
DISCLAIMER 

This document was prepared as an account of work sponsored by the United States 
Government. While this document is believed to contain correct information, neither the 
United States Government nor any agency thereof, nor the Regents of the University of 
California, nor any of their employees, makes any warranty, express or implied, or 
assumes any legal responsibility for the accuracy, completeness, or usefulness of any 
information, apparatus, product, or process disclosed, or represents that its use would not 
infringe privately owned rights. Reference herein to any specific commercial product, 
process, or service by its trade name, trademark, manufacturer, or otherwise, does not 
necessarily constitute or imply its endorsement, recommendation, or favoring by the 
United States Government or any agency thereof, or the Regents of the University of 
California. The views and opinions of authors expressed herein do not necessarily state or 
reflect those of the United States Government or any agency thereof or the Regents of the 
University of California. 



, 

• t . 

-lll - UCRL - 'l 'H2.K 

RECEIVED 
LAWRENCE 

BERKELEY LABORATORY 

FEB 6 1979 

LIBRARY AND 
DOCUMENTS SECTION 

ST O PP I NG P OWER AND RANG E F OR ANY N UCLEUS ':: 
IN A N Y N ONGASEOUS MATERIAL - - A C O MP OS IT E METHOD 

t 
.l:-~ lme r G. Stew ard a nd Ro ge r W . W a llace 

L aw r e n ee R ad i d li o n L a bor a t o r y 
Uni ve rsi t y of Ca lifor n ia 

1?: r ke l e y, Cali fornia 9-1·720 

..... 
.. " 'I~ I 

S e pte m ber 1 9· , .'-' ~ .. 
. I":!'i~' • JJ ..... 
! 

:; ::: .' ~ 1 

Work done u l.del c,- us pi ce s of th e U. S '. Atom i c Energy Commi ss io n . 

t Pr e se nt a ddr es s : D epa rtrne nt of Radf.b~gy , Sta nfor d Uni ve r s i Ly 
S c hool of Me d i cine , Sta nford, C A 943 05 :, 

C, ;) ~rl. 



-1- UCRL-19428 

1. INTRODUCTION 

The purpose of the research reported here is to provide estimates 

of the stopping power and range of any atomic nucleus mOVIng In "LilY 

stopping medium. The range of kinetic energies considered vari('.s from 

10 to 1000 MeV /amu. 

The applications of these data fall into two mam categories. First, 

when the charged particles are themselves incident upon the target 

material, as in irradiation with a monoenergetic beam from a particle 

accelerator, stopping power is basic to the calculation of important beam 

parameters. Such. parameters include dose, particle energy spectrum, 

LET spectrum, and beam width, all as a <function of depth in the tissue. 

These calculations have been: performed for a variety of targetrnaterials, 

including water, by Litton, Lyman, and Tobias (1968) and Litton (1967) 

by introducing the effects of straggli?g, removal of particles due to 

nuclear collisio~s, and multiple Coulomb scattering. 

The sec ond application of the se data is to the calculation of ene rgy. 

deposition and ranges of heavy secondary particles. For example,. in 

neutron irradiation, the entire dose is deposited by secondary particles. 

In 1T - -meson irradiation, the high,..LET dose deposited by star formation 

is due to these heavy secondaries. These stopping-power and range 

data are of general application to the analysis of experiments involving 

charged-particle accelerators, cosmic rays, or the fission process. 

Throughout this paper we refer to MeV /amu, represented by 

the symbol e, as a unit of specific energy. (See t1Notations t1 in the 

Appendix.) It is a unit intermediate between velocity and energy. 
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The relationship to velocity IS glVen by 

e = 931 [(1 - (3 2 ) -1/2 -1J 

(9~1 2) 
1/2 

e + 931 
or 13 = 

e 
+ 1 

931 

and the relationship to energy is given by e = E/ A 1. The slowing -down 

mechanism of a charged particle in matter is similar throughout any 

plane of constant velocity in (V, 2
1

, 2
2

) space. Since e is a function of 

velocity only, the same statement can be made regarding any plane of 

constant spec ific energy in ( . e, 2
1

, 2
2

) space. 

We will find it convenient in this report to discuss information in 

terms of ( e, 2
1

, 2
2

)·space. For instance, in fig. 1 the slabs covering 

the bottom and part of the back of the box repre sent the volume of this 

space for which pre sent accele rator s carr provide heavy particle s ~ Alpha 

particles, as indicated in the figure, can be accelerated to 230 MeV /amu. 

