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LINEAR RESPONSE THEORY IN NUCLEON-NUCLEUS SCATTERINGt 

Manfred Weigel tt '\) ~ 

Lawrence Radiation Laboratory 
University of California 

Berkeley, California 94720 

May 1969 

UCRL-18907 

It is shown that the transition amplitude for scattering of nucleons 

on a hole nucleus can be directly expressed by the linear response function. 

The correlations in the ground state have been included. The structure of the 

transition amplitude was studied for an extended schematic model. Furthermore 

a short summary of the linear response theory is given to clarify the. 

assumptions about the effective interaction. 

tWork performed under the auspices of the U. S. Atomic Energy Commission. 

ttOn leave from the Sektion Physik der Universitat Munich, Munich, Germany. 
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1. _ Introduction 

Two different approaches have been used in dealing wi.th the problem 

of nucleon-nucleus _scattering based on a microscopic nuclear description. 

In: the coupled channel treatment Feshbach' s projection operator technique 

l 2- 3) is utilised to set down the relevant system of.equations. ' '- The micro-

scopic picture of the nuc'lei is then contained in a- set of amplitudes. 
4

) 

In the shell model approach one includes the one-particle ccintinuutn states in 

the treatment of nuclear reactions. 5-lO) - The details can be found- in the 

cited references. 

Several authors have shownthat one can express the S-matrix for 

. - - 11-13) nuclear scattering processes -in terms of Green's functions. - In the 

Green's function approach qf Zhivopistsev the problem of calculating the 

T-matrix was reduced to the determination of the socalled reducible vertices 

("~ffective scattering amplitudes"). The reducible vertex obeys an equation 

similar to the equation of the usual scattering amplitude. Instead of the 

normal interaction one has to insert the irreducible vertex, and the inter-

mediate propagators .are ~xpressed in terms of dressed particles. It is 

possible to treat more complicated scattering processes with this method 

. - . t ' . -t . f th t . 14 ) uslng approprla e approxlma lons_ or ever lees. -

We limit ourselves to the description of nucleon scattering on a hole 

nucleus for two reasons: First, that problem -has been treated most in the 

shell model approach; second, we are able to reduce this problem to the 

calculation of the linear response function, which is frequently used in 

nuclear structure calculations. Furthermore, the renormalisation procedure 

for the forces is better known in this simple case. We assume that the 

' 
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state of the target nucleus is given by the ground state of the compound 

•system plus onequasi-hole. The ground state-correlations of the compound 

• nucleus are included in our treatment. 

• 
In the second section we derive the needed scattering formalism using 

Green's functions. In order to make plain the asslimptions involved, we will 

give.a short summary of linear response theory in terms of dressed one-

particle propagators and effective interactions in the third part. Th~ 

assumptions about the two-point functions and the effective interactions will 

be discussed, too. In the fourth section we.use for the zero-order response 

the shell model response. In this case the T-matrix simplifies considerably. 

Also the reduction :to MacDonald's treatment is. given. 6 ) In order to get some 

insight ·in the structure of. the solutions, we treat the degenerated case in 
/ 

the fifth section using Brown-Bolsterli forces. In'the appendix the inclusiop. 

of quasi-bound single-particle states is given. 
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2. Scattering Formal.ism 

According to our assumption that the target nucleus can be described 

by the core plus one ~uasi-hole in the. state a, we have for the target 

nucleon state: 

I -112 I T) =za ljJa O} ( 2.1) 

I 0 } den9tes the normalised ground state of the compound nucleus 

(Hio) = E
0

(A) lo} ; A particles) .. Here, ljJa and are the Schroedinger 

annihilation- and creation operators, respectively, of a nucleon with the 

quantum number set fixed by an independent-particle Hamiltonian H 
s 

The spectrum of H 
s 

is assumed to have a discrete part plus a continuum 

part. Since the gromb.d state may contain correlations, we have to multiply 

the state 1jJ I 0 ) a with Migdal's renormalisation constant15 ) 

(za = : I< E:alt/Jalo} 12) then getting a normalised state. If it is necessary 

to distinguish the continuum states from the bound states we will label 

continuum states by p, k, p' etc. 

