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ABSTRACT 

'IT 

Integrals of the form J exp .( -[3 Q) exp (- P. cosec B)dO often 
0 

arise in the calculation of shielding .for high energy accelerators. These 

integrals have been named 11 Moyer Integrals" and numerically evaluated 

in the region of practical interest. Examples are given to show how 

these integrals may be. used to estimate shielding in practical situations. 
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1. Introduction 

In 1961 Moyer 
1

' 
2

) described a semi-empirical method for eval­

uating shielding for the Bevatron-the 6 -GeV proton synchrotron of the 

Lawrence Radiation Laboratory. · The value of this technique for high 

energy accelerator shielding calculations is indicated by good agreement 

between calculated and measured radiation levels outside the Bevatron 

shielding3 ). Smith
4

) has given a detailed discussion of the experimental 

evaluation of the Bevatron shielding performance. 

DeStaebler 5 ) generalized this semi-empirical method and used 

it in shielding estimation for the 20-GeV electron linear accelerator at 

Stanford. It was DeStaebler who first used the designation 11 Method of 

Moyer" which has been generally adopted. To quote DeStaebler-

"Our name for this method and our description of it have not been sanctioned 

by Professor Moyer, and we apologize if we have said anything which 

embarrasses him. 11 

. More recently6 ) Moyer's Method was used. to predict shielding 

for a 200-GeV proton synchrotron. Results in good agreement with al­

ternative calculations were obtained despite the severe limitations 

of input ¢lata. ··· 

As part of a continuing program of high-energy radiation studies 

at CERN, the Lawrence Radiation Laboratory, and the Rutherford High 

Energy Laboratory, an extensive shielding experiment has been made at 

the CERN 25 -GeV proton synchrotron. Preliminary data obtained from 

these measurements have been published 7 - 9 ), and an extensive report 

covers the results in detan10). This experiment has given strong ex-

perimental justifications for the semi-empirical method of shielding 
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calculations originally due to Moyer. 

2. Brief Descr~ption of the Moyer Method of Calculating Shielding 

Detailed descriptions of the Method of Moyer have been published 

in the literature 1 ' 2 • 3 • S, 6 • 10 ). For the physical justification of the 

method the reader is referred to these papers. However, for the sake 

of clarity a brief description is given here. 

A proton accelerator may be considered, for the purpose of cal-

culating shielding, as a source of neutrons. In the high-ene:~:gy strong-

focusing proton synchrotrons it is sufficiently accurate to ignore the radial 

curvature of the accelerator. Figure 1 shows a typical two-dimensional 

representation of the accelerator as a line source of neutrons of variable 

intensity. 

The neutron flux, <j:>, at a point outside the shield is expressed as 

<P =[ tmax 
-oo )E . 

-2 ( d cosec e) S(z) f(E, 0) r exp - A.(E) B(E, O)dEdz (1) 

mln 

where a, d, r, and e are explained by fig. 1, 

S(z) dz is the number of neutrons emitted in unit time by the 

line element between z and z+dz, 

f(E, 0) is the distribution of the neutrons emitted as a function 

of the energy and the angle, per steradian, 

A.(E) is the attenuation length of neutrons of energy E in 

the shield, and 

B(E, 0) 1s the buildup factor as a function of the energy and the 

geometry. 

The integration is carried over the appropriate limits of z and E. 
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Experimental data given by Patter~ on 
11

) indicate that the attenu-

ation length of neutrons increases with increasing energy up to about 

150 MeV and remains approximately constant beyond that. After a few 

mean free paths of shielding the nuclear cascade generated by the slowing 

down of the high energy neutrons through elastic and inelastic scattering 

gives rise to the·formation.ofan equilibrium spectrum whose attenuation 

is determined by the fast component above 150 MeV. This justifies the 

essential simplification made by Moyer in his calculational method to 

consider only neutrons above 150 MeV. We can then write 

A(E):::: A, . 

E . L max f (E, e)'dE :::: g( e) ' 
E . 

m1n 

B(E,e)::::1, 

where g(e) is the angular distribution of neutrons with more than 150 

MeV energy. Hence the high energy flux is expressed as 

Joo -2 (· d cosec e 
cj>(En> 150 MeV) = S(z) g( e) r · exp. - A 

-00 . . 