Protons, represented by the bottom slab, can be accelerated above , 

500 MeV /amu. The slab along the back of the box describes the capa-

bilities of present heavy-ion acceler£tors. Throughout most of this 

discussion the boundaries of the space we consider are given by: 

0.01 ~ e ~ SOO, 1 ~ 21 ~ 92, 1.~ 22 ~. 92. These boundaries arc 

son1cwhat arbitrary, and have been set prilnarily for the purpose of 

drawing figures. 

Using this ( e, 2 1,2
2

) space as a device for restating the purpose 

of this research, we may say that is our aim in this report to provide 

acomp'utational method for filling the box in fig. 1 with range 
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and stopping-power data. The range we calculate is the total path

length mean range and does not take into consideration the shortening 

of the projected range due to Coulomb multiple scattering. 

The approximate limits of the only useful expe rimental stopping

powe r or range data available are illustrated in fig. 1. Northcliffe ( 1963) 

has produced the most useful summary of these data in the slab against 

the back of the box. Whaling (1958) has summaried the data in this 

slab extensively for protons and alpha particle s and also for heavie r 

ions in gases. The researchers who originally obtained these data are 

summarized by Hyde (1964) and Aras" Menon, and Gordon (1965). 

Experimental data in the two narrow slabs against the bottom of the box 

are of only minor concern to us here; theory can accurately calculate 

these values. Since the data from these small. regions must be extrap

olated throughout the entire volume 'of the box, it is clear that it is of 

primary importance to include enough physical theory to make this 

extrapolation effective. 

1. 1 Stopping - Powe r Theory 

The interactions of energetic h.eavy charged particle s with matter 

have been of great interest for more than half a century. Bohr (1913, 

1915) developed the semiclas sical stopping -power theory using impact 

parameters in 1913. Bethe (1930, 1932) published his purely quantum 

mechanical theory in 1930. 

Each of those theories is valid in only part of the ( e, Zt; ZZ) 

space. Bohr's theory is valid only when the fo~lowing inequalities are 

satisfied [Bohr (1948)J: 
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Z « 137 ~, 
Z 

~ « screening distance of scattering 
mV . t and a am, 

( 1) 

( 2) 

whe re n is Plank's constant divided by Zn, m is the mas s of the ion, 

V is its velocity, and the screening distance of an atom is the distance 

from its nucleus to the radius where the screening by its electron cloud 

has reduced the effective nuclear cha rge to 1/ e of its true value. (See 

the Appendix for notations. ) 

The expression 137 ~ appears many times throughout this 

paper. This expression is the ion velocity in units of the Bohr orbital 

K-shell velocity of the hydrogen atom. In discussion of the interactions 

of charged particles with matter, this is a very convenient unit of 

velocity. Since the K-shell electron velocity of the one -electron atom 

-is proportional to the charge of the nucleus, inequality (1) can be 

re stated: IIIn order for Bohr 'stheory- to be valid, the velocity of the lon 

must be greater than the K -shell electron velocity of the stopping 

medium." Similarly, inequality(Z) limits the ion velocity to les's than 

its own K-shell electron velocity. T4erefore Bohr's theory is limited 

to that region of (e, Z1' ZZ) space where the ion carries along with it 

its own electron cloud. This limits the usefulness of Bohr's theory 

to the few tases for which adequate charge-'state data are available. 

Bethe's theory, because use was made of the Born approximation, 

is limited to the region where 
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rZ 1 « 137 13 ' (3) 

However, it was shown later by Mott (1931) that the less re,strictive 

inequality (3) or 

( 4) 

is sufficient. Thus, since the K-shell velocity of the ion is approx-

imately 13 = Z1/137, the use of Bethe's theory is essentially restricted 

to the region of ( E, 2
1

, 2
2

) space where the ion is completely ionized, 

although for very low energy, when r :::: 0, the theory is again valid. 

Bethe originally also required inequality (1). However, he later showed 

with Livingston how the inclusion of shell corrections could eliminate 

the need for this inequality (Livingston and Bethe 1937). The se shell 

correctIons, in effect, subtract from Bethe's formula the contribution 

to the stopping power of those most tightly bound electrons in the stop-

ping medium, which, at low ion velocities, are rarely excited. Walske 

( 1952) made a detailed derivation of the K-shell correction. He later 

made an estimate for the L shell correction (Walske 1956). Recently 

Bichsel (1961) has estimated corrections for all higher shells of the 

stopping atom. 

