in 

Fig •.. 7-10.. The experiment with the same solution 'Was repeated also at 

a constant voltage "fO.So vo·lt. , 

To compare the result with theory presented in chapter 5, the· 

follOWing data 'Were used. 

1. conc.of.CuSO in bUlk 
2. conductivity, /c. 

3. 'diftusiv~ty, D 
4. transference nwnber, t+ 
5. Z (see Eg. (5-7» 
6. length of cell, L 
7. area' of electrode 
8. voltage to the cell 
9.··V (see Eq.(5-B» 
10. current at shott times 
11. tc (see Eq. (5-14» 
12~ exchange current density i 
13. J (see Eq. (5-11» 0 

14. electrochem. kinetic parameters 
~,e, r . 

Run 23 

0.038511 . ~ 
4.13 x:10-3mho/cm 
6.07 x 10-6cm2/sec 
0.383 
1 

.15 cm. 2 
0.178cm 
0.60 ; 

23.4 ; 

RID124 

0.80' V 

Source .' 
of data. 

39 
.43 
38 

31.1' . . 2 
0.244 mA/cm. 0.154 6'· 

5.60 x 10 sec 
0.1 to 1. 0 mA/crn2 

0.07082 to 0.007082 

There are no exchange current density dataavallable in the 

literature for an unsupported CUS04 solution. The reasonable estimate 

is that'i lies between 0.1 and 1.0 mA/cm
2

·• Theoretical predictions and o . 

experimental r.esults are compared in Fig. 7-10. The solid lines are the 

theoretical calculations at an exchange current density of 0.1 mA/cm2, 

whereas the d(4siled lines arc calculated at i :-: 1.0 mA/cm2 • It shows o 

thatthc flolid1ines have a satisfactory fit to the experimental result • 

• 

..' 

. , 
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XBB 6812-7570 

Fig. 7-8. Fringe pattern of the diffusion layer in a stagnant diffusion 
cell. The upper shaded part is the i mage of the electrode (picture 
taken in run 23 , t = 389 minutes). 
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speed 2.25 inch/min). 
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'lable ·.,;';4. The number 9ffrirl:Se shifts across adiffus10n layer in a, 
eta6na.ntdiffusion cell. ' , 

,\ 

Ruh 24 \.- ~ Rtin,23 c c 
number of 

0 film t number of 
' ,', ,0 

film'" t 1 -- 1- -
, fringe Coo 

# ( ) fringe Coo 

# (sec) shift ' sec, shift 

" 4 O.loS, E-18 900 600 5-7 0.135-0.i89 F-6 
1200 6 ' 0~162 E-19 1200 7-9 ' 0.189-0.243 F-6 
2400 9 0.~42 E-20 2400' ,12-13 0.32h-0·J50 F-T 
3600 11 0.296 E-21 4020 ,,15-17 0.402-0.457," F-9 
5610 15 0.405 E-22 5~30 20;';21 o. 540-0. 566 F-IO 

10710 20i ,'0·'553 E-23 6210 22 0·592 F-U 
23400 30 ' 0.807 E-24 9060 1 ,,272 0.743 F-12" 

': . -23730 : 32 0.861 F-1 15790 34 0·915 F~13, 

00 ,,37.1 1.0 20850 37 0·997 • F-14 
" 

23900 37 Q·997 F~15 

00 37.1 10 

I, , . 
, , 

, ,. , 

" .. ,. , 

, . 

. r." , 

. ',' 
, , 
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Fig. 7-10. Transient behavior of surface concentration of copper sulfate 
(0.038511) in a stagnant diffusion cell (. Run 23; o Run 24j d8.shed 
lines, 10 =1.0 mA/cm2 solid lines, i o=O.l mA/crfi2). . 
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7.4.Concentration on.~ofile ina BlnaryElectrolyte 

Under the same-assumption that the number of fringe shifts is . -' 

proportlonalto the concentration change, it is poss1ble to deduce a 

concentra~ionprofile from a plot' of Fig. 7-9. since the flat stage ot· 

microphotometer, on. which the film is placed, is driven by a constant 

speed motor.' If both the film speed and recorder speed are known, it is 

. possible to correlate the length of paper to the distance on the film. 

In the original design of the Electrophoresis apparatus, the 

Vertical distance. between two pOints on a film' should exactly equal the 
- . 

distance on the optical cell. . To avoid any geometrical distortions in 

the optical system or shrinkage of film, two very fine 'markings were 
. . 

.' 
scribed on the -face of the cell. These scratches appeared as __ fine lines.' 

across the photographs of the· fringes patterns and thus serv-edasa-
.' . 

rel1abie frame of reference for . calculating the. ratiO' of actual distance·· 

to the' film distance. 

- The normalized concentra111on profiles .of a copper sulfate 

solutio1\l:of concentrationO.0385,M at a total applied voltage of 0.80 V 

are plotted. in Fig. 7':11 with time as a parameter. The abscissa is 

the distance from the electrode, stretched by dlv1dingby .ft. When 

these profiles are compared with the theoretfcally calculated concentra­

tion profile from chapter 2, the results indicate th3t the concentration 

profile lIould not reach a -·-steady condition until after a very long time. 

In· other words, thesI~ilarity transfo~tlon, defined in Eqs. (2 ... 6a, b) .. 

was not a' suitable approach to predict concentration profiles although 

we have considered the variatIon of transport propertIes and nonzero 

interfacial velocity. This is because of the strong transient effect 

0.,: .. ', 

: 
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pond to film #F-7 J F-ll, F-15 and theoretical 'calculation from· 
CONCEN program). 
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Fig. 7-12. Fringe patterns in a stagnant diffusion cell of a copper 
sulfate solution at 25°C (Run 24). 
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in a binary electrolyte' of low condu~ti vity "Which'makes it difficult to ' 

achieve a constant concentration at the electrode. 

}t'or this mentioned solutiori" some interference fringe patterns" 

taken at various times, are shown inFig~ 7-12. 

7.5 Surface Concentration in a Multicomponent Solution 

, In a well supported copper sulfate solution, the conductivity 

of the solution is highithe surface concentration of copper ions drops 

,to zero' much faster than in a binary electrolyte, and the tz:a.ns1ent 

behavior of the copper ion concentration is no-longer of interest. 

For many of the discharge reactions" the concentrat10n of 

Suppoltingelectrolyte is higher at the electrode surface than in-the 

bul~ e.olutibn~ The difference is of'considerable interest in free· 
. . 

convection·problems since the convective velocity1~ due to the ~ensit~ 

difference ~n the solution produced by the electrode reaction" and these 

density-differences are affected by :the concentration of supporting 

ele·ctrolyte to roughly the same extent· as by the concentration of the· .' , 
reactant • 

. There are two methods to determine the surfac·e concentration 

of' sulfuric acid interferometrically. 

Direct Method: The re'fractive index of the bulk solution is 

first measured with the same light source as used -in the interferometer.· 

From the total number of fringe shifts at limiting current" it 1s pos­

,sible to. calculate the change of· RI across the diffusion layer by Eq. 

(7-1).· The concentration of sulfuric acid is then d1rectly deter~ined 

from the knmTn correlation of its concentration and RI. 

. '. 

. . 

" 
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• 
• ~ndirect Method: The method is based onEq.(7-7). No accurat'~ 

RIdata are needed except that the constants kA and ~ have to be deter-
, \' 

mined experimentally from solut'ions of known concentrations. The ~ and 

'kB, are constant orily vithin a small concentration range. ' 

, 

Two runs (/128, 29} were carried out in two different concentra­

tions of c:opper sulfate atl.OM ofsul~lc acid. The total applie~ 

voltage acrOss the optical cell was 0.15 V for both runs. The total 

number of fringe shifts across a diffusion layer was counted at different 

times. The 'numbers reached a constant after a certain amount of time 

(see Fig. 7-:-13). Presumably, 'the concentration of copper ions' drops to 

zero' at ,:that, time 0 The' concentration of sul~ic acid at the electrode 
, " 

surface;1s then calculated from Eq. (1-1). '!'he results are tabulated in . 

Table 7 .. :5 and 

The 

compared with theoretical predictions of chapter 4. 
~ ,." ' 

ratio &:!B/cA Of ex:r>erimental results "did not fall within 

the theoretical observed' ranse 01" complete and nod1ssociationof 
, . 

bisw.f'ateions. The causes Of this discrepancy may be attributed to the 

fo11ow1,ng reasons. Theoretically, because of the lack of concentration 

dependence data of ionic mobilities and ionicdiffus1vit1es, the con-. . . . . . 

centra~ion changes were calcul~ted from the data at infinite dilution. 

The Nernst-Einstein relation was also assumed. Experimentally, the 

standar~ deviation ,Of kA and k:s are relatively high in Eg. (7-1). If 

the uncertainty is taken into account, the uncertainty in the experi- ' 

mentally measured concentration changes willallowsdme overlap with 

the theoretical results. Another possible cause of this deviation is 

that the total applied V voltage was not high enough. When the experi~ 

mente were performed, the author was anxious to see some tranflient effect, 

.' 
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Fig. 1-,13.' Total number of fringe shifts across a diffusion layer. 
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• 
Table 7-5. 'Surface concentration change of copper sulfate ~nd sulfuric 

acid in a stagnant diffus10ncell at 2fC. 

[CuS04) 
[H

2
S04] 

total applied voltage 
observed fringe shifts 
at steady value 

o 00. . 

.eB -S3 calc. from 
~q.(7-7) 

r Eq. (4-4) 
00 

~-cB 
...;;........::;:. ob served 

00 
cA 

Theoretical predictions 
complete dissociation 
no (:lissociation 
incomplete dissociation 

Run 28 

0.1M 

1.OM 

0.15V 

60 
o. 0569!¥0. 00£1 . 

0.909 

0.569 

0.48 
0.22 

Run 29 

0.05!:! 

1.OM 

0.15V 

30 
0.0284M 

0.952 

0.569 

. 
0.49 
-0.24 

.. 
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the total applied voltage was 'only 0:15 VI compared ~ith 0.6 to 0.8 V 

for copper sulfate 0 solution and 0.35 V- for most electrical mea sureoment s 

in chapter 6 .. Because of the voltage, the ~urface concentration of 
(0 o. 0 

copper ions may not have dropped to zero but reach:~d a constant value. 

7.6 oConcentra.tion PrC?file in a Multicomponent Solution 

The fringe patterns .meas':lred in a solution of O.~ copper 

sulfate and 1.OM sulfuric acid are shOlm in Fig. 7-:-14. The molecular 

conccQ.tratlons cannot be determined separately in a multicomponent solu-

tion by an 1nt~rf'erence method. It is poss~b~e to calculate the con­

cen~ration profiles oof ionic species from the computer program MIGRI or 

MIGR2 and convert them to fringe profiles from the knmln concentration 

dep~n(ienceof RIo However, the lack of RI data that are mea~ured .'ith 

FJ. mel'curylight source detract from the value of comparing the observed 

profiles quantitatively. 

Qualitatively, we may notice that there is a clear hump in the 

°first two fringe patterns of Fig. 7-14 in contrast to the. patterns in 

Fig. 7-12. This is becausehydrogen.ionsmove much faster than copper 

ions; hence the d iff'usi on layer of sulfuric acid is thicker than that of 

coppersl.llfate. As a result, there is a maximum of refractive index in 

the direction of diffusion. Although there is no clear hump at the 

.transit~on region in the next two fringe pa.tterns~ yet one may notice 
" I 

that the slope of fringe in that region is much steeper than those in 

oFig. 7-12. 

In Fig. 7-15, two normalized fringe profiles are plotted as 

function 'of y}ft at t = 11400 sec and t = 22080 sec. The two profiles 0 

'" , 

'.- . 

o 0 • 
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almost 'overl~p each otherj which 'means t~e f'ringeI>rof11eshave already 

reached steady condition • 
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Fig. '7-14. Fringe patterns in a stagnant diffusion cell of a copper 
sulfate and sulfuric acid solution at 25°C (Run 28) .• 
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. 
VIII. 'CONCLUSIONS AND RECOMMENDATIONS 

The mass transfer rate and concentration prOfile in a stagnant 

cUffusi6ncell have ,been calcu1.8ted with consid~ratlon of the effect of 

variation of transport' properties and nonzero 1nterfe:cial velocity in a 

binary concentrated electrolyte. The work was essentially Jl8.rall71 to 

what has been done f~r a rotating, disk. 3, 5 

The inyerse procedure of deterlnining the differential diffusion 

, ,coefficient as a function ·of concentration from 'the measured ~imitlng 

currents has been. worked out and tested. 'The method has the advantage 

of simplicity and efficiency in 'comparison with other methods" such as 

those utilizing an optical or diaphragm cell. The shortcoming 

that may limit the applicability of this method is the high ohniic poten- . 

tial drop associated with a binary electrolyte. A possible solution to 

,this problem might be an elegarit power source whose·output voltage con­

tinuously Or stepwise decreases witq respect to the square root of time. 

One of the original objecti vesof theconc'entration profile 
. , 

measurements was to see whether the variatio~ of transport properties 

and nonzero,interfacial velocity are, the causes of the deviation observed 

. in OfB~ien f s measurements.6 Unfortunately, we c~uld not make a defin':' . 

itive conclusion" because of the strong transient effect in a binary 

electrolyte of poor conductivity, which makes it difficult to achieve a 

, constant concentration at the electrode surface. 

Fo~ mass transfer in a multi component electrolyte at high· 

Schmidt numbers" it is believed that an integral diffuslon coefficient 

measured under one hydrodynamic condition would be directly applicable 

to others of the same classification. The integral diffusion coefficient 

.... 
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• 
of copper ions in the copper sulfate and sulfuric acid system at 25°C 

has been measured for a wide range of concentrations 1n a stagnant 

diffu;sion cell (penetration-model classification) and a rotating disk 

electrode '(bo~dary-layer classification). 

, , 

Many previous workers have ignored the i,ncomplete dissociation 
. , , 

of bisulfate' in' solution of copper sulfate and sulfuric acid. Theoret i-

cal'analysis indicated that incomplete dissociation has a drastic effect 

on the migration and the surface concentration of supporting elec~rolyte. 

, The existence of bisulfate ions would increase the effect of migration 
I 

and decrease the concentration difference of suppo~ingelectrolyte 

between the bulk solution and the electrode surface. 

