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Truncation of: the boson.'expansions earlier suggested fot the description 

I 

·of collecttve excitations in doubly-even nuclei make it important to start 

from the best possible boson.representation. It is shown that the Tamm.-

Dankoff boson generally offers a better starting point than do the Random 

Phase boson. ·This is in particular true if the RPA boson is imaginary, which 

is shown in contrast to earlier assumptions to be the case for a majority of 

quadrupole-vibrating nuclei. In order to follow the quadrupole phase 

transition in the boson model the Hamiltonian is carried from the boson 

fcirm into an expansion in ternis of Hermittean variables specifying the mass 

quadrupole moment and its conjugate momentum. 

T Work performed under the auspices of the u: S. Atomic Energy Commission. 

tt 
On leave from the Niels Bohr Insti~U.te, University of Copenhagen, 

·;~~-~ 

Copenhagen, Denmark. 
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l. Introduction 

The boson expansion method described in refs. 1 ' 2 ) (to be referred to 

as I and II) and· 3) will in the following paper 4 ) (IV) be applied to the 

branch of collective quadrupole excitations in doubly-even nuclei. .The 

steps involved in such an application to a single branch of excitations 

are sketched here. The commutation relations valid among pairs of fermion 

operators + ex , ex define the coefficients of expansions in terms o;f pure boson 

operators b+ ' b 

+' 
A = a 

+ + 
( cxi ex. ) J M 

a Ja a a 

+ (ex. 
~ 

a 
ex. ) J M 
Ja a a 

~.L=(A.-1)/2 

+ 
b ••• b+ b 
al a" . a" -"+l ' .1'.-ll {\, I"" 

(Ll) 

b+ ••• b+ b 
a.l . . .. a A.-I.! aA.-1.1+ l 

( l. 2) 

where a is a shorthand for the quantum numbers characterizing an angular 

momentum coupled pair of 1ermions and the bars denote time-reversal. By a 

canonical transformation in the boson space we define normal mode operators 

+ ( + - ) c = f •'(b b ) 
n n a' a ( l. 3) 

b ' a A. 
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with the inverse relation 

+ ' 
f'((c , c }) a n n 

( l. 4) 

Whereas 
+ 

(b , b ) correspbnd to a system without correlations, the idea is to a a 

construct the operators c in such a way, that the various branches of correlated 
n 

excitations become as well separated as poissible. ,This means that the Hamiltonian, 

which always can be written as a fUnction of the operators (A ; B ), through , a a 

the expansions (Ll) arid (1.2) and the relation (1.4) is supposed to be.well 

approximated by 

L ·+ 
H ""' h(c . n n' 

c) 
n ' 

( l. 5) 

n 

i.e. the c·oupling terms between different normal mode branches n are 

neglected. In section 2 we discuss various choices of the transformation 

( l. 3). Each branch n can now be treated to as high an order of accuracy 

as desired, e.g. including anharmonic (o:nonquadratic) terms only for the 

collective branch. The diagonalization inside each branch is carried· out 

separately (or only that of the interesting branches, viz. only the collective), 

making use of the parentage properties of a chosen basis for the branch con-

sidered. Expansi6ns similar to (1.5} can be written down for any other 

interesting operator, and matrix elements of such operators can be evaluated 

among the eigenstates (those of a single 

holds also for the operator in question). 

h if the absence of coupiing terms n 
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Although angular momentum is strictly conserved, the inclusion .of 

enough anharmonic terms makes it possible to describe transitional and de-

formed nuclei. Apart from calculating matrix elements of the mass quadrupole 

operator one can gain,insight into the mechanism of phase transition by ex-
·!· I • 

panding both the mass quadrupole operator ~M and its conjugate momentum 

P2M in the boson basis and neglecting non'-collective contributions (thus 

assuming that it iS--the collective quadrupole branch alone which is responsible 

for the _onset of deformation) 

-~M = ~M(c+, c) ' 

' ' ( + -) 
. p 2M = P2M c ' c '-' ',\ 

( 1. 6) 

(1. 7) 

where we have characterized the collective boson operators by absence of 

subscript. Inverting the expressions (1.6) and (1.7) and inserting into 

( 1. 5) one gets 

H = V( Q) + T(P' Q) + Hnon. coll. ''.- (1.8) 

where the potential energy V is defined as any collective part of H which 

does not contain P2M. As_discussed in section 3, one may obtain a fair 

estimate of V and T just by a first order inversion of ( 1. 6) and ( 1. 7). 
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2. Ndrmal Mode Construction 

The simplest way of defining the. normal mode operators of eqs. (1.3) and 

(1.4) is by a linear transformation 

(r (a) c+ + s (a) c ) 
n n n · n (2.1) 

n 

made unitary by the requirements 

(r (a) r ,(a)- s (a) s ,(a))= o n n n n nn' 
(2.2) 

a 

L (rn~a) sn,(a)- sn_(a) rn 1 (a))'= 0 (2.3) 
a 

In order to establish the desired physical interpretation of the new boson 

operators + c it appears natural to define the transformation coefficients 
n 

in such a way that (2.1) diagonalizes the Hamiltonian to second order, 

H( {A. , B }) = ~ 
a a L 

aa' 

z20 (b + b + + b b , ) + 
aa' a a' a a 

aa' 

21 + -
Z I b b I aa a a 

+ L 2: z All b+ b+ b b 
al a A al a a . a A. 

A*-2 A.-ll A.-IJ.+l 
al .... a A 

O~ll~A. 

L 21 +- L: L All + + 
w c c + w c c c 

n~-ll+l 
CA nn n n nl ••• nA nl n 

n A*2 nl ... nA 
A-ll 

O~ll~?.. 
(2.4) 

. 
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However, this requires the solution of a set of highly non-linear equation, 
I 
I 

20 
wnn' = 0 

21 
w nn' 

21 
= 0nn' wnn (2.5) 

which only have been attempted iri over-simplified cases (see section 2.1). 

We will mention a few approximate treatment~ of the system of equations (2.5). 

