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ABSTRACT
We discuss the dynamical behavior of narrow resonance models
for S scattering in the ffamework of what we call atonous duality;l'
by which we mean that the pole locations and residues in a.particular
channel completely specify the narrow resonance amplitude as a
Mittag-Leffler expansion containing no entire functions.
We opefate under the following assumptions ¢

(i) Crossing symmetry, isospin conservation, and Bose statistics
hold.

(ii) The only singularitiés of the amplitude are simple poles at
locations defined by a +b & (= a(e)) = 0,1, 2, +-- where & is a
Mandelstam variable.

 (4ii) There aré no I =2 poles.
(iv) The pole at s = £ has a residue which is a polynomial in
t of order < aft) .
(v) Atoﬁous.duality holds.
(vi) All partial widths are positive.
Under these assumptions we find that the I + 1 amplitude

Lt
A (v,t) has Regge behavior for v > co at fixed t, while AEt(v,t)

" has pure fixed pole behavior. There are no Regge cuts.
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Furthermore, we find it impossible to formulate partial wave
dispersion relatiohs for these models.
As an example of such a model we discuss the one term Veneziano

.ansatz for =nn scattering.
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I, INTRODUCTION
We discuss here the detailed dynamics of narrow resonance models
For =t scattering.

1,2
The model is defined as a choice of FO(X;Y) in"’

37 a(s),am)] + 2 7 lals),ofs)]

2

o+

NN

Fy [oe(t),(u)]

vFo[a(t)‘,o’z(u)] - Fo[a(t),a(s)]

Fo[a(s),a(u)] - !/

F

‘(1.1)

where «a(x) = a + bx, and AIt is the t-channel amplitude for

isospin I. The assumptions under which we work are listed and dis-
cussed in Section VI. The form of (i.l) insures that Bose stétistics,
crossing symmetry, and isospin consérvation hold., For clarity, in
‘Sections IT through V we develop the detailed properties 6f the ohe

3

term Veneziano ansatz for = scattering

ra-x)r@-y)
ra-x-y)

’FO(X:Y) = (192.)

, We.emphasize that our qpalitative results also apply to a convergent
éuﬁvbf such terms.

For the amplitude choice (1.2),1in Section II we give several
useful expansions of Xt as pértial fractioﬁs,'and note that the model

4 .
exhibits what we call atonous diality. In Section ITT we discuss the
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positions and residues of the model's Regge poles; in Section IV we
discuss its fixed poles; in Section V.we discuss the asymptotic
behavior of'the Regge residue functions B{t) and the related fixed
angle and fixed J  bounds.

In Section VI we list a set of assumptions under which we
discuss thevgeneral class of narrow resonance models.

Appehdix A contains a proof of the relations of Section TII,
gleaned from Whiftaker and Watson, while Appendix B contains a discuSsion
of the behavior of resonance widths in the one-term Veneziano model, and

a rough argument for their positivity.

IT. 'EXPLICIT PARTTAL-FRACTION EXPANSIONS
To investigate the properties of the amplitude (1.2) in the

J plane, we make use of two partial-franction expansions. For

convenience we define the variables Vv, T, X, ¥, W, 2, where”
x = ofs) = % + 3,
y=oz(t)=l+t,
2
v o= alu) = F+uy,
1

L §(X‘W):

T = 1l~X-w,

z = 2vft. . (2.1)

In the limit w =m_= 0, we have z ='cos 6

b1 t’

x+y+w = 3/2. (2.2)
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The partial-fraction expansions are then,

FO(X,y) = i rlgx({l){ lt(i)f X J: K &)
=1
and
FO(X;W') = ; ('l)K F?I({I){I‘ﬁ(LTTT) L v o+ %_(:lL_T) - .K i -V + %?I-T)-K '
(2.k4)

In Appendix A, we give a prodf of (2.3) and (2.4) that demonstrates
that these series .. converge absolutely for Re & <0 and
Re T < O? respectivély. |

The - expansion (2.3), éxpressing the function (1.2) entirely in
terms of its poles in s(ar x),illustrates explicifly the atonous duvuality
;;_):r'o_pertyLF of the model. Thé poles in t (or y)'can be found by
analytically continuing (2.3) to positive y, where the series diverges,

using

1 £V (for x| < K) (2.5)
— z E; (K) for <X | 2.5

and the asymptotic expansion for a ratio of two gamma, functions,6

2] ~ o
larg z|<: T - €

, , o o |
%((2—1'% e Z c, (a-B, B)zw'.n - (2.6)

n=0

~ Where
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Cy = 1,
C, = Xa-p)a+p -1)
1 2 4
a - B\ -
1 o
C2 —.-]E' [5(@+B—1) 'a+5'lJ;
i 2
‘ ’ n~1 '.a-B-m 4
1 n+m n-m
¢ (a8, 8) = % }: - (DT (@)™ [ o (a8, B).
¥=O n-~m+l

(2.7).

