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ABSTRACT 
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This paper describes the application of on-lille techniques to the 
de sign of beam transport systems. We introduce program TRANSPOR T 
which allows the user to design such systems interactively with a computer 
through a display console, light pen, and teletype. The program is 
capable of providing solutions to first and second order for systems 
containing a wide variety of beam transforming elements. The versa
tility of the program is evidenced by the interacting proces s which permits 
the experimenter to: 

1. View the entire system (or part of it) on a. cathode ray tube. 

2. Observe the beam envelope (or trace rays). 

3. Observe the transfer matrix and phase space ellipse (or 
polygon) at any point of the trajectory. 

4. Change parameters and computer optimize. 

5. Perform second order ray tracing. 
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INTRODUC TION 

The past few years have been years of exciting growth in compu
tational physics. Parallel to this growth, the design of advance computer 
systems with multiprocessing modes of operation, enormous storage 
capabilities, nanosecond switching times, and graphic input/output devices, 
has opened the horizon for closer cooperation between DIan-machine 
systems. It is no longer ne~essary for the experimenter to be a passive 
observer, tacitly accepting the idiosyncrasies of his computational 
devices, and relying exclusively to the few pages of FOR TRAN state-
ments which somehow describe the problem he is contemplating to 
solve. Neither can he rely on batch processing modes of operation 
since they are time consuming and no interaction is allowed. 

The graphic input/output mode of ope ra tion relieve s the nonpro
grammer experin,enter from tasks requiring knowledge of his computer 
environment and, at the same time, provides him with the capability of 
solving cOlTIplex problems by comparing, adjusting, or improving para
meters on the graphic display screen. 

It is with this scope in mind that program TRANSPOR Twas 
implemented for visual display providing maximum man-machine 
interaction in the areas of input description, graphic output, and decision 
making. . 

ION OPTIC PR OBLEM 

Generally, a beam transport system is a series of bending magnets 
(pr9viding angular deflection of the beam), drift spaces (providing physical 
separation between elements), and quadrupole magnets (focusing elements)· 
providing a match between the output of a particle accelerator and the 
target of an experiment. The accelerator provides particles at Z = 0 
emitted in some phase space hypervolume. The extreme trajectories 
determine the beam envelope propagating along the Z direction. This 
envelope is bent and displaced through physical space by the interaction 
of the beam particles with the fields of the magnets encountered along 
the beam line. The problem of drawing a spacially three-dimensional 
beam line is made tractable by straightening out the Z axis, masking all 
deflections of the physical reference axis produced by bending magnets. 
The vertical motion of the beam about this reference axis is drawn below 
the axis and horizontal motion of the beam is drawn above the axis. An 
individual particle which might pas s through the refe rence axis (x = y = 0) 
is represented by a change in sign (reflection) at the point of crossing. 

" 
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A waist is said to occur at the point of minimum beam din1cnsion in 
either plane. The reference axis, or optic axis as it is sometimes 
called, is actually the trajectory of a particle of the desired energy 
(dE = 0) leaving the source with zero displacement and emergence. 
Particles of different energy from that of the optic axis originally with 
zero displacement and emergence will be deflected from it by the dis-
persion effects in bending magnets. . 

The motion of charge particles In a beam line can be determined 
by the Hamiltonian equations of motions. The attendentconservation 
laws apply, specifically Louiville' s theorem impose s constancy on the 
phase space hypervolume occupied by the beam. If the Hamiltonian does 
not contain eros s te rlns involving the variables of the diffe rent pha se 
planes, the rnotion in the various phase planes are uncoupled and 
Louiville's theorern then imposes constant phase area ineach uncoupled 
phase plane. Since the beam emerging from a particle accelerator 
normally has been subjected to linear forces, its phase space Dlotion is 
elliptical in nature. Even if nonlinear forces have been exerted, say by 
the extraction system, the distorted phase space boundary can be approxi
mated by some circumscribed elliptical boundary of larger effective 
area (phase space dilution by fiJamentation). The transformation of this 
elliptical hypervolume by the beam elements is the object of the beam 
calculatic)ll. Certain projections of this elliptical hypervolume onto the 
coordinate axis have considerable physical signficance, such as beam 
size in each of the orthogonal coordinate s, angular erne rgence, etc .. 