One is to neglect all non-quadratic (in r (a) and s (a) ) contributions 
. · n n 

20 21 to . w and w , which is identical to the exact diagonalization of the 

second order part of the Hamiltonia.ri (2.4) 

H(2) = L 
aa'· 

20 
zaa' (b + b+ + b b 1 ) + 

a a' a a 
z21 b + b 
aa' a a' (2.6) 

aa' 

This approximation is usually denoted Random Phase Approximation (RPA). An 

improved solution can be obtained 3 ) by an iterative procedure, starting with 

the RPA coefficients and then adding corrections 

r(i)(a) = r(i-l)(a) + o(i)r (a) 
n n n (2.7) 

s(i)(a) = s(i-l)(a) + o(i)s (a) 
·n n n ' . 

where the corrections are determined from the insertion of ( 2. 7) into. ( 2. 5) 

and the assumption that the ,corrections are small, so that only terms linear 

in may be kept. Unitarity further restricts the form of 

(2.7) to that of infinitesimal rotations in the vector space indexed by n. 

If further the non-quadratic terms in w2ll are considerednegligible for all 

branches !l except a single one (the collective root of RPA), we have simply 

... 
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(2.8) 

(i-1) (i-1)( ) = £. r a 

The infinitesimal rotation is purely imaginary (no minus sign in one of the 

eqs.' ( 2. 8)), since r and s are ~ssociated with operators which are 

Hermittean conjugate. The normal mode representation obtained after i 

iterations we will denote NMi. 

The normal mode-definition (2.5) and hence all of the approximations 

NMO = RPA, ... , NMi, • • • . suffers from a fundamental deficiency. Namely, 

although a nucleus is stable, i.e. stable when governed by the total Hamiltonian 

H, it may not be stable under the sole action of the second order part 

(H( 2') in case of RPA). If this is not so, the equations (2.5) have at least 

one imaginary solution, which 'in the case of multipole particle-hole modes 

is interpreted 13 ) by saying that the equilibrium shape of the system is no 

longer spherical, but has a multipole deformation. The quadratic part of the 

Hamiltonian can only describe the system near a stable equilibr~um, and the 

failure of such a description does describe a lack of stability, although 

we shall se~ in sections 2.2 and 3 that the relation to the concept of deformation 

requires a furtherinvestigation. 

It is thus essential to find a boson basis which is applicable for any 

· shape of the system and which at the same time fulfills t.he requireJllent of 

approximately separating thecollective branch of eKcitations from the remaining 

states. The only possible choices, if the relationship to the basic boson 

representation (2.1) shall still be linear, are. bosons characterized by 
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(2.9) 

If the boson conserving part of H( 2 ) is simultaneously diagonalized, this 

defines the Tamm-Dahkoff (TD) boson. We hope to prove that if reasonably 

many terms are kept in the Hamiltonian (2.4) then i) the results are independent 

of whether TD or NMi (RPA) is used, whenever NMi is not close ·to instability, 

ii) the· collectivity approximation (that the collectiye branch may be treated 

independently) is fairly well justified when TD is used to define the normal 

mode, even in cases where the system no longer has the same equilibrium 
'• 

symmetry (sphericity) as the basis.· 

2.1. SIMPLIFIED MODEL 

In this subsection we are considering a system described by a Hamiltonian. 

(2 .10) 

.in terms of a single, spinless boson b+. This Hamiltonian contains typical 

anharmonic terms and the corresponding normal mode conditions (2.5) canbe 

solved exactlyt~. The following diagonaliza:tion of the anharmonic Hamiltonian 

in the normal mode representation is compared to that obtained by using the 

NMi method and by TD. In table 1 we show the results for different magnitudes 

of ~20 , the remaining parameters being fixed at 21 41 z = 1.0, z = 0.1 and 

t The code for this solution makes use of a Lawrence Radiation Laboratory 

library program written by G. Litton. 
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42 z = 0.2. These fairly t~ical magnitudes correspond to a situation in 

which the basic boson expa~sion of H (in terms of b+, b) is converging. 

Varying 20 z we can induce second order instability, the critical magnitude 

being 20 
z = 1.0. The reason for only carrying the iterative method NMi a few 

steps is that the assumption of linearity (2.8) often is rather bad and that 

accuracy is lost at each step because of,the loss ofnormalization (2.2). 

Actually the normalization was .secured tb second order after each iteration, 

by putting 

(2.11) 

but since £ 
(i) 

takes values around 0.4 as soon as we approach the region 

of instability, the results do get unreliable after a few steps. The iteration 

quoted in table l is the one giving the smallest value of 20 
w 

The table gives the value of s (which fully speCifies the transformation 

(2.1)) and the coefficients wAJ.l of the transformed Hamiltonian 

l 
1-L<.....-f.. 

-2 

(2.12) 

The only way to .compare the different Hamiltonians is to diagonalize them, 

which is done in the form 

lEi) = L cpn (Ei)(c+)nlo> 

n:::, 25 

(2.13) 
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. ~. 

Table l gives the six lowest roots and typical parts of the wave function 

of the "two-phonon" state, in order that one may estimate the number of com-

ponerits necessary to describe this state (which is of interest for the quad

rupoie calculation of paper IV, which truncates at n = 7). For z20 well 

below 1.0 (table la) all normal mode representations give equally good results, 

alth,ough the convergence of (2. i2) is poorer for RPA than for NMl and both 

poorer than TD .. Yet TD requires a slightly large basis (2.13) because of the 

large 20 
w (only non-diagonal terms causes admixture). For 20 

z 

approaching the critical value where the second order hamiltonia~ :H(2 ). becomes 

unstable (table lb), the RPA'Hamiltonian is hardly converging, yet the eigen-

values are reasonable when the diagonalization basis-is large: NM2 has better 

convergence despite the large ( i) 
E and does not require as large a oasis as 

TD .. When 20 z is just below 1.0 (table lc), neither RPA nor NMi work, 

whe:d~as TD is exact and does not require larger diagonalization basis than 

before. Above 20 
z . · = l. 0 the NMi approximation starting from RPA can no 

longer work, since the second order. Hamilto~ian corresponds to instability. 

Yet the total H corresponds to stability, since the signs of the fourth 

,order terms are chosen to correspond to binding. In both cases sho'wn 

(table ld) the TD provides very accurate approxima,tions to the exact NM 

solution, but whereas .a truncation in the d.iagonalization at n = 7 is 

allowed at 20 z . = l. 2, it will lead to considerable inaccuracy at 20 
z = 2.0. 