Investigating the divergence of (2.3), we have, from (2.5) and (2.6),

© | |
Foxy) ~ - 1’%'377 Z [Ky + %’-‘y(y-l)Ky-l. + o(KY’Q)]gx‘l +xKC 4 o(K'B)}
K=1 .

"ﬂl}‘j‘ C(l—y)+%’-‘y(Y'l)+X] E(2 - y) + ceep,

2

(2.8)

where §(z) is the Riemann zeta function, which is analytic except
for a pole of unit residue at 2z = 1. ! From (2.8) we see that the
series for Fo(x,y) diverges at y = 1 to produce a pole with residue
X , as we know'it-must.

The series in (2.&) is interesting because the poles in s,

v + %(l - 1)) and u, [-v + %(l - 1)] are simultaneously exhibited,

with polynomial residues in T .8' Although (2.&) converges absolutely

only for Re T < 0, the conditional convergence due to the factor (—l)K
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guarantees thé absence of poles in T in its anaiytic continuation to
positive T . This can be seen by following the afgument leading up

to (2.8) and using7

- QO

(-1)% k2 (1% . 1') t(z) . E (2.9)

X=1

It is interesting to note how the Regge asymptotic behavior arises.‘
Consider first the exchange of a tower of direct~channel resonances, .

The divergent part of this series generates a Regge pole. We have, for

P < ,xl < P+ 1 and large x ,9
® oe) @
rX+y) 1 L g/t
T(y) P(K; X - K D)
K-Bil I=0 K=P+1
®
L
1 . X _ 1 . . .
~ P(Y} }E: e T (y) F(1,-y; 1-y; x)
I=0
» x e Y Y
o IMy) sin nty

(2.10)
Now consider the exchange of a cross-channel tower. Again, with

P < I#{ < P+1, we have
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MK + x) 1
x > - MK) I'x) y-K

P ol
\_ U T'(K + x) 1
= lim +
ot >,, }_ T TH ¥ -X
=1 K=P+1
P [e 4}
~  1lin 1 L K1
Do o T'(K) - K .P S e / T(x) v - K
=l K=P+l
P X
~  lim d L .
P+ o TX) v - K
’ K=1 ‘
(2.11)
. R [
The incomplete I' function satisfies
' = O+
_ L=t @-l _ § ()" x>
7(0&,};) = e t dt = ENCEE (2.12)

0 =0

\

If we set. -~y =-1 + O, analytically cohtinuing_to Re ¢ < 0, we have

[20]
R X :
~iny ¥y _ X 1 -
e .X y(1-y, -x) = E TE) 7 -K° (2.13)
and using 1lim y(1-y, -x) = I'{(1 - y), we get the limit we want,
x > 00 .
= rK+x) 1 i
. + X -iny y
lim ~ e x' T(1 - y)
i K T(x) 7 - ,
fixed y K=l - (2ab)

~ which matches (2.10), as it should.
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III. MOVING POLES IN ANGULAR MOMENTUM

Using (1.1) and the partial fraction expansions (2.3) and (2.4),

we can write the t-channel amplitudes as

© (-1)¥ 7 (1) 1 1
t ) X ’
A, (v,7) = g Z I(X) v+ %—(l-T) - X . Z(1-1) - K|
K=1 °
(3.1)
= Tlr+s - “
. ) - 5 1 .
Al (v,1) = ¢ Z\ T'(X) v+ %(14) -K -V + 5'2:(1_«5) -k |
K=1 (3.2)
x T (1 + -J:)
ah) = Sa% v+ 380 = e y ST
K=1
>< ll v + 1 = . u} ’
e x| v e x|
(3.3)

~ where TK(x) is Pochhammer's polynomial, 1

nee) - Lk

Ex’cracting the s- and u~channel discontinuities of these
expressions, we can then compute the Froissart-Gribov partial-wave

amplitudes of definite signature
a (J,1) = : dz! QJ(Z')[Du(T,Z') + DS(T,Z')} . (3.
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Recalling
+1
1 dz' '
A (z) = -5 —— P;(z'),
-1
we have, with 2z = EV/T R
ae_(J,T) = 0,
(-1)% o (1) )
a," (3,7) = eg —Er— L+ ER) L 6.5)
i+
al (J’T) = 0, (3.6)
00
T (v + 1/2)
- K 2K - 1
a; (J,71) = og TR QJ<; + —“f;—-) . 3.7
K=1 '

.Corresponding to

T
ao (JJ T) k4

ao-(J,T)'

.
ay (J,7)

a(v,1) in (3.3), we find the partial-wave amplitudes

= 0, (5.8)

Q0 .
2 1 (v + 1/2) _
- K . 2K - l - -
=2g2 T %@ﬁ+—fra— %(LTL
K=1 '

(3.9) -

Regge poles

which determine the

appear as divergences of the sums in (3.5) and (3.7),

rartial-wave amplitudes.

For example, the I =1

Regge poles can be found by examining the behaviof for large K of the

summand in (3.7).