) dz. 

If we consider the case of constant beam loss, that is S(z) = S, 

and change the variable z to e in the above equation, and use the re-

lations 

r = (a + d) cosec e, 
2 

dz ~ (a + d) cosec e de, 

we obtain for the high-energy fluxabove a given threshold energy, Et' 

the expression 
TT 

cj>(En > Et) = a~d fa g(e) exp (- d cosec e ) dB 

(2) 

(3) 

(4) 

( 5) 
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Here g(O) is an appropriate angular distribution for source neutrons of 

energy greater than Et, per steradian. 

3. Angular Distribution of Neutrons 

Measuren1.ents of the angular distribution of neutrons from a thin 

beryllium target were made by using threshold detectors as a part of the 

CERN -LRL-RHEL shielding study 10 ). Accurate measurements around 

targets inside the main accelerator vacuum chamber are difficult be-

cause of interference from. adjacent beam losses. The results, however, 

when corrected for this interference are supported by similar results 

12) 
from measurements made by Charala1nbus et al. . 

The results from activation detectors with thresholds of 20 and 

600 MeV are in fair agree1nent with the angular distribution predicted 

from the production formula due to Ranft
13

), based on the measurements 

of the pion and proton yields at small angles from thin targets. Figures 

2 and 3 show the com paris on of the CERN- LRL-RHEL measure1ncnts of: 

the angular distributions made by using 
12c _... 11 c (20 MeV threshold) 

and Hg -+ 
149

Tb (600 MeV threshold) activation detectors with values cal­

culated from the Ranft formula 14 ). 

The combined effect of the angular distribution of the neutrons 

produced and the attenuation ge01netry means that. the transverse shield 

thickness for a high energy accelerator is largely determined by the 

number of neutrons emitted around 90 deg to the incident proton beam. 

In the region of 0 :::: 90 deg the angular distribution is well approximated 

by the simple exponential function 

g (B) ::::a exp(-p 0 ). (6) 

The slope of the curve increases with the threshold energy, and a value 

., 
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close to 4 is obtained for 13 from the calculated curves, as shown in fig. 4. 

Figure 5· gives values of 13 calculated from Ranft formulae for different 

threshold energies. 

4. Moyer Integrals 

Substituting the exponential approximation for g(B) in Eq. (5) 

yields 

'"'(E > E ) a S Lrr ( P. l)) ( d cosec B ) d·l) 
'+' n t =. (a+d) 0 exp -t-' o exp - o • 

We define the Moyer Integral 

1T 

M(l3,.f) = J
0 

exp(-13 B) exp(-.f cosec B )dB, 

which is a function of the angular distribution coefficient 13 and the 

number of mean free paths in the shield .f, .f = d/A.~ The solution of 

shielding problems is often facilitated by the use of these integrals. 

We have evaluated the Moyer Integrals in the region of physical 

interest for the solution of practical shielding problems. Because of 

the interest in high energy accelerators of energies. up to 500 GeV these 

calculations have been extended for values of .f up to 40 and 13 up to 15. 

An iterative' Simpson's -rule algorithm was employed to compute the in-

tegrals with an accuracy of 0.1"/o. The tabulated values of M(l3, .f) are 

given in table 1. 

(7) 

(8) 

The general form of the Moyer Integrals is shown in fig. 6 and on 

an expanded scale in fig. 7. It is seen that with an increasingly for-

ward-peaked angular distribution--that is, increasing 13--the trans-

mission of the shield is reduced. At larger depths the curves may be 

approximated, for most practical purpos1es, by simple exponentials. 
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This approximation becomes better the smaller the value of 13 or the 

larger the value of 1. At very large depths the effective slope of the 

Moyer Integral corresponds to the 11.1ean free path in the shield, but at values 

of practical interest--that is, 10 to 15 mean free paths--the effective 

slope is somewhat steeper. For 13 ~ 4, corresponding to 150 MeV 

threshold energy, the slope is about 7o/o steeper. 