One might note that the exact normal mode condition 20 
w 0 

to a converging Hamiltonian for large 20 z in contrast to TD. 

does not lead 

We thus 

·• 
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conclude that for a systematic survey of transitional nuclei TD provides. the 

absolutely best normal mode representation among the approximate ones con~ 

sidered, but that the dimension n = 7 fixed for practical reasons in IV pre-

sumably will cause increasing inaccuracy for increasing deformation. The further 

expectation that in this region more terms will be important in the expansion 

of H has not been considered in this subsection which has assumed a 

Hamiltonian with no terms higher than fourth order. Still the relative 

magnitudes of second and fourth order terms do give. some indication concerning 

the convergence of a more general H. 

We have in table l shown examples where no stable RPA Hamiltonian 

could be formed, but where 20 w = 0 still. had a solution. In concluding this 

. . (2) 
subsection we show in table 2 a few more unusual examples, keeping the H 

stable but varying the other instability-inducing parameter, w 41 , around its 

42 
critical value w = 0.2. Passing this value the exact NM has become unstable, 

whereas TD passes the critical value smoothly. However, we also show these 

examples because the parameter choice 41 
w = .199 leads to a coincidental 

cancellation in RPA, so that the RPA boson Hamiltonian becomes extremely well 

converging. For this reason the fourth order RPA diagorialization and the NMi's 

based here upon yields very good results, whereas the actual largeness of 

anharmonicities causes TD to be rather inaccurate. Our experience with exact 

solutions 7 ) disfavours any abrupt change in the spectrum when 41 
w is changed 

from 0.199 to 0.211, which means that the RPA results for 41 w = 0.211 are 

compJ,.etely wrong. We thus again conclude that although special cases do occur, 

where a NMi representation is the best starting point for the boson expansion, 

TD is much more broadly applicable and much safer, since it does not lead to 

sudden divergences by slight changes of parameters. 
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2.2.·. QUADRUPOLE STABILITY 

In the examples studied in table 1 the exact NM was always a stable 

solution, even whe~ RPA.was not. We can thus hardly talk about a phase 

transition, defined as the pbint of second order instability evaluated after 

the transformation to the no~al mode representation. The phase transition 

I 

associat:ed with onset of _quadrupole deformation might be defined as ·corresponding 
I 

to having the nucleus in a state with a non-ze~o expectation value of the quad-

rupole moment, or it might be defined-as the point where the derivative of the 

expect"ation value of the Hamiltonian with respect to the quadrupole moment of the 

nucleus, taken at zero moment, changes sign.· Since asymmetry of the energy with 

~espect to prolate and oblate deformation 'makes anucle~s deformed under. the 

first definition even if the minimum is at zero deformation, we shall-mostly use 

. the s·eco'nd definition, which more closely follows the intuitive concept of phase 

transition. However, with this definition a nucleus may have zero quadrupole 

moment although having experienced the phase transition, namely if the 

derivative of H is negative at the origin but H as function of Q is completely 

symmetric between oblate and prolate shape, which it might be in the middle of 

a shell. Now, since the quadrupole moment is a Hermittean combination of + c 

and c's, the truncation of the boson Hamiltonian to second order in any of the 

boson representations does in general not give a stability criterion equi-

valent to th~t based on the. dependence on the quadrupole moment operator. 
. . 

The stability in terms of the quadrupole moment operator will be 

I 
I 
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discussed in section 3, but the stability of various normal mode representations 

as considered in subsection 2.1 is of course important·for the course of the 

boson calcu~ations. 

We now turn to the problem of collective quadrupole excitations of a 

system of both neutrons and protons, to which a large number of single-

particle levels are available. As in the calculations to be pres~nted in 

IV we have here assillned a pairing plus quadrupole interaction in all cases 

where numerical results are quoted. The form of the boson expansion in this 

case'is given in I, and the collective part of the fourth order Hamiltonian 

is 

H 00 . 20( + +) 21( + -) '2jQ( + + +) w + w c c 0 + w c c 0 + ~ c c c Q 

2il + + - 4o + + · + + + ~ (c c c) 0 + w (c c )
0

(c c )
0 

+ \ 41( + +) ( + -)· ) 42( ( + +) (- -) ) ~ {wJ c c J c c J 0 + wJ c c J c c J 0 } + h.c. (2.14) 

J 

where the boson + 
c carries angular momentum J = 2. If we want to study the 

choice of normal mode representation in analogy to what was done in subsection 
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2.1 for the one.;.;level model, a reasonable way of proceeding is. the following. 

We choose. a nucleus for which the anhai'monicities are small. t 
.. 

For such a 

116 . 
nucleus, e.g. Sn, .we perform qoson calculations in TD, RPA and in NMi. 

The resulting boson Hamiltonians 1are given in table 3, and fig. 1 we show 

the energy spectra for expansions truncated at second and fourth order. The 

results of NMO and NMl seems to converge toward that of TD, but following the 

NMi to the lowest 20 h. h . h. d ' t z , w 1c 1s ac 1eve a i=3, the spectrum is now completely 

changed. It is tempting to ascribe this to increasing inaccuracy in the NMi, 

but as no exact solution of eq. (2.5) is possible, the conclusion is not sure. 

In connection with the one level model the question was raised, whether the 

normalization of the boson was lost during the iterative procedure. In the 

many-level model the further question arises, whether the orthogonality 

between the collective and non..:.collective branches is preserved. 

This question is completely neglected by the NMi, which only changes the 

tThis could be a doubly closed shell nucleus, but here no really collective 

branch exists and the lowest quadrupole branch may not be well separated from 

other ones. In addition, the lack of collectivity makes the spectrum more 

sensitive to details of the interaction, which may not be contained in oUr 

model interaction. Instead the singly closed shell nuclei are characterized 

/ 

by a fairly well developed collective branch ofex~itations, at the same time 

as the deviations 'from harmonici ty are smaller than for non-closed shell nuclei. 
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collective boson and leaves the non..:.collect:Lve ones untouched. Orthogonality 

is only preserved during this procedure if each new boson c 
(i) 

is a 

linear combination of ( i..,l) c .·· and +(i-l) c . That would on the other hand make 

the iterative procedure superfluous, since such transformations are induced by 

the diagonalization, and since th.~ successive transformations in the 

case far from possess this structure, one suspects that each step ·further de-

stroys the separation of the Hamiltonian~ so that NMl in fact is more reliable 

than NM3. In the 116sn calculatio~ the Nlfi{ do preserve normalization accurately. 