, Thelimit1ng current mea6urements~n a stagnant diffus:lon cell 
, , 

indicate that the actual effect. of migration is higher than the theo-
. . .' . .', . . . 

retico!ll predictions from the case .of complete dissociation. The' experi-

mental results favor the theory of the existence of the bisulfate ion. 

The experimental data on change of surface concentration of 

supporting electrolyte" sulfuric ac:f.d in this work" 'deviate significantly 

from the theoretical prediction. However the accuracy of the experiment 
. . .' . 

is in doubt" and no definitive conclusion could be drawn from it., 

For years" several of our co-workers:ln this laboratory have 

battled the quality of the polarization curves measured in a solution of 
• 

little or l!2 supporting electrolyte. Factors that affect the polariza"': , 

tion curves in such a solution are 

1. poor conductivity of the solution, the high ohmic 

resistance overshadowing the overpotential, 

, . 
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• 
2. the nonuniformity of current dist~ibution, . 

3. the transient effect. 

In :this work, the transient behavior has been worked out for 

9. et.agnantdi:ffusion cell. The experimental work is eesentiallyanother 

version of testing our know1edge on the analysis of polarization and 

current distribution. The resulting current-time curves and the tran... . ... 

sientbehavior of surface concentration of a binary electrolyte are 

found to· agree with the theoretical predictions within the accuracy of 

available electrochemical kinetic parameters and eXperimental error. 
j 

.For future work, the study of transient behavior should be 
, .. ' 

extended to the case. of a rotating disk,i.e., 

or, to account for the variations in x direction. (see Fig. &1) for a 

t,.nite·disk, i.e., 

with the boundary conditions similar:to those discussed in chapter 5. 

This would provide a key to the paradox mentioned in the introduction" . . . 

the change of limiting current denSity, or ~nf1ection pOint with respect 

to the rate of applied current. 

Finally, for transport coefficient with a rotating disk 

electrode or a stagnant diffusion cell} several improvements are recom·· 

mended for , their deSign: (see Fig. 8-1). 

.. 
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Fig. '8-1. Modified' design of a rotating disk(top}an~ a, stagnant, 
·.<;liffusibn cell (bottom, see Fig. 6-1).: 
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The cell (0) of the rotating disk should be made of glass:~f 

hemispheri"cal shape, the counter electrode (A) be made of the proper 

electrode material by casting accordingly. For a finite disk imbedded 

in an infinite insulating plane, the'equipotential contours approach 

, hemisphe~es: far from the disk. 40,33 This 'Would not only reduce thewsll 

effect on the current distributic1n; but also 'Would minimize the problems, 

of sealing,1 cleaning, and hydrodynamic distortion in a cylindrical cell. 

The cell 'Would be held by a cast aluminum flange (C) 'With a rubber 

. gasket (R)~ 

The main part of the stagnant diffusion cell should still be 

, 'made of true bore glass capillltry (cf. Fig. 6 .. 1). A large tube (T) is 

glued t6the' capill~ry (I.). It 1s coupled to' upper Part (U) by' a metal 

sle~ve(s). The material of the sleeve and upper part could be any suit .. 

, able metal •. The advantages of this design are its ea-se of cleaning and 

the effective electrode area can be measuredaccutately. 

/ . 
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APPENDIX A 
.' . 

Physical Properties of CuS0lr - ~S04 S.olutions at 25°C 

Aqueous solutions of copper sulfate and sulfuric acid,are 

commonly used in experimental studies of electrolytic mass transfer. 

The widespread ~se justifies a careful study of the relevant physical 

properties of this system~ 

A complete survey of literature from 1906 to 1966, done by 

selman,~A27 revealed a total of 22 papers in addition to the data recently 

obtained i.n this laboratory by several of our co-workers. 
, , 

In order to provide a correlation of the concentration depend-

ence of these physical properties and to complement the existing data, 
• 

additional measurement's of density, viscosity,refractl ve index ,and 

integral dIffusion coefficients were conducted in this laboratory •. All . 

data which are used for the correlation will be' t8b~lated by Selman.A27 

Additional data for binary electrolytes of CuS04 or H2S04 , in water may .. 

be found 'in the compilation of' Chapman and Newman,A28 'and the physical 

properties of CUS04 in water are 'correlated as a function of concentra ... · 

, . A26 
tion in the M.S. thesis of' Hsueh. 

1. Experimental methods used in this laboratorY 

. . 
Densitl Densities were measured with 25 and 50ml Pyrex' 

pycnometers which were calibrated with doubly distilled water • 

V1scositl Viscosit1eswere measured with Ubbelohde viscometers, 

calibrated with distill~dwater. 

Rcfract:1.ve Index An Abbe refractometer with asod1um lamp (wave' 

° ' 
',length 5893A) was used for refractive index measurement • 

.... , ..... 

. Integral Diffusion Coefficient See Refs. A25, A26. 

, , 
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',Concentration 'Solutions were prepared 'from: 'ACS reagent grade 

copper sulfate and sulfuric acid. Concentrations were deter-

mined by titration and electrogravimetric method. Allweigh­

ing, was done on ail analytical balance ofO.lmg accuracy. 

Temperature Control The measurements, except the integral. 

diffusivity, were conducted in a constant temperature water 

, 1111 
bath controlled bY' a Sargent Model S thermoni tor' and ' 

measured with an N.B.S. Calibrated thermometer. The maximum 

,temperature variation was less than ±o.eeoc. ' The integral 

difiusi vity measurements were carried out ina separate bath 

, " with temperature control of ±O.l ~C. 

2. ,Correlations' 

The reason for using a correlation equation fs mainly a lack 
. . .. . 

of experimental data at the concentrations of interest. In other cases 

a continuous set of data may be needed for a theoretical study in an 

electrolytic system. A'deviation of the correlation equation from the 

original experimental values is almost inevitable for the majority of 

available data. However, the correlation equation does represent a ' 

smoothed curve as a result of least square fitt,ing. An effort was made 

to include as many data as possible. Although many of the measurements 

PRy, have b~en subject to systematic I experimenta.l, or personal errOrs,' the 

use or a large number of sets of data from various sources should 

guarantee that major systematic deviations do not persist in the cor­

relation' itself. 

"The correlation obtained by collecting all experimental data 
, 

within the concentration range of interest at 25°C and subjecting them to 

'( 

, i 
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least square fitting. .The deViation of every point was calculated and 

if anyd,at}L'Tl point deviated by more than 2.5 times the standard devia­

tion or exceeded the specified maximum tolerable re:Lative error, the 

datum was eliminated from the correlation. An improved fit was then 

obtained and again checked 'tor excessive deviations •. For the case of 

conductivity" the data are fit to minimize the relative error. 

'The physical properties of' CUS04 - H2S04 at 25°C have been 

. correlated as functions of concentrations in the form 

.i 

1.,: 

.. 

where pis the phYSical properties of the solution~nd the concentrations 

are in the unit of M. The constant a
o 

and the coefficients a
1 

to' a12 'are 

tabulated in Table A-I. 

It is generally true that the wider the concentration range 

which the correlation has to coVer" the poorer the fit. Because of the 
~ . . ' 

large amount of density and Viscosity data available" correlations for 

different concentration ranges were made: 

i.the very dilute range, 

11. the saturation range, and 

1ii. 1n between these two extremes. 

No attempt was niade for a further division of concentration ranges at the 

risk otsystematic error of individual workers and the discontinUity 

from one concentration range to the other. 

; ., 
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The standard deviatioll, maximum absolute percentage deviat~on, I 

the 1nitial total number of data points that have been collected, the 

total number of data pOints involved in the final correlations and the 

source ,ot data are also listed in Table A-l-e" The second correlatIons 
i 

of density, Viscosity arid refraet1ve index were taken from Ref. A24 for 

comparison. 

'There is a quite large difference of conductivity measurement . . 
between Richa'rdsoJl and Taylo;rA14 and Kern and ChangA23 at exact identical 

concentrations. Both data were included in the correlation. The cor-

related curves were compared with the eJCperimental data shown in Fig. 

A-l. 

For those who work in anod1c dissolution the solubility of 

copper sulfate (1nM) at 25°C is corr'elated as a function ofcollcentra~ 
• ,.; -GOIII!"." 

tion of sulfuric acid (1n M) based on the saturated' solution datagi ven 
, - ' " , 

by Refs. Aland A3. The experimental data and the correlation are 

plotted 1n Fig. A-2. 

where 

1 

[CuSo4J = 1.35~58 +1.28642 [~S04]O.2 '- 1.63073[~S0413 

, I 



Table A-l. Coefficients of correlation of oopper sulfate a.nd sulfuric 
acid at 25°C. 

+ a
12 

[CuS0
4 

) [H
2

S0
4 

] 

Density Diffusivity 

g/cm.3 . 
(RDE) 

10-5cm2Lsec 

CuS04 < 0.01 0.05-0.1!1 O.Ol-saturated < saturat(·d 0.01-0.65 

~S04 < 0.01 ()..'2.5M O.Ol-saturated saturat·:d O. 5~2. 5 . -
a 0·.99705 0·99900 '.0.99837 1.1010;' 0·597 

0 
. a1 0.16903 0.14219 0.15020 0·320 

a2 0.07565 0.0613'-,4 0.06240 o. 0464~; -0.0656 

all 0.002276 O. 0578~i -0.306 
. a

22
' . -0.0003722 -0.000789 -O.OOOlt -0.00585 

a12 ,-0.83954 . -0.005536· -0.006921 
1.00xl0- 5 ·4xlO-4 1.60xl0-3 6 -3 ' -2 

std.dev.~· 5. 5x.J..0 3. 45xlO " 

max.~ev. 0~003~% 0.35% 
data 66 . 30 141 22. 25 
collected 

data·.used 66 30 133 22 25 

data A7 A24 Al-A3 ,Al0 ,A24 Al,A3 . A25 
source A16-A19,A25 

. ~ '. 

.' 

. ", 

, ... 
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crable A-l. ' , (Coritinuted) 

cUS04 
H2S04 

ao 
a1 
a2 
a' " 11 
,a22 , 

" < 0.01 ' 
. < 0.01 

, 0.89394 ' 

'. 0.80030 
.' '. 0.27890 .' 

-14.0703 . 

a12 
std. dev., 

max % dev~ 

, -30.4151 

6. 96xlO- 5 

0.02% 

66 data 
collected 

data 
used 

, data 

66 

Viscosity 

. C.P. 

0.05-0 .1l:! 

, 0-2.5!! 

0.89864 

0.4~948 

0.14068 

0.027576 

0.092374 
1.9x10-3 · 

30 

29 

source, .•.. 'Ai,' A24 

:.': 

,':,' ," , , 
, ;;':,:"",. . , 

~ '; ! 

,': 
,",> 

. .1"". 

,0 .•. 

:,. 

';r' 

, ''tf 
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. 

,Conductivity Refractive 

-1 n crn -1 
Index 

- 0.01-0.65 0;'1.4M 0.05~0.1!1 

.,·0.01 ... 2.5 ' 0 ... 2. OM . 0-2. '5,M 

:' 0~9044"5 0~011163 1.~~313 

0~42999 0.030798 0.027952 

0.13393 r' Q.42355 .0.010261 
. 0 .. 26385 

I , 
0.030696 -0.045224 -0.0002211 

0.10308 -0.135359 .;.0.003474 
'6. 99x10-3 . 9.22x10-3 lx10-4; . 

1~ 

103 68 30 

97 68 28 

" 

A16-Al9 A31A141Al51 A24 
, A101 A241 A23 
A25 

. '. 

", . 

, . 
~ ',.', 

. " 

,':. 



• Richards'on and 

"2~04M ,," " Taylor U 911) , 
ikern and Chong , 

(1923) , 

-
I e 
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Ie ' 1.02 M 
.s:: 0.4 -' -~ o -

0.510M 
0.2 ~ "ft=-~, .~' ____ ......,;.,... n ! ',~ 

,0.0' 

° 0.4 0.8 1.2 

CUS04 M, XB,L 6812-6321 

Fig~ A;-,L. conductivitY,of CUS04 ~~so4 at 25°C. , 
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A Bell and Taber (1908) 
,0 Goodwin and Horsch 

(1919) 

0.8 I .2 

XBL 6812-6322 
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APPENDIX B 

Analysis of Coppep Sulfate and Sulfuric Acid Solutions 

The principle of electrogravimetric analysis of CuS04 is 

simply to ,plate out electrochemicallyall'copperto a platinum gauze 

electrode from a known amount of ·solution., For the gener£ 1 discussion 

. or this method, one could refer to Ref~ 41. 

In order to avoid any mechanical loss of solut1c.n and to 

obtain a solid deposition film, the slow method of electrolysis was 

adopted. ,The electrolysis was performed at a current of (1.1 to 0.15 

ampere, for ,a sufficient amount of time until the blue collr 'of the 

solut~9rihad' entirely disappeared. 

The electrolysis efficiency in a ltnstirred soluiion wa~ very 

poor. A25ml sample solution of copper sulfate concentration O.lM 

theoretically requires only 80 minutes with sUfficient stirring to deplete 
.' . . 

. all copper at 0.1 ampere • Actually, it too~ 20 to 24 hours before all 

the copper was depleted. The excess electricity was wasted.1n water 

, decompos;l.tion. 

'. The completeness of deposition was tested by adding 2 to 3 

drops·of.l!i po~assium ferrocyanide K4Fe(CN)6' when .deposition reaches 

,end point,' the solution becomes clear, homogeneous deep yellow color. 

Any br~nish precipitation in~icates the formation of complexions of 

free copper ions and ferrocyanide ions. There was no way to redissolve 

theprecip1tat10n but to repeat the analysis •. 

. , There was no deep yellow coloring in a blii.n~ test (a solution 

containing everything except copper sulfate). However, after }:6ssing the 

. . 

". 
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same amount of electricity in the blank solution, the eo;tut~on doeaturn 

to yellow when p'?tassium :f'errocyanide is added. 

:follows: 

The procedures of slow electrogravimetrfc ,method is summarized 

1. Remove the previous deposited copper by dipping the 

platinum electrodes into concentrated nitric acid. Wash 

them thoroughly with distilled water and dry in an oven. 

2. , 'l'akethe electrodes out of the oven" I!ool in a vacuum 

de.siccator; weigh and record. 

