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ABSTRACT

A new théory of'thé i-v charactéristics of superconducting
weak links of thé SNS sandwich type is outlined. The theory
is based on a simplé modél current-dénsity eguation and a
careful assessmént of the internal impedances of the high-
and low-freQuency sources presént. All the important differences
betwe;n the charactéristics for SNS sandwiches‘and tunnel
Junctioné are explained at least qualitatively and, to a large
extent, quantitativély. A charactéristic feature of the
theory is the phase-locking of the rate of change of phase
across the Junction to any applied high-frequency signal.
This féature is éspecially important in understanding the

appearance of current steps at the "sub-harmonic" voltages

phw

: - Bem * and iq explaining the extreme steepness of the steps

observed. The model is compared with the theories for other

types of weak link.
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1. Introduction.

Weak links between superconductors include tunnel ,junctions,l
which are rather well understood , superconducﬁing-normal—superconducting
(sns) sandwiche52 and point confacts.3 The aim of this paper is to
find a simple but édequaté model of the SNS sandwich, but several of
our ideas can be applied to weak links generally. All weak links have
a small critical dec supercur;cnt at zero voltage; When a high frequency
signal is applied to the link théy also déveloP "supercurrent steps"

in the low frequency i-v characteristic at the harmonic voltages

nhw
2e

absorbed and one condensed pair of electrons crosses the link. When

» corresponding to quantum processes in which n photons are

large enough, all three types of link can contain quantised flux
lines.h—6 |

The excited and unexcited_i-v characteristics for a tyjical.SNS

sandwich2 are.shown ic Fig. 4. We note here some of the characteristic
features which any model must ekplain:

(i) In the unexcited characteristic the bulk of thelcritical
supercurrcct persists in the resistive state to values of
_curfent"much greéter than the eritical current. There is
no nééatiwe_;e;istéﬁce regicﬁ.. (In tunnel juhctions the dc
su?crcurrent'disappears at finite voltagec aﬁd fhc systém
Juﬁéé to the normal de characteristic.)

{ii) The current steps in the excited characteristic also’éécﬁ

to be ideal steps without negative resistance regions.

(iii) Additional small steps appear at the sub-harmonic voltages -

’
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T g%g-(n photons absorbed as m pairs cross the link). This is
also seen in point contacts but not in tunnel Junctions.
Anderson and Dayem.l7 have made the attractive suggestion that
in point coﬁtacts these steps are due to phase-locking of the
flow of flux lines to the high frequéncy field, but no detailed
mechanism of this phase-locking has been proposed.

(iv) One of us has shown2 that the voltage on certain steps is
independent of cufrént to better than 1 in 108: The steps
seen to be very little rounded by noise.

2. The Model.

Supercurrent can flow through an SNS junction by virtue of the
proximity effect, but there seéms to be no microscopic theory of the
current flow at finite voltagé. However, it is ciear that the normal
Acufrent carried by the excitations will be more important than it is,iqv

the tunnel junction. We have taken as a model the following very simple

current density equation:

Jd = JS + JN = JS sind + oV, : o (1)

vhere ¢ is the phase difference between the superconductors at the

*
point concerned. The supercurrent term is like the Josephson supercurrent
4erm for a tunnel Junction. There are good theoretica18 and experimenta12

reasons for believing that the supercurrent has this form in an SNS

sandwich at zero voltage; we simply assume that the term is not strongly

# ' L
We use a gauge in which the vector potential is parallel to the interfaces.
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voltage sensitive. The normal term is an ordinary resistive term where

0 is a conductance per unit area; we likewise assume that o is not

strongly voltage sensitive. This model is no doudbt rather crude, but

we shall see that it is adequate to explain most of the observed
behaviour. We assume in addition the usual relationsl between ¢ and the

electric and magnetic fields:

ha /3

hd ¢/9x

2eV - (2)

2edB, (3)

where 4 is the magﬂetic thickness of the barrier, typically lum. We
have limited oursélvés héré to a one-dimensional case. The field B is
vholly in the y-diréction and thé z-a#is is normal to the Junction.