The problem of transporting charged particle s in a magnetic f~ eld 
is complicated since the equations of motion are nonlinear even for the 
simplest of fields. The problem can be solved exactly by numerical 
integration of the equations of motion in the specified field or made tractabl.;!. 
to hand calculation by linearizing the equations of motion. Numerical r 
iritegration has the advantage of yielding results as accurate as the 
specified fields, while an analytic solution based on linearized equations 
avoids the time of integration as the solution is directly available from 
substitution into transcendental expre s sions. Generally, the problem of 
solving for a changed particle beam transport problem requires a 
development of the phase space motion along the beam system, specifically, 
each particle comprising the beam can be specified by its phase space 
coordinates: x~ Px' y, Py' dz, dpz, and its motion in time will be along 
some curve in this space. If the energy is a constant of the motion, the 
transverse momenta are proportional to the angles of emergence through 
second order. The longitudinal momentum spread will be considered as 
a fractional term, dp/p. The solutions obtaineq. for the linear second 
order differential equations of motion are completely specified by the 
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initial conditions. Considering the solution as a power series in the 
'initial conditions and retaining only the lowest order terms, we obtain the 
usual first order theory of ion optics. Arranging the coefficients of the 
power series and sequence of equations in order of x, Xl, y, yl, s, op/p, 
we obtain: 

Eq. 1 

with similar expre s sions for Xl, y, yl, s, and op/p. Writing the coef
ficients aij as a matrix, we obtain the transformation law for a particle 
vector. . 

x a11 a12 a13 a14 0 <l16 x 

Xl a21 a22 a23 a24 0 a26 Xl 

y a31 a32 a33 a34 0 a36 y 

= Eq. 2 
yl I a41 a42 a43 a44 0 a46 yl 

s. a S1 aS2 a S3 a S4 1 a S6 s 

1l.E , 0 0 0 0 0 1 QE.. 
p ) p 

Karl Brown has shown that the solution of the nonlinear equation of motion 
can also he written as a power series expansion exact through second 
order. 1 These second order solutions can be linearized and written iri 
matrix form by considering a higher dimensional vector space where 
the first plus second order terms (first order cross terms) are considered 
a basis. The six first order plus the 36 second order terms comprise a 
42 dimensional vector space where the transformation matrix becomes 
a 42 x 42 matrix. 

MA THEMA TICAL DEVELOPMENT 
• 

Second order transport works in a 42 dimensional vector space. " 
In this section" the mathematic s will deal in this vector space while the 
examples worked to give physical concreteness to the mathematics will 

_____ j. _____ _ 

1. Karl L. Brown, A First and Second Order Matrix Theory for the 
Design of Beam Transport Systems, SLAC Report No. 7S, July, 1967. 
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be carried out in a two dimensional space for simplicity. If M is the 
transformation matrix operating on a particle vector V(O) located at 
Z :;: 0, then 

V( Z) = MV(O). Eq. 3 

A particle space bounded by an elliptical contour can be put in matrix 
formalism by noting the quadratic form of the equation of an ellipse, 

. to wit, 

writing: . 

2 + a 12xx' + a21 x 'x + a11 x 

(x x') ( 

-1 
0-

a11 al2 ) 

a21 aZ2 

,2 
a22x - = 1 Eq. 4 

(XJ = 1 Eq. 5 

Eq. 6 

Then the equation of an ellipse in matrix form IS (vt is transpose of .y) 

V
t -1 

0- v = 1. 

Note that if a12 = aZ1 = 0, then a11 = 1 and 'if x = 7' 
and 

Eq. 7 

1 
0, aZ2 = -:-z- ' 

x' 

Eq. 8 

The transformation properties of this matrix representation can be 
established by introducing M- 1 M = I (mere I is the identity matrix) 
between the V's and (f and recalling that: a) the product of inverse . 
matrices is the inverse of the product in reverse order, and b) the 
product of transpose matrices is the transpose of the product in reverse 
order. Writing the equation of the ellipse at the beginning of the system 
as: 
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v(O) t er (~\v(O) = 1 

vt(m-1m)t er- 1 (m- 1m) v = 1 

(vt mt) (mt - 1 er -1 m- 1) (mv) = 1 

(mv)t (mermt )-1 (mv) = 1 

t -1 v(L) IT (L) v(L)::: 1 

UCRL-19414 

where mV(O) = V(L) is the transformation law of a particle vector and 

IT(L) = mer (O) mt Eq. 9 

is the transformation law of the ellipse coefficient matrix representing 
the elliptical boundary of the particle beam. As an example, consider 
an initially upright ellipse transformed by a drift length. The matrix 
for the ellipse has a a12 = a2i = 0 (1. e., upright) and the matrix for 
the drift lcngth2 is obviously: 

m =(: ~) 

cr (L) 

AtL::: 0, the beam had anextentgivenbyx=..Jcr11(O) atx' = O. The 
extent of the beam is now the projection of this tilted ellipse on the 
coordinate axis, see Fig. 3. This maximum x excursioa occurs at the 

2. See for example: J. J. Livingood, Cyclic Particle Accelerators. (1961), 
p. 45. 

• 
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point wheredx/dx' = O. 