3~ Sampling 25ml, or less depends on the approximate concentra­

tion, ,solution and dilute to 200ml, alld a few drops of 

concentrated HN0
3

• 

4. Setup electrodes and make sure there is no short circuit. 

Start to electrolysis at 0.1-0.15 ~mpere per one set of 

electrode for at least 24 hours. 

5. Lower the electrolyte container befor, ~ turning off the ' 

current, check the residue. solution with ~ potassium 

ferrocyanide, wait for 5 minutes to see if there is any 

brownish precipitation. 

6. Before removing electrodes from the stands, rinse them 

with distilled water fro~ a polyethylene wash bottle, then 

with clean pure acetone from a syringe. Dry the electrodes 

in an oven of 120°C for at least 5 minutes but not, over 15 

'minutes. Cool in a deSiccator, weigh and record. 

7. The increased weight is the amount of copper in the .sblu-

tion. 
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Fig. B~l •. Titration curve of 10ml sample solution #106 with 0.1 !'l NaOH.' 
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. Th~. sulfuric acid cencentratienwasdeterrnined by titratien 

with standardized O.lN sodium hydroxide seluti on 0' A typical ti tratien 

curve ef lOml sample selution of approximate O.125M sulfuric acid and 

O.lOOM copper sulfate is shown in Fig. B-1. The initial solutien, 10ml - , 

sample solutien diluted to. 20Oml, has pH value 2.2. The curve has a 

small dip at thevcry beginning and has, .three plateaus at pH appreximate­

ly equal to. 2.2, 5.5 and 11.8. The length of the first plateau is cen-

o sistent with CuS04 if a si~le reactien' of formatien ef Cu(OH)2 is 

assumed. It may be attributed to. the cemplex ions formation of cepper 

. iens in an alkaline envirenment. The exact fermation mechanism and its 

~ffect en determining the ,end peint 'of H
2

S04 were not investigated 

further. Without very strong reason, the end point in this titration 

was selected at pH 4.4. 

". 

.' 

.' 

". 
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APPENDIX C 

Data ~oce'~sing of a Magnetic Tape 

Data from the digital voltmeter. were either record! d by a 

FRANJa,IN model 1030 D high speed . digital 'printer or recorded ! ,n a mag-

netic tape for further rna.th~rnatical treatments. 

.' 

, A section of paper tape from the printer {run l79~ solution 

106) is ,shown in Fig.C-l~ Each.row corresponds to one set of measure-

ment of time and voltage at specified channel. To be consistent with t~le 

computer program~ and to avoid any confusion on magnetic tape~from.her·~ 

on~ each row of the dat~ 1s called a LINE, each individual n~mber or 

Sign in the column is called a WORD. The sequence of words is given, in '. 
Table C-l. For example,the first line in Fig. C-l reads: at t=~OO.18s 'c 

the voltage of channel 21 is -0.007870lV, notice the decimal point was 

counted, from right to left at 7th figure~ i.e. ~ the usualE format~with 

the exponent bei~ negative. Similarly, line '20 reads; at t=500.93sec 

·the voltage of channel 26 is 0.30873 volt which, inCidentally, is the 

output voltage of constant voltage source. 

, , 
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10 00 31 22 -0375'il8 7 
10 00 19 21 -036H3 7 

~. 

40 09 00 9 26 .0308'113 5 
09 00 70 ~5 -0 r6H2 7 
09 00 51 211 -0158'118 7 
09 00 3 ?2 -OllO'1 ! 8 7 
09 00 18 21 -0381U'1 7 

35 08 00 90 26 .0308'110 5 
08 00 71 25 -0172113 7 
08 00 52 211 -016732 7 
08 00 3.11 ~2 -01l33!0 7 

08 00 1·9 21 -Oll III! 1. 7 

30 0.1 00 90 26 +030882 5 
07 00 71 ?5 "ole 19.1 7 
07 00 52 211 "0115 3 6 7 
07 00 33 22 -01171.'10 7 
01 00 18 21 -01111151 7 

25 06 00 90 26 +0308 !7 5 
06 00 71 25 "0190 U3 7 
06 00 52 <til -0 18'292 7 
06 00 3!! 22 -0520~0 7 
.06 00 19 ~ I "01l90,U5 7 

20 05 00 93 26 +0308?3 5 
05 00 70 25 -019U3 7 
05 00 51 211 -019015 7 
05 00 32 22 -058350 7 

L&.I 05 00 18 ~ 1 -054593. 7 
2:15 011 00 93 26 +030868 5 

011 00 70 25 ':'0203'13 7 
-' 011 00 51 <III ~O 19662 7 

011 00 32 n "0662::18 7 
011 00 18 ? 1 -0619~8 7 

10 03 00 90 H .03J86/1 , 
03 00 71 25 -0209'112 7 
03 00 52 2'1 -02021:18 7 
03 00 3 t1 ?2 -07~7"1 7 
03 00 19 21 -010515 7 

5 02 00 90 26 .030858 5 
02 00 71 25 -0215;0 7 
02 00 52 211 "0208 3 1. 7 
02 00 33 22 -082311 7 
02 00 18 21 "07871,11 7 

4 
D 

XBL69'2-180 

Fig. C-l.. A section ,of paper tape from Franklin Printer. 



WORD ··number 

.1,2· 

3 . 
.. .. :'41.5 .. 

6 

7/8 

9110 . 

111 12 .... 

13 

14 

15-20 

21 

22 
23,24 

Octal BCD 

1B 
2B 

.313 
4B. 

58 
6n 

·78 

'.': 
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Table C-l. 

paper tape 
3 2 

t1tne:(16sec,lO . .sec or lO .. min"l /\lin) 

~pace . 

. time: {10 sec, s'ec) 

. Space 

( 
. -1' -2 ) 

time: 10 sec"lO sec 

Space· 

Channel number 

Sp~ce 

Poiar1tyof voltage 

voltage mantissa 

Space 

negative exponent voltage 

end-of-line· symbol 

. magnet ic .tape 

·.BCD· 

l4n 
BCD 

11m 
BCD 

14B 

BCD 

l4B ..... 

l2B or l5Bor 178 

BCD 

l4B 

BCD 

16B 

Table C":2 •. Binary Coding on a; Magnetic Tape 

Real Octal BCD Real 

1 lOB 8 

2 llB . 9 

3 12:8 . +" plus 

4 14:8 . space 

5 158 *, overload 

6 l6B end of a line 

7 .178 -, minus 
. ,. 

~ .. 

j 

.. 

, ': .. 

":" 
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~fue measured -data can' simultaneously be transmitted to an 

Ampex RF,:"l core memory •. After 42 LINES are stored in the meinory" they 

are then transferred to an Ampex 7211 Tape handler unit in batchwise and 

recorded ona magnetic tape of 1/2 inch width and approximate 5-6 inches 

in. length. This batch is called on~ RECORD. 

&ch RECORD contains 512 row's of magnetic spots" see Fig. C-2 

(only the first two rows of spots are' drawn). In the computer program" 

each row of spots 'is called one MESSage. 

Each MESSage has 60 magnetic spots" or BITS, in computer.' 

terminology. Each WORD in the paper tape has to be store in six BITS in 

binary ',coding, magnetized or antimagnetized of each individual spot. . . . 
The coding system of this apparatus is liste\l in Table C-2. 

In paper tape" one line cons1st~ of 24 words" each MESSage can 

only store 10 words, therefore 2.4 MESSage units are needed to store one 

LINE" when the. Ampex 721li6 operated at high denSity storage." The 

sequence. of storages and their' corresponding data line 1n a'paper tape 

1salso shown in Fig.C-2 • 

. Accordingly" 42 lines occupy the fi~st 100.8 message units in 
'. 

th1s RECORlI" the remaining MESSage units are unused. 

The computer prOgram "PROCESS" consists of three parts: 

1 •. ASCEWrF SUBROUTINE IBITS: to convert these magnetic spots-,c, 

into real numbers. 

2. TAPES: to check all words" to see if they are correctly 

spaced as they are specified in Table A-2 and convert them into actual 

numbers with decimal pOints. The data are then store in ARRAY of 60 

spaces, . 30 sets of times and voltaGes. The unused portions of ARRAY have 



MESSage (2) 

MESSage (3) 

MESSage (4) 

MESSage (5) 

MESSage (101) 

MESSage (512) 
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•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
115(11) 115(12~I5(13)IIS(l4) 115(15) 115(16) 115(17) 115(18)11S(l9) 115(20 I 
I . Line (I) Continue . I 

II5(2I)p5(2aIIS(23~I5(24)/l5(1) II5(2)1 (3) 1 (4) I (5)1 (6) 1 

1 Line (I) -1-' Line (2) I 

P5(7) I (8)1 (9)1 (10)1 (11)1(12)1 (13)1 (14)1 (15)1 (16)1 

I Line (2}Continue I 

115(17)1 Cl8)1 (19)1 (20)1 (21) 1 (22)1(23)1 (24)P5(1) 1I5 (2)1 

I Line (2) .1. Line (3) I 

115(17)115(18)1 (9)1 (20)1(21)1(22)1 (23)1 (24)1 

I Line (42) ' ... / All 
blank 
hereafter 

1 . II I. I 
I-I .. ------AII blanks ----~-_4 _ _I1 

XBL6811- 7246 

Fig. C-2. One RECO~ of data on a magnet tape;, 
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in them. They are then written in the WRITE statement on Tape 6 

'ready to be used in the main program PROCESS. 

To minimize the data,lost in the storage because ?f parity 

error in one RECORD, the part of "SEARCH FOR A LEGAL LINE" was written 

for this .purpose. 

3. The main program "PROCESS" READ the data from Tape 6 and 

stores only th~ actual existing data and does all the mathematical treat­

ment ·of data. For the special case of diffusion measurements, the 

mathematical treatment of' data was discussed in section 6...,2. 

Wtienevermathemat1cal treatment of data is not needed, or very 

large amounts of data are recorded in one run, or when minimizatiQn of . 
the computer storage is critically important., the second program "PROCESS" 

should be used. In the second program, the set of data are procesEed in 

groups each containing NMAX sets of "data • . 
Summary of Input Data Notations in Program IIpROCESS" 

NRUN: total number of runs recorded on a tape roll 

MINN: recorded time scale' 

MINN=O the input time is in seconds 

MINN=l the input time is,in minutes 

NCHAN: total nUmber of channels used in an experiment 

NSUB: total number of subrun 
• 
NSUB=Ofor a" run lasting less than 10,000 sec. 

NSUB=l for a, run lasting less than 20,000 sec. 

NSUB=2 for a run lasting less than 30,000 sec. 

etc. 
~ •... 

I 



::A, 

NPASS: number of bypass or unwanted run between two good runs 

. M: e~rimental run number 

reRAN: channel· numbers actually· used· in a. . run 

NMAX: maximum number of data that can be mathematically treated in one 

batch • 

. , 

.. 

• 

. . 
·f 

',:,' , 
, . 

'. " 
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PROGRA~ PROLESS(INPUT,OUTPUT,TAP~5,TAPE6.TAPE2~INPUT,TAPE31 
C PROGRAM' TO PROCESS TH( DATA RECORDED ON TAPE FROM THE TAPE":'RECOROER 

__ .. L ..•.. , ... .lJF .o.I.H1o ,01 GUAL .• VULJMETE R...... . ... _ ..... - ..... . 
C PR·JG~AM LEADS TO DO ALL THE MATHE~ATICAl TREAT~E~TS OF DATA 
C VO.TAGE FRUM CHANNt=L I::HAN,IJ) IS STORED 1"1 VU,NDJ. 

D!,IENSION TIMI'I31.1lll,VI S.3001,ARRAYI2t301.ICHAN13UI 
() 1'110 i~ S 1 nr~ J Otl>! IIj ( 51 , SU"'I ( SI , AVfR AG E (SI • CUN S TI 51 ,C DUN Tl5 I , S TD ( S I 
OIMEN510~ NCHANGISI,SUMSQ(SJ 

____ ,.£,UMMU;:L.JVUJN. .. f11NN. ._._ .•.. _ •..... , ____ ._. __ ........ -- .. _ .. . 
1uO fURMAT (f Q .2,4E14.5,141 
101 FORMAT (1~I41 
102 FORM4T (F~.2,SE14.41 
103 FOR"!AT (7H RUN ,lSI 
104 EURMA1(I~X,13,SI141 

_ .... , ... lliS .F.O~M.AT IIH11 
106 fORMAT I F9.?,4E14.5,141 
107 FORMA r 14Efl.4' 
11.18 FORMAT (* TOTAL DATA COUNT*,F6~ G, 3Fl4.01 
109 F!JI~MAT (* SlIM=*,4EI4.51 
1Iu.~ORM~T (* AVERAGE=*,4E14.SI 
Ul fO.KMATlIIIC1X,!" 1111' INPUT TlMf IS IN SECONDS.!"I 
112 FO~MAT(I/lnX,. THE INP~T Tl~E IS IN MIN0TES.*1 
113 FORMAT (* THE~E wAS MORE THAN 300. SETS OF DlAT,IT IS ,lUT lIF CAPACI 

STY Of SJORAGf*1 
11fr FURMAT (* STD OEV=*,4E14.SI 
115 FORMAT (IHO,. NUMBER OF ITERATIONS*,151 

R.EAD .. li.11.t NRUNS,MINN 
NRUN=-O $II/C=5" SNMAX=3I.1O 
REWIND 5 

1 NRUN=I\jRUN+l. 
IF (I~RUN.GT.NRUNSI STOP 
REAC 101, NC!-tAN,NSUB,NPASS,M. (ICHAN(II,I=l,NCHANI 

.......... _. .I~CHMI =NCHAN-l 
'R EAD Iv -7, iCONS T ( I 1;1= I,NCHM1'1 
NPASS=NPASS+I 
PRINT lOS 
DO 7 1-=I.NPASS 

7 CAll TAPES 
ltHART::l $N.S=O 
IF(NCHAN.GT.NC) ~CHAN=NC 

2 DO 10 ND-=NSTAKT,N~AX 
9 READ(61 (ARqAY(II,I=l,blil 

Tl ME ( NO ) = ('I • () 

IF (FNuFllE 61 ~,5 

~ •. [)lJ 3 (-= 1 , Ne I-jA I~ . 
J=ICHAN(II 
T=AMRAY(l,JI + lOUOO.U*FLOAT(NSI 
IF (/.GE:.C.U) TIMt:(IIIOI=T 

3 VIl,r..:nl=ARRAY(2,JI 
IF (TI~E(Nnl.EQ.O.OI GO TO q 

. JO CONTINUE $PRINT 113 
4ND;'1I/0-l . . 