In 1933 Bloch (1933) developed his theory which, in addition to 

inequality (1), is restricted by (2
2
rz

1
)1/Z « 137·13. Bloch's theory 

provides a bridge between Bethe' s and Bohr's theorie sin the sense that 

Bloch's theory agrees with Bohr's theory in the limit of inequality (2) 

Each of these theories gives the stopping power in the form 
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Bohr found 

dE 
dR "- 0.3072 B. 

1.123 m V
3 

e 
2 

rZ e w 
1 

Z 2 , j' -In (1 - 13 ) -13, 

where w may be regarded as an effective oscillation frequency of the 

electrons in the scattering atom. For Bethe' s theory, including shell 

corrections, 

,2 2 iI, ~C· ], 
.c In (1 - 13 ) - 13 "'" Z:;-, - 6 . 

(5 ) 

( 6) 

Here I is the average excitation potential of the stopping medium, ~C. 
i 1 

is the sum of the shell corrections summed over the electronic shells of 

the stopping medium (i. e. ,i =K, L, M, .,.), and 6 is the correction 

due'to polarization of the stopping medium. For our purposes we may 

neglect 6, since it makes a significant contributi'on only for ion specific' 

energies above 500 MeV /amu. Even at 1090 MeV /amu, 6reduc.es the 

stopping power by less than 1%. For Bloch's theory 

+ lj; (1) [' rz'] 2 2] 
Relj; 1+i 13i

13 
-lnU-13 )-13 , 

whe re 4J is the logarithmic derivative of the gamma function. 

The usefulne s s of any of the se theorie s is lim ited for 13 713~ Z 1 

'. because for these low velocities the ion carries along its own electron 

cloud, implying that r is Ie s s than 1 and is usually unknown. As stated 

• 
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above, this makes Bohr's theory not generally useful, because his theory 

. is valid only when this inequality holds. It also makes Bloch's theory 

not very usefulexcept in the region of ( e, Z1' ZZ) space, where Bethe's 

theory is also valid. Lindhard and Scharff ( 19 61) and Lindhard, Scharff, 

and Schiott (1963), hereafter referred to as LSS, have recently developed 

the only generally useful theory valid at low ion velocities. LSS have 

made use of the Thomas-Fermi description of the electron clouds of the 

ion and stopping atom to give a formula for tpe stopping power due not 

only to excitation and ionization of the stopping atoms, but also to the 

elastic Coulomb collisions of ion and nucleus of the stopping atoID. 

The contribution of the forme r to the stopping power (i. e.,· the 

excitation and ionization of atoms in the stopping medium) is the only. 

effect included by Bohr, Bethe, and Bloch in their three theories dis-

cussed above. For specific energi~s above 1.0 MeV/amu, we may neglect 

all other contributions to the slowing down of the ion because this elec-

tronic sltopping power is usually more than two orders of magnitude 

greater than any other contribution. However, as discussed by Bohr 

(1948), in that region of ( e, Z1' Z?) space defined by small e and espe

cially for large Z1 and large ZZ' the slowing down of the ion due to 
, 

elastic Coulomb collisions between the ion and nuclei of the stopping 

. medium {i. e.» nuclear Coulomb stopping power) affords the major 

contribution to the stopping power. 

LSS have found it convenient to express .their theory in dimension-

less uriits. Their unit corresponding to distance is 

( 7) 

I 
; 
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a = 0.8853 a
O 
(Z~/3 + z~/3) -1/2 (8) 

where a
O 

is 0.529X10- 8 ern, the first Bohr radius for hydrogen. The 

unit corresponding to energy is 

_ -6 a _(A 1 A2) 'e-
E = 1.602 X 10 2" A + A Z Z 

- e 1 2 1 2 
(9) 

-10 
where ais given by eq. (8) and e is 4.803 X 10 ,the electronic charge 

- in esu. _ Now the LSS expression for the electronic stopping power is 

ke 1/2 ( 10) 

where k is a constant given by 

Z 1/2 Z 1/2 
1 2 

k = S 0.0793 2/3 2/3 3/4 
(Z 1 + Z2 ) 

(A + A )3/2 
1 2 

A 3/2 A 1/ 2 
1 2 

( 11) 

where S is of the order of z!/6. The volume of ( e, Z1' Z2) space for 

which eq. (10) is valid is given by 

( 12) 

Z11/3 ~ 13 70. ( 13) 

(LSS suggest z~/3 ~-137 0 instead of in~quality (13), but we find this 

to be an inadequate restriction). 

