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We consider a partial wave expansion for s —
in terms of the spin-matrix polynomials
Wn(z)'= r(z +n/2 +1/2)/r(z - n/2 + L/E) rather than thg
conventional Legendre polynomials. This leads naturally

to Veneziano's formula when his supplementary condition

a(S) + a(t) + G(u) =2 1is invoked.

' The appearance of the beta function B(x,y) = I'(x)r(y)/r(x +y)

.
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in Véheziano's representation of the xx —>g& séa{tering amplitudel is
inféresting. A genéral répfesentatién of the scattering_amplitudé’in
which this functional form appears natﬁrally could concei&ably be of
fundamental.significance. We will start from a partial wave eipansion in.

the s-channel

| fA(s,é,u) = %- E: (2£.+ l)faﬂ(s)[Pz(z)v+ Pz(-z)]-f (s e>t,u) ,

£ v - | | . (l)i

for the symmetric factor in Veneziano's amplitude.’ Instead of an‘expansion
in terms of Legendre polynomials, we wish to consider one in the spin-

matrix polynomials defined by

[



W (z) = r(z+n/2+1/2)/r(z -n/2+1/2)

n

which are polynomials of degree n: in the variable =z for integer n.

Weber and Williams2 have shown that

vkwh(k/z‘; 1/2) = nl® o, (2)

if k and n are both even or both odd, where 7 is the difference

operator
vg(z) = 8(z) - g(z - 1)

The function Wh(z) is called a spinfmatrix polynomial because of its
advantages in expansions of functions of z = i'éf where s; are the three
(s + 1) X (25L+ 1) spin matrices for spin s. In particular
w2(3+n)+l(z) vanishes for n > O as a consequence of the Cayley—Ha@ilton
theoremn.

The Legendre polynomials in Eq. (1) can be expressed as an expan-
sion in the spin-matrix polynomials in the form

P,(z) + P (-2) = ) [ (202) + W (-202)] (3)

S

Nn=
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where p can be an arbitrary function of s. We now apply Eq. (2) with

respect to the variable 20z with k even to get

~
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The coefficients b~ for odd n drop cut in Eq. (3) because of the

symmetry property Wh(—z) - ()" wn(z), so there will be no damage done if
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Eq. (&) define§7 b~ for all non-negative_integer values of n. The

partial wave expansion then takes the form

L‘Sl—‘

§42&+1)a s){P (z) + P ( z)] = Z = c_ (s)[w (2p2) + W (=2p2)] ()
. o : =O S v

where c#(s): isvdefined by -
¢, (s) = 2 (2£+1) a%<s)\7“[ Z(—h——-) +Pz< B2 } , (6)

if it is safe to 1nterchange the two sums. We have extended’the range of
-the sum over £ here downward to zero because Vn _will reduce a poly-
.nomial of degree £ to zero if n > z. We also take Eq. (6) as the
definition of e, (s) for odd ;aiﬁes of n since ‘they drop out of the
amplifude ahywey. The form of Eq (6) is interesting in that it relates
en(s) to>discrete vaiues ofvthe.entire Legendre.serles.‘ We now consider
the SommerfeldQWatsqn transform of t‘he-righ‘b‘#-h‘a'._ﬁdv's'ifie of Eq. (5). This

._iS'given by
) B ey (aos) + W (-2on))

o : n 1 n 1 _
r(2z + 3 *2)”+.F('2°z *5*+5) n

l) sin m ’

.z

' r(cpz - %-+ %) r(-2pz - % +

where the contour C passes around the pdsitive real axis of the complex

‘n-plane in the clockwise di'z_-ection. We now distort the contour past ,t'h'e
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leading pole of c(n,s), which we suppose to be located at

n(s) = a(s) - 1, picking up the contribution

r(eoz + a(s)/2) r(-2pz + afs)/2)
F(?pz - a(s)/2 + 1) F(}Epz - a(s)/2 + é)

@(s) p(l - .oz(s))

We can easily interpret this contribution to the amplitude A(s,t,u) if
we assume linear trajectories. We have z = (t - u)/hkikf so taking p

to be bkik , where b 1s the slope, we get

f

2pz

-a(u) - afs)/2 + (3a + bx)/2 ,

a(t) +afs)/2 - (3a +bvZ)/2 ,

‘where a 1s the intercept. Our contribution from the pole is then

r{o/2 - o(u)) r{o/2 - a(t))

(a) £ - ale)) r@ + o/2 - a(s) - a(w)) P+ o/2 - ofs) - aft)

-
where o = 3a + by = a(s) + a(t) + a(u). Evidently a/2 hés to be an
integer if we aie to avoid poles at nonintegral values of the trajectory
function in the t and wu channels. Experimentally 0/2 is close to
unity. The supplementary condition 6/2 = 1 was discussed by Veneziano

>

and also by Mandelstam.” Taking B(s) to be constant, say B/2x, our

symmetrized contribution to A(s,t,u) becomes

A(s,t,u) = ;%- B - als), 1 - ot)) + BA - ols), 1 - alu))

+ B - a(t), 1 - a(w))

which coinceides with Veneziano's proposal.
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Evidently there are several steps in the deduction given here thgt

will need to be filléd in with some arguments more rigorous than mere

enthusiasm. Pending the outcome of these investigations, it seems fair to
say that the use of the spin-matrix polynomials instead of the Legendre
polynomials can probably réduce'the‘dynamics inherent in the Venegziano

formula to just the pole in the complex n-plane.
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