The independent-particle model scattering state can now be put in a 

convenient form: 

I<P(+) > = 
p,a (2.2) 

I 

By the index (±) we distinguish the solutions with (~ut_) coming spherical 
~n 

waves, respectively. 
' 16 

By well known methods ) we obtain for the scattering 

solution of the full Hamiltonian ( n -+ 0): 

•• 
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or using eq. (2.2): 

Here, E is the energy of the scattering system (E = : E - 8 ). 
P a 

energy of the incident particle, E is the energy of the hole. a 

UCRL-18907 

(2.3) 

(2.4) 

E is the 
p 

The total T-matrix can be divided into two parts (T = T8 
+ TR); 

T8 describes the pure shell model scattering and TR the effect of residual 

. •t• t' 16) ~n erac ~on · . By means of the Gell-Mann-Goldberger identities and splitting 

off the Hamiltonian we obtain then for eqs. (2.3) and (2.4): 

ss o"'a + l ~a . 
kp ~~ E .-Ek 0 +in k~,pa p,a .~ 

s8 
denotes the S-matrix in the independent-particle model: 

= 

(2.5) 

(2.6) 

From eqs. (2.4) and (2.5) and introducing the same boundary conditions for the 

shell model states, we obtain the following equation for.the unknown transition 

amplitude TR: 

L 
p' 

_;0 s8 
aS k,p 

(2. 7 ). 

denotes integration as well as summation over the other quantum numbers. 
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By comparis~n with the definition of theresponse_ function 

(E
0

(A) = 0) l1) 

- <ol {1/1~1/J (w-H+in)-
11/Jtl/J + 1/J·rl}J (w+R-in)-11/J~V'K} !o > 

AK ' V}.l '\)}.! 1\ 
(2.8) 

and assuming the ground state of the compound nucleus -for instance, the 

16 
0 -core - does not contain components of the continuum states or equivalently 

' t 
all renormalisation constants for continuum states are equal to one, we obtain ) 

~ 

"'"inL I a (E) p a~->p. 

with: 

= (z z z z )-1/2 <oi1/Jt1/J in 1/Jtl/J lo > 
B p 1 p a · 13 p 1 E-H+in p a 

~ 

Anticipating a result ,from the next chapters ... inL . takes the form 

-inL I Q (E ) 
P a~->p p;.a 

(2.9) 

(2.10) 

(2.11) 

·rln the following the upper index 11plus" is left out. Furthermore, we :mark 

all quantities describing quasi-particles by a tilde. 

/,j. 
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giving the following result for the wanted amplitude 

(2.12) 
" 

or 

R .. 
Tk0 (E) -

fJ ,pa. Tk(3 (E) ,pa. 
27Ti \' { o ( s ~ -sk) Tk8 

I T I 

6 
· (E) .. } 

~ p p p pa. 
PI 

(2.13) 

According to eq. (2.11) we have to find an equation for the linear response 

function, which is the topic of the next section. 

, ... 
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3. Linear Response Theory 
\ 
\ 

:we use the f'ormulation of' the nuclear many-body problem in terms of' 

t Green's f'unctions , . Here, f'or completion we recall the relevant system of' 

equations using the f'ollowing def'inition of' Green's f'unctions: 

t t ljJ I ••• ¢ I 0 ) 
a a' 

n 1 

(3.1) 

Here, ljJ and ljJt are the Heisenberg annihilation...:.... or creation operators; a a 

respectively, of' a nucleon with the quanttun ntunber set a at the time 

t (a = : a, t ) . T denotes the time ordering operator. ·1 0 } is the normalised a a 

A-particle ground state of' the Hamiltonian 

(3.2) 

The f'irst functional derivative of' with respect to an external source 

u mn L 20) ·. is usually named as the generalised linear response function 

I 

LkmRn = : i ~::: I ,;, -i (gkm£n-gk.Qgmn) 
u=O 

(3.3) 

since it determines the f'irst-order change in the single-particle propagator 

due to an external perturbation: 

u + ••• 
mn (3.4) 

u=O 

t See, for instance, refs. 15,18 . d 19) an . 
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We employ, until further notice, th_e convention according to which sununation 

or_integration, respectively, is to be carried out over all doubly occ1iring 

Latin indices. 