The stopping power due to nuclear Coulomb collisions is not 

expressed in closed form by LSS because the Thomas -Fermi scattering 

cross section cannot be expressed in closed form. It is graphically 

" 
,J 
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presented in fig. 2 in the dimensiorile.ss units of eqs.( 7} and (9). The 

validity of this formulation is restricted by inequality ( 12). The contri

but ion of this elastic component of the total stopping power is significant 

only in the region identified by inequality ( 13), 

In fig. 3 we illust,rate the volume of ( [., Z1' Z2) space in which 

each of the above four theories is valid. The bbundariesseparating 

each of the regions are somewhat arbitrarily placed. The LSS theory 

is valid over a plane across most of the back of the box. (It is actually 

a slab of thickness given by O.01~ [. ~ 0.5 MeV/amu.) Bethe's theory 

with shell corrections is valid throughout perhaps a third of the box. 

It is valid over essentially all of the box for which.r is unity. There 

is a small region in which Bloch's or Bohr's theory is valid and Bethe' s 

theory is not valid. However, in this region r is les s than unity, and 

uncertain. Thus the advantage of Bloch's or Bohr's theory over Bethe's 

in any region of the box is questiohable. It is clear, at any rate, that 

over a large portion of the box there is no valid theory (see fig. 3) and 

no experimental data (see fig. 1). 

We refer the reader to the literature for other surveys of stopping

power theory. For a development from first principles of the form Of 

Bethe's theory used today, See Fano (1963). For a brief overview of the 

development of Bohr's and Bethe's theories see Turner (1967). For 

more comprehensive reviews of the same nature as presented here, see 

Bethe and Ashkin (1953) and Northcliffe (1963). For a general theoretical 

treatise on the interactions between heavy energetic charged particle s 

and matter, including charge exchange and the relationship between the 
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classical and quantum mechanical approache s, See Bohr ( 1948). .For 

a tabulation using Bethe's theory of stopping power and range of protons 

andrnesons, see Barkas and Berger (1964). A recent and useful tabula

tion of ranges and stopping power of a variety of solid and gaseous stop

ping materials for heavy ions (1Hthrough 257 Lw) over the energy range 

0.0125~ Eo ~ 12 MeV/atnu is provided by Northcliffe and Schilling (1970). 

For an up-to-date discussion of several topics On the penetration of 

charged particles in matter, see NAS-NRC publication 113 3 (1964). Of 

interest to the tadiochemist and radiobiologist is a classical development 

of the relative energy deposition within the high-LET track core and the 

lower LET peripheral region of the heavy-ion track provided by 

Mosumder, Chatterjee, and Magee (1968). 

1. 2 Our Composite Method 

The unique aspect of the research reported here is that nowhere 

else have stopping power and range been generated for such a large 

continuous volume of ( Eo.' Z1' Z2) space where active charge exchange 

between ion and stopping medium occur. We have generated stopping 

power and ·ranges for all ions from hydrogen through uranium in any 

nongaseous stopping med'ium over the velocity interval from o.oi to 

1000 MeV /amu continuously. Over this velocity interval the charge on 

the ion varies from less· than 10% to 100% of its nuclear charge. The 

dE/dR maximum is contained in this interval for all ions. The genera

tion of accurate stopping power for the very heavy ions in the region 

of dE/dR maximum is at this time a difficult undertaking. The tech

niques developed here are a first-order attempt to supply these data. 

." 
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We expect and solicit critical app.raisal~ 

There have been several efforts to produce stopping power tables 

for use by researchers, but these tables usually do not give values 

that are valid for that difficult and large region of ( e, 2
1

, 2
2

) space in 

which active charge exchange occurs (see e. g., Barkas and Berge r 

1964, Janni 1966, Serre 1967, Trower. 1966, and Williamson, Boujot, 

and Picard 1966). However, the recent tables by Northcliffe and Schilling 

(1970) do cover some of this region of active charge exchange. 