2 2' ,2 2 x. cr 2 2 + xx cr 12 + x cr 11 = cr 11 cr 2 2 - cr 12 . Eq. 10 

Finding the value of x' wherp. dx/dx' = 0 and substituting back in to 
Eq. 10, we find that x = .Jcr 11(L). In general, the projection of the 
beam ellipsoid onto the coordinate axis is obtained by taking the square 
root of the diagonal elements, of the ellipse coefficient matrix (beam). 
Theresult~ng beam size is then 

X= .Icr + L Z cr 22 "I 11 Eq. 11 

Note that if simple ray tracing had been used, the re sult would have been 
x = ~ for an initial ray (XO' 0) and X = L ~ for an initial ray (0, X'o)' 
Since cr11 and 0-22 are always positive definite, the simple ray results are 
bounded by the elliptical result. 

TRANSPOR T PROGRAM 

TRANSPOR T is an ion optic program written at Stanford Unive rsity3 
for calculating charged particle beam transport problems by use of first 
and second order transformation matrice s of the various elements com
prising the beam system. TRANSPOR T can do first and second order beam 
tracking; that is, calculation of the beam ellipsoid along the beam line with 
or without second order effects, or first order optimization of system 
parameters; that is, determining quadrupole gradients, drift lengths, 
etc., required to produce the desired results. 

TRANSPORT facilitates the beam designer by providing him with 
a flexible array of elements in which to develop his beam line. Many of 
the paramet ersmay be varied subject to specified constraints on the beam 
ellipsoid (or transformation matrix). The user is often uncertain initially 
as to which of many parameters at his disposal should be adjusted, although 
before beginning a solution with TRANSPOR T he has considered the 
feasibilitiy of his beam layout. The utility of the interactive TRANSPOR T 
now is apparent since an evaluation of which of the wide variety ()f possible 
systems will best suit his needs can be determined interactively by altering 
parameters from the teletype. Usually, all but the simplest of systems 
involve sequential fitting; that is, a series of several independent beam 

3. S. K. Howry, C. H. Moore, H. S. Butler, "TRANSPORT". A Computer 
. Program for Designing Beam Transport Systems. SLAC Internal 
Report (1963). 
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systems. Although TRANSPORT can handle up to ten variables simul
taneously, it is usually necessary to solve the first part of the system 
first unless the variables are very close to their required values for • 
long complicated beam layouts. 

COMPUTER ENVIRONMENT 

Program TRANSPOR T is operational under the Chippewa Operating 
System for the CDC 6600 Computer system using a Model 252 Display 
Console with an 8K, 12- bit word buffer, character, and vector generator 
light pen and a standard teletype.· 

PR OGRAM OPERATION 

A session begins with the user viewing part of the input data as 
shown in Fig. 4. This data Was generated from the standard input data 
for TRANSPOR T. This sample case consists of the unit conversion cards 
(type code 15.), Beam card (type code 1.) specifying the square root of 
the diagonal rnatrix elements, vectors to be tracked (type code 22. ), 
second order matrix elements ijk to be tracked and displayed in vectors 
N (type code 13. nijk.), specification for a second order calculation 
(type code 17.), and the standard TRANSPORT data elements specifying 
the various magnets encountered along the bealTI line. 

The data displayed on the screen correspond to the necessary 
input needed to calculate the" first and second order optical properties 
of thebeatn used in this example and consist of the parameters necessary 
to define each element. The formatting is as follo,ws (see Fig. 4): 

1. Data location number 
Z. Element name 
3~ 
4. 

Element code number (type code) 
Element parameter s 

For example, reference to Fig. 4 input line 29 should be interpreted as 

• 

follows: type code 1. (that is, beam card) specifying x, Xl, y, yl, s, • 
op/p, p. In the same manner, the rest of the input is interpreted. Once 
the user is as sured the input de scription is correct he may choose to 
exercise any of the options listed in the bottom of the screen. The 
functions of these options are listed in Table 2. 

Note: If a teletype is used to initiate any of the options listed in 
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Table 2, only the underlined letters need be specified.' If a light pen is 
used, it is pointed at the option de sired and, by depre s sing the mic ro
switch on the light pen, the desired interrupt is initiated. 

The options listed in Table 2 allow the user to perform a multitude 
of functions relating both to input manipulation and as well to program 
execution, and by no means exhaust the multitude of other options that 
the user may want to incorporate. The modularity of program TRANSPOR T 
allows such expansions. 