-7
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Using
. 1/2 Mv + 1) (v +1)(v+2) 1 1
Qv(z) . N © (2 2 (v + 3/2) (v + 6) z2 + 0o T )

(3.10)

and the asymptotic expansion (2.6), we have, setting o = 1 + 1/2,

0 " . 1,1 (g +1) L y(a-1)8t 1
1 D SR G 16 s 32 M t

V& ¢ S G DIV PP

(3-11)j

which can be summed to give a series of Riemann zeta functions, t(z) ,

o L 1 1 L7 +1) OO1:>(J,)§(n 3 - a).
20D DT W TG s 3 @) Z Sttt

n=1

| (3.12)
‘Since the only singularity of £(z) is a simple pole of unit residue
\
at z =1 ,7 poles occur in (3.12) at J =, Q-1, Q=2, «ev .
In principle we can compute any number of Regge residues by an
iterative procedure evident from (3.10) and (2.6), But in practice

combining the two expansions becomes cumbersome very quickly.

The first two residues are
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g ‘a(h/T)-a

T = (f J = )-}
60( ) 2(ﬁ)l/2 Mo + 3/2) - *
(3.13)
()4_/ )-a+1
. g 4T 1 3 _a(r -1)
AT Sy S 2
y -1
£ (/) (for J =0 - 1).
80)Y2 (o + 1/2)
: (3.14)

These residues are of the form predicted for linearly rising
trajectories by Mandelstam.l2 In‘addition to the threshold factor
(4/T)-a = Q?a ~ in (3.13), note the zeros which appear at the negative
hélf-integefs, as they must because of Mandelstam symmetry and the
absence of compensating trajectories.l3 It should be noted that since
(2.6) is én asymptotic expansion rather than a convergent series, there
is no guarantee that the infinite sum (3.12) converges to (3.7). 1In
fact, this is not the case, and the asymptotic expansion (3.12) diverges
for all finite 7 and J . TIn addition, we Wiil see in Section V that.
(3.12) is a poor approximation to the continuation of (3.7) as T~ o©
for fixed J.

If we apply the same methods to (3.5) we find that there are, as
éxpected, no I=2 Régge poles. Although (3.5) converges absolutely
only for Ré J > 1, we can use (2.9) to verify the absehce of moving
"poles. The conditional convergence of (3.5) caused by the féctor (-l)K

eliminates the kind of poles appearing in (3.12).
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IV. FIXED POLES IN THE J PLANEL'

The QJ(z) have poles at negative integral J . Let us see
whether these appear in our Froissart-Gribbv amplitudes,

2 fixed poles, from (3.5), have residues

x (-l)KT(T) -
72(N) = 2g Z ————I-\—G{—)-I-{—-——- Piq (l + EKT'l), (k1)

K=1

The I

while the I = 1 fixed poles have residues, from (3.7),

=R T (1 + 1/2)
71(N) = 28 ) ;EiﬁtEY"“* Pya1 <?'+ gg;i*lf) - (h2)
K=1

Ih»deriving (4.1) and (4.2) we have used the fact that

P - (z)
QJ(Z) X —gl%jﬁ— | (near J = -N).

In fact, 71(N) =0, as expected‘.. The proof goes as follows.
Set a =1+ 1/2, and choose a < -N. Then (4.2) converges, and if it
is zero for a < -N, analytic continuation tell us it is zero everywhere.
(There can :never be a barrier of singularities because the.zeta function
‘has only a single pole.)

The sum in (4.2) is zero for o < -N, Define (for o < -N)

P -1 ,TK(o:)
D(a, N, P) = —TEr - o , (4.3)
K=1

Bv induction it follows easily that
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T . (a)
Do, 1, P) - GEITTE (4.4
and we then have
: Px+l
Limpy |, D(a, 1, P) = CESBC) I 0. (Lk.5)
Now
P KTK(a)
D(ey 2, P) = Z TT(K) - alp(@ + 1, 1, P) - D(o, 1, P)],
k=1 (4.6)
_and therefore
lim, , _ D, 2, P) ~ P2 L 0 (@+2<0). (&7

This procedure can be extended to arbitrary~ N, which gives us
the required result.
Similarly, we define, to study (L.1),

‘ ~ N DA MCE |
G(x, N, P) = 2 ) . (4.8)

K=1

Just as for the D's above, the study of G(x, N, P) can be reduced

. by an iteration procedure to the study of G(x, 1, P), but here

G(x, 1, @) £ 0 . 1In fact we have ”
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00
a(x, 1, o0) = E—Sjl;n—i’ﬁ (-1 B(=x, K + 1 + x)
. 1 [09)
3 ~x-1
_ X sj:;n TEX[ § (-l)K tK+X(l - t)
, 0 K=0 ' '
X sin nx X -x-1 -1
= 2R attt 1 -t%) (A+t)T .
“0
(4.9)
Using15 ‘
* ' ) T(v) '
a~1 b-1 -b-a _ I'la) T'(b -3
(1 - t) (1 +t) at = o 2™,  (k.10)
“0
we get
o =(x+1) ‘
G(x, 1, ©) = -x2 . _ (4.11)
Therefore the I =0 and I =2 amplitudes contain fixed poles,
16
whose residues are functions of T . The poles manifest themselves in