Another consideration also leads to the conclusion that NM3 is less reliable 

than NMl. Looking at the boson Hamiltonians listed in table 3, one observes 

that the most dangerous terms (for convergence and reliable diagonalization) 

in the Hamiltonian (2.14) are + h. c.' which change 

boson number bytwo. As shown in ref. 5 ) by comparing diagonalizations of 

various boson Hamiltonians in spaces of up to 6 and 7 bosons, the eigenstates 

41/ 21 quickly become unreliable, when the ratio wJ w exceeds 0.35. 

ratio is around 0.5 for NMl but reaches 0.65 for NM3. 

This 

For TD the 

ratio is 0.15.t) For this reason we believe to have proven, that, although 

tit is interesting to note that this problem is hardly revealed by looking at 

the wave-function of the second 2+ state, given in table 3. However, in 

contrast to the rapidly converging TD wave function, the NM3 wave-function has 

.one conspicuous 6 phonon component, which in conjuncture with the fact that 
/ 

only even boson numbers have large components might indicate that also 8 

phonoh and higher even-n parts could have been important. 
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formally attractive, RPA and the iterative normal mode method is dangerous to 

use in practical c.alculations) where the diagonalization space has to be truncated, 

and where the separation ofthe collective branch is easily lost. In contrast 

the TD representation appears to be very attractive, offering well converging 

boson Hamiltonians and being insensitive to the possible instability of the 

second order Hamiltoniari, which bars the use of RPA as a starting representation. 

The negative side of the TD is the somewhat poorer separation of the collective 

branch, but little is lost by'pot keeping the so-called b~ckward-going graphs 

(those associated with z20-co~fficients in (2.4)), since they are treated to-

gether with and on the same footing as the anharmonic terms. 

We have now seen·that even in the case of a single closed shell 

nucleus the anharmonicities play an important role. What happens when we go 

away from the closed shell. 

By studying 116sn we have found values of the pairing and quadrupole 

force strengths, which roughly reproduces_the lowlying part of the experimental 

energy spectrum. Assuming now a smooth A-dependence of the force strengths 

(cfr. IV), the nuclei in the neighbourhood of the closed shell can be in-

vestigated without introducing new parameters. Doing this we find that RPA 

breaks down already a few 'steps from the closed shell. Thus no RPA solution 

exist for 122Te and 114cd is just about unstable under H( 2 ). In the region 

of Sm, we find RPA stability for 148sm, but not for 150sm.t) The set~on of 

RPA ins.tabili ty occurs sooner than in the calculations of Kisslinger and 

Sorensen
6) which is evident from the fact that our quadrupole strength X 

tStill all of the nuclei mentioned here are deformed using the criterion of 

evaluating the si,gn of the potential energy derivative at Q=O (cf. IV). For 

the nuclei having RPA solutions, however, the magnitude of the zero point 

frequency exceeds that of the energy gained by deformation. 

·•·· 
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i 

is always larger than theirs since ours has~~ give c::orrect magnitudes.of· 
I , 

energies with the anharmonicities included, rhe~eas they try to reproduce the 

ene~gy of the first 2+ state with the second order RPA itself. As fig. l 
I i' 

shows, the second order RPA energy is too low,- a quite general feature. . . I . 

AlthOugh the considerations in this section has lead as to using TD as starting 

representation in the calculations presented in IV, one should mention, that 

there is a way to circumvent the H( 2 ) · instability and use RPA or NMi. This 

consists in varying the parameters 0 yj of the basic boson expansion 

(eventually dropping the state dependence of 0 y in order to get only one 

parameter). As shown in II the vari~tion of 0 y· corresponds to canonical 

transformations in the boson space and hence does not change the spectrum of an 

untruncated Hamiltonian, but it can very well change the relative importance of 

H(
2

) ' and the remaining part of H, so that the second order RPA is real for 

a given non-zero value of 0 y . Fig. 2 shows some coefficients of the 
122

Te 

Hamiltonian, using the iterative procedure NMi starting from RPA, as function 

of ·0 
y . Not only the coefficients of the boson Hamiltonian change rapidly with 

0 y , but also the spectrum does. This is due to the fourth order truncation of 

H, ·which gets poorer and poorer for increasing 0 
y ' since the part 

contains less and less correlations as 0 y increases, and the actual correlations 

then are pushed to still higher and higher terms in H. This is also clear from 

the physical interpretation of 0 
y given in II. The single parameter y0 

can only compensate for the wrong counting of particle number implied by using 

a bad representation and truncating H at low boson number. The detailed 

physical effects lost by the truncation would require a large number of parameters 
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0 
. Ya' 

- ' ' . .: 

which is ~quivalent to retaining the correlation by Shifting the truncation 
.'··'· 

point upwards,, but evem less attractive; :With respect to -the computational 
. . . ' , ... . ·r ' •. 

wor){ required. with the TD representation the best choice in mostcases 

·o 
is y = 0. 

' ' . , I 

we ,can' check this by calculating the average ,particle number in 
' ' 

I . ., , ~ .: :,• , • ' ' 

the final eigenstate, and. for TD this cain~ closest to the actual particle. 

0 ~2 ' ' 
.number for y = 0 in all. cases.considered except Te, where the best value 

;o . . . 
was y = 0.05. ·The advarttag€! ~f. worki~g with. small values of y0 once more 

'., 
f'ayours the TD boson representatiqn . 

. -~: ·. 

~-- '., 

·.r -. 

.I: 
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3. ~eparatiori ·of Kinetic and Potential Energy 

In order to relate our treatment of a phase transition by the boson 

method to the conventional ways of estimating the equilibrium shapes of 

nuclei by evaluating the potential energy as function of deformation we shall 

express our boson Hamiltonian in terms of the actual shape of the system. 