5. Use of Moyer Integralsto Estimate Shielding Thickness 

We have shown that the flux of high energy neutrons at the surface 

of the· shield can be expressed as 

The terrn S is proportional to the incident beam loss, B, and also to the 

14) 
energy, E

0
, above 10 GeV • It follows from the properties of the 

(9) 

nuclear cascade as briefly described in section 2 that the dose-equivalent 

rate, D, is proportional to <P( E > 150 MeV), and is then expressed as 
n 

BE
0 

D = constant X a+d M(l3, 1) ( 10) 

or 

D=C (11) 

where L = B E 0 is the energy loss from the accelerator vacuum chamber. 

The value of the normalizing constant C appearing in eq. (11) 

may be obtained from the data of the CERN -LRL-RHEL experil1.1ent. 

Gilbert et al. iO) have shown that the average energy loss in the CERN 

proton synchrotron, of radius 100 meters and operating with 2 X 1 o11 

protons/sec at 25.5 GeV, is under normal conditions 8.1X10
7 

GeV/c11.1. sec. 

During the experin1ent the use of a thin target and a beam clipper, hov1ever, 

reduced this in quiet areas to an effective value of 1.8X10
7 

GeV/cm. sec 
10

). 
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The CPS earth shield is 685 g/cm
2 

thick o; approximately 3.2 m of earth 

of density 2.16 g/cm
3

. The attenuation length of high energy neutrons in 

this earth is 53.9 em or 116.5 g/cm2. Irt the CPS machine the magnet 

. . 2 
adds to the earth sh1eld about 400 g/ em • The internal accelerator tun-

nel is of2.8 m radius. The dose-equivalent rate at the earth shield sur-

face corresponding to this beam loss was 0.8 mrem/h. By substituting 

the values D = 0.8 mrem/h, L = 1.8 X 10 
7 

GeV /em. sec, a = 2.8 m, 

d = 3.2 m, f3 = 4 corresponding to 150 MeV threshold, ~ = (685 + 400)/116.5 

= 9.3, and M(4 •. 9.3) = 2.6 X 10-7 into eq. (11), we obtain a very convenient 

·value of normalizing constant, C = 1.0. If the magnet is assumed to be 

always 400 g/cm2 thick, then for evaluating the earth shield alone the 

constant would be 0.022, with the above units for the other quantities. 

The dose -equivalent rate can thus be expressed as 

The shielding calculations of large proton synchrotrons may be 

, carried out with great facility by using this simple relation and the tab-

( 12) 

ulated values of the Moyer Integrals. As an example 'we consider the de-

termination of shield thickness for the proposed 200-GeV machine by using 

the values given irt the LRL design study
6

). The average energy loss with 

2X1o
12 

protons/sec beam in the ring of 693 m radius is 9.2X108 GeV/cm. sec. 

We assume the effective magnet thickness to.be 280 g/cm
2

, and again take 

a = 2.8 m, f3 = 4, and A. = 53.9 em, and determine d for the given dose 

rate, 1.25 mrem/h. A simple interpolation between the trial values 

D d=S m = 2.1 mrem/h, D d=6 m = 0. 3 mrem/h, and D d=S. 5 m = 0. 8 mrem/h 

2 
yields the desired shield thickness of 5. 3 m of earth shield or 1430 g/ em 

total shield. 
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We have made similar calculations of shield thicknesses for the 

irnproved CERN proton synchrotron and the 200 -GcV and 300 -GeV machines 

under design at present. Assumptions as to the bea1n losses were taken 

. . 6, 15) 
fron1 the ong1nal docurnents . The accelerator tunnel is taken to be 

of 2. 8 m radius in each cas e. Table 2 lists the results obtained with 

Moyer integrals and in the CERN-LRL-RHEL study10 ). The excellent 

agreem.ent with estimates m.ade by using a 1nore sophisticated technique, 

described by Gilbert et al. iO), is obvious. 

These results are also summarized in fig. 8. The results from. 

the Moyer Integral m.ethod can be well approximated by a straight line 

drawn on the graph. For the case cons ide red- -that is, f3 = 4, A = 53.9 em 

. -2 
(or 116.5 g c·m ) , a = 2. 8 m.- -we then obtain for the required total 

shieldjng thickness, t, as a function of L/D, the simple expression 

t [ /cm2] = 230 lorr (L [ GeV/cm-sec])- 610. 
g 0 10 D [ mrem/h] 

( 13) 

Above the internal targets the use of this simple formula is not 

very precise. Typically the value of L/D above the targets is some 

two orders of magnitude higher than in the regions of low beam loss. 