IF (NS.GE.NSUBI GO TO 8 
(ALL TAPES S~S=~S+l $NSTART=~D+l 
GO TO 2 

S IF ·(MlfIN.EQ.ll PRINT 112 sir (MIIIIN.EO.OI PRINT III 
~MjNT .103,' M. . 

pq[l'iT 104, (ICHANn,,(=I,NCHANI 
DO b J=I,rHl 

'6 PRPH 10-2, IH·1E(JI,(VII,JI,I=I,NCHANI 
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MAH{Fr-1ATICAI. TREATMENTS OF PReCESSED DATA 
P~INT.105 SPRINT 10j,M 

___ ...1.P_~ltlLl O't., ___ ._LICHA"!.LL!J.J.=_LLN~J!!'ll.l •. ______ . _________ ._..: ___ . ____ •.•.•. __ _ 
no 1.1 .J=I,NO 

.. ~QT~S~RT(TIME(J)' 
00.11 l=l,NCHMl . 

___ IF (V(I,JI.LE.-I.OE+6' GO TO 11 
v ( I, J 1::= A BS ( V ( I, J I I *CUNS T( I I *SQT 

_---1.l.~DN.IJ_J:HJ.t:_ .• _____ . _____ •. ____ .• _ .. ___ .•. ...-,_. __ .. _. __ . _. . __ ..... _ ._ ........ _____ .... . 
I TERA:;O 

. __ lZ_UERA= IJERA+! 
0016 l=l,NCHMl 

__ ))~M(II=O.O SCOUNT(I'=.O.O. 
SUMSQ(· 11--=0.0 SNCHANG( U::O . . 

._. _____ l.tQ .• l ~.J_':' __ l tN.D. ____ ._. _. ____ ._ "_'_'" _. _. ___ ... _ .... _ .•. ___ ....... _. ____ .... __ .. _ ...... '._. 
I. f( V ( I , J I • LC • - 1. 0 E + 6 , GO TO 1 5 
IE ~IT~RA.lF.l .ANO. TIMEIJI.lT.1000.O) GO TO 15 
If: liTERA.LE.I) GO TO 13 
IF.·,(ASS(V(I,JI-AVERAGEll)I.GT. 3.*STOll11 GO TO 14 

.. 13 "S:UMtI I ";SUM ( H+V (I, J 1 .. 

_. _ ..• .: SJJJ::tS.Q(U.:=.$.t.LMSQJJ H.Y.U ,.J).!.~L .. __ .. _~._ .. _._. : ...•. __ .. _ ....... _._ ................ . 
CUUNTlI)=CCUNT(II+l.0 

__ .. _ .. GO .. TO 15 _ . 
14 V(J,JI=~10.0**(5+ITERA) 

NCHANG(I)=NCHANGlll~l 

15 CON TINUE 
..... -'-...•. 1.LJ c.uUNT.lll .. .l.E .... O .... O).GO ... .Io 16 ... __ ", ......... . 

AVERAGE ( I' =SUM( I '/COUNT ( I) 
STO( I )=SQRT( (SUMSQ(l I-SUM( I 1**2ICCUNTtII I {(COUNT( ()-1.0) 

16 CUNTINUE . . . 
PRI NT 115,I TERA 
PRJNT 1U8, (COUNT( II, 1=1 ,NCIiMlI 

........... PRi.Nl 109, (SUM( 1 I, 1.=,1'!'ICH.M1 L_ .. __ .. __ .... 
PRINT 110, (AVERAGE(I),I=1,NCHHII 
PRINT 114, (STo( I),I=l,NCHMlJ 
IF' (ITERA.GE.I0) GO TO 18 
IF (lTERA.LF..ll GU TO 12 
DO 17 I = 1 , N C HM 1 

... L1. .. lF _ (Nt HANG.!. 1) ._ G E ~ 1, ... GO_ T!J ,l~ .. 
18 PRINT 105 SPRINT 103,M 

PRINT 104, (ICHAN(II,J=l,NCHMl) 
on 19 J= .1, NO 

l~ PRINT 106, TJME(J), (\'(I,J),I=l,NCHJlU,J 
PRINT Iv8, (COUNT( II, l=l,NCHMlI 

'" .r-.BjNT lO9..dSUMLO.t. J.'::l,_NC!'!tJ.lt '. 
PRINT 110, (AVERAGE(II,I=1,NCHM11 

__ ... .P.RlNT 114, (STO( 11,,1=l,NCHMlI 
C END JF MATHEMATICAL TREAT"ENTS 

.. GO 10 1 : 
END 
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SUBROUTINE TAPES 
DIMENSION ARKAYI2,301 ,M£:SSI 512).1 S(.1010) 

____ ...lCoc!O,l.LM,I'U rU':lillJlI.J1111ll':l.. __ . ._------_. _ ---'---- ...•... --_ ... -_ .. _-- .--
DATA I·GO, MAXCHAN, NREC, IEf\D/ }. 3U, 0,60 / 

..... _lv3 FORMAT ( U.l(JX,* T.H!;REWAS A PARITY E:RROR O:--l THE LAST READ.*) 
104 FORMAll/10X,I3,* ERRORS OCCURRED IN READING THE INPUT TAPE.*I 

Ta~O.~ $10=0.0 SNERR=O 
0064 l=l,1END 

__ ~b~4~ARf\AY.W_= -100UOOO. 
REWIND 6 
r;o .10 I 2 , 11 I I GO 

1 NEP.R=NERR + NLINE-LINE 
2 NREC~NkEC + 1 . 

BUFFER IN 15,11 (MESSlll,MESS(51211 
_--P..LJ.f1.l.lf;JJTJ.2.l.M>.s.J...a.12.~ __ · ______ . ___________ . __ .. __ . ___ . _________ .. ". __ "_. 

66 C.ALl ReCAll(5) $GO TO 65 
.(;>7 PRINT 103 .._ 

3 UNE:=U SLl=lENGTHF(5) 
I'F Ill. G T • 1 (j 1 I II = 1 0 1 
I.M=lU*Ll $NlINE=IM/24 SIGO=2 

~ ___ .. ~ __ !L.l.:=.lJ.LJ. __ ....... ______ .•. _ ..•. _. __ .. .:.... _ ........ ___ ._ 
00 4 K= 1,10 
.1=1+1 . 

4 IS,I!I=.IBITSI6*IK-11+1. b*K, HESS(L II 
.IJ~24 . . 

__ ....J:..._---S.I;ABCl:L.f_OfLA!..~~.M •.. L H!L ..... _____ . __ .. _ ... __ _ 
5 IF (II.GT.IMI GO TO 1 $1=11-24 

.--C6 IFIISII+241.EQ.16BI GO TO 7 $11=11+23 
I F I I S I I ;- 2. 3 I • E: Q • 16 B) G () TO '" s.I I = I I + 1 

7 IFIISII+3I.I'i!:~14tl .OR. ISII+ 61.NE.14BI Gn 
IF I I S n + 91 • NE • 14 B • OR. I S II + 11;) • N E • 148 I GO 
IFIISII+131.EQ.14B.ANO.ISI!+211.EQ.14BI GlI -----···S-I(;;-I ( .. '2 4- .-.--- $GO"1'O-5 - -- .. -•. --- ..'-- --. 

9 INDEX=lU*ISIl+ll1 f- IS"+121 
IF 11511+141.EQ.15BI GO TO 8 

.. C lSI 1+1.41 EQUALS 15B IF THE VOU AGE EXCEEDS 
IFlItWeX.LE.O .OR. INDEX.GT.MAXCHANI GO TO 

_~ _____ . .J . .EJI.S1J UJ .•. GL •. ~ L<lQ .T_O .!L_ ... ____ . _ _ ___ ._ 
C ALL ,THE CHECKS AR E CaRR Ee T • 

TO 8 
TO 8 
TO 9 

S I=U 

SG1 TO 5 
$GO TO 5 

ITS ALLOWABLE RANGE. 
8 

T1ME=FlOAT (l(;*IS( 1+41+1S1 I+511+0.01~FLOATll()*ISI 1t-71t1S1 1+8)) 
IFIMINN.EQ.(j1 TIME=T1ME+lt1u.O*FlOAII lu*IS( 1+11 +ISI 1+21 I 
IFIMINN.EQ.11 T IME=TIME:+60.0*FlOATt 10*ISI!+li+ISI [+211 
VOlT=u.O . 

-c---·····T~fL·M.JS·f- ---d:n----· -n GURl-g' THRO .. -N'--A'iiAY·. '1 FVOU WAN'lru Rt:TA [N 

C IT, SEt VOLT EQUAL Tu lSI 1+151*1.0E5 [N THE PRE:CEO[NG STATEMENT. 
--"-"---' . tINE;'LI NE+l· . . . . . 

DO 10 K=1,5 
·L=I~K+15 

. 10 VOLT=YOLTf-FLOAIIIS(LI1*10.**15-KI 
----·--.IE~M:-iS(Y-;2-2i-·--- r"' __ ..... ~ --- _. -."'- .' - •• -. •. - •.••.• 

YOll=v8LT*lO.**IIE+31 
.-. ----IF ( I SI'1 +141. EQ ~ 17SIVOLT=-VOU 
<; THIS GI VES. VOL T IN MIll IVOL TS. TO GET VOL T IN VOL TS, DELE TE +3. 

_. ____ JFJ_y.Q.J.,.I .. ll·_O!E'_!"§()_ .I.Q .. L ... ' __ '. _. ______ ._._ 
11 (FITIME.LE.TO-2.1 GU. TO 16 

IFIINDEX.LE.IOI GO TO 13 
.----- IF(TIME.GE;io~2.1 GO Tei 13 
_.l2 ARRAYI1,lIliDEXI=TIME 

....... 
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----_ .. ,-" .<. . - ... , 
~RRAYI2,.NDEXI·VOLT 
TO=.T.IME. $JO=.lNDEX.. seo TO 8., 

13 WRlTEI61. IAPRAYllld=l,IENOI 
__ ---,..-JQQ_l!L.l=-iJJ H:lQ __ . __ .~_ .. _'_ . ______ .. _._ ...... ;. ____ ..... _. . .. _. _ ....... _ 

14 ARRAY/II- -1000100. SGO TO 12 
.15 IGO=I. .. . .. 
J6 JFINERK.NE.OI PRINT 104, NERR 

W~I TE /61.": (ARRAY I r 1,1=1 •. IEND.I.· 
ClIiE·UNJSEOPOP.T!UNS OF ARRAY SHOIJLD HAVE .-leuoe.vo. IN THEM. 

___ .---E1Wf.1.1.L.~::..-.~-__ ·.-·----... --.--.-.---~-. ~ ... _-c ... _. " .•.. ' •. _., .• _~ •• _._ •.•.• _ ...... _ 

REwIND 6 
•... RETURJ\I ._ 

END,' 

-~.-.---...:.-..... -..... ~.-..: ,_.,._. ---.. _.- ----, -- .. --.-~":- .. --.-... 

ASCE~lF sUBROUTI~E 
.. '~~Sl l' .'. 

__ .. _,_._._~._:..JlSSl...l-. __ 

... RET 

5sSZ 1 
. BSS.l 1 .. 

BsSZ 1 
B SSl . 1 

. . SAl fll 
,_~_ .. __ . __ ..... .5S.l.=,;l!l.-:-l_ . 

SA2 82 
IX2= x2-XI 
S84= X2-59 
SA3 83 
LX6= fll,X3 

., ... tQ ., .. SO.B4 RET 
lX6e4,Xb 
MXO 1 
S64 84+1 
lXO 54,XV 
BXb= -XU*X6 . 

,_,,_ •. '_' .... :£Q ,6.11t..llo. RET, . 
END 

----------'-..... - ... 

IIIITSIIL;12,XI . 
.THIS ROUTINE SELfcrs ~ITS lITO 12 

_ .• SJY£LOf'.X,.ANP.STO~rs .THE'" JRIG:t~ 
.WITH ZEROFILLI IN 181TS~ 

.BITS ARF. 1 TO 60 LEFT TO RIGHT 

.1l=(Xl) 

.N=N·UMflER .oF BITS=12-1l+1= IB41-&0 

.-X=I X3) . 

.lEFT'sI-IFT IX31, 11-1 BITS 
.. ' DONE 1 F. N=:60 . " 

.RIGHT SHIFT 10 END OF HORD 

.FORM 6C-N BIT "ASK 

I I NCLUOOUUOU[OOUU00 
ADJUsr0000uG00000JO 

OUuO(JlJDvOOl'UO 
OOOOOOUJOO(H)u 
0000000000000 
OOOOOU0ll00(.1J0 
56110 

._~211}77776 
5622u 
37221 
6242 177704, 
SbBU 
22613 
0404 LQouOl 
22646 ' ,. 

43001 
6144 009001 
22040 . 
15660 
9400 LOOOOl 



-154-

PRJGR AM p~ DC F S S ( INPUT, OUTPU T ,T AP E5 , TAP E6, TAP f7. = (NP UT • TAPE3 , 
DP1ENSlO'-J n Mf: (20') I, V ( 5,2)0 I, t\RRAY (2,30 I, rCl-'~N( 30 I . 0 

'IIC;5 $ N~I\X=21)'J . 
to··f'1CN'N RUN, M I~IN 

101 FORMAT (1131'4' 
i(l2-FO.~''''I AT ( F 9.2',6(14.5 I . 
103 Fd~MAT (~~ RUN .(5' 

o. '-1C'4 FJ~~AT(15l(,B,5Il41 
105 FOR"IAT (lHl I 

c 

1'06 FOR"1i\T"'('7~ . NT i)T=,t61 
READ 101, ~RU~S,MINN $ N~UN~9 $ REWI~D 5 

lNRUN=NRUN+! ·$·tF(NRUN~GT.NqUNSI GJ TO 99 $ PRtNT 101) 
REA!) 1:)1, NCHA"J,N,)UB,NPASS,M $ \jPASS=NPAS,)+l $ 00 7 J=l,NPASS 

7 CAL L TAP E 5 $ REA 0 1 () 1 , ( Ie HA ~H I I , I =' 1 ,'II C -I A ~ J 
MURE=Q $ NTOT~J $ NS=O ' 
IF(NCHAN.GT.N:) NCHA~=Nt 

2 np 10 N~=l,'II~AX 
9 'READ(61 IARRAVllltI=l,6Q1 $ TIME(\jf))=)." $ lFlENDFHE 6'4,5 
50,0 3 I=l.fIICHAN $ J=ICHfl.N(I) $T=ARRAY(l,JI + 100C().O*FLnAHNSl 

o (F(T.GE.).GI Tft-1~INOI::T 
3'VU,NDI=6RRW(2.JI $ rFITIMEIN')).='J.9.~):;0 D q 

Ie CtiNTI~UE $ ~Oq~=l $ ND=NMAX+1 
4 NlJ=~t)-l $ NTOT:NTOT + ~D 

C DO ydUR TYI~G 

C 

. PRINT 1)3; ~~ 

PRI.NT 1')4 , (ICf-IANllltI=l,NCHI\NI 
00 6 J =1, ND . 