+ .
the amplitudes aq and 32+ at odd integer (wrong signature) values
- of J , and hence, from the symmetry pfoperties of the PK(Z) » We can

see they give no contribution to the asymptotic behavior of the physical

1
amplitudes. T
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V. ASYMPTOTIC BEHAVIOR OF pB(t)

'If we use the Stirling approximation for I(z), (3.13) yields

ﬁo('r') ~ .1_3:_ 63/-2 (h/e)-a(’r) w e-aﬂn(h/e)

T T

and as T goes to oo along a wedge near the negative real axis we

get an exponential blowup. Since BO(T) "is an analytic function of T,

and has an infinite string of zeros at Q= - gy - g ¢+, Carlson's

theorem tells us this exponential blowup must occur, as pointed out by

' .. 18
Jones and Teplitz,

Jones and Teplitz further remark that in a theory with infinitely

" ‘rising trajectories at least one of the following set of assumptlions,
considered in a related context by Khuri,19 must fail:
(i) The amplitude A(s,t) is analytic in the cut s plane and’

is bounded for fixed t by
' 1

—_ - € ) ’
£(s) = c exp (sl ) ; S (5.2)

(ii) A(s,z) is bounded vy f(s) for fixed z ;-
(1ii) 'The Sommerfeld—Wétsbn transformation of the partial-wave
. emplitudes a(J,s) exists, and a(J,s) ié bounded by £(s). for
Tixed J; | | |

(iv) o(s) and p(s) are analytic with a single cut‘ffém 'é = hp?
“to o, oafs) is polynomial bounded, and B(s) is bounded by £(s).
‘ Since (i) and (iv) are satisfied by construction, we musﬁ check
(ii) and (iii).. Both.cdnditions are viOlqted. Checking the fiied’ A

bound (ii) we have, with x =als), w=oal), T=2v/2,

, - (5.a)

ot e o 8 S e

et e s
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1 v 1 v
P(§ + vV + Z) P(§ -V + Z)

Folx,w) = v/ | : | (5.3)

\1/2 |
N %(%) exp (vI(1L + 1/2z) fn(1 + 1/2)

+ (-1 + 1/2)n(-1 + 1/2) - % n(2/z)]

(5.4)

The evaluation of the fixed J 1limit takes some care, since

our partial-wave amplitudes are expressed as infinite sums.

20

Near z =1 we have

a,(z) ® -2 log(Zz -2) - 7 - ¥(v +1) (5.5)
(for v 7é -1, =2, eee),
where
¥(z) = = 1log I'(z) (5.6)
and 7 1is the Euler~-Mascheroni constant
y = (1) = lim (E(G) - =) . (5.7)
z > 1
We rewrite (3.5) for PSk|SP+1 :
P o) K
‘ (-1)" T (1)
+ . X ‘ 2K - 1
a2 (J,T) = 25 | §— + }N ——I-TG{-T—- QJ l+_-'-l'_)
K=1 K=P+1 |

(Eq. 5.8 Cont.)
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"‘“’»2g§: TR |2 \ S -7 =¥ +1)

. o (-1)¥ x7 (x)l/2 T(1 + J) _lgg)’J'l
E T(t) T(J + 3/2) T
K=P+1
(5.8)
The second term on the RHS of (5.8) gives no trouble for =
. large and negative. For the first térm, hdwever, Wwe need to consider

the asymptotic behavior of

(T) Sm ST‘:(E%T ’ (5.‘9)

which violates (iii) for 7 + - . Looking at the singularity structure
for aef(J,T) diagrammed in Fig. 1, we see that this asymptotic behavior
is what we.expect, if we approximate the amplitude for fixed J Dby the

pole at J = -1, with residue G(T,l,oo), using (4.1) and (4.11), so

" that

~(1+1)4n 2

+ ~ =T e _ .
a, (3, 1) =T . (5.10)

Now consider (3.7) for P<7t+1/2 < P+1:

R Z Z ;;Sf R o E2),

K=P+1
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Pox
a; (3,7) ~ 2¢ 2 ﬁﬂ ~%1og(2—15-2-—;-—1-> -y - ¥ +1)
K=1
@
(KT+1/2 . e (ﬂ)l/2 M1 + J)
*+ 28 (7 + 1/2) T(T + 3/2)
K=P+1
I -J-1 _
X (%15 e ) (5.11)

As T goes to +oo, we leave the region of convergence of the
Froissart-Gribov projection (see Fig. 2) and, for fixed J, must consider
more and more pole terms coming from the divergences of the second sum
in (5.11). We see here, however, that the first sum in (5.11) becomes
exponentially more iﬁportant than the secoﬁd as we go to higher 1.