A further vital feature of our approaéh is that the source

impedances of the de¢ and high frequehcy inputs must be included

" explicitly from the start. We have examined the impedances encountered

in typical eiperiments, with the following conclusicns. SNS sandwiches
have very small internal impédaﬁces of the order of'lo_T 2 and no
means of storing charge internally at frequencies\below the plasma
frequency. One can safely treat all practicable socurces as current
sources. In tunnel junctions the internal capacity is large enough

to ensure that the éffectivé high frequency source is a voltage source

at the frequencies normally employed; the dc source impedance on

the other hand may easily be made either greater or smaller than the

‘Junction resistance and is frequently made variable. In most point-

contact experiments the high frequency source is a current source.
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-3; The Small Junction.

If a yoltage source V_ + V. sin (wt) were applied to a Junction

1

small enough for the current flow to be uniform, we should deduce from

(1) and (2) that

J =7J, sin [¢O tut - gl cos {wt)] + ov, (4)

where W, and W, are 2eVo/h and 2eVl/h. This result is very similar to

1

Josephson's resultl for tﬁnnel Junctions. The supercurrent only has

"a dc component at the harmonic voltages nhw/2e. At these voltages

there is a supercurrent "spike"; otherwise the i-v characteristic
follows the 'mormal"” relation Jo = GVO. There is no structure at the
subharmonic voltages. But if, as we believe happens in practice, we

have a current source J = Jo + J

1 sin (wt), we find the quite different

results

sin {wt) - J

ohd/2e = Jo + J 7

. etnd. ()

This non-linear equation of motion has some unusual properties.

Consider first the unexcited case (J, = 0). Typical solutions are

1
shown in Fig. 1. A solution with finite average slope 5675E-cerresppnds
to a finité de voltgge. The important point to notice is that the
supercurrent does not oscillate sinﬁsoidally as it would have done for
e voltage source; the system spends more time in the forward super-
cu;rent than in the backwérd supercurrent state, _Cbnsequently the
dclsupercurrent oniy disappears gfadually as thé,voltage is raised.

The solutions have a simple analytic form and the i-v characteristiec

can be calculated exactly9 (see Fig. 1).. Note the absence of a negative
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resistance region.

1
terms of Eq. (5) have lattice perodicity in the ¢, t plane (Fig. 2).

Now consider the excited characteristic (J, # 0). The last two

In general thé gzggggé_slopé dd/at for any £rajectory is close to
2eJo/Uh because éhe lést.two térms of Egq. (5) tend to averége to

zero. But when this slopé is close to one of the rational values nw/m,
the trajectory has a tendéncy to "lock;on" to the lattice periodicity.
Consider the special case shown in the figure for which J, =7, and
examine the trajéctoriés lockéd onto thé fundamental voltage, for which
d¢/d{wt) = 1. In the spécial casé chosen, the straight line of unit
.slope'passing through thé origin is actually a zero ccntaur of the
'periodié part of &. If startéd at thé origin the'system will move along
this line whgn JQ = dhw/2é (trajéctory AA). There will also be, for
some value of Jo,'a cofrésponding tréjecfory CC passing close to the
regions of maximum 2nd minimum slope. The important point, which
should be qlear from the figure, is that thevtimevaverage of

J. sin (wt) - J, sin ¢ is negative for such a trajectory because it

1 J
spends longer in the negative slope than in the positive slope regions.
It follows that Jo must be greater than chw/2e for this trajectory,
fo compensate.'"So we have two trajectorie; with the same long term
s}ope (or de voltage) but different.dc currents: ‘in other words, a
vertical current step. |

The same thing happens for all harmonic and subharmonic-véltages .
nw/m, though for large n or m the limiting trajectories run very close

to each other, and the steps will be small. Notice that since two

solutions of Egq. (5) for different values of Jo can only CrOSS'OnCE;
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VO must be a monotonically increasing function of Jo;-there can be no
negative resistance regions. We have determined a number of other
analytic propefties of the solutions of Eq. (5) and also solved it
numerically for a wide range of parameters, obtaining harmonic and
sub-harmonic steps. Wé havé also analysed the case of finite source
impedance. These détéils will bé published elsewhere. It is worth
emphasising that the subharmonic structure appears quite naturally

in our model in exactly the same way as the harmonic structure does.

Ttis linked essentially with the ac source impedance and only disappears

when the source impedance is exactly zero.