5 PRINT lJ?, TI~E'JI,(V(J,JI,I";l,NC-iAfIIl 
PRINT 106, NTOT 

- IF("1[JRE~ t::Q.OIGO Tt 8 $ ~ORE=C $ GO TJ 2 
8 IF{'IIS.GE ."JSlJ91 GO TlJ 1 ~ NS=NS+l $ CALL T\PES $ GO TO' 

C VOLTAGE F~n.., CHANNFL rCHANII) IS ,)TJRED I'll V(T'Nfll. 
C IF A RUN HAS MQR£ OATA SETS THAN NMAX, TH~ SETS ARE PRn~ESSEO IN 
C GROUPS nCH CONTAINI"!!; NMAl( SETS. 
C 
C ALTERNATELY, PJSTEAD OF SPECIFYING THE CHJ\NNFLS. ONF rnULD SEARCH 
C FOR CHAN"IELS WITH INFORMATION. FJR A CHA~NEL { WTTH NO 
C INFORMATION, J\RRAYIl,!) A",,'> II,RRAYI2.Il HAVE RFFNSFT FOlJAL TO 
C -1.J.E6 

99 STOP $ om 

, (Pages 1S4 and ISS are the original programs written by John 

Newman. For processing the data tapes, these programs were modified by 

the author, eventually coming to the form on pages 150 to 153.) 
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SUgROUTI~E TAPES $ DIMENSION ARRA'((2,3CI,'USSI512).tc;(10101 
CO~MON NRU~~~TNN 
DATA IGQ, MAXC~AN, NREC, TENOj 0, 30, 0, 60 I 

- 17, F'OR:<1ATIII10X,* THE INPUT TI/oIE IS IN SECONI)S.*I 
18 FOR':1AT(!Il,)X,* THE INPUT TIME IS IN MINUTES.*I 
-lQ'FOR"1ATIIII,lbl(";*THFRE-WAS "PARITY ER~OR IN THF LHT RFAO.*) 
20 FOR"1ATtllOX,p,. ERRORS ceCURRED IN READING THE INP!lT TAPE.*) 

"-----ro;.y.o $10=(1.1) ~ on 21 I=l.IEND 
21 ARRAXt 11=-100"1000. $ NERR=O $ REt4 I'lD 6 
'---IF'( I.Gb.~'l.-2IGQTO 2 SiFf ICO.EQ.-l) GO Tn 11 

IF ( MIN N. EO. 11 P R 1 NT 1 f3 $ IF ( M 1 N'I .: Q~(ll P R 1 I\j T 17 $ (';0 TO 2 
IN~RR~NERR+-NLINE-LINE 
2 NREC=N~EC + 1 $ BUFFER IN('5,l1 IMESSClI,MESSI-;12)) 

, ---65' I FlLJN I T ,51 S 6 , 3 , 1 5 , 67 
66 CALL RECALLfS) $ GO TO 65 

'67 PRINT} q , 
3 LlNE=li $ LL=LENGTHFIS) $ IF(LL.GT.DlI LL=lOl S IM=10*LL 
,- NL INE= IM/:r4 $ 1 GO= 1 

1=0 $ DO 4 L=!,LL $ 00 4 K=I,10 $ 1= 1+1 
4 ISIIJ=IBHSf6*(K-ll+l, 6*K, MESSIL II $ 11=/4 

'S E AR C H Hl~ II L ~ G 1\ L lIN E 
51FfII.GT.rf~1 G8 TC 1 $ T=tI-24 

t'ttIFUSI 1+,-4).EQ.16A)GO TO 7 $ 11=11+23 $ :;0 TO '5 
"-r F ( I S ( I + 2 1 ) • EO. 16 !3 I (; 0 Tn S $ II = I [+ 1 S GJ Tn 5 

7 IFIISI [+3).~IF.14R .OR. ISll+6I.'lE.14F1) GO TO A 
IFI,l5.([+O).NE.14B .OR. [S(I+l:)I.NE.14B) GJ HJ A 
1.F(JSII+13J.£Q.14B. ANO. ISCI+21l.EQol4Q) GO Tn 9 

8 1,1=11+24- $ GO TO 5 , , , , 
9 PJDEX=lJ*I')(T+l1l + ISII+121 $ TFITS([+14).F:O.t';Rl r.n Tn 8 

1511+141 EOUALS 15A p: THE VOLTAGE EX::FEflSI Tc; AllOWARlF RANGE. 
IF'INDEX.lE.C .OR. INOEX.GT.MAXCHAN) GO TJ 8 
IF(ISII+1I.P.91 GO TO R 
ALL THE'r::HECKS ARE C[lRRECT. 
Ti ME =F lO ~ T (] C * I SIt +41 + IS ( I +5 II +0. () 1 * FL 'JA TC 10* T S ( 1+ 71 + I S( 1+8) l 
IFllo\lN~~.ErJ.,)) TTME=TlME+10;).0*FLJAT( t:>*IS( I+ll+{SI 1+7) I 
IFH1[WI.EQ.11 T[~E=TIME+6".O*FV1ATI10*ISfI+11+ISII+')1 
VOLT=O.O 
n-iE MOST SIGNIFICANT FIGURE IS TH~OWN A'tIAY. IF YOU WANT TJ RETAIN 
IT. SET VOLT EQUAL TO 15(1+151*1.)E5 IN ,THE P~FCfl)T>,jG STHE"1ENT. 
lINE=LINE+l $ flO 10 K=I,S $ L=T+K+15 

10 VllLT=VOLT+FLOATIISlll)*l1.**IS-K) $ IE=-[SII+7]) 
VOLf=VClLT*lCl.**IIE+3) $ IF(lSI[tt;).E:J.17!3) VOLT=-vnlT 
THIS GIVES VOLT IN MILLIVOLTS. TO GET VOLT IN VOLTS. nElETE +3. 
I F( VOL T.J:O. ').:)) GO TO '3' 

11 IFITIME.LE.TO-?) GO TO 1" S IF(INDEX.lE.IOI c;nTO 13 
IFITIME.GE.TO+~.) GO TO 13 

12 AR~:\YI I,fNOEXI=TI~F.$ TO=TlME$ AR~AY(2,IN[)EX l=vnLT $ IO=INDEX 
GO TO 8 

13 Io/RI TE(6) IAPQAY(J) .I=ltlEN!JI $ DC 14 1=1,IENO 
14 ARRAYI It= -lO"~OOO. S GO Til 12 
15'[GO=2 
16 IFI'IERR.IliE.t)) PRINT 2e, NERR $ WUTE(61 IARRAY!T).t=1.TENDI 

.THE UNUSED PO~TI'JNS OF flRRt\y SH1ULO .~VE -l,)OO('l('lO.tN T"'E~. 
ENDF[LE ~$ REWIND 6 S RETURN $ E'IO 
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APPENDIX D. 

Magnetic Tape Handling 

:rn the Ampex 7211 tape unit, the two-channel-photosense.,.unit 

automatically stops tape motiori and gives a signal to a remote equipmen~, 

· a digital: voltmeter or a computer, when reflective tabs are sensed. In 

other 'words, two reflective tabs are essentially the points where the' 

recording st'arts and ends. . , 

''lhe tabs have a size of 3/16 inch byl inch, and are niade of 

aluminum foil. ' They are located 1/32 inch from the lower edge of tape 

as an indication of the starting point, 1/32 inch from the upper edseof 

tape as an indication of the end' 'point. 

For the ~urposeofeccinomizirig the use ot magnetic ta:pe and 

saving the cost of tape cleaning arid the storage spaces, the tape can be 
1 • • 

left on the tape recording unit without. rewinding between two runs when-

ever it is possible. If it becomes neces.saryto remove it from the 

tapeun1t, a tab of the above size should be put at the lower edge of 

the tape as a second starting pOint at the position'of recording-head 

where the tape stopped. 

,When the remaining part of the tape is being used again, skip, 

, , '« « 
the first tab by pushing the, FORWARD button once. The tape unit auto-

mati cally stop~at the second starting point and recording will start 

to record at the second tab. 

Remove the first tab, when the tape is sent to be processed, 

or remove the second tab and set NSUB in program "PROCESS n equal to the 

totalnulnber of runs previously recorded. 

.. 
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," . , .APPENDIXEl 
",§ 

, ,: ,; itCONCEN" program notes 
: . .,;, , ',.;, 

II . EN" "., ~ h· 1 Program CONC. was written for calc"4-Gting t e, ve ocityanc,. 

'col:lcentration p~ofiles anddimensionle~s current density on a stagnant 
',':..,' 

dlf'fuscion :~ell when the 'variation of transport properties and nonzero 
, " ' .' ' ,-'.' 

interfacial velocity are taken into con's1deration. The program nota.:. 

tions are: 

N 

DY 

ERR 
'. 

GNUP· 

. CW· 

. ·nurnber of. iterations 

mesh size 

. relat'ive tolerable, error 

M+v+/Ms 

CZERQ·. ,t Co 

'.' i' 

AMP I (see Eq.(~-9n 

' .. '. 

, . 

, . : .. 

,. 



PROGRA~ CC~CEN I I~PUT,OUTPUT, TAPE2=INPUT, TAPE3=OUTP~TI 
I) I M F.N SID N i3 I 1 0:) 1 I • H I 1 (l 1)I I , :4 I 1 f) 0 1 I , ell ()..; 1 I • RAT 10 ( 1 (1(' 1 I ,S LOP E ( 1 00 1 I 

101 FORHAT, 1414,5F8.0.l . 
102 FORMAT 11~1, 69H INPUT DATA •••• N DY W-INF W-ZERO 

S ERROR V+*NU+/MS 1 15X,14,F6.3,IP3Ell.3,IPEl1. 4111 
103 FORMAT (I5.1P5E15.41 . 
Ir)4 FOR~AT (l~OI 84H I V-PRnFILF. W-PROFILE C IMOkE/LI 

$ 'C/CI~F ClrlI\lF/nY*1 II 
10') FORMAT 115X,8H I)-INF= ,El]'.4. 5X, 8H C-INF = Ell •. 4 I 15X, 

S8H D-lFR0= , Ell.4.5X,8H C-ZFRO= .EII.41 19X,4H 1= .IPEll.41 
$ 9X,14HNO. IlERATION= d6 19X, 14HTIM[ IN SECOND. F9.2 I 

106 FORMAT 15X.18HDIINTE~RALI/DINF= .IPEll.4,11) 
8 RFCAD 12.1()ll N,Nl,"1P.M,CINF,CZ'=:R.Q.i"Y.F·;~K.G,'\I'.;P 

IF IN.EO.S) GO TO 6 
CA~~ SECO"1n(TI~rl 
R PIlF: 1..0 

H) R0LD=R I"JF 
WINF=CINF/RINF*0.15961 
R I,NF7RHO I \', I NF ) 
TfSTI=ROLD/RINF-l.O 
IF (ABSITESTII.GT.FCRRI GO TO 10 
wZERQ=ClERO*O.15961 
AMP=0.0 
R0,=Rf-t0 I \~Z E RO I 
TPO=TP('I!ZERO) 
Tr-lO=TI'I ('~/Z ERO) 
DO=D I ~il [-RU) 

DINF=D(~J1NF) 
SO=RO/RINF*DO/DINF 
DO IJ=I.N 
W (J I =W I NF 

1 HIJlcO.O 
ITFRI\=O 

2 AO;A"'P 
HINF",HINI 
IIERA= ITERA+I 
~J(II=O.O 

B(l'=O.O 
51=50 
Pl=RO/qINF*H( l)+A~P*TPO 
ADDl=Pl/SI 
DO 3 J=2.N 
S2=RHOt:AI(JI )/RINF*D(',-JIJI IIDINF 
P2=RHO(WIJ)I/RINF*H(JI+A~P*TPI~IJI ) 
AI)D2=P2/S2-2.J/O(~(J)I*~INF*(J-11*DY 
B(JI=BIJ-1)+DY/2.~*(ADDl+AOD2) 
~IJI=W(J-l)+D~/2.~*(FXPF(B(J"/S2+~XPFlil(J-l)I~~11 
A!)OI=.ADI)2 

3 51=52 
CON~T ~IWINF-wZEROI/~INI 
004 J=I.N . 

4 ~(jl=CONST*W(JI+~ZERO 
AMP;;-CONST /Tr~o 
HCI)=A~P*GNUP.RINF/RO 
SIJM=O.O 

--...., 

., 

\ 
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RHOl=RO 
00'5 J=2,~J 
RH02=RHO I Vi I J) ) 
SUM=SUM+DY/Z.U*IRHOl+RH02) 
HI J) = 2,.0* I J-l ') *OY-2. 0/ RH02*SU~~+HI 1 ) *RO IRH02 

5RHOl=RH02 
IF (lTERA.t:"O.l) GO TO 2 
TES T1 = iI"ip lAO-I. 0 
TEST2=H!N)/HINF-l.O 
IF IA~SITESTl).GT.ERR) GO TO 2 
IFIAGSITf5T2).GT.ERR) ,GO TO 2 
DO 9 l=l.N 
C I I I = ~I I I ) * RHO 1 \\' 1 I ) ) 10. 15961 

9 RA'TIoII)=Clli/CINF 
~Ob=3.1415927*(AMP/2.n·T~I~INF)/WINFI*·2 
SLOP~(I)=RO/SO/O.15961/CINF*CONST 
DO 7 1=2.:\1 

7 SLOPE ( I ) =RA T I 0 1 I I/DY II I -I) 
I,oJRITE 1301021 N.OY.l~JNF.\!Z~RO,FRR.Gf\!IJP 
WRITE 13.105) DINF,CINF. DO.CZERO,A;iPdlERA,TI"1~ 

WRITE 1~,106) DOD 
't!RITE 13tl()41 
WRITF 13.103J II,HIII.~II)~CIII.R~TIOII).SLOPEII). 1=I,Nll 
WR rTF I 3 , 104 1 
WRITF 13.103) II.HII),WII ),CII).RATIOII).~LOPEII), I=Nl.NP.~) 
GO TO 8 

6 STOP $END 

FUNCT ION RHOI \,~) 

RHO=O. 99669+n .026901 *\,:**0.5+(;.74771 *";+';.&0 71S*':'**I. 5 
,RETURN $END 

FUNCT I ON P·1 I ;.j) 
TM=n.597n63+3.57889*W-8.21995·~·*1.5 
RETURN $END 

FUNCTION TPI~!), 

TP=~3.5788)+12.329925*W**0.5 

RETURN $END 

FUNCT!.ON 0 I ';1) 
D=0.207*EXPFI-29.'*W •• O.51+0.638-~.58n*~**0.5 
D=D*I.0£-5 

'RETURN SEND 

~.-. -. 