The availability of experimental stopping power and the validity 

of the various theories are each restricted to its own region of ( e, Z l' 2
2

) 

space as discussed above. Thus in developing our method for generating 

stopping power, it is convenient for us to divide ( e, 2 l' Z2) space into 

. corresponding regions. We develop for each region its own technique 

and strive for continuity m stopping power at the bounclarie s. The clivi

sion of ( e, 2
1

, 2
2

) space is roughly illustrated in fig. 4. The depths of 

the low- and medium.,.low-specific-energy regions have been exaggerated 

in .order to make them visible. The depth of the region for which"Z1 ~10 

. and e < 10 has also been exaggerated. 

2. METHOD 

2.1 Method for Z1 Less thah Eleven 

2.1.1 Specific energy less than 10 MeV/amu 

In this region of ( e., 2 l' 2
2

) space some experimental data are 

available. Active charge exchange occurs, making theoretical treatment 
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'difficult. TIllt:'; \'.',; rnake maxlfnum use of the experim.ental data. To do 

this we b;\ve m( '1Jl(;d a method proposed by Northcliffe (1963) for 

generating smo "! ,:topping-po\vcr curves through experimental points. 

i.e 
For further deL. ii ,; see Slcw<l.rd (1968). 

the ions are conlp.lctcly stripped of orbital electrons, so that we may 

extend to all ion:3 the proton stopping power by meanS of the 'formula 

dE/dR = z~ (dE/(lI{)p' where dE/dR is the stopping power of the ion 

of charge Z 1,at the same velocity and in the same stopping material as 

for the prolan whose stopping power is (dE/dR). This transformation 
p 

is consistent wilh Drthe 's theory. The proton stopping power is obtained 

from Barkas and Berger's (1964) polynomial fit to I3ethe' s theory. 

2. 1.3 Ion mean range s for Z 1 ~ 10· 

2 The mean range of these ions in units of g/cm is obtained from' 

the exprcs sion 

f 
0.01 

de' 
S{ e') 

where S( e ) is the stopping power of the ion at specific energy e cal-

culated asindicatcd above. The first term of this expression is an esti-

mate of the range of a 0.0 i-MeV /amu ion. This as sume s that the stopping 

power is proportional to e1
/

2 
below 0.01 MeV /amu. 

* This document IS (lvailable from the authors upon request. 

r, 
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2.2. Method for Z1 Greater than 10 

2.2.1 Low-specific-energy region (137 ~ ~ Z~/3) 

In this region the ions are rapidly capturing eleCtrons, thus losing 

effective charge. The stopping power or linear energy transfer (LET) 

is decreasing with dec'reasing velocity. The LET of the ions is not large 

, compared with that in the other regions. This is the region of the recoil 

nucleus or nuclear reaction products. Charged particles in this region 

are of particular concern to the radiobiologist because the radiation 

dmagemay be qualitatively different from the damage for higher-energy 

particles (see, e. g., Kistemaker, Detteer, Saunders, and Snook 1967 

and Jung 1967). 

LSS have developed a theory for this velocity region (see section 

1. 1). Their theory for the electronic stopping power is given by eq. (10). 

By modifying the constant k (eq. 11) very slightly we obtained better 

agreement with experimental fission-product range data in Al and U and 

stopping-power data for Ne and Ar ions in AI. We increased the constant 

1/6 . 0.207 
by 1. 5 % and changed ~ from Z 1. to Z 1 . Making the se modifications, 

along with a change of units, we obtain for the electronic stopping power 

= C e 
1/2 r. , (14) 

where C
e 

= 7.39X10
4 (Z~·207 Zz)/[A

2 
(Z~/3 + Z~/3)3/2J. The theory 

developed by LSS for the nuclear Coulomb stopping power is represented 

by the curve in fig. 2. By fitting a function to this curve and changin,g 

units again, we get 
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where 

and 

C' 
n 

(~~) 
n 

= C 
n 

1 

1/2 
€, exp ( 15) 

Thus, for the low-specific -energy region, the total stopping power IS 

given by 

where (dE/dR)e and (dE/dR)n are given in eqs. (14) and (15) respectively. 