4. Large Junctions.

For larger junctions we find using (1), (2) and (3):

A%%/8x% = sin ¢ + (/u) 30/3t, (6)

where A is the Josephson penetration depth'(h/ZedquJ)l/2 and . is the
frequency associated with JJ, 2eJJ/Gh. The time-independent sclutions

1,5,10 They

of Eq. (8) are familiar from tunnel-junction theory.
correspond to edge currents with penetration depth A and, within
the Junction, localised flux lines of width A. The flux lines are

regions through which ¢ ckanges by 2%, and they each contain one

quantum of flux. At an edge current density equal to 2)\JJ the phase

-8t the surface reaches T, the system becomes unstable, and flux lines

enter the junction.
' The interest of Eq. (6) is that it is an explicit model for the
dynamics of flux-flow. We have computed numerical solutions for a

number of cases. Typical flux-flow phenomena, such as the gradient of
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flux-line density neédéd to maintain flux-flow and the non-uniformity
of fiux motion aésociatéd with thé surface bafrier are obvious in the
results. Of particular interést is thé de cﬁrrent carried in this
flux-flow situation. Somé éxpériméntal results obtained by one of us11
are compared with thé results of thé model calculations in Fig. 3.

_ Both séts of curvés référ to a jﬁnction of fikéd width W for which

W/A is varied by Qarying thé températuré. In bothiexperiment and
theory it is clear that thé pérsisténcé bf supercurrent at large
_currents depénds on thé valﬁe of W/A. At largé currents there 1is,
of.course; strong flui—flow; and thé supércurreht at any instant is

an oscillatory function of position which must be integrated across
the specimen. In the theory, the persistence of supercurrent up to

very large currents becomes marked for W/A > 4. This persistent

supercurfént is associa£ed wifh an uncompénsatéd combination from the
palr of fast-moving flﬁx lines of opposité sign closest to the center
of thé Junction which aré about to annihilaté oné another.‘.The comparison
with ekpériméﬁt is confﬁééd by the fact that the experimental Junction
uas'square; not oné—dimensional. In this casé thé flux almost
certainly enters frbm thé corners at thé squaré.at a comparaﬁively low
eritical fiéld;mand thé subséquént flux~flow pattérnAwill be different.
Thése facts make it difficﬁlt to détérmine the‘expérimental value of
A précisély; and thé figﬁrés,attached to the curves are approximatg;
However, it 'is clear that in thé ekpériméntal curves the persistent
suﬁercurrent is well éstablishéd for valués of W/A considerably smaller
than 6.

The agreement between our model results and the expériments is
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as good as can be expected, bearing in mind the quite different Junction

configurations. It is likely that when our model is aéplied properly
to two-dimensional Jjunctions thé persistent supercurrent will emerge

froﬁ the integration over thé Junction area in a quite different way

and at a different valué of W/X. Some gf these possibilities will be
discussed elsewheré.

We have also calculated the i-v characteristics for large Junctions

~ with high-frequency excitation. Illustrated in Fig. L is an attempt

to fit some experiméntal data. Note that once again the specimen was
sgﬁare, and so not entirély comparable with the theory. In fact, the
theoretical one—diméﬁsibnal spécimén was chosen to have the same value
o% W/X and critical current (and thus roughly the same perimeter) as
the real specimen. This méans that it has about twice the area; this
is the reason for the différent de resistances. The fit could probably
be iﬁproved somewhat by réducing the amplitudé of the rf in the calcu-~

lation. With these points in mind, it is clear that our simple model

 glves a surprisingly good picture of the observed step structure.

5. - Noise.

It is intéresting to ask why the current steps are so steep. Thé
answér is that the phase-locking mechanism is self-correcting against
small noise fluctuations. This is most éasy to see in the small
juﬁction casé discusséd in § 3. If, in Fig. 2, the system starts
with a value of Jo appropriate to trajectory BB but at arbitrar&
phagé; it will rapidly convérge ocnto BB; or the équivalent trajectory
in the nearest shaded region. The shaded regions are in fact areas

containing stable trajecfories. There is another set of trajectories
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"in the unshaded regions corresponding to the same values of Jo, which
are unstable. The system ténds to move away from them. Thus small
ﬁoise fluctuations from a stable trajéctory will_be corrected automatically, ..
and such fluctuations will not afféct thé averagé'slope E$7E€l This

" explains why the étéps are so stéep. Larger noise fluctuations may
however, carry the sysfémbbéyond the néarest.unStable trajectory. If
this happén§ it will then converge onto the next stable trajectory.