We must therefore interpret the expression for ’al-(J,T) in terms of

an infinite nﬁmber of Regge poles, (3.12) as an asymptotic expansion

which is good for T~ -00 at fixed J, but fails for 7T — +m. The
first sum on the rightvof (5.11) corresponds roughly to the contribution
of the background integral, énd the second is the sum Qf Regge poles.

Our statement above about the asymptotic behavior of aln(J,T) can
‘alternatively be expressed as the fact that as one moves the background
contour to thé left in the J plane, in this model the backgfound
integral grows exponentially for large' T  énd dominates the Regge series.

Since assumption (iii) fails both for a. (J,t) and for a2+(J,T),

1
We‘cannot write fixed-J dispersion relations for the partial-wave amplitudes.
Partial-wave dispersion relations have served as a useful dynamical tool

. iy 21 : _
in traditional Regge theory, ™ and their failure here is an important

consequence of the Veneziano model.
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VI; POLE MODELS, REGGE BEHAVIOR, AND ATONOUS DUALITY
In this section we discuss the.general class of modeis for mx
scatteringvcdntaining énly simple poles iﬁ'place of thé physical cut.
Ve chooée,to restrict our consideratiOﬁs to that class of narrow
resonance models whose defining charaéteristic is that the amplitude is
completely specified by the fesidues and locations of the polesf This
" assumption eliminétes fromvconsideration, for example, models of the
“type recenﬁly proposed by Jengo, which are forms of the interference
. model.22
We will use here the following assumptiohs:'
(a) Crossing symmetry, isospin conservation, and Bose stétiétiés
are satisfied. )
(b))’ The only singularities of the amplitude are siméle poles at
s = sg» Where: a + bsy (= a(sK)) =0, 1, 2,**+, and siﬁilarly for the
t énd u channels.
(¢) There areno I =2 poles.23
(d) The poie at s = s has a residue which is a polynomial in t
" (or u) of order f,a(sK). |
(e) Gi&en the locations and residues of the poles in s., the
amplitude is completely determined. |
~(£) A1l partial widths are positive.
Assumption (a) is of course also satisfied by the physical =
amplitude. - Assumptions (b) and (d)-specify the pole locations-and
" their possible angular momentum céntent. Assumption (c) is made purely

for reasons of convenience. Assumption (d) is probably not independent

of assumptions (a), (b), (c), and (e). Assumption (e) is
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the defining characteristic we refer to above, which we call "atonous" .

duality in order to differentiate it from Dolen-Horn-Schmid dua-lity.h
We do not discuss assumption (f) further in this section, except to
mention that of all possible individual Veneziano terms, only (1.2)
yields all positive widths. We touch on the positivity condition
further in Appendix_B.

Assumptions (a), (b), and (e¢) are implemented by taking the t

channel amplitudes to be

g (ala(s),als)] + mHa(t),a(w)l} - %H[a(s),a(u)]?
= g Ha(t),a(u)] - Hla(t),a(s))
Hla(s),a(u)]

(6.1)

where (a) is satisfied by taking H(x,y) = H(y,x), (b) is to Dbe
implemented by hand, by choosing the pole locations as above, and (c)
is satisfied by insisting that H[a(s),a(u)] have no singularities for
hp? > s +—u.

For fixed y , the most general H(x,y) having given pole

“locations and residues, by the Mittag-Leffler theorem,elF is

= (¥) _ -
H(x,y) = Z iﬁ{f’K + Eelx,y) (6.2)

X=0

where -EK(x,y) is entire in x.
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By assumption (e), atonous duality, we mean that, at least in the

physical region in the channel where x 1is the energy,

2 (¥) . | |
B(x,y) = 2 X (6.3)

K=0

so that EK(x,y) = 0. DNow (6.3), by construction, will converge for

, all x, and for ' Re y <O .

The symmetry of H then tells us that

2 (x) = S (y) | ' | :
}_ iKK _ 2 ?_YK (6.1)
K=0 K=0 o

vprovided'.Re x and Re y are negative. In fegions where x '(and/br y)
is positive, the divergence of the series of pqlés in x generates the
poles in y , and vice versa.
Assumption (e) is essentially the statement that for some fixed
t we can write an unsubtracted dispersion relation in s .‘ We call
this "atonous" duality, in order to distinguish it from Dolen-Horn-
- Schmid duality. *
- If we express the pole residues of H(x,y) in terms of

T=1~X —vy, and let Vv = %(x - y), we see that both sets of poles

can be simultaneously exhibited in the form

. a
. o - 1 1
©H(x,y) = R(1-X-
(x,y) z Ry v) v+ %(1_1) x| s %(1-1) - X
| K=0 :

(6.5)

again with no additional entire function.
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Below; we will argue semi-rigorously that in the general case:

(A) H(x,y) has pure power behavior of the form

(e &)
Bxy)  ~ z Lo ) . (6.6)
X * 0 )
fixed y I=0 '

(B) For v~-> o in (6.5) for fixed 71, Hlx(v,1), y(v,7)] has

fixed power behavior of the form

@

B~ Z vl (n) L (6
vV > :

fixed 7T I=0

Property (A) is Regge behavior, and property (B)‘is the Froissart-
Gribov phenomenon.25 From (6.6) and (6.7) the I =0 amplitude has
fixed and méving poles in the J plane; the I =1 amplitude has moving
poles only; and thé I =2 amplitude containsg only fixed poles.