APPENDIX E2 

"DIFF" Program. notes 

Program "DIFF" was written for obtaining differential diffUsion' 

coefficients from the limiting current measurements. The program nota-

tions are: 

, MAXIT 

TOL 

NVAR 

NDATA 

SALTMW' 

GNUP 

ETRON 

AREA 

N 

DY 

ERR 

CDATA 

SQRIT 

AMP 

DD(I) . 

DPRED 

maxim\.lm number of iterations,' e.g. 15 

tolerable error in differential diffusion coeffic1,ents, e.g., 

. :. -8 2/ 
10 em· sec 

number of variables in correlations, e.g., 5 (see Eq. (2-19» 

. total number of input experimental data 

molecular weight of salt 

n 

.. 2 
.. area of capillary (cm ) 

number of mesh pOints, e.g. 501' 

mesh size, e.g. 0.01 

relative tolerable error, e.g. 10-4 

concentration of solutions (M) 

experimental result of I~t (mkfsec) 

I (se"eEq. (2-9» 

differential diffusion coefficients at lTERA. th iterations 

. predicted diffusivities from Eq. (2-19» 

., .. :.". 

. . 

... 

,~ . 



... 
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PROGRA"i DIFF' IINPUT.OIJTPUT. TAPE2=INPUT.TAPE3=0IJTPlJT) 
D1MEN~ION COFIIO).XI60.10),WDATAI60).DDI6n).CDATAI6n).5QRITI60). 

$ '. DENlbO).DDOI60) 
cOMMoN NVAR*NDATA.SALTMW~COE.X.WDATA.DD 

101 FORMAT 114.E8.2) 
i02 FORMAT 1214.4F8.0) 
104 FORMAT IIHQ, 10X,20H NO. OF ITERATION: .14./14X.16H TIME IN SEeo 

$N~ .F8.211 7X,2HI • 9X, 3HAMP,12X. 2HDD,15X,IHD.l~X,4HTIME ) 
105 FORMAT 15X.14,3EI6.A.~16.2) 
106 FORMAT IIHO.5X. 20H STANDARD I)FVIATJON= • Ell~4) 
107 FOR~AT 190H THE NUMBER OF ITERATIONS HAS EXCESSED THE NUMBER OF 

$MAXITERATION. PROBLE~ TER~INATED ) 
108 FORMAT 16EI0.4) 
109 FORMATII4.3tl0.4) 
110 FORMAT (3EI5.4) 

RFADI2.101) MAXIT.TOL 
R~AOI2.1':2) NVAR.NOATA.SALT'·l'N,Gr-:IJP,fTRON.AREA 
READI2.109) N. WZ~RO.DY.~RR 
READI2.108) ICOATAII).SQRITII).I=I.NDATA) 
WRITEl3tlI6) 
CALL SECONDlrIME) 
DO 1 1=I.NDATA 
00II)=SQRITII)/IETRON*96500.0*AREA*CDATAII») 
WDATAII)=tDATAIII/DENII)*5ALTMW/I000.0 
DO 1 I ) = H1I WDA T A I I ) ) *DDI I ) 
ODII)=3.14159*DDII)**2 

i WRITEI3.110).WDATAII).DENII).OI)II) 
ITERA=O . . 

2 DO 3 1=I.NDATA 
30001[)=DOII) 

ITERA= IT Ei~A+ 1 
CALL Dj'lA TRX 
CALL CORREL 
WRITFI3.1C4) ITERA.TIMf 
5TDD=0.0 
00 4 I=l.NDATA 
WINF=WDATAII) 
CALL A~PERE IN.WZERO,'NINF.DY.ERR.GNUP.A~P) 
CALL SECOND(TIME) 
OPRED=D (vII NF I 
WRITf(3.1nSI I.AMP.DDII).npRFn.TI~F 
STDD:5TDD+(DD(I)-~PRFn)**2 
DD'I)~2.0/ETRON*SALTMW/IOOO.0*SQRIT(I)/AREA/OEN(I) 

4 DD(II=IDD(I)/96500.0/AMP1**2 . 
STDD:SQRT(STDD/INDATA-i)) 
WRITE 13.106) STOD 
IF (ITERA.LT.MAXIT) GO TO 5 
WRITE(3,D7) 
GO TO .100 

5 00 6 I=l.NDATA 
6 IF(AAS(DD(I)-DDO(I)I.GT.TOL) GO TO 2 

100 STOP 
ENO 
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SU B R 0 UTI N [ A ~ PER E (".J, W Z E R 0, l·JJ N F , D Y , ERR , G N IJ P • M-~ P ) 
OIME'NSION B( 1001), H0001) ,vJ( 1001) 
M~P=O. 0 
RO=RHO (W.Z fRO) 
TPO=TP(WZERO) 
OO=D·( WZERO) 
RINF=RHO(WINF) 
OINF=Q(WINF) 
SO=RO/R I.NF*DO ID I NF 
DO 1 J=l,N 
W(J)=WIt\lF 

1 H(J)=O.O 
2 AO=A,.MP 

HINF=HCN) 
·W(l~=O.O 
8 ( 1) :,0.0 . 
Sl=50 ' 
P 1 = R 0 I R I N r- * H ( 1 ) +A '-1 P * T P 0 
ADDl=Pl/Sl 
DO ~ J=2,t\l 
S2=RHO{WCJ»/RINF*D(W(J) )/OINF 
P2=RHO(W(J)/RINF*H(J)+AMP*TP(W(J» 
ADD2=P2/S2-2.0/D(W(J)*DINF*(J-1)*DY 
B(J)=B(J-1)+OY/2.0*(ADDl+ADI)21 
W(J)~W(J-1)+DY/2.0*(EXPF(B(J»/S2+EXPF(8(j-1) I/S1) 

, AD01=ADD2 
3 Sl=52 
~ONST ,=(WINF-WZERO)/W(N) 
DO 4 J=1,N 

4 W'J)=CONST*W(J)+WZERO 
AMP=-CONST/TM(WZERO) 
H(l)=AMp*GNUP*RINF/RO 
SUM=O.O 
RH01=RO 
DO 5 J=2.N 
RH02=RHO(W(J) ) 
SUM=SUM+DY/2.0*(RH01+RH02) 
H(J)=2.0*(J-1)*DY-2;O/RH02*SUM+H(1)*RO/RH02 

5 RHOl=RH02 
IF(ABSCAMP-AO).GT.ERR*ABS(AMPII GO TO 2 
IF (ABS~H(NI-HINF).GT.ERR*ABS(HCNI I) GO TO 2 
RETURN 
END 

.. 
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SOBROUTINE Co.RREl 
DP-1ENSION (o.E(101.X(60,10),8(10),A(lO,lO) 
COMMON NVAR,NDATA.SAlTMW,(o.E,X 

101 FORMAT (214) 
103 Fo.RMAT (35H ONEo.F TH~ DIAGo.NAl ElEMENTIS Z~Ro. ) 
104 Fo.RrvlAT (lHI, 10( 15H (o.EF. o.F X ( , 13, 4H) = , E12,41) 
111 Fo.RMA T (IH 1 ) 

NVAR1=NVAR+l 
DO. 3. K = 1 , N V AR 
B(K)=O.O 
002'I=1,NVAR 

2A ( KtT) =0.0 
06,3. J=l,NDATA 
~(K.=B(K)+X(J,NVAR1)*X(J,K) 

Oo.3.I=1,NVAR 
3 A ( K , t' ) = A ( K , I ) + X ( J • K ) * X ( J, I ) 

DO. 4 I=l,NVAR 
4 IF (A(I,I).NE.O.O) Go. To.5 

WRITE ~3,103) 

Go. TO. 100 
5 IN~l=NVAR-l 

0.012 ·I=1,INM1 
IPl=!+l 
A,(I, I ) = 1.0 I A ( 1 , I ) 
B(I)=B(I)*A(I,I) 
0011 K=IP1,NVAR 

11 A(I.K)=ACI,K)*ACI,l) 
Do. 12 J=IPl,NVAR 
BCJ)=B(J)-B(I )*AeJ,I) 
DO. 12 K=IPl,NVAR 

12 A(J,K)=A(J,K)-A(I,K)*A(J,I) 
B(NVAR)=B(NVAR)/A1NVAR,NVAR) 

Do. 13 JJ=2.NVAR 
J:;:NVAR-JJ+l 
JP1=J+l 
00.13 K=l,J 

13 B1K'=BCK)-A(K,JP1)*9(JP1) 
WRITE (3,111> 
Do. 14 l=l,NVAR 
(o.E(I)=B(I) 

14 WRITE (3,104) I, Co.E(I) 
100 RETURN 

END 



-164-

SUBROUTINE DMATR~ 
DIMENSION COE(lO),X(60,10),WDATA(60),DD(60) 
COMMON NVAR,NDATA,SALTMW,COE~X,WDATA,DD 

NVAR 1.=NVAR+ 1 
DO IJ=l,NDATA 
X(J,NVARl'=DD(J) 
X(J,l)=l .. O 
X(j,2)~WDATA(J)**O.5 

X « J , 3 L~JoJ D A T A ( J , 
X(j,4)=WDATA(J)**1.5 

1 X(j,5)=WDATA(J)**2.0 
RETURN 
END 

FUNCTION D(W) 
DIMENSION COEllO) 
COMMON NVAR,NDATA,SALTM~,COE 

D=COE(l'+COf(2)*W**0.5+COE(3)*W+COE(4)*W~*1.5+COE(5)*W**2 
RETURN, 
END 

FUNCTION RHO(W) 
RHO=0.99669+Q.026901*W**0.5+0.74771*W+O.80718*W**1.5 
RETURN 
END 

FUNCTION Tf.1 ( W ) 
TM=O.597063+3.57889*W-8.21995*W**1.5 
RETURN', . 
END 

FUNCTION TPn.,t) 
TP=-3.57889+12.329925*W**0.5 
RETURN 
END 

.. , 



" 

I 

.<I 

~, 

-' APPENDIX E3 

"," "', ' " :,MIGRl and MIGR2 'Program note 8 

, ' " " 14 27 
Programs MIGRl andMIGR2 were wr:ttten by Newman; " MIGR2 is 

transferred here 'for easy reference. 'MIGRlwaswritten for calculation of 

the effect of migration on the limiting current and surface concentration 

cha,nges for ~he ca.ses of no or complete dissociation of bisulfate ions. 

MIGR2 was written for the case o'f incomplete dissociation of bisulfate 

ions. The programs notations are: 

MODE 

NJ 
~ 

N 

H 

STRI' 

:R 

AK 

CRO 

" cus04' 

H2So4 

, , 

MODE=lNernst diffusion, 

MODE=2· Stagnant diffusion or penetration model, 
. , , 

',' ,MODE~3' Rotating disk or boundary layer model' 

" . 

total number of nie~h pOints, maximflm capacity 403 

total number of ionic species, maximum ca.pacity 5 

mesh size, e.g., 0.24 

10nicstrength ,of' solution (see Eq. ' (4-8)) 

r (see Eg. (4-4)) 

',K2 (see Eg. (4 ... '5», 
concentration of reacting ion at electrode 'surface 

concentration of copper sulfate in bulk solution 

concentration of sulfuric acid in bulk solution 

CIN(I)', ' concentration of' individual ionic species 
" 

'. , 

One blank card terminates a system" two blank cards stop the 

program~ The built-in relative' tolerable error in iteration is 0.00001 

of calculated current. 