This offers a new way of finding the eigenstates, once the boson expansions 

( . . 14 
are known using the method of Kumar and Baranger ) ) , or it allows from 

the solution in terms of the boson basis a construction of the kinetic and 

potential energy. 

In exact analogy to the treatment .in I of the electric quadrupole 

operator the mass quadrupole operator is carried through the successive 

. t) 
set of transformations, from the real particle space 

Q = 5-1/2m 
2M 

(3.1) 

to the quasiparticle representation (corresponding to the pairing interaction 

alone), then to the basic boson variables + -(b , b ) and finally to the normal 
a a 

+ -
mode bosons · ( c , · c ) , where again a division is made between terms containing 

n n 

t. 
In papers III and IV we consistently measure all lengths in units of the 

"ll b -- ("iT.'::-. h )l/2 osc~ ator parameter FID 

0 

I. 
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only the collective branch,t) 

10 + - 21 +-:'"\ 
Q. 2M = Q ( c + c) 2M + Q ( c CJ 2M + [ Q~1 c < c + c +) 

3
C" + c + c~;) 

3
) 2M + ... 

J 

(3.2) 

and terms involving'non-collective operators 
+ ' 

(c , c ), which are dropped. _Q n n · 

is a Hermittean operator, and in order to invert the relation (3.2) we need 

its conjugate momentum f., which is easily found in the boson space 

i p =·-- ' + - i + + --
(c - c) 2M + -4- (c c - cc)2M + 

2M 2ql0 

i\ 
8 L 

J 

q20 

using the time reversal properties 

Q ' -1 
T 2M 1" 

-1 
TP2M T 

= (-)2+M Q 
2-M 

= -(-)2+M p 
2-M 

and the conjugateness 

(3.3) 

(3.4) 

(3. 5) 

For simplicity we have only written terms down which are non-zero when the 

TD representation is employed. With RPA or NMi also + + + + '+ 
c c ' c c c ' .•. 

will appear. 
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. 10 
which relates the coefficients of (3.3) to those of (3.2), q

10 
= Q , etc. 

However~ We ~re going to justify the use of a first order inversion 

of the equations ( 3. 2) and (3. 3) , 

+ 1 
c2M = 2q Q2M - iqP 2M (3.6) 

where q would equal Q
10 

if higher order terms. are completely neglected, 

but where a slightly different q may represent the influence of the higher 

orde:t' terms in an average fashion. In this way certain higher order terms 

in the expansion of in terms of p and 9. ~re inevitably neglected, 

e.g. 9_·9_ and f.~f; whereas terms like (f.·f_)g_ and (_g_.g)_g_ are replaced 

.by ( P·f.) 9. and ( _g_;_g_) 9. . We allow ourselves this simplified but very 
•.. ,. 

convenient form of the inverted relation ( 3. 6) only because of the existence 

of the results of,.the boson diagonalizations which allows us to check the 

validity of the approximation, e.g. by calculating the ratio 

by taking expectation values in the known eigenstates after the coefficients 

of (3.2) have been calculated along with the boson calculation. If the ratio 

(3.7) equals a constant q independent of which state is used, the relation 

(3.·6) follows immediately. ,,,Table 4 gives the value of the expression (3.7) for several 

. t t . 152 116 elgens a es ln · Sm and Sn. It is in fact rather constant at least for 

the lower eigenstates, and a second check is obtained by looking at th,e actual 

coefficients of the expansion (3.2), which reveals a remarkable concentration 

on the leading order term as can be seen in table 5. This feature we found 



-22-, UCRL-18691 

- - I -
quit·e generally, namely that the boson expansion of the quadrupole moment 

converges much more rapidly than that of the Hamiltonian. 

The relation (3.6) can be inserted into (2.14) whereby we obtain 

H = POO + p22 (PP)O + p20(QQ)O + p32(PPQ)O + p30(QQQ)O + p 4\PP)O(PP)O 

+ [ p~2(((PP)J(QQ)J)O + ((QQ)iPP)J)O} + p40(QQ)O(QQ)O 

J 

h 
. t) w ere aga1n 

Poo = .. 2woo _ r;:;tlw21 7 4o + 5 42 + . \" v ::> - 2 W. . 2 wo L 

22 
p 

' 

J 

4 --
!5 J 

(3.8) 

p30 = _1_ ( w'O + w'l) 
4~ ' 

(3.9) 

A 

. 44 4 4o L: ~ ( 42 41)) p = 2q (w + 
5 WJ _ WJ . ' 

J 

A 

42 J. 4o [ AA . 
r22J r) 42 

PJ - 5 w + JJ' '22J WJ' ' 
J' 

t 
In p"-1--1 1--1 indicates the power of !:'6 and A. is 1--1 plus the power of ~'s .. 
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4o 1 ( 4o 
p =:::-4 w + 

8q 
J 

J 

The pr.incipal axes of the quadrupole moment tensor define an intrinsic 

coordinate system rotated by the angles ro from the laboratory frame 

~M (3.10) 

In the intrinsic frame we use the conventional parametrization8 ) 

' ~-2 
l 

Q sin 'Y , (3.11) ~0 Q cos 'Y = 

~l = ~-l 0 

By these definitions, the potential energy part of the Hamiltonian (3.8), 

defined as all terms which do not depend on the momentum ~' can be expressed 

V . 00 + l! 20 .Q2 D. 30 Q3 . 3 = p - p - - p cos 'Y . V5 .· . 35. ·. ' 
(3.12) 

The remaining kinetiic energy comprises terms in (3. 8) characterized by coefficients 

22 32 44 42 
P p , p and pJ .