' . 20 21 
With the help of the functional method ' ) or by perturbation 

18 theory ) the following exact system of equations is obtained (u = 0): 

_a_ o 
atk kn 

1 2 } +--p +v: 
2m kn kn = okR. 

= 2· + iv g I . L - J.Vkajb~a . kman a;r rcJd dncm 

(3. 5} 

(3.6) 

,(3.7) 

(3.8) 

(3.9) 

I is the socalled effective particle-hole interaction ("irreducible vertex 

part il), vkj is the effective one-particle potential ("irreducible mass 

operator"). Iterating (3.6) and (3.7) and usiri.g (3~9) yields the representation 

of v, L, and I .in Feynman graphs containing.only the two-particle interaction 

and the dressed one-particle propagators15 ); All graphs of I are irreducible 

in the particle-hole channel. 'Upon transition to energy representation and 

use 01' the energy conservation one gets for (3.7): 
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- ~J-de:"de:' .... (L0 1 e. e:"w)r. ·(e:i'e:''', w) 
~ KoAa\ ' ' aSap ' ' 
aS 
yp 

L ··_ (E''' £'w)) 
Pl.lBV ' ' 

Comparison of (2.8) and (3.3} leads to 

1 =-
21T f d£d£' L · 'v(e: ,e: ;w) Kl.lA -

Due to the structure of 1° 

~ith 

one can carry out only one integration in (3.11): 

0 = L. , (e:,w) 
KlJAV 

(3.11) 

(3.12) 

(3 .13) 

(3 .14) 

We have not been able to reduce this equation without an assumption about 

· the effective particle-hole force. Therefore, we neglect retardation effects 

(e:,e:'-dependence) in the considered energy region caused by. diagrams in I 

with intermediate particle-hole type propagation. Our assumption is 
' 

fulfilled, for instance, by restricting only to ladder graphs for I. In 

nuclear matter even thew-dependence of the ladder approximation is weak15 •22 ). 
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The neglect of the retardation e:ffects leads to: 

r.KJ.lAV (w) = L~f.IAV (w) - 27T L 
ay 
Sp 

with 

. f w L d£ g. (£+=) 
27T KV 2 

g (£-w) 
J.lA 2 

UCRL·-18907 

(3.15) 

(3.16) 

About the density dependence of the, complex effective particle~hole force 

very little is known. In most approaches this dependence has been dis~ 
. . 

. . 1 .. 15,23) regarded explicitly; sometimes it was included in a phenomologlca manner . 

Introducing the renormalisation procedure 

(z z,z z )1 / 2 I , (w) , 
K A J.l. \) ~A\) . 

(3.17) 

gK,(w) =:(z z )-l/2 
g (w)' 

A . K A KA (3.18) 

we obtain from eqs. (3.15) and (3.16): 

. ( 3. 20) . 

or equivalently: 

I' 
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(3. 21) 



I 

• 
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4. · T-Matrix v.ritlL SlLell Model Res:pons.e · 

As a first step we assume that in the considered energy region all 

terms in (3.6) are weakly energy-dependent and can be collected in a shell-

model potential, for example, of Saxon':'""Wood shape. This assumption seems 

reasonable, since the single particle character of vkQ is maintained if 

one neglects in the linearised equation for the effective scattering amplitude 

r all terms with interme .. diate particle-hole propagation. Then' one obtains: 

s 
vkm 

Diagonalising the shell model Hamiltonian 

one obtains for the two-point function: 

+ 

(4.1) 

and using this basis 

(4.2) 

' Here, n
0 

is the quasi-particle occupation number. Using eq. (4.2) the 

zeroth-order response reduces to: 

with 

nK(l-nA) 

w+sA-sK-2in 

n,(l-n ) 
A K (4.4) 