2. 2. 2. ~edium -low -specific -energy region (Z !/3 < 137 ,(3 ~ 9) 

This is a narrow region ;connecting the variable upper boundary , 

of the low-specific -energy region with the fixed lower bo~mdaryofthe 

Inediun1-high-specific -energy region. No experin.cntal data nor theories 

available for this region are satisfactory for estimating the stopping 

power. However, since this region is so narrow, a cubic polynomial, 

matching slope and magnitude of the stopping power at both boundaries 

provides the stopping-power relation within the 

• 

.. 
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2.2.3 Medium-high-specific..:energy region (9 < 137 f3 .~ 3 Z1) 

This region is bounded on the high side by the velocity at which 

the ion can be considered to be completely stripped of electrons. It is 

bounded on the low side by velocities for which we believe the method 

described below cannot adequately provide stopping power~ 
\ 
I 

Our m'ethod use s charge- state da ta derived from range -energy data 

available for Ar ions incident upon AI. These charge -state data are 

generalized to all ions for which Z 1 > 10 and all stopping media as 

described in detail by Steward ( 1968). A plot of this charge state appears 

in fig. 5. The stopping power in this medium -high - spec ific -energy 

region now becomes 

. 2 2 
(dE( e )/dR = Z1 r (dE/( e )/dR)p' 

where the proton stopping power (dE/dR) is given by the polynomials· 
p 

of Barkas and Berger (1964). 

2.2.4. High-specific-energy region (137 f3 > 3 Z1) 

In this region the ion is assumed to be completely stripped of its 

orbital elec'trons and the conditions' for the validity of the Born approxi-

mation are met. Thus Bethe' s theory gives the stopping pawer 

2 
dE( e )/dR = Z 1 (dE( f. )/dR)p' 

\vhere (dE/dR)p is given by the Barkas and Berger polynomial as before. 

2.2.5. Ion mean range for Z1 >10 

The mean range of ions is given by the integral of the reciprocal 

of the stopping powers calculated above. 
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Z.3 Compounds and Mixtures 

When there is more than one atomic component to the stopping 

medium, as in mixtures and compounds, we assume that the stopping 

power of each component acts indeperidently and is thus additive to the 

others. This is Bragg's rule, which can be expressed 

dE 1 
dR = p 

where (dE/dR). is the stopping power of the itli component in density-
1 

independent units such as MeV /(g/cm
Z

), p. and p are the partial density 
1 

'of the !:.!h component and the overall density of the medium respectively 

(p = ~p.). The validity of Bragg's rule is discussed in section 3.7. 
'1. 1 

3. DISCUSSION OF METHOD 

3. 1 Experimental Data 

In the region of ( E. , Z l' Z2) space defined by E. ~ 10 and Z 1 ~ 10, 

our method is designed to closely follow smooth curves plu.ced through 

available experimental stopping -power data. Northclif£e (1963) has 

summarized the availability of these data' and he has plotted them for 

H,He, B, C, N, 0, F, and Ne ions each incidentuponC, AI, Nil Ag, 

and Au. The uncertainty for the data points quoted by the investigators 

commonly varies £rom ± 3% to ± 15%. 

We are reluctant to estimate error limits for the smooth curves 

which Northcliffe places through these data, but we have more confidence 

in them than we do in many of the raw experimental points. We expect 

.. 
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the error linlitsare greatest for E;. < 0.1 MeV /amu, smaller for 

0.1 <Eo < 10 MeV /amu. Also we expect the error limit to increase 

with increasing Z1 . 

3.2. Gaseous vs Nongaseous Stopping Media 

Stopping power and ranges calculated by our method may not be 

valid for gaseous stopping media. Lassen (1951) discovered that the 

most probable charge state of partially stripped ions differed in gaseous 

and nongaseous stopping material. From his data it appear s that fis sion 

products in solids have a stopping power greater by more than a factor 

of two than in rarefied gases. Bohr and Lindhard (1954) suggested that 

this difference was the result of the fact that in solids an electronic level 

of the ion excited by one collision has a shorter time interval in which 

to relax before the next collision occurs, therefore this electron is more 

apt to be in an excited level, and th.us more readily removed, at the 

time of the subsequent collision in solids than in gases. Grodzins, 

Kalish, Murnick, Van de Graaff, Chmara, and Rose ( 1967) found the 

root-lnean-square charge of iodine ions of Eo = 1. 2 to be about 30% 

greater when stripped by carbon foiis than when stripped by argon gas. 

Ryding, Wittkower ,and Rose (1969) determined. that iodine tons of 

Eo = 0.035 have 17% greater mean charge in the denser of two rarefied 

gases. All these data are compatible with Lassen's original findings 

and Bohr and Lindhard' s physical interpretation. 