Property (A) follows from the behavior of the residues

1m Re(y) = G+ GEETH L (6.8)
X~
n Prdperty (B) follows from (6.8) and from the fact that
pla(6) /) 2 0 for a(t) =1, 2, 3,0 .

Furthermore, except for a violently pathological case, the
fixed~J bound on a2+(J,T) is violated, as in the specific example
discussed in Section V.

Taken together, assumptions (b), (d), and (e) are almost

equivalent to assuming Regge behavior. Let us see how the asymptotic

behavior works out. By assumption (c)
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v ok \\
" ,
Re(x) - }: g ¥ )g(K) | - (6.9)
=0
where We have taken a,,. = 1 , for convenience. Factoring out any

KK

multiplicative x dependence we define E(x) , o(Kx), and T(K,x) by

Re(x) = F(x) oK) ~ (6.10)

'and
K:lim RK(x) = glx) (K, x) . | | (6.11)
In the e#ample above g(x) = g(x) = Eo(x), and Z(K;x) = KX .

By using (6.4) we will argue below that these relations are true in
general.

Using the same procedure as in Section II, for P < ]xl <P+1

o & ~ X o Eox)
lim 7 " lim s lim e .
X~ - - P~ oo y=5%  Pow AALQ y
K:O ' =O, K:P—l-l
(6.12)
Similarly, for the direct channel exchange
00 ® - '
. RK(Y) L = Iml A, A
lim — ~ - X K egy)e®y) .
P> '
© K=P+1 I=0 K=P+1 '
(6.13)

Physically, the second sum on the right in (6.12) should give
nd contribution to the asymptotic behavior. Matching the remaining

B terms, we get, in the limit of large lx’
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o © ©
‘ L “L=l ~p (o~ L
lim - x Z K g(y)o(K,y) = Z xg(L)
P~ . y - L
I=0 K=P+1 - ‘L=O :
@ . © ,
=L+
= ) xg(n) 1 Z gL
L=0 K=P+1
(6.1L4)
using the property of the Riemann zeta functioh7
‘ loo]
1 _ -z
z -1 C(Z) - EC(Z) = X “,EC(Z)
1‘;=1j
@ M-1
- X K? o+ }; K7 - B,()
K X1 | d |
(6.15)

where EC(Z) is entife.

From this last relation we would of course like to conclude
that g(y) = (L), and E(K,y) =¥ . We do not know how to prove
that this is true rigorously, but we conjecture that it is, and we note
that if these relations 4o not hold; evidently we need more information
to determine the system, and assumption (e) is therefore violated. If

we assume o(K,y) is indeed X , (6.10) then yields, using (2.10),
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AR . o)
g(y) Z— s A= F(1, -y; 1-y; x)
-0
~ : 'é(Y)Tf e-iﬂy Xy (6.16)
sin ny

X = o

so that we have Regge behavior and are left with an unspecified entire

9

function g(y) .
Let us try to verify the conclusions above by using (6.4) in a

somewhat different way. As 'y = O0- , we know that the sum on the left

in (6.4) must diverge and we have, using (6.9)

0

lim Z zKEy;: ~ 80 ' | (6.17)

y > 0- v

X=0

Since we are looking for the divergent piece of the series we
 can throw away the first M terms, taking M >> x , and obtaining,

from (6.15) and (6.11), for small y and arbitrary, large, M
Sy - W), 0) = gl0) = (0) (6.18)

£(0) = o, £'(0) = 1. (6.19)

If we subtract off the first divergence and work at successive

_integers we get
gm) = g); £ = W £t = 1. ~ (6.20)

If we differentiate (6.4) and go through the same procedure we

can in fact conclude that f(y) = y, since we have implicitly assumed
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E(z,y) is holomorphic., The differentiation and subtraction procedure
‘ also enables us to conclude that the general power behavior (6.8) holds.
We therefore reach, semirigbrously, the unsurprising conclusion
that our assumptions imply that all the poles lie on Regge trajectbries,
and that there are no extra trajectories unassociated with poles.
Either from (6.16) or from the Froissart-Gribov continuation

00

a,7(5,7) = Z R o,Q + EL), (6.21)
X=0 :

" we have the leading Reggerresidue

i - B ()7

In order to prevent Bo(t) from having poles at y = -1, -2,

we must insist

~

2y) = iy +1) nly)  (6.23)

where h(y) is entire and arbitrary, except for the requirement that
h(N) 2 0. From (6.5) we can see that a2+(J,T) has fixed poles in J
at wrong signature negative integers. ' As in the example above, the