For the wanted response function in eq. (2.9) we obtain from (3.21), (4.3), 

and (4.4) the equation: 



Hence 

where 

2'1T ~ L . I s ( w) I { w) } . · L p y v vcryp 
. yv 

is given by 

Tp'Spa(E) = 2'1T L~~~(E) L Lp'ySv(E) Ivcryp(E) 

yv 

is the solution of 

UCRL..,.l8907 

. (4.5) 

(4.6) 

L means summation over the discrete states as well as integration over the 

continuum states. 

For a general consideration it may be useful to symmetrise the 

expressions . in the variable pair (p' B ;pa.). We achieve this by introducing 

the effective scattering amplitude - - -o - -r (r L = I L). The equation for -r 
can be read off, for instance, from the formal solution of (4.7): 

r = I - 2'1T i 18 f , ( 4.8) 

or 

- -r = I 2'1T I L I (4.9) 

Insertion into eq. (4.5) leads to: 

I• 



L 1 B (w) 
p ~ p 

-

-15~ 

= 18 (w) { o 
1
o B - 1P8 

10
(w}.[ 27T i 1 · 0 . (w) -(2TI)

2 
\.., 

pa pp a b' p a[.)p L 
\)j.l 

pcr 

Then T takes the form: 

UCRL-18907 

(4.10) 

Tp 1 Bap(E) = (27T) Ip 1 aBp(E) - (27T)
2 L IP 1'J.lBV(E} LVCJJ.lP(E} ipacrp(E} • (4.11) 

PJ.l 
Q"\) 

The complex energy resonances are given by the zero-points of the Fredholm 

. 24 
determinant ) : 

- -s 
Det (l + 27T I L ) = 0 

You may obtain these zero-points Er by evaluating the Fredholm 

determinant: 

a = 1 + 27T [ 

\)].l 

(27T)2 [ + 2! 
\J].l 
pcr 

I (E ) ~S\J (E ) 
\J].l].l\J r J.l r 

I\J].l].l)Er) I\Jp].lcr(Er) 

L~J.l(Er) 18 (E ) + ... 
crp r 

IOJ.lPV(Er) . Icrppcr(Er) 

(4.12) 

(4.13) 

.......... __ . 
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Equati.on C4.ll) looks similar to the expresaibn for the T-matrix 

given by MacDonald 
6 ) . 

-D 
But he uses a response function L in which only 

the discrete part 
-sD -s 
L of L is taken into account (L8 = £8D + £8C). 

Hence ._we have the following equation for 
-D 
L : 

(4.14} 

Here, all quantum numbers are restricted to the discrete part of the spectrum 

and -D 
I obeys the equation 

· -D - -sc -D 
I = I -(2n) I L I 

Utilising operator algebra one can transform eq. (4.10) in 

-Then T takes the form 

-D 2 = (2n) I , a (E) - (21i") 
P a~Jp 

-

[' 
V].l 

pv 

jD (E) LD (E) jD (E) 
p' JJBV · VO']Jp pacrp · 

(4.15} 

(4.16) 

(4.17} 

expressing T -D 
in terms of I and 

-D 
L only. Insertion of a complete 

·system { jm ) ; . H jm ) '= E jm ) } 
m 

(2.8) of L leads to (A a = 
ct~J,m 

L{ 
-* A A 

LacrBp(w) 
ctB,m pcr,m - - -U}-E +in ,, . m m 

of the compound system into the definition 

_ -112 · I t I ) 
(z<lB) < 0 lJJBlJJa :m > : 

-* A A . 

} crp 2m Ba 2m 
w+E -in m (4.18) 

"'' 
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I . 

Now, one obtains the result of MacDonald assuming that form remains valid 

for -n L ·where lm} and E have got to be replaced by the solutions of 
m 

the eigenvalue problem with the complex i,nteraction 2TTID. The second term 

on the right-hand side of (4.18) is neglected in this approach. 
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5. Schematic Model 

In order to show the structure of the solutions for the T-matrix 

. - 25 
more explicitly, we solve the problem for the Brown-Bolsterli forces ). 