Pierce and Blann (1968) distinguish between the root-mean-square 

charge and the effective charge of the ion. The effective charge is defined 
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as the value which, when substituted for r Z 1 in Bethe I s theory (eqs. 5 

and 6) gives the correct stopping power. They find that the rms charge 

of ions emerging from solid foils 1S indeed greater than that of ions 

emerging ·from gases. However, the effective charge of the ions in these 

two cases are the san-leo Pierce and Blann suggest that ions Iil.ay indeed 

have identical charges while traversing solid and gaseous stopping media, 

. but the ion is then robbed of some of its electrons at the surface of it 

solid as the ion leaves. They suggest an interesting physical explaration 

for this phenomenon. Martin and Northcliffe (1962) also found the effectiv'~ 

ion charge to be the same in aluminum and most gases. 

Even if the excess in ion charge found after emerging from solids 

over that found after emerg1ng from gases is indeed the result of some 

surface phenomenon, as suggested by Pierce and Blann, it nevertheless 

appears from the findings of Ryding et al. that a density effect of the 

type de sc ribed by Bohr and Lindhard may still exist. 

The question of the degree to which the ion charge is influenced by 

the density of the stopping medium whenever the ion is not completely 

ionized appears to be not entirely resolved. Since som'e effect does 

exist, we suggest that the stopping powers calculated here be used with 

caution whenever the stopping medium is a gas and the ion is not com

pletely stripped of electrons. For Z1 ~ 10 and [, ~ 10 McV/amu, 

experimental stopping powers in H2 gas are built into our calculational 

technique. From the discus sion above and frOID the data of Martin and 

Northcliffe (1962), it is not clear in what direction this may cause the 

calculation to err. If this introduces any error at all, it will occur only 

• 
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whenever the ion is. not completely stripped, the ion has Z ~ 10, and 

the stopping medium is hydrogenous (i. e., water, tissue, a hydrocarbon, 

etc. ). 

3.3. Bethels Theory 

Barkas and Berger (1964) have determined that their polynomial. 

which we use instead of Bethels theory, has a root-mean-square percent

age deviation from 600 points calculated by Bethe I s Theory of 0.6% for 

the lOn range and 1. 3% for its stopping power. The maXImum error for 

the range is 2.8%. Therefore the overall accuracy of our method where 

Bethe I s Theory is valid (see fig. 3d) should be between 1 % and 3%. 

3.4. LSS Theory 

In developing their theories which are based upon the Thomas

Fermi model cif the atom, 1961, 1963 (referred to as LSS), Scharff, 

and Schiott treat separately the effect of elastic collisions between the 

ion and the Coulomb field of the nuclei in the stopping material, and the 

'. effect of inelastic collisions between the ion and the atomic electrons in 

the stopping materiaL The as sumption that the se two effects are uncor

related may re sult in systematic overe stimation of the stopping power, 

according to LSS. LSS also warn that the validity of this theory is 

uncertain for £. < 10 -2 MeV /amu, since the Thomas -Fermi treatment 

of the atom is a crude approximation when the ion and atom do not corne 

close to each other. Others have been critical of these theories too·, 

particularly of the theory for the stopping due to inelastic collisions 

(see eqs. 10 and 11). The variation of k (eq. it') with Z1 and Z2 has 
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been found to be imperfect, and the variation of stopping power with 

velocity has been found to differ somewhat from e 1/Z (eq. 10). (For a 

more detailed discussion of these criticisms see Steward 1968.) 

However, wherever we have available direct comparison with 

experimental data, the ranges calculated in the low-specific-energy 

region by means of eq. (16), which is an only slightly modified LSS theory, 

are usuaily very c lose to the experimental value s. We calculate range s ., 

which are usually within 5% t9 10% of the ranges measured for Dy ions 

in Al by Gilat and Alexander (1964) (see fig. 8 of Steward 1968). Also 

we have collected Z35 U fission-product ranges from several reported 

experiments which are summarized in Hyde (1964), and we obtain good 

agreement with ranges calculated by our techniques, as demonstrated 

lD Tables 1 and Z. 

Since the experimental ranges are a measure of the distance the 

ion travels projected onto the initial direction of flight, we should com-

pare the experimental ranges with a calculation of the mean projected 

range. The path-length range, obtained by our method, is the total mean 

distance the ion travels no matter how twisted its path may be, The 

difference between the projected and path-length ranges is due to multiple 

scattering of the ion by nuclei in the stopping materiaL As one would 

expect, this difference is the more significant the lighter the ion and the 

heavier the nuclei of the stopping medium. In order to calculate the 

projec ted range for the se expe rirhental con"lparisons, two computer pro-

grams were written. One calculate s the mean projec ted range of the 

ions and the other calculates the difference between the mean projected 

.. 
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range and the mean path-length range. It is these programs that have 

provided the projected ranges included in Tables 1 and Z. The computer 

programs and the method used in each are discussed by Steward (1968). 