, , 

, , 
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PRCGHA~ ~IGR2 (INPUT,OUTPUT) 
C Pf<CGkA'" FCR EFFECT OF MIGRATION ON LIMITING .CURRENT 
C I~CC~PLETE DISSOCIATioN 

OI~ENSICN ~(6.6).B(6,6),C(6,4031,D(6.13),G(6),X(6,6),y(6,6),U(6), 
IV(4CJ) ,OIF (6) ,Z(6) ,5 (6) ,CIN(6),REF (6) 
CO~~ON A,B,C,O,G,X,V,N,NJ 

Ie} FCR~AT 13I4,3£e.4) 
102 fOR~AT t4E8.4,A6) 
1e3 FOR~AT '4HC~ja.I4,5H. ~-,F6.4/34HOSPECIES U OIF Z 

1 S/C3~~A6~2Fe.5,2F5.1))· . 
104 FORI' A,. (32"'1t\ER~5T STAGNANT DIFFUSICN LAYER) 
lCS FORI'AT C32HIGRC~ING DROP OR PLANE ELECTRODE) 
lC6 FCRI'AT (14HIRCTATING DISK) . 
1Cl FORI'AT ISEe.4.) . .' . 
Irs FCR~AT 130HCT~E NEXT RUN DID NOT CONVER~E) 
109 FCRI'AT I1HC,26X,2FI0.6,Fe~/(3x,A6,2F9.5)) 
110 YCR~AT (S4I<05PEC1ES ,CINF CZERO.· . AMP AMP/AMPD R) 
111 Fc~;"AT 1* THER'£ ARE hO IMAGoOR t-.EGA. CONC.o/4ElS.4) 
113 FCR,.,AT I 11111 10X,.CUS04=CI,lPEI4.4,9x,eH2S04co ,lPE14.41 

S . ~ ·I:O~IC STRE~GTHco,lPE14.4,4X,·o-ISO. CONST-*, IPE14.4 
99 ~EAC tC1, ~COE,~J,N.H 

JF (MOtE.EO.O) STOP 
GOTC (1.2,3).MOO£ 

1 H .. l.O/Ct\J-Z) 
CC~STaC.O SAMPDal.O SPRINT 104 5GO TO 4 

2 CChST=~.O S~"'PD-l.lZ~38 SPRINT 105 5GC TO 4 
3 COhS'-3.0 ~AI'PO.1.1198 ~PRINT 106 
,. ~"'l.N-i S~"'2cN_2 

RE AC l'e 2, IU (1 ) ,0 I F II) ,Z (II ,S c IJ ,REF I'll ,1 111 1, filM 1 ) 
P~I~T 103, NJ,H,(REF(Ii.uCI),OIFII),ZII),SCI),I c l,NMl) 

S REAC fC7,STRI,R,AK,CRO 
IF (ST~I.LE.O.O) GO TO 99 
CvSC4.(1.0-R)/(4.0-A)OSTRI. 
H2SC4aR/(4.0-R)OSTRI 
PRI~T 113, CUS04,H2504,STRI,AK 
QZ~-CUS04-3.C*HZS04-AK S03_Z.0*H2S04 C1 (CUSC4+H2S04) 
Oc02C1Q~-4.CClC3 $SQO.SORT(ABS(O)) 
ROCTlal-QZ+SQOI/Z.O $RCCT2cl~02~~QO)/Z.b 
IF (HOeTl.LT.O.O .A~O. ROOTZ.LT.O.O) GO TO 33 . 
·CSU~-CLSC4.H2S04 
IF IROCTl.LT.C.O.CR.ROOT1.GE.CSUM) GO 10 31 
CIN(ltc ROCTI 5CIN(4).CU50' SCIN(5).O.O SGO TO 32 

31 CIN(lt-ROCTZ ~CIN(4)=CUSC4 $CIN(S)-O.O 
32 ClkIZt~CUS04+HZSC4-eIN(1) $CIN(3'-Z.0.HZS04-CINCI) 

GO TO 6 
33 PRI~r 111,ROCTI,ROOTZ $GO TO 5 

6 PAI"'T 110 
DC 1 J"l,NJ 
~1J)- .CCNST*IHClCNJ-J-l»).CI(MCOE-l)*OIFINM1) 
C(~~.~~)- CRO • (CI~CN"l) - CRO)·lNJ-J-11/(NJ-Z) 
CIN,J):· 0.0 
Do 1 I·cl,N,.,Z 

1 C(I.J). CINII) 
JCOUto.TaC$A"'p.O.O 

8 JCCUN,. JCOU~T • 1 
J" C 
00 9 J:cl,N 
DO 9 K.1,N 
YC IrK)'. 0.0 

9 "11.I<)C 0.0 
10 J-J • 1 



DC Tl 1-1 t~ 
Gens 'c.o 
OC-:ll 1(=1,1\ 
A e I ,K'l.= 0.0 
8(1,1'.)·'-0.0 

11 0(1,1'.)11 0.0 
IF (J-l) 12d2,14 

12 GC 13 hi ,tI. 
8(1,1)-1,C 

13 G C II II C hi II) 
C~LL 8~f\0IJ) - SGC TC 10 

14 DC IS M.l.f\~l 
IS 8(N'K). Z(K) 

If eJ""J) 16,18,18 
16 DC -11 l·l,l\~l 

ppcU(.l) IDIF (I) * (e (fI.,JoU -C IfIl,J-.lI) 12.0 
pp~~-tieI)/DIFeI)*(CeN,Jol)oCeN'J-l)-2.0*CCN,J» 
CPa CC<I,Joll - CCI,J-l»/2.0 
A(I,'l):1I -I.e' PPI2.0 - H*veJ)/2.0/0IFCl) 
B ( I ,1).& 2. C - ppp , 
·DCI.l~= - 1.c - PP/2.0 0 H*VeJ)/2.0/0If(II 
A(I,~). U(I)/OIF(I)~ICP/2.0 - CCI,J)I 
BCI,~~a 2.0*UIII/OIFCI)*ceI.J) 
OU.~l"i - li(I)/DIFeuoCC:P/2.0 ·,cel.JlL 

17 G(I'" .• PPP*CfI,J) - PP*CP 
DC 23 1-2.3 
AU. n&/I (1.1) 58 U.l) ae Cl tl ) SO U, 1) cO (1,1) 
A.(J ,N)'./I fI.",).A (l.N) 
Blt,Ni~8(I'N)oBCl.N) 
o (1,,., & 0 e I • N ) .0 e 1 ,N) 

23 G.U) ce; CI) .G (1) 
Ail,l~.O.O Se(l.l) .. -AK 5011,1)·0.0 
AU ,N)·:aO.O sB 11 ,N)lIO.O SO 11 ,~) .0.0 
G(l)~ -CC3~J)oC(2,J) 
B.O ,.3) lie e2, Jl 
B,U.2)=C 13.Jl 
CALL 6A"OeJ) SGC TO 10 

18 DC 19 l-Z,f\~Z 
PP. UeI)/OIFII)OeCef\.NJ)-CCN.NJ-Z» 
Y(l.l). - I.e SAeItI).PP 5811.1)-1.0 
Y(I~NM1). SIX)*DIFCNM1)/S(NMl)/OIFII1 
eCI,NMl). - YII,NM1) 
Y (I,N). (S el) IscNMl )*U INM1) *CRO-U (I) *c II .NJ-ll I/DIF (I) 
Bel,Nt- - YCI.tI.) , 

19 Gel)- FPoCII.NJ-l1 
A(N~l~"~l). 1.0 SGINMl)·CRO 
G{11~ce3.J)*CC2,JI 
BClclt=-AK sBII.2IaCe3.JI SBel.31.CC2rJ) 
CAlLBAr.OeJ) 
AMPC •. A,.,P 
A"'P" ('L (NM ll*CROo ec IN .NJ-:2) -c eN, NJ) 1+01 F C NM U- (C (NM i ,NJ-2)·C (N~·l • 
INJ»)/~.0/H/ICI~eNK1)-CRO)/DIF(NMl) 

. R,6t1PIIAflP/A~PD 
IF CABSFtA"'P-A",PC).O.OOOOl -ABSFeAMP» 22.22.20 

20 IF (JCCUt-oT-IO) 8.8.21 
21 PRltl.T Ice 
22 PRI~T 109. A"'P.RA~P.At(REF(II.CeI,l).CCI.NJ_l). 1.1,NMl) 

GG TO·! 
E"D 



.1",: 
~ .,;. 

:~-~.';> 

-168-

suek9ul1NE aA~DCJI 
Dlfo'f:NSICN "16.6) ,e 16.61 ,e 16.4031.016.13).G (6).X 16.6).V C6.61 • 

SE (6.7,·110.:3) 
ec~~c~".a.e,D,G,X'V,N,NJ 

lei FC~"'AT I[SHOOETERM=C loT Je,I41 
IF:CJ"21 1,6,8 
tlPla N .• 1 
OC2 1"'I,N 
o U ,2""+1)" GIl) 
DC 2 Lal,N 
LPN- L. N 

2 D(I~L~I\Ia X·II,ll 
CALL M'YINVIN,20 N+1,DETERMI 
IF. IOETER..,) 4.:3 ,4 

3 Pf;IlIil 1<::1, J 
4 DC.5~"l,N 

EIK~IIiPl'll= DIK,2.~'11 
OC'S L"l,N 
EI~,L.ll= - eCK,l) 
LPllilil' L .c-' N 

5 X~K,L}= - DIK,LPN) 
'. RE.TURN . 

6 OC 7 1= 1 ,N 
DC 7 ~=l,N 
OC 7L=I,N 

7 OII,K):. O(1.K) + AIItLI*XCL.K) 
8 IF CJ~"'JI. 11.9.9 
9 DC iO hht\ 

DC lOlal,1I; 
GCHa ·G( 11 - V II ,LI*E IL,NPl.J-2) 
DC,10 It;"ht\ 

10 A (i ,L):. AI I.Ll + V II ,MI oE (M.L,J-2) 
11 OC,12 lal." 

12 

13 
14 

15 

16 
17 

18 

19 
20 

o tI ,flip! , a - G I I I 
DC 12· Lllll.1\ 
0(I,Np1's OII,I\Pl) • AII.LloECL,NPI,J-l) 
DC 12 Ka1,1\ 
8~I,Kl'" 811,K) + AIY,L,*E(L.K,J-l) 
C"LL M"TINVII\,NP1.DETERM' 
IF Cl)ElER~) 14,IJ'14 
PRlllil 101. J 
DC 15 Ka l.1'\ 
DC 15 l"'altt\Pl 
ECK.M~~'= • OIK,M) 
IF IJ .. I\,J, 20,16.16. 
DC 17 Ka l.I\ 
C(K.J):I EIK.IliPl.JI 
DC 18 I.;J=2,fIIJ 
"'al\J- JJ + 1 
DC 1 tlK a 1 .1\ 
C(~.M~= E(K.I\Pl.MI 
DCUIL I: 1." 
C(K.Mla·CIK,.tJ) + E(K.L.MI.C(L,M'll 
OC 19 La l,I\ 
DC 1~ l< a l.1\ 
C(K.1.· e(K.l) • X(K,LI*eCL.J) 
RETUHN 
EI\O 
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. SUBROUTINE MATINV (t~tM,DETERM) 
0'1 MENS I ON Il ( (, , (,) .8 ( 6 , 6) • C (6 .403 ), 0 e 6, 13) , I DC 6 ) 
CCMfVCN .Il. 8. C to' 
DETEkM= 1.0 . 
00 1 ,'!:=1 ,N'" ' 

110(1'):::C. Q, 
DC '1 ai~'f\: 1, N .. 

. .S~A)(: IC.O· . 
DC6,l=1,N 
IF .. · (10,( I) J; 2, 2 • 6 

20C,,5 J= 1 • N 
IF ( to (!J» ,3,3,5 

3 .IF (A85F(B (I,J» ... BMIlX) 5,5.4 
'+ Brv'Il)(:: ,,oBSF (Be I ,J» 

IRC~::I;, I .' 
JCOL=iJ' 

. 5 ,CONtIi'll. E 
6CCNt INLE i 

IF (.tlMAX) 7,7.8 
7 PETERM= '0.0 

RETUf<N 
8 10 (:Jccl ) =1 

,IF"( JCCl-lROw) 9'.12.9' 
9 00 lOIJ=l,N 

St\VE=;:~ (IROW ,Jl .. 
B1IRC~~J)~B~JCCL.J) 

)0 B1JCCL~J)= SllvE 
Dc 11 ·K'. 1 "~ 
SIlVE: 'C(IRCw.IO 
O(I~OW.K)= O(JCCL,K) 

11 D(JCCL,K>= SIlVE 
12Fc 1.O/BCJCCL.JCCL' 

DC 13 1~.1 ,I'll 
13 8(JCCL~J)= BtJCCL~J)*F 

DC 14 1<=1,'" 
14 oeJCCL,K)= OfJCOL,K,*F 

00 18 l-I," 
IF(I"'~CCl) IS.UhiS 

15 F= SU ,:JCel ) 
DC 16 ;.,..=1,1'11 

16 B(I.J):. B(I,'J) .. F*BfJCcl.J) 
DC l1KIIl',M 

11 0 (It Iq:. O( It K, • F*O (JCCl. K) 
18,CCNTINlE 

flETUf(N 
ENO 

•..... 
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APPENDIX'E4 

."CURD!" 'program notes , 

The first 1nput data card is the six parameters ALPHA, BETA, 

GAMMA" ~US" V corresponding to a., 13" r, t+,'V inentioned in chapter 5, 

and EXCH = l/J, TAF = l.Ofor Tafel polarization. 

The second (third etc., if change of mesh size is "necessary) 

input data care, is 

MAXI 

, DAMPE 

,. 
mexi~um allowed number i~erations, e.g. 50 

exponential in damping factori~ee n in P. 64" 

e.g." DAMPE=2.0 to 3.0 at small tlliles 

',DAMPE=l.Oat large times 
. 

. 
I. ;, 

,mesh size, of time scale, e.g.," 0.0001"0.001,, 0.01" 0:1 etc. 

ERR" relative tolerable error" e'-g. 0.0001. 
" .. 

The actual numbers of iterations of each mesh pOint are printed 

in the last column under the hea'ding I. "If I=MAXI, the calculations were 
" " ' 

not converged at that particular mesh point., Thus" either adjust DAMPE 

or increase MAXI. Increase DAMPE, if I=MAXI occurs at the beginning of 

a cycle, decrease DAMPE, if I=MAXloccurs at the end of a' cycle. 
" 

If the mesh Size' Hand/or DAMPE is too large" the dimensionless 

surface concentration e(CJ) may overshoot and become negative. In this 

case"e1ther reduce H or DAMPE or both. 