1 
It depends on ~ as well as on Q and is in 

general highly anharmonic, involvingeven the fourth power ~' which is always 

neglected in the adiabatic approach 9·,lO ,l5) aiming at the low-lying ex-

citations of well-deformed nuclei. 
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In table 6 we give.the coeffLcients of (3.8) for 116sn and l5 2sm, two 

nuclei believed to be of different equilibrium shape. In order to estimate 

the relative importance of each term in (3.8) we have omitted the scale 

factors involved in the definition of P and ~' thus quoting approximately 

the expectation value of each individual term. in (3.8). The scale factor 

q arising from (3.6) is in the figures shown here (and in IV) fixed at the 

value of the ratio (3.7) taken for the 'first ex~ited 2+ state. It is seen 

.that . 44/ 4 p q is extremely small, meaning that the adiabatic approach pre-

sumably would be allowed in these cases. The negative sign of p
20 means 

t that, the system is not stable at zero deformation. ) As deformation increases, 

the fourth order terms soon raise in magnitude and assures stability. We refer 

to figs. 16 and 5 of IV for the 116sn . d l52s . t· t• 1 f. an m equ1po en 1a sur. aces of the 

potenti~l V calculated from (3.12). Despite an oblate minimum 
116

sn is seen 

to be rather spherical, as its spectrum also reveals (cfr. IV). 152sm on the 

other hand is strongly deformed, of prolate shape. It should be mentioned that 

the fourth order boson expansions can not descri"be'systems with asymmetric 

equilibria,jfor which up to sixth order terms are required. The radial 

scale Q defined by (3.11) is a unit of intrinsic quadrupole moment. In 

addition another scale, denoted S, is indicated on the figures in IV, giving 

. 11 
the more conventional deformation parameter defined by Bohr and Mottelson ) • 

This and that of Nilsson
12

) are related to ours by the approximate relations 

-"' rr Q - v l67T (3.13) 

tHowever H( 2 ) is stable, so this example illustrates the discussion in 

section 2.2 concerning definitions of phase transition. 
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A widely used method of determining equilibrium deformations (see 
.. 

e.g~ refs. 9~10 )'} uses the requirement of self-consistency, that the deformation 

of the system must equal that of a property determined average of the inter

action assumed. Using the quadrupole force there will be a single value of the 

quadrupole force strength x, for which the deformation of the average field 

equals that of the wave-function with which it was calculated. When the kinetic 

energy contains anharmonicities as we have seen it generally does, there is, 

however, no reason to expect such selfconsistency. This means that the system 

may not prefer to be close to the shape of the potential energy minimum, because 

of details in the kinetic energy. Our model in principle make's it possible to 

investigate·how close the system is to selfconsistency. From the calculated 

expectation.values of the mass quadrupole operator in low lying states, 

I 

e.g .. in the first 2+ state, one may. extract a value of the intrinsic quadrupole 

moment by the relation 

(3.14) 

valid if the wave-function has the product form j22 } = Y 22 ( w) I intr. } . The 

. . 116 152 mass quadrupole moments of the f1rst 2+ state for Sn and Sm are 1.92 

and -9.4, and the intrinsic ones thus -6.72 and 32.9, compared to the minimima 

of the potential energy functions shown in IV which are :...17.0 and 57.0, 

respectively. It should be remarked, that the ratio of wave-function and 

potential deformations is independent of the effective mass used, since it 

enters as a scale factor both on Q
20 

and on the unit q used in the 

expansion (3.8) of H. On the other hand the relation (3.14) is not 
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. . 116 .• 
likely to be even approximately fulfilled for Sn, but maybe for a rather 

. d 152 well-deforme nucleus as Sm .. One might have anticipated that self-

consistency is not fulfilled for 
116' . . . 

Sn, already by looking at the actual 
. I 

potehtial and kinetic energies. 152 I For Sm a large part of the deviation from 

seifconsistency is probably caused by inaccuracy in the boson calculation. 

This is estimated from the fact that both the energy of the first 2+ state 

and the transition from this state to·the ground state are wrong by roughly 

a factor of two (cf'r. IV). We b'la.me this on the structure of the collective 

boson, which i) is that of a spherical TD calculation which may not represent 

the collective effects necessary at large deformation arid ii) is built from 

only one major proton and one major neutron shell, presumably being again 

not a fair representation of the collective branch. The enlargement of 

the configuration space is no serious problem, but for the .objection i), 

which means that the non-collective TD branches will admix strongly with the 

collective one fo~ a well-deformed nucleus, we see no practical way forth 

except starting from a deformed, basis. 
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4. Conclusion 

We have tried in this paper to exhibit some of the important- features 

of the boson method, emphasizing in' particular its relation to other methods 

and .. to conventional concepts, pointing out the possibility of obtaining 

independent clarification on the concepts of phase transition and spherical 

stability, and ·finally to check assumptions like adiabatici ty and self

consis'tency, which of course could not be discussed within the methods using 

these approximations. Doing so one should of course not forget the approxi

mations and limitations·present in the boson method, in particular the question 

of the validity of the so-called collectivity approximation, which 

is the fundamental point barring the method from providing 

accurate quantitative results when treating nuclei with an equilibrium shape 

very different from that of the representation in which the structure of the 

collective boson is determined. 

Most of the numerical calculations were performed at the GIER computer 

center of the Niels Bohr Institute and on the NEUCC facilities in Copenhagen. 

Numerous discussions with Professors A. Bohr, B. Mottelson and Drs. K. Kumar 

and T. Udagawa are highly appreciated. 

·' ... 
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Table Captions , 

Table l. Diagonaliza:tion of a model bosori Hamiltonian with one parameter, 

20 z , starting from various. repl!esentatioris. Besides the coeffi.cients 
I 

of the boson expanded Hamiltonian and the 6 lowest eigenvalues same 

characteristic components of the wave-function of the second excited 

·· . level are given. 

. Table 2. Diagonalization of the model Hamiltonian (2.10) with ( z20 , 21 
z 

i 
' 42 . 41 
z ) = (0.95, 1.0, 0.2) for two values of w For 41 

w = 0.211 the 

exact.NM equations do not have a solution and NMi's are divergent. A 

look at the TD wave-function for the state E2 seems to. indicate more 

th th · di f w41 __ ! 0 .199 , · ·· 1· accuracy an e.correspon ng one or a yery pecu lar 

value for which RPA happens to be extremely good and at the same time 

TD poorer than ordinarily. 

Table 3. .· 116sn with pairing plus quadrupole force. Only 5 neutron levels 

were included. The corresponding spectra are shown in fig. 1. Here 

coefficients of the boson Hamiltonian are given and components of the 

wave-function of the second 2+ state from the 4th order calculation. 

The indices on ¢ give boson number and an alphabetic label if there are 

more than one basis state of a given boson number. 