, 3.5. Medium-Low-Specific -Energy Region 

We calculate ranges that are within 5% to 10% of the ranges mca-

sured for CI ions in Al by Kaplan and Ewart (1966) (see fig. 9 of Steward 

1968). Since We believe the'velocities of these Cl ions are 

above the region of validity fOT the LSS theory, and are thus in our 

medium-low-specific -energy region, this agreement is more a confirri"la-

tion of the technique we use to calculate ranges in this higher-energy 

region than it is a confirmation of LSS theory. That the ranges of these 

CI ions were measured at such high velocities (0.2 ~ e ~ 0.9,MeV/amu) 

may have contributed to the finding by Kaplan and Ewart that the variation 

of stopping power with energy was les s pronounced than e 1/Z 

3.6. Medium-High-Specific-Energy Region 

There are two major assumptions implicit in our calculational 

technique used i~ the medium -high- specific -energy region which prevent 

our. generating stopping power in this region with theoretical. rigor. One 

assumption is that Bethels theory is valid in this region of ( t, 2
1

, 2
Z

) 

space. This is not true, since neither inequality (3) nor (4), one of 

which is required for use of the Born approximation, is always fulfilled. 

Inequality (3) is nowhere well satisfied, since the high-velocity boundary 

of this region is 3 21 = 13 7 13. Therefore we cannot be certain that 

Bethe's theory will generate correct stopping power un Ie s s inequality (4) 
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IS satisfied, that is to say unless the nuclei o[ the stopping rnedium are 

heavier than the ion. It is clear then that we cannot use Bethe's theory 

here with rigor whenever the stopping material is water, tissue,or any 

hydrocarbon. However, for reasons discus sed by Steward (1968), we 

believe this method to be fairly good, and at least the best available. 

The second assumption is that r (see fig. 5), which is a function only of 

X = 137 I3!Z1
g

, can successfully give the charge state of all ions in all 

. stopping media'throughout the medium-high-specific -energy reglOn. 

Arguments favoring the assumption are presented by Steward (1968). 

3.7. Bragg's Rule -', 

'We use Bragg's rule in order to calculate the stopping power of 

compounds and mixture throughout ( e, Z1' ZZ) space. In the low-velocity 

portion of this space, e: g., e < 1 MeV!amu,. Bragg's rule is less valid 

than for the higher -velocity reglOns. The main reason [or this is that 

as the velocity of the ion decreases, the more tightly bound inner elec

tronic shells of the stopping medium playa smaller role in the stopping 

process. Thus the most loosely bound shells, for example the valence 

shell, contribute a larger fraction of the stopping. Since it is primarily 

the valence shell whose energy levels are modified by mblE culatbinding, 

it is primarily the low-velocity ions whose stopping rate wi 11 be clffectcd 

by the chemical state of the atomic components of the stopping medium. 

As a corollary to this line of reasoning, we wish to point out that for all 

. ion velocities one expects that cOlnpounds of the lighter atorns, such as 

H, C, N, and 0, will not follow Bragg's rule 'so well as compounds of 

heavier atoms. This is because larger fractions of the total electron 
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clouds of the lighter atoms are valence electrons. Thus, for E.« 1 

MeV jamu, our calculation of stopping power in compounds may suffer' 

from the use of Bragg's rule, particularly when the stopping medium is 

tissue, a hydrocarbon, water, or other hydrogenous compound. 

The error introduced by using Bragg's rule is not large in mo:;t 

cases .. Thornpson (195Z) has found that the use of Bragg's rule for cal-

culatingthe stopping power of hydrocarbons for high-energy protons 

(ZOO to 340 MeV) introduces an error of the order of 1 to Z%or less. 

Aniansson (1961) makes similar findings for 5.3-MeV Q particles. 

Reynolds, Dunbar, Wenzel, and Whaling (1953) have found that Bragg's 

rule introduces an error in the calculation of stopping power of gaseo,us 

H, C, N, and 0 compounds which incre.ases to more than z% as the proton 

energy decreases below 0.15 MeV. 

4. RESULTS 

The c?mputer program that incorporates our method has generated 

a sampling of ranges and stopping powers to be displayed here .. The 

.4 . 