Such an assumption with the Moyer Integrals leads to a conservative estimate. 

For precise shield configurations detailed beam-loss distribution should be 

used. 

In summary, the use of the Moyer Integrals allows rapid and ac-

curate estimates of the high-energy neutron flux above different threshold 

energies as well as the dose -equivalent rate to be found at the surface of 

proton accel.erator shields operating in the energy region 5 to 500 GeV. 

•. 
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The precision for the ~lux and dose rate estimates in regions of uniform 

beam loss is likely to be better than a factor of two, and even in target 

regions the dose -rate estimates are fairly reliable • 
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Table 2. Calculated shield thicknesses for high energy_ proton synchrotrons. 

Be ani L 
Accel- Energy loss Radius (GeV per 
rator (GeV) (p/ sec) (m) em .sec) 

CPS 25.5 2X10 11 
100 1.8X10 

7 

CPS 25.5 1012 100 . 9.0X1o 7 

CPS 25.5 1013 100 9.0X108 

LRL 200. 2X1o12 
693 9.2X10 8 . 

design 
2X1o12 

9.2X10
8 

study 200. 693 

CERN 
design 

6X1o 12 
2.4X10 9 study 300. 1200 

a. Experimental value. 
b.. Effective value due to beam clipper. 
c. Normalized to the same value. 

Total shield thickness 
Magnet including magnet (g/cm2) 

D thickness Gilbert This 
(mrem/h) L/D (g/ cm2 ) et al. study 

0.8a 2.3x1o7b 400 1085c 1085c 

0.8 
8b 

400 1240 1240 1.1X10 b 

0.8 1.1X10 9 400 1455 1470 

1.25 7.4X108 
280 {440 1430 

·o.25 3. 7X1o 9 280 1600 1590 

0.8 3~0X10 9 · 300 1585 1570 
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Fig. 1. Two-dimensional representation of the accelerator 
shielding geometry. 
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T~-GeV protons on Be 

20 MeV threshold 

Theoretica I 

'V 26-GeV exp. {normalized) 

b. 14-GeV exp. (normalized) 
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Fig. 2. The angular distribution of neutrons above 20 MeV 
energy produced by 26- and 14-GeV proton beam 
incident on a thin target, as measured by Gilbert et al. , 
and calculated from Ranft formula. 
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Fig. 3. The angular distribution of neutrons above 600 MeV 
energy produced by 26- and 14-GeV proton beam 
incident on thin target as measured by Gilbert et al., 
and calculated from Ranft formula. 
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Fig. 4. The angular distribution of neutrons above 150 MeV 
energy produced by 14-GeV protons incident on thin 
Fe and Be targets as calculated from Ranft formula. 
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20 Angular distribution coefficient 
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Fig. 5. The coefficient j3 in the angular distribution ex­
pression g( 8) =a exp(-j38) as calculated from Ranft 
formula for different threshold energies. 
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Fig. 7. Plot of Moyer Integrals for 13 = 4 corresponding to 
150 MeV threshold energy, and a limited range of i.. 
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Fig. 8 .. The total shield thickness obtain.ed with the Moyer 
Integrals for different ratios of beam loss to dose. 
rate, showing comparison to values by Gilbert et al. , 
as listed in table 2. · -
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LEGAL NOTICE 

This report was prepared as an account of Government sponsored work. 
Neither the United States, nor the Commission, nor any person acting on 
behalf of the Commission: 

A. Makes any warranty or representation, expressed or implied, with 
respect to the accuracy, completeness, or usefulness of the informa­
tion contained in this report, or that the use of any information, 
apparatus, method, or process disclosed in this report may not in­
fringe privately owned rights; or 

B. Assumes any liabilities with respect to the use of, or for damages 
resulting from the use of any information, apparatus, method, or 
process disclosed in this report. 

As used in the above, "person acting on behalf of the Commission" 
includes any employee or contractor of the Commission, or employee of 
such contractor, to the extent that such employee or contractor of the 
Commission, or employee of such contractor prepares, disseminates, or pro­
vides access to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor . 
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