. residues of the fixed poles are nonzero if
= -1 K TK
74(%) - Z Gl nw (6.24)
X=0 '

is nonzero for large, negative T . The sum in (6.24) is bounded

2 2 )
‘below by € e . , provided all h(K) > € for K > (some) M,

and in fact 7O(T) is nonzero if at least one h(K) is nonzero.
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The model is now specified up to the entire functions hi(K),
which enter each Regge residue, Except for a violently pathological
choice of‘ : hi , the _Bi(t) will then blow up exponentially
as in the example above, as will the residues of the fiked poles, and

: 18
the fixed J bound will be violated.t ,26

VII, CONCLUSION AND SUMMARY

We have argued above that under a certain set of assumptions,
' including most importantly what we call atonous duality, narrow
resonance models for mnn scattering necessarily contain fixed poles
in J dinthe I =0 and 2 amplitudes, and moving poleé in the
T=1 and O amplitudes. |

The Regge residues can be detérmined up to entire functions.
For any reasonable choice of these functions, the fixed J bounds for
the Froissart~Gribov amplitudes are violated and the Regge residues
18

will show the exponential behavior discussed by Jones and Teplitz.

The formulation of partial wave dispersion relations is therefore

-+« precluded.

‘We believe the pathology outlined above can only be cured by a

frontal attack on the harrow resonance approximation itself,
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APPENDIX A. DERIVATION OF THE PARTTAT-FRACTION EXPANSIONS

To prove (2.3) we use Gauss' theorem for the hypergeometric

27

function

I(e) e - a - b)

Fla,b; ¢ 1) = Fgs a) I(c - b) ’

(A.1)

which holds for Re [e¢c - & ~ b] > 0. We remind the reader that F

satisfies the hypergeometric equation

z(1 -z + le-(a+b+1)zlu' - abu = O,-J (A.2)

and is defined by the hypergeometric series,

0
- T T :
Fla,b; c; z) = - &) ) 2* (A.3)
rEs = TK(C) M +1) ‘ ’
K=0
The series converges for lzl <1 . For ]zl = 1 the series 1327

(a) divergent for Re(a +b - c¢) 2 1,

(b) absolutely convergent for Re(a +b - ¢) < 0,

(¢c) conditionally convergent for 0 < Re(a +b - ¢) <1, the

point 2z = 1 Dbeing excluded.

To verify (2.3) we note that

@O fe ) :

'K + v) 1 _ P(m +1 +7y) (-1) 'Mm+1 - x)

MK) T'(y) x - K My) I'(m + 1) Tm+2 -x)’

=1 . m=0

(1 + y)iN(1 - x)

(by 8.3) = - SRy PO 1mx; 2-x5 1) (AL)
(by A1) = (-y) F(%(i f)xrf‘zg
= F [x, y]-,

0
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whenever Re y < O.
Verification of (2.1#) is mare involved, since both sets of poles
have been simultaneously exhibited.

In the notation of (2.4) we write
1 1,
Fo[x,w] = 1 Bl-v + é—(l-ﬂ), v o+ §(l=+T)]. (A.5)

‘vMaking use of the integral representation of the beta function,

1
B(x,y) = 271 - 6) 7 at
0
o1 '
= L+e) XY (5t vy ae,
o (A.6)
. . 2T
and of the hypergeometric function,
r - b-1 c-b-1 -a
F(a,b; ¢c; z) = D) éfg =) {l at t (1 -t (1 - t2) T,
’ : . H
)
0
(A.T)

we have . -

Bl-v + %(1 + T),}V + %‘-(1 + 1)]

rf-v + %(l + 1) ]

(1+1); v + %’-(lﬂ) + 1; -1]

rOj

- T F[T+l, -V .+
Plav + 5(1 + 1) + 1]

rlv + 2(141)] o '
2 1 1
o+ T Flo+, v+ 5(14-1); vV o+ 5(1+T) +1; -1
rlv + 5(1‘#7) + 1] :

1 o 1
: - + )
-V o+ %(l-#r) +n v+ %(lf!.-'r) +nJ

(A.8)

'(1+1+n) (_l)n'

(e o]
_ 1
T Tt +1) Z T(n + 1)
. n=0 ’
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and if we let K=n + 1, (2.4) follows. From the properties of F at
z = -1 listed above, we see the series in (2.4) is absolutely convergent

for Re T < 0, and conditionally convergent for O L Re 7 <1,

APPENDIX B, BEHAVIOR OF RESONANCE WIDTHS
We define W(N,L) as the partial width of the nn resonance
having spin L and (mass)g‘ (N - a)/b . The behavior of W(N,L) as a

function of its arguments is contained in

+1 :
W(N, L) = dz P (z) %% ) (B.1)
-1 ' - : : ‘ :
where
y = z[_-él-(N-D) +al - % (¥ - D) (B.2)
vand
D = afs) +a(t) +afu) = 3a + hugb . (B.3)

The coefficients of the Legendre polynomials appropriate for
(1.2) in the case D = 3/2, a = 1/2, ue =0, b=1 BeV> are listed
in Table Bl. | |

For N >> D,a and lx-ugb, the polynomials TN(y) = D(W+y)/T(y)
essentially consist of a huge forward peak between 0Ly <a, or
1-2a/8N < z < 1. |