The situation is anglogoﬁs to thé diffusion of atoms by hopping through
a lattice or the Browmian motion of a particle in a tilted sinusoidal
potential{ This last analogy is in facf ei&ct,'and we have used it to
calculate the théoretical rounding of the steps.*_ On account of its
very low impedancé, thé noisé pickéd up by the SNS juncition from
external sources is small comparéd with thé Johnson noise developed in
the Junction itself. Thé célculation shows that the phase drift due

to hopping from oné trajectory to another is indeed very small and
aécounts adequately for thé observations. For most other types of
Junctiens, extéfnal noise is dominant and the steps-are comparaﬁively
br;ad.

6. Conclusions.

» - Our simple‘model gives at least qualitative descriptions of all the
features noted in § ll The agreement may well be improved when it
becomes possible to compare theory aﬁd experiment for specimens of
idgnﬁical geometry. For large specimens'our model offers an explicit

descfiption of flux-flow. As Anderson and Dayem5 anticipated for the

» - B
. A somewhat similar argument has been given by Stephen.12 We shall

compare it with ours elsewhere,
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‘parallel'caSe of'point contacts, the model shows that the current steps

in the excited characteristic may be thought of as due to a phase-

locked interaction between the flux-flow and the external field. In

small Junctions phase—lockihg‘between ¢(t) and the external fields is

still present but cannot usefully be regarded as involving flux-flow.

It is the phase-locking which explains the lack of effect of noise on

the steps.-

Acknowledgments

We would like to thank M. J. Stephen for sending us results prior

to publication.

v Part of this work was done under the auspices of the U. S. Atcmic

Energy Commission.

References S
“1. B. D. Josephson, Adv. in Phys. 1k, L19 (1965).
2. J. Clarke, Phys. ﬁev. Letters 21, 1566 (1968); Proc. Roy. Soc.
308, W7 (1965). |
3. A.'H.-bayem and J. J. Weigand, Phys. Rev. 155, 419 (1967).
L. p. Wf'Andérson, The Josephson Effect and Quantum Coherence Measurements
‘in Superconductors and Supérfluids, in Progress in Low Temperature
PhXSiés (North Holland Pub. Co., 1967), Vol. 5, p. l.
5. C.s. 6wen and D. J. Scalapino, Phys. Rev. 164, 538 (1967).
6. A.C. Scétt and W. J. Joﬁnson, Appl. Phys; Letters 1k, 316 (1969).
7. .P. W. Anderson and A. H. Dayem, Phys. Rev. Lettérs 13, 195 (1964).
8. P. G. de Gennes, Revs. Mod. Phys. 36, 225 (196&).
9. .D..E- McCumber, J. Appl. Phys. 30, 3113 (1968); L. G. Aslamazov,

‘A. I. Larkin, and Yu. N. Ovchinnikov Zh. Eksp. Teor. Fiz. 55, 323 1968).



12— o _ UCRL-19067

' English translation: J.E.T.P. 28, 171 (1969).
10. R. A. Ferrell and R. E. Prange, Phys. Rev, Letters 10, 479 (1963).
11. J. Clarke, (To be published):

12. M. J. Stephen, (To be published).



-13-~
_ UCRL-19067

Figure Captions

Fig.

Fig.

Fig.

Fig.

1 The trajectories ¢(t) for a small SNS junction in the absence
of excitation for a number of different de currents. -The thin
line on the i-v characteristic is the normal part of the current.

2 Schematic contours of J. sin {(wt) - JJ sin ¢ for the special

1

case Jl = JJ, and trajectories corresponding to points on the

fundamental current step at 2eV = haw. Trajecﬁories in"the shaded

regions are stable, others are unstable.

3 Experimental and theoretical i-v characteristics for an SNS

sandwich of fixed size as the characteristic length X is varied.
The experiment refers to & square Junction. The theory refers
to & one-dimensional Junction. The current scale has been chosen

so that the critical currents agree with experiment for small W/A.

# Experimental excited and unexcited i-v characteristics for

a typical square Junction with attempted theoretical fit. The
theory»reférs to.a physically similar one-dimensional Junction
with the.same critical current and reduced width. Its perimeter
is about the same as,thc e#périmental perimeter; its area and .
bence its normal conductance arc therefore about double the
éxperimentél values. éteps are visible for this specihen at

some of the voltages an/m where m is 1, 2, 3, or L.
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