We choose this force because its separable form leads to a degeneration of 

the Fredholm determinant ( 4.13). The explicit form of the force is; 

with 

A. f f , 
]1\) KA 

For the solution of (4.5)-one obtains using (5.1): 

where 

L1(w) = 
e: -e: 

l1 n 

r e: -e: 

P de: I < e: v I v 1 n > 12 P 2 n 2 
P P P (-e: -e: ) -w 

P n 

I< w+e: v I vI n > 12 
+ I< e: -cw I vI n > 12 

}. n P · n p . 

D C ' = 6 (w) + 6 (w) ~ iy(w) 

(5.2) 

(5.3) 

(5.4) 

-· 



-19- UCRL-18907 

AF denotes the Fermi level. In (5.4) we used a more explicit notation 

labelling the hole states with n, -the bound particle states with ~' and the 

continuum states with ( E v =:p) . We omit e.xplici t angular momentum labels. . p p 

-Now, T t~kes the form 

T Is (E) P pa 
= A<plvla. ><:e' lvls > 

· .. l+ME) · 

The complex energy resonances E (E =:E -if ) 
r r ·r r 

(5.5) 

are given by the solutions of 

1 +ME ) = 0, therefore, we obtain near· an isolated, resonance the Brei t-Wigner 
. r 

. formula 16 ) 

A(piVIa. )(p 1 1VIB )fl'(E) 
r 

E-E 
r 

In nuclear structure calculations only the first term in (5.4) is used; the 

last tw'o terms give t,he influence of the continuum producing an energy-shift 

and a width. If the energy-shift, caused by the continuum, is small we 

obtain: 

. D' D _ A< pI vI a > < p 1 lv IS > ll ( E ) 
T I (E) ~ . . · .. r 
p Spa (llc(£ ~+iy(ED) 

D r r E-E + ----~----~ 
r /lD' (ED) 

r 

(5-7) 

ED is the solution of the nuclear structure calculation. A more detailed r 

26 discussion can be found in the treatment of Lemmer ) , who disregards the 

second term in (4.18). 

.·' 
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6. Sumniary 

A formalism for calculating nucleon scattering by one~hole nuclei. 

using linear response theory has been set down. We have been able to reduce 

our treatment to earlier approaches by neglecting grol.Uld state correlations . 

of the compound nucleus. Furthermore, we di.scusseid the assUillptions about the 

effective forces which enter in the nucleon scattering problem starting from 

the exact system of equations for the many~body problem. In the appendix 

the influence of resonant single-particle states is given. 
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Appendix 

So far we have used the assumption that theone-particle motion 

could be described by a weakly energy-dependent potential. But the second 

term in eq. ( 3. 6) may have a strong energy-dependent part, for instance, due 

to the coupling of the one-particle motion to resonant states of the compound 

nucleus. Furthermore, according to eqs. (2.8) and (2.9) the ground state 

correlations have been restricted to bound states only. But, in many 

·nuclear structure calculations, using a realistic shell-model potential, one 

needs single-particle states that lie in the continuum.· They cause a sharp 

single particle resonance, for instance, the ld
312 

state in o16 . Such states 

give a strong energy-dependence in the ·last two terms of (5.4). Several 

methods are known to overcome this difficulty5- 10 ' 28 ), especially, the most 

important case of a single-particle resonance. We adopt the method of 

6 Garside and MacDonald-) introducing an additional one-partiCle potential 
R 

-vkQ , which shifts the relevant state into a bound state. 
R 

Then vkQ causes 

the energy-shift and the width. This method can also be applied to the 

coupling of the one-particle states to resonant states. R 
In this case vkQ 

is the resonant part of the one-particle potential. In both ·cases the one-

particle propagator obeys the following equation 

= -gs (w) + 
).1\} 

where the total effective one-particle potential is given by 
,::;, 

The resonant one-particle state is-bound in the potential ;~Q . 