We can therefore appro.ximate W(N,L) by

1 | P (z) T(W + )
| e e (3. 4)
1-2a/N

1P

W(I, L)

: 28
TFor large L and small 1 - 7,
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7, (n)

R - o0+ (252) |4

RAOES AN ol(1-2)°1,

(B.5)
1

where 7 = (2L + 1)l == .
The first zero of Jo(x) occurs at x % 2.41. Therefore the

first zero of PL(Z), from (B.5), occurs near the edge of the T, peak for

L=1I, ® 1.2 (N/a.)l/2 . - (B.6)

For L << L, and N fixed, W(N,L) will thus be roughly
constant, since the entire forward peak in TN(y) is contributing to
the integral.

| As L gets larger fhan Ly > W(N,L) will begin to drop
sharply. Taking N >> a in (B.l4) and expanding F—l(y) in a power

series about y = a , we obtain

-N(log W)&

w(N,L) ® oN* | dt e Jo(eLWJE) CJ(N) ¢
0 e
00 51 1%/ 1og N . |
z{: P(J+l)(N log M)~ e tL.(L /N 1logh),
- 3=0

- (3. 7)
"~ where L (x) is a Laguerre polynomlal. 29 In the interval of 1nterest,

0Lt 2/N , we can bound I' (y) by

fo's) 00
I'(i-a) sin na (1 - ) P(l-a) sin ﬂaig: TTQEIIT cos- natz_‘fégsigj(-l
: j=0 J=0 '
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where ¢ = ;-N ¢ . This expression roughly tells us what Cj must

2
be like as a function of J s and we can now check and see whether the

‘approximated series converges.

To proceed, we need to know how Lj ‘behaves for large Jj.

Fejer's formula tells us that for fixed =z 22
. l-z
1im L.(z) = (ar)l/2 e Z—l/h cos [2(jz)l/2 - a4l + O(j-l/u).
j+oo Y
(B.9)

Therefore the approximated.series converges for fixed and large (I,N).
For L << N the argument of Lj becomes small and (B.9) is no.
longer applicable.. Instead we have30

1

-7

e 2 Lj(z) ~ J, ([(uj + e)z]l/g.) + o(j'B/L‘) , (B.10)
. . i 1/2

and the approximated series still converged. For L << N R

W, L) ~ exp(-L?/N log N), and is relatively insensitive to I, as we

have pointed out above,

For L >> V]ﬂ, a much more complicated argument leads once
more to a convergent.series, falling off exponentially.

The behavior of W(N,L) sketched above is equivalent to an
impact parameter description in which the radius of interaction grovs
‘ . 31
. -as :sl/2 .

. . . a-1
For L << N, the first term in the series gives N /1og N

for the b%havior in N, showing the power behavior one expects, along

with the logarithmic shrinkage.
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These general remarks lead to a rough argument as to the
,v positivity of W(N,L). As has been shown by Shapiro and Yéllin;? if
one chooses a such that W(2,0) 2 0, then W(N,0) > 0 2
Using the same arguments, it is probably possible to show é similar
result for W(N,l), the p-wave widths, though this has not been done.
Furthermore, W(N,N) and W(N,N-1) 2 0 %because the coefficientvof}
zL in PL(Z) is positive.

Above, we have argued that for fixed large N, Wi, L) f;lls
monoténically with increasing L. Combining this propefty with
positivity of the s- and p-wave widths on one hand, and that of:the

leading two trajectories on the other, we have a rough argument for

the positivity of all W(I,L).

4!

o
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Table B.1. Coefficients of the Legendre polynomials .
contained in the model amplitude, normalized to-

L=N=1. For N =L, c=u‘”/p(u).

b c 73 8/5
2
3 2 -7 -85
) |
2 2 2 c-12f3
1 12 % 2085
T 0 0 1 0 2 ¢85
L
o 1 2 3 )
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FIGURE CAPTIONS
Singularity structure of the partial wave amplitude of eveﬁ
a2+(J,T) in the Re J, Re T plane. Note that the
series defining a2+(J,T), (3.5), converges only conditionally
below the double line. |
Singularity structure of thé partial wave amplitude of odd
signature al—(J’T) in the Re J, Re 7 plane. Note that the

series defining al—(J,T), (3.7), diverges beyond the double

line marking the leading Regge trajectory.
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A. Makes any warranty or representation, expressed or implied, with
respect to the accuracy, completeness, or usefulness of the informa-
tion contained in this report, or that the use of any information,
apparatus, method, or process disclosed in this report may not in-
fringe privately owned rights; or

B. Assumes any liabilities with respect to the use of, or for damages
resulting from the use of any information, apparatus, method, or
process disclosed in this report.

As used in the above, "person acting on behalf of the Commission”
includes any employee or contractor of the Commission, or employee of
such contractor, to the extent that such employee or contractor of the
Commission, or employee of such contractor prepares, disseminates, or pro-
vides access to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.
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