Now returning to our example: upon initiation of the option 
".!. TER" or "GO", the executive program of TRANSPOR T decode s the 
action and signals the beginning of optimization (iteration) or execution 
without optimization (GO) and, upon completion of execution, displays the 
beam envelope resulting in the upper half portion of Fig. 5. Interpretation 
of this figure is obvious. The rectangle s repre sent the various magnets. 
The size of the rectangle s reflect the magnet l~ngth and a,perture. The 
beam size is interpolated linearly between calculated points at magnet 
or drift space boundaries. 

Both the horizontal and vertical planes are displayed, as shown, 
along with the cumulative beam length (on top of Fig. 5). 

When performing a first orde r calculation, the horizontal and 
vertical ellipsoid projections (~ and~) are first order in the 
initial conditions and when doing a second order calculation these projections 
include the second order terms in the initial conditions. The fir st 
orde r re sults may be displayed along with the second orde r trace by 
plotting ray 7 as shown in Fig. 6. 

Besides the display of the beam envelope, the user may exercise 
the option MA TRX which allows him to observe the projections of the 
phase ,space ellipse on the coordinate axes, (the planes upon which the 
phase space is projected are also selected by teletype input). Any 
location along the beam line may be selected for which 13.4., 1.3.8., 
1.3.24., or 13.42. data card was inserted. 

Upon initiation of this option, the bottom half of. Fig. 5 appears on 
the screen. The right bottom side shows the transformed ellipsoids at 
the desired location, while the left bottom of the screen displays the 
appropriate transformation matrix (cumulative transfer matrix, R matrix, 
or RC2 matrix) and SI matrix (beam matrix). 

The beam matrix is printed just ~s' on the paper output and consists 
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of the physical projections Xj (square root of the diagonal matrix 
elements) and the scaled phase ellipse tilts rij = CTi/..[ CTii CTjj • 

~ 
t../CT22 £21 

t../cr 33 r31 r32 

,.,jCT 44 r41 r42 r43 

) ,.,jCT S5 rS1 rS2 rS3 rS4 

,.,jCT 66 r61 r62 r63 r64 r65 

Since the SI matrix is symmetric, the r·· = rji· 1J 

Eq. 

To this basic display, the user may add numerous additional 
displays ~ For example, by initiation of option RAYS, he may add the 
results of up to six first order vectors to the display, or he may add 
the display of the fir st order projections of the cr b earn matrix to the 
second order projection calculation by displaying Ray No.7, Fig. 7. 

12 

He may also ask for a display of up to 12 additional elements which can 
be in.terpreted as six first order particle vectors, or 12 first and second 
order matrix elements by use of the 13. nijk data card, the interpretation 
is determined by the data input and can be changed interactively in the 
process of the'design. 

At this point, the user has the option of returning to the display 
of the input data, ALTER some parameter and execute (ITER or GO) 
again, or he may request to view the phase space at a different location 
along the beam line. He may flip back and forth between data display 
without reexecuting the program by using the BEAM and MDATA options. 

This computation loop may be repeated as many times as desired, 
and by exercising the options described, the user can proces s many 
alternative rlesigns, examine quickly the overall characteristics of his 
system and take immediate action. Errors are easily deleted and time 
loss because of erroneous data is effectively minimized., During the course 
of the session, warning messages are available to guide the operator to 
avoid invalid conditions, and at all time s the user may use the options ( . 
of SNAPD and SNAPB to take pictures of the displays on microfilm which 
later may be developed to a hard copy for permanent use. 

··i 

• 

t 
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Should the user wish to examine a portion of the display on an 
enlarged (or reduced) scale, he may do soby using the SCALE option, 
Fig. 8; 

CONCLUSIONS· 

The use of graphic display interaCtion is a strong departure from 
the conventional batch proces sing mode. Though it is a relatively new 
concept in the area of scientific computation, requiring advanced computer 
systems, and progranl.ming concepts, it is definitely the way of the 
future. The potential speed and ease with which ideas can be converted 
into ima£!es on a CR T screen has fascinated computer graphic users 
everywhere as evidenced by the abundance of literature on this subject. 
In this paper, an attempt was made to describe one such application in 
whichthe.se modern graphic techniques are applied. In designing program 
TRANSPOR T for interactive mode of operation every effort was taken 
to relieve the resulting program from the idiosyncrasies of the parent 
computer installation. This was accomplished by divorcing the entire 
interacting portion from the main computation program, allowing other 
installations to insert their own interactive routines peculiar to their 
environm~nt. 