One blank card terminates a system;, two blank cards stop the 

program. 
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PROGRA~ CURDI jlNPUT,OUTPUTI 
D Ii-1ENS! ON A I 1 u 1 I, B I 10 II ,C ( 101 I ,CUR 11 () 1 I , ETA ( 101 I 

101 FORMAT i£F8.21 . 
102 FORMAT lIB. F8.2,F8.3.F8.41 
103 FORMAT (IHl,* ALPHA BETA GAMMA TPLUS EXCH TAF V*I 
1"4 FORMAT flHO,* MAXI DAMP E HERR *1 
105 FORMAT IEIO.2.FIO.4,lP2EI4.4~I41 
106 FORMAT IIHO,* TAO C(JI .ETA(J) CURIJI 1*1 
107 FORMAT (IHO,* CJ OVERSHOT,NEGATIVI':. RE~IJCE INPUT HOR DAMPE. *1 
10~ FORMAT .llrlO.* IF !=MAXI, CALC~WAS NOT CUNVERGED~ ADJUST DAMPE *1 

Cl=O.O $C2=1.0 
D03J=lolOl 
C3~J+l $(3=(3**0.5 
A(J)=2.0*(2-Cl-(3 
B(J)=C2-(1 $(1=(2 

3 C2=(3 
1 READ lOl.ALPHA,ti[TA,GAMMA,TPLU$.EX(H,TAF,v 

IFIV.EQ.O~O) STOP $JHEGIN=l 
IFitxc~.LE.40U.OI GO TO 2 . 
iAF=0.6 $EXCH=l.O 

2 READ 102,MAXI,DA~PE,H.ERR 
IF (H .• EO.O.O) GO TO 1 
PRINTlo3 $PR!NT 101,ALPHA,BEiA,GAMMA,JPLUS.EX(H,TAF.V 
PRINT 104 £PRINT 102,MAXI,DAMPE.H.ERR 
PRINT 106 
JF (J8EGIN.NE.l) GO TO 10 $CJ=I.0 SETAJ=V 

10 Cl~H**0~5/2.0 
DO ~ J=J8EGI~.101 
IF(.J.EQ.ll GO TO ~ 

SIJ,'-1=C 11 I *B (J-l ) 
I F I J.EQ.2) GO TO 5 $J,'~l=J-l 

DO 4 K=2.J·1.11 
4 SUM-SUM+C(Kl*AIJ-KI 

SOlVEETA(j, BY NEWTON~RAPHSON METHOD ISEE E.G. LAPIDDsl 
5 DO 6·I=1.'-1AXI 

IF. 1~.EQ.ll GO TO 9 
DAMPIN*ll.0-CJI**DAMPE 
CJ=CJ*DAMPIN+l(I*CURJ+5Ul.1l*(1.0-DAMPIN) 
IF (CJ.LT.O.O) PRINT 107 

9 C2=ETAJ+TPLUS*ICJ-l.0) 
Xl;CJ** I GAMi.t;A-ALPHA) *EXP (ALPHA*C2 I *T AF 
X2=CJ**IGAMMA+BETA I*EXPIBETA*(-(2)l 
F=XI-X2-EXCH*(V-ETAJI 
DF=ALPHA*Xl+BETA*X2+EXCH 
ETAP .. ETAJ-F/DF 
CURJ = V-ETAP 
IF IABSIETAJ-ETAPI.lE.ERR*A8SIETAPII GO TO 7 

6 ETAJ=ETAP 
7 CIJ)=CJ $ETAIJI=ETAP $CURIJ)=CURJ $TAO=(J-ll*H 
8 PRINT 105.TAO,ClJI ,ETAIJI ,CURIJ) ,I 

DO 11 K=I,ll . 
J=K*10-9 $CIKJ=CIJI $ETAIKI=ETAIJJ 

11 ClJRIKJ=CURIJI 
JBEGIN=12 $PRI~T 108 
GO TO 2 $END 

, . 



·APPENDlX F 

Control Pan~l 1n Electrical Measurement 

The circuit diagram of the control panel is shown in Fig. F-l. 

The 'ryOLT SOURCE" is connected to ,a constant voltage power supply which 

serves as a constant voltage source fur all five cells connected in 

parall~l~ The inlet voltage is measured at v6. 

Three precision resistorS of 100 ohms ·were built inside·the 

control panel for measuring the current of the' first three cells ci", C2" 

and· C3o_For the flexibility ,of measuring any special electrolytic solu-

. tion with an extremely low or high conductivity'solution in cells c4 and' 

C5" the two other resistors were nqt put 'into the control panel; ~xternal 
. , 

decade .resistor boxes can be connected for measuring the current .to these 

cells. On the rear panel" Vl to v6 were connected to a VlDAR 12361-1 . . 

scanner at selected channels which gives the current flowing through 

cells 1 to 5 and the source voltage • . . 
The accuracy of , the three builtin resistors (Shallcross Mfg. 
. , 

Co. Wire 'wound type BX 110;100ohms resistor" Accuracy ±0.05%) were 

checked one by one with a standard resistor. (Leeds and Northrup Co. 

Catalog #4030B, serial'lh692170 terminal resistance at 25°C 99.9999 ohms" 

uncertainty 0.001 .. %). The voltage drop across the resistor and standard 

resisto,r" connected in series" were measured by a digital voltmeter. 

Four dry cells connected in parallel were used as the current source. 

The measured resistances are 

#1 100.06±0.01 ohms 

112 
. . 
100. 07±0. 01 ohms~. 

., •• M 

#3 lOO.07±O.Ol ohms 



, . 
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Tlle deviation from 100.0 ohms was neglected in all previous calcl.!-la- . , 
tiQna. 

The tour push-button-'Switches (STAH1I'" STOP" RESET.. and 

MANUAL ENTRY) located in the front. of the panel have the same functions 

as those located inside the electronic clock drawer. They. take over 

the function when the local-remote' switch is at "RMT" position. The 

"START" switch on the panel will not only start the clock but also 

••• J switch on the power source and start the current flOWing through the 

cells. The "STOP" switch .. on the other hand .. stops the clock and switches 

oft the current. These control Signals are transmitted to .theclock· 

through a cable with an AMPHENOL l65-l5.plug at one end and an AMPHENOL 

57-3.0360 plug at the other end. 

, . , 

.' 

, 

,.' 
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APPEN))IX G . 

Ana1Yt1c:Solut'ionof the Effect of Migration in Nernst Di:tfusion 

1,ayer 

.An arta1yticso1ut1onto the effect of migration was found 

pOBsib1ewhen· k= 0 in Eq. (4 .. 1). Physically it is a steady diffusion 

in' a motionless' layerorthickn~ss' o. A simpler case that all ions are 
. " 

monovalent was given by 'Levich28 and Euc~e~.29 Here we extend the treat-

ment to the more general case. 

Let the subscript 3 denote the reacting ion, 1 and 2 denote 

the remaining two specIes of i~di~ferent ions (see Table 4~1). Integrat-
'. 

ing Eg. (4-1) once .with k=O give's 

(0-1) 

For a metal deposition reaction, Nl = N2 = 0, thus the current and flux 

relation (3-5) becomes 

(G-2) 

The three ion1cspecies have also to sat.1sfythe e1ectroneutra11ty Eq. 

(4-2)i.thuB it is possible to solve the three equations (G-1) and Eq • .' 

(4:"2) Simultaneously with the following boundary condltions 

and !6 = 0 at y = 8 (G~3$) 

c = 0 
3 

. at y = 0 and. i= iL (G-3b) 

, . 



. " 

. , 

Integrating Egs. (0-1) fo~ i=l .. 2 with boundary conditions, ,'. 

(G-3a) gives 

(0-4) 

. where ; • (G-5) 

'" . 

. SUb~ituting. into Eq. (4-2) .we obtain c3" 

c3 bY, E~. 

obtain 

. , '/ 

• 

If 'we replace N
3

.1n Eqo (0-1).; 1=3 .. by. Eq. (0-2) and r.eplace 

(0-6) . and replace dC
3
!dy by the deri vati ve of Eq. (0-6)" we 

• 

. Finally .. we integrate the above equation with boundary' 

conditions (G-3a) and use the' equation ofelectroneutraiity (4-2) ~nd 

Eq. (a-4) to simplify the integrated equation" the final result being 

(G-7a) , 

,.' 



': .. 

.... 

.- " 

1. Complete Dissociation of Bisulfate Ion 

At the electrode surface, y=O, where c
3
'=O,' 1=iL, we define " 

(G~8) 

• 

The:equation of" eiectroneutr~11tyat y';O becomesz
1 

c
1 

= -,z2c2·. From Eq. 

(0.;.4) J "we can prove the following relations at y=O 

.. 
. 1 -t ,;... . 

e' l = qR,' '(~lO) 

.' ~'.t, .! _ 1 
, '''2. R 

e = q (G-ll) 
" . 

'. 
If' we": evaluate Eq. '(G-7a) at y=O withallthe:relations we have'g~t 

" . f'rom Ega. (G-8)' to (G-11)" a~d with elaborate algebraic rearrangements 

, and simplifications 1 we then obtain 

. . (G-12) . . 
-," . 

When }!:q. (4-1) is solved without the migration term., we obtain'. 

", "., the limiting diffusion current 

== l' • 

r' 



, Thereforethe--ratio' of/limiting current to the limiting dif-. 
fusion current is the rIght hand side 'of Eq. (~12)., 

'. '1'he' Burfaceconcentration of each ionic species is calculated 

from the combination of Ega. (G-4) and (G-10),or (G-ll-) 

'. , 
1 'I 

co'R -
c = c2Q , 2., (G-13) . 

For the electrolytic system of cop~r sulfate and sulfuric 

acid with· complete dis'sociation, the relation of ionic concentratiori 

and molecular concentration is 'shown in Table 4-1. We can prove that 

'~~=r in this case," where r is the concentration ratio defined in Eg. (4-4) 

and R ,,;, 1. 5. 
" 

If the Nernst-Einstein relation is assumed, 

-and 

• 

Numerica~ plots and tabulations of these two ratios have been given1n 
,. 

2. No Dieoociat:l.on of D1aulfate Ion, when r ;: 6. 2 
, The mathematics are' essentially the same as in the previous 

case" ~xcept that g is now (cB-cA)/(C:a+CA). : In order to be comparable 

to the previous case" q is related to r by q = 2r - 1. Aga1~ if the 

Nernst",:,Einstein relation (4~2) is assumed) we obtain 

" 
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• 

The sa:me'equations (0-13) of surface concentration ar~ also valid in this 
. 

case,,' If the ionic concentration is replacedbyinolecular concentration 

(see Table 4-1) and we are able tosol.ve for c~, there follows 

3. No Dfssociation of Bt'sulfate Ion, when~:r <O~5, 

In this case the copper ion is the, only cation; when, its con­

centration drops to zero at the electrode surface, the remaining two 
i 

ani,ons ~ve to be zero too, so that electroneutrality would be preserved., . ' 

If c
l
,c2, and c

3 
are set to equal zer~ at y=O in Eq. (G-7b) andi~nic 

concentrations are replaced by molecUlar concentra~ions of cA and c
B

' 

and the Nernst-Einstein relation is assumed, the ratio of limiting 

currcntia then reduced to 

" 

-. '" 

Ir,'= 1 + 2(.2:.-) + (1-2r) 'In ,., l-r, l-r 

and the ratio of concentration change 

0,00 . " cB-cB r 
-= --

00 l-r c
A 

Numerical tabulat10ns and' plots of the,ae, two ratios have been g1 v'en in 

Figs. G-1 and G-2 and in Table 4-1 and 4-2. 
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NOMENCLATURE 

(The numbers.i~ parentheses· refer to equation numbers) 

constants (Table 3-1) " 

~Qncentration of species i . (mo1e/cm3) 

~oncentration of copper sulfate (mo1e/1) 

con~entration of sulfuric. ~c·1d" (mo1e/1) 
.. .... ~. ". " "2." 

.... molecular d~ffusi vi ty (cm / sec) 

integral diffusion coefficient (cm.
2
/sec) 

a~damping fact~r 

. "" Faraday's constant (coul./ equi v). " 

:. FlRT 

,. 

.. function "expressing dimensionless velocity in" y direction 

,fistanqe between two parallel plates of flow cha:nne1 (ctn) 

. dimensionless current (2-"9), (5-10). 

ionic strength of solution (4-8) 

d~mension1ess limiting current 

. current density 

..... e~change current density 

dimensionless exchange current density "(5-11) 

first and second stage ionization constants 

·aconstant (4-1) 
, . 

ionization reaction kinetics constants 

constants (7-3) 

length of capillary tube (em) 

length of light path across an optical cell 

".. . ......... 

~ . 

" 

.. 
'. 



.. 

. , 
: 

Mi' 

m 

m 
n 
N 

i 

Q 

q 

R 

'. 

,,' :.= 

.. 

" . 

. molecular weight of spec,"es 1 

an exponent (4-l) 
: ) . 

, . 
number of fringe shift 

.change of refractive index2(7~1) 
flux of species i (mole/cm -sec) 

. a ritio of tlux~s . (3-lib) 
, . 

an ionic concentration ratio (0-8) 

, " 

. ' . uniVersal gas constant (joule/mole-deg) 

R . :':. :'. : a ratio (0-9)' 
; ... 

. ~" .',. 

'. 

... 

. . . 

R radius of growing mercury drop, cylinder, sphere (Table 3":1) 

RI· 

r 

r 

r 1 

S 

. Sc '. . 

Refractive index 

concentration ratio of support~ng ele~trolyte (4~4) 

de~1nes position of surface for a~ 8xis~tric body (em) 

rate of ion1~ production (m~le/cm3-sec) 

. fluidveloc1ty normal to the interface 

Schmidt ~umber 

,\ 

S1',' . stoichiometric coefficient of species i. in electrode reaction' 

.. temperature' (deg K)' 

t 
· ' 

time (sec) 

ti transference number of species i' 

tc 
.:-

u1 

characteristic time (5-l4) 
2 .. . 

· mobility of species i (cm -mole/joule-sec)' ... 
·(v. average velocity in a conduit (cm/s'ec) 

V · dimensionless total applied voltage (5-8) .. 
X distance measured along an electrode surface (em) 

\ 

Y,' distance normal from electrode (cm) 

Z. 

Z1 valence or charge number of species 1 
.... 

. • 



· . 

...18~-

ct,~,r electrochemical reaction' kinetic parameters (5-.5) 

~(x) velocity de~ivative'at electrode surface (sec-l ) 

l' th~ gamma function 

thickness of Nernst ·diffuslon··laye·r(cmY ...... _· __ · 

'l dimensionless distance (Table 3-1) 

I} dimensionless. total overpotential (5-9) 

'lc . concentration overpotential 

'ls surface overpotential 

8 dimensionless surface concentration (5-6) 

K conductivity (mho/em) 

IC rat'1o of radii of inner to outer cylinder 

x;. wavelength of light (em) 

11 Viscosity (g/cm-sec) 

V ,v + ... 

kinetic viscosity (cm
2
/sec) 

number of cat10nsand anions produced by dissoc1ationof one 

molecule ot electrolyte 

~ " dimensionless variable (3-10) and (3-i4) 

p density (g/~m3) 

~ dimensionless time 

electrostatic potential (volt) 

dimensionless electrostatic potential' 

rotation speed (radian/sec) 

mass fractioQ of salt in .binary electrolyte 

I~ 

.t o • 

.. 

... ' 



" 

, ' 
.' , 

Subscripts or Superscripts 

+i- cation" anion 

00 in the bulk of solution 

" 0 at electrode .surface .. 

< D diffusion current 

L limiting current 

F. r reactant 

" ' 

. : .. 

. ' 

',:. 

I 

, . ~ 

. , 

J 

-
, . 

. t!", 
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