(A.l) 

(A.2) 
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Introducing the effecti.ve one-parti.cle scattering amplitude by 

-
t (w) 

11V 

we obtain 

y 

UCRL .... l8907 

(A.3} 

(A.4) 

Due to the more complicated structure of (A.4) we obtain for the zeroth order 

respons.e (3.16) instead of (4.3) the expression: 

-s { = L (w) o o "\ 
V11 K'J 1111. 

- o "\ n 18 
( w) t ( E +w) o - } 

1111. 11 Kj..l . · KV 11 \)\) 

-In (A; 5) we have restricted our::;elves to the particle part of the t-matrix. 

-Furthermore v denotes the q_uantum number set of the relevant one-particle 

state shifted by the additional potential. 

particle-states, one has to drop 

-o - -o 
L = L - 2~ L I L 

o- and 
\)\) 

_R 
If vk~ influences several 

oAV 
2
7). The eq_uati5m 

(A. 6) 

can now be reduced to a simpler one of the form (4.5): 

- -s - - -s 
L' = L - 2~ L' I' L (A. 7) 

by introducing the matrix 

: " 

.,. 

II 
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A , (w} = oKvo_,,, + a._JJ.'v 
K ]JA \) .t-'1\ K A 

(.A. 8} 

where 

- ..... ..... -
I' =:I A = I + Ia =:I + ~I (A.9) 

L can be expressed by A and L' 

-L = A L' (A.ll) 

The ana,Jogue of ( 4.11) takes now the form: 

Tp'Spa(E) = oatlopVtp'p(f:p+i~) + 2W L ( r~aSp(E) ( op'cr- ocrv (1-ncr)· 

cr 

with: 

- ..... ..... -
T' = I' -2W I' L' I' 

(A.l2) 

(A.l3) 
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As in section 4, it is possible to restri.ct oneself to bound states by 

introducing a new effective interaction. The procedure can be taken over 

from section 4. ~· 

-
For some purposes it may be useful to calculate L' with the help 

.• t 

of perturbation theory .. We obtain 

(A.14) 

- -where LI is the solution of (A.7) with I' =I. -
~ r obeys the equation 

- -6 f = ~ I - 2TI 6 I LI ~- f (A.l5) 

Iteration of (A.l5) and insertion in (A.J4) yields the perturbative expansion 

of L'. 

SCHEMATIC MODEL: 

In the schematic model we obtain a result very similiar to (5.3) and 

LP1f"\Jop(w) =is (w).{ o ,o 0 ~ 1s, 0 (w) [. o 0 t 1 (c: +w+in) o-
"'~-' pa pp a~-' p ~-' a~-' p p a pv 

(A.l6) 

or ., 

· T 1 0
,(E) = o 

0
t , (E: +in)o- +A n-1 (w)c (E)C , 0 (E) 

p a~-' · a~-' p p p pv · ap p ~-' 
(A.l7) •·· 
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respectively. 

Here C(w) and D(w) are defined by 

cllv (w) = : L f Pn AnllPV . (A.l8) 

Pn 

and 

D(w) = 1 + Mw) + ~R(w) (A.l9) 

with 

~R(w) = 

(A.20) . 

•• 
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LEGAL NOTICE 

This report was prepared as an account of Government sponsored work. 
Neither the United States, nor the Commission, nor any person aCting on 
behalf of the Commission: 

A. Makes any warranty or representation, expressed or implied, with 
respect to the accuracy, completeness, or usefulness of the informa­
tion contained in this report, or that the use of any information, 
apparatus, method, or process disclosed in this report may not in­
fringe privately owned rights; or 

B. Assumes any liabilities with respect to the use of, or for damages 
resulting from the use of any information, apparatus, method, or 
process disclosed in this report. 

As used in the above, "person acting on behalf of the Commission" 
includes any employee or contractor of the Commission, or employee of 
such contractor, to the extent that such employee or contractor of the 
Commission, or employee of such contractor prepares, disseminates, or pro­
vides access to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 
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