The present version of TRANSPOR T is operational on the CDC 
6600 Computer System. 
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TABLE 1 

Name: TRANSPORT 

Computer Environment: CDC 6600 

Operating System: CHIPPEWA 

Programming Language: FOR TRAN 

High Speed Storage Required: . 

1. First order optics only 101K8 words. 

2. First and second order optics 124K8 words . 

. Is the program overlaid? No 

Number of Magnetic Tapes required: None 

What other peripherals are used: 

1. Teletype 
2. Display Console 
3. High Speed Printer 

Number of Cards in Program: 

1. First order only 5500 

2. First and second order 6000 

Typical Execution Time: 

1. First order only with first order tracking -
2.0 seconds. 

2. Eight variable first order optimization -
5.0 seconds. 

3. First and second order tracking -
1. 5 minute s . 

• 

• 
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DLINE 

ALINE 

SNAPB 

SNAPD 

MDATA 

GO 

ITER 

FIN 

VECT 

RAYS 

BEAM 
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TABLE 2 

Alter data. The alteration is performed by entering the 
appropriate address in the DATA array. This number is 
shown on the left column of Fig. 4; for example, to change 
the first drift length in location 79 of the data array to 1. 5 
meters, we type 79, 1. 5 (carriage return). 

Delete one line of input. In other words, delete one complete 
element of the beam system. 

Add one line of input. This option allows the user to ente r 
all his input via teletype, or to add a new element at any 
location along the beam system. 

Record the beam display on microfilm. 

Record the data display on microfilm. 

This option allows the user to view more data; (in many 
instance s, one frame is not enough to dis pIa y all data). If 
the user was viewing the BEAM, this option returns him to 
the input data display. 

Execute the data (without application of constraints). 

Execute data, applying constraints to optimize variable 
parameters. 

End of session. 

Perform changes on the vectors to be tracted. This option 
allows the user to alter vector parameters; to enter new 
vectors or to remove those already specified. 

This option provides for the display of all six rays specified,. 
or individual rays may be displayed at will. ):~ 

This otpion allows the user to review a beam already calculated 
without executing TRANSPOR T. 

* Ray No. 7 is the first order beam ellipse projections which may be 
displayed for comparison with the normal second order trace. 



SCALE 

MATRX 

SAVE 

RECALL 
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TABLE 2 - contd. 

Scaling of both horizontal and vertical beams. The user 
enters via teletype the region he wants to scale and the 
scaling factor. 

This option allows the user to specify the location where he 
wants to observe the phase- space ellipse and the RC and SI 
matrices. 

(Earlier paragraphs describe these matrices in 
more detail. ) 

The us~r initiates this option by teletype, enters the location 
where the ellipse is desired, and specifies the phase planes 
to be projected. 

Allows the input data to be saved. 

Recalls input data already saved by previous option. 

• 



Figure 1. 

Figure 2. 

Figure 3. 

Figure 4. 

Figure 5. 

Figure 6. 

Figure 7. 

Figure 8. 
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FIGURE CAPTIONS 

Model No. 252, Control Data Display Console 

TRANSPOR T Flow Chart 

The Tilted Beam Ellipse Projected onto the 
x9 Plane .. 

Computer Display of Input Data. 

Beam Envelope (upper half) and phase space 
ellipses at location shown. 

Second orde r trace along with trace of Ray 7 
showing first order ~ and ..Jo- 33 
projections. 

Beam Line showing the addition of the vector 
traces. 

Scaled portion of Beam Line . 



Fig . 1. Model No. 252, Control Data Display Console 
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Fig. 3. The Tilted ,Beam Ellipse Projected onto the x Plane. 
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Fig. 5. Beam Envelope (upper half) and Phase Space Ellipses at Location Shown. 
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Fig. 6. Second Order Trace Along with Trace of Ray 7 Showing 
. First Order W11 and W33 Projections. 
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Fig. 7. Beam Line Showing the Addition. ,of the' Vector Traces. 
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LEGAL NOTICE 

This report was prepared as an account of Government sponsored work. 
Neither the United States, nor the Commission, nor any person acting on 
behalf of the Commission: 

A. Makes any warranty or representation, expressed or implied, with 
respect to the accuracy, completeness, or usefuln(Jss of the informa
tion contained in this report, or that the use of any information, 
apparatus, method, or process disclosed in this report may not in-
fringe privately owned rights; or . 

B. Assumes any liabilities with respect to the use of, or for damages 
resulting from the use of any information, apparatus, method, or 
process disclosed in this report. 

As used in the above, "person acting on behalf of the Commission" 
includes any employee or contractor of the Commission, or employee of 
such contractor, to the extent that such employee or contractor of the 
Commission, or employee of such contractor prepares, disseminates, or pro
vides access to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor . 
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