Table 4. Test of state independence of the unit q of quadrupole moment 

defined' by eq. (3.7). The parameters for this and the following 

figures are identical to those used for the calculation in IV (table 2 

of ref. 4), and in the case of ll6sn thus different from those of table 

· 3 and fig. 1, where only neutrons were considered. 
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Table 5. Coefficients of. the· TD boson expansion of the mass quadrupole 

· cperato~, eq. (3~2): The 'effective mas$ !£_. ent~ring into (3.1) is 

1. 5 for s~ and 2.12 for Sm. All coefficients are in units of b 
2

. 

Table 6. 
1
'· I I 

Magnitudes. of the different terms ir:l an e,Xpansiori. of the Hamiltonian 

for 
116

sn and 
152

sm iri terms of P and g_ ·c ffr ~ eq. ( 3. 8) ) • 

. -~ 
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' ( i) . 
e: ' i=1 

s 

00 
w 

20 
w 

21 
w 

4o 
w 

41 
w 

42 
w 

¢0 (E2) 

¢ 
2 

¢. 
6 

¢12 

¢18 

¢24 

NMO(RPA) 

-1.0494 

0.20 

-2.18 

5.04 

0.44 

-1.95 

3.03 

-0.4774 

0.7650 

2.9690 

5.9239 

. 9. 7151 

14.9623 

~0.2155. 

o. 589'2 

0.4132 

0.0951 

0.0148 

0.0009 

-32-

Table 1b 

z
20 = 0.95 

NMi 

'0.44 .. 

-0.3032 

-0.39 . 

0.39 

1.24. 

o.oo. 

-0.12 

0.42. 

-0.4774 

0.7649 

2.9688 

5.9044 

9. 5704 

13.9604 

0.1602 

0.9840 

-0.0054 

o.oooo 

0.0000 

o.oooo 

NM 
exact 1 

-0.5238 

-0.47 

0 

1.35. 

0.05 

-0.35 

0.69 

-0.4774 

0.7649 

2.9688 

5.9044 

9.5704 

i3.9604 

0.0183 

0.0501 

-0.0007 

0.0000 

0.0000 

UCRL-18691 

TD 

0 

0 

0.95 

2.0 

0 

0.1 

0.2 

-0.4774 

0.7649 

2.9688 

5.9045 

9.5704 

13.9604 

0.3503 

0.7740 

0.2131 

-0.0108 

o.ooo4 

o.ooob 
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Table lc 

20 
= 0.999 z 

NMO(RPA) ·~ NMi NM exact TD 

e:(i) ~ 'i=l o.4o 

s -3.2685 -2.5612 -,.0.5611 0 

00 68.66 25.59 -0.53 0 w 

20 . 
-144.34 -56.12 0 0.999 w 

21 288.95 112.54 1.30 2.0 w 

40 24.94 9.89' 0.06 0 w 

41 ., 

w· -99.95 -39.77 -0.41 0.1 

42 150.03 59.76 0.76 0.2 w 

Eo -0.1613 -0.4906 -0.5412 -0.5412 

El 6.0634 2.0337 0.6288 0.6288 

E2 26.2355 10.0411. 2.8083 2.8083 

E3 83.0105 32.3100 5.7134 5.7134 

E4 177.7791 69.8174 9·3506 9.3506 

E5 383.9658 151.2519 13.7125 13.7125 

¢o(E2) -0.5020 -0.4749 0.0258 0.3761 

cf2 0.0676 0.0959 0.9548 0.7477 

cp6 0.3759 0.3900 0.0590 0.2291 

¢12 . 0.3172 0·3143 -0.0012 -0.0129 

¢18. 0.1348 0.1306 -0.0001 0.0005 

C/)24 0.0145 0.0139 0.0000 0.0000 

== 

. \ ' 
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Table 1d 

20 
= 1.2 20 = 2.0 z z 

·I 

NM ., 
exact 

TD NM 
.exact 

TD 

s -0.7200 iO -1.2921 0 

00 -0.84 w 0 -3.2 0 

20 0 w 1.2 0 2.0 

21 
1.13 2.0 0.78 2.0 w 

40 
0.13 0 0.87 0 w 

41 
-0.72 0.1 . -3.66 .. 0.1 w 

42 
1.21 . 0.2 . 5.60 0.4 w 

Eo -0~8850 -:~ -0.8850 -5.3498 -5.3505 

E 1 -0.0391 -0.0391 -5.3179 -5.3238 

E2 2.0857 2.0857 ·-0.9556 -0.9590 

E3' 4.8557 4.8557 0.3778 0.3386 

E4 8.3737 8. 3737 ' 3.5439 3.4763 

E5 12.6196 12.6195 . 7.2779 7.1631 

cf:>o(E2) 0.0839 0.4980 0.5977 0.8322 

cp2 o:·9185 0.6121 0.7070 -0.2822 

¢6 0.0_991 0.2932 0.0371 0.2637 

¢'12 -0.0062· -0.0249 -0.1031 -o.i4oo 

cp 18 -0.0006 0.0013 -0.0235 0.0228 

¢24 0.0000 0.0000 -0.0007 -0.0018 

·,1' 
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Table 2a 

41 
= 0.199 z 

NMO(RPA) NMi NM exact TD 

(i) 
e: ' i=3 -0.30 

s -1.0494 -2.7607 -2.8745 0 

00 
-0·7921 -l.i713 -1.1739 0 w 

20 0.2394 0.0653 0 0.95 w 

21 0.1526 0.1477 0.2724 w 2.0 

40 
-0.0438 0.0817 0.1034 w 0 

41 -0.0144 -0.5265 -0.6131 0.199 w 

' 42 
0.1369 0.8903 1.0202 0.4 w 

··-
Eo ...;1. 2905 -1.2903 -1.2902 -0.8814 

E1 -1.2577 -1.2578 -1.2577 -0.5986 
.·. 

E2 ..,0.5225 -0.5200 -0.5191 -0.2100 

E3 0.0634 0.1116 0.1259 1.5023 

E4 0.9197 1.1436 1.2019 3.1309 

E5 1.9908 2.7820 2.9600 5.5710 

¢. o(E2). 0.7980 0.3758 0.3550 0.6688 

¢2 0.4428 0.7693 0.7510 0.1045 

¢6 0.2230 0.2286 . 0.2549 0.3376 

cp 12 ' -0.04,27 0.0487 0.0560 ·-0.2463 

¢18 0.0075 0.0144 0.0163 0.1197 

¢211 -0.0011 0.0020 0.0022 -0.0244 
:&~:Jr~.rat~.sa::;;O...~·.-:a=a..l' 
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Table 2b 

41 = 0.211 z 

NMO(RPA) TD 

s -1.0494 0' 

' 00 -0.9128 0 w 

20 
0.5330 0-95 w 

.21 
-0.4394 2.00 w 

40 -0.1023 0 w 

41 0.2198 0.211 w 

42 
-0.2138 0.4 w 

Eo -331.3 -2.7941 

El -301.8 -2.4849 

E2 -182.0 -0.5675 

E3 -162.4 0.3422 

E4 -99.2 1.6455 

E5 -86.2 3-9748 

<t>o(E2) 0.0000 0.8805 

¢2 0.0001 -0.3719 

¢6 0.0058 -0.0529 

. ¢12 -0.2138 -0.0977 

¢18 0.4833 0.0920 

¢24 0.4280 -0.0237 



NMO(RPA) 

E; 
( i) 

jr..~.(ij n2' 0.427 
ij ' 

20 
1.67 w 

21 2.80 w 

30 0.13 .W 

w 
31. 

0.38 

40 1.20 w 

41 
1. 75 wo 

41 
l. 50 w2 

4i 1.82 w4 
42 

1.73 wo 
42 . 

0.89 w2 

I 
42 

1.29 w4 

+ 
cf>. ( 22) 0.073 

1 
cf> 2' 0.887 

C/>3 -0.036 

cf> 4a -0.442 
•t 

cf> ' 4b -0.002 

cf> . 
5a 0.007 

cf> 5b -0.019 

I 
-37-

Table 3 

NMl 

-0.27 

0.233 

-0.39 

1.50 

0.04 

0.08 

0.16 

0.62 

0.69 

0.77 

0.84 

0.30 

0.50 

0.028 

0.975 

-0.008 

-0.216 

-0.001 

o.ooo 

~o.o22 

NM3 

-0.27,-0.1,-0.06 
I 
j 

0.334 

-0.03 

1.13 

o.o4 

0.06 

-0.13 

-0.12 

0.74 

o.41 

0.27. 

-0.03 

·o.o6 

-0.017 

-0.896 

0.016 

0.382 

0.001 

-0.008 

0.071 

UGRL-18691 

TD 

0 

- _;0.75 

1.17 

0 

-0.06 

0 

0.40 

0.22 

0.22 

0.29 

0.22 

·0.31 

.:..o.o31 

0.999 

0.008 

0.036 

o.ooo 

0.000 

0.001 

(continued) 
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NMO(RPA} . NM1·· NM3 TD 

¢ 6a 0.102 0.031 -0.211 ,..o.oo4 
"* 

¢6b - 0.001 0.000 .-0~001 0.000 

¢7a ·. -0.002 -0.001· ~o.oo5 ·o.ooo. 

¢7b 0.010 0~ 009 .. -0.035 0.000 
. •. 

¢7c -0.000 0.000 0.000 Q.6oo 

.. 
; . 

·.,, 

.. ·,. 
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. Table .4 

116 . . .Sn. 
,. ' 

·,· 

2 5.31 1 . J· 

2 2 5·03, ·. ,, 

41 5.42 

·.~ -8.97 

22 ;...7.99 

2 3 -9.97 ;·; .. , 

41 ,..9.21 .. 

. 42· -16.26 
., .. ·. 

43 " -10.54 

44 -e.o6 

,•' 

' , ·.: 

' ..... _ 

i_ 
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Table 5 

.•. 
116 l52Sm .. .· Sn 

~I 

·10 Q 5;18 -8.30 
. I • 

Q 21 0.33 -L-7t 

I 
31 .. -0.'35 L 

. Qo . 0.37 

Q3l -0.24 0.25 2· ~ ,· .. " ' 

31 
Q4 -.:0.35 0.42 

... 1. 

: ·.~ . .., 

· ... , .. 
; . 



. i 

q 

00 
p 

22; 2 p q . 

4q2 p20· 

2p32;q·. 

3 . 30 
8q p 

p44/q4 

4p~2 
4 42 

Po 
. 42 ·. 

4p4 

16q4 P4o 

5.306 

0.242 

2.716 

-3.152 

-0.578 

.-0.580 

0.052 

1.342 

0.820 

1.672 

0.128 

-41-

Table 6 

-0.163 

2.680 

-2.389 

1.368 

1.367 

0.042 

0.644 

0.380 

0.780 

o.6o8 

UCRL-18691 
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Figure Captions 

Fig. ·1. . Compari.son of 
. ll6 . •' . 

spectra for .Sn obtained by diagonalizing boson 

Hamiltonians, truncated at sec011d or fourth .order, fbr various choices 
. ' r - .• 

· .of 'no~mal mode repres~ntatiori. The origi~al fermion Hamiltonian was 

the same in all cases·. Only 5 neutron shells were included corresponding 

exactly to table 3. · 

Fig,' 2. 'Selected coefficients of boson Hamilton,i.an. for 122Te. The RPA 

'~c;>iution, which. is r~~l for 
0' . 

y .~ 0. 07, is used for the iterative process 

NMi , which is stopped when a minimum: in 20 w is reached. 

·, 
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LEGAL NOTICE 

This report was prepared as an account of Government sponsored work. 
Neither the United States, nor the Commission, nor any person acting on 
behalf of the Commission: 

A. Makes any warranty or representation, expressed or implied, with 
respect to the accuracy, completeness, or usefulness of the informa
tion contained in this report, or that the use of any information, 
apparatus, method, or process disclosed in this report may not in
fringe privately owned rights; or 

B. Assumes any liabilities with respect to the use of, or for damages 
resulting from the use of any information, apparatus, method, or 
process disclosed in this report. 

As used in the above, "person acting on behalf of the Commission" 
includes any employee or contractor of the Commission, or employee of 
such contractor, to the extent that such employee or contractor of the 
Commission, or employee of such contractor prepares, disseminates, or pro
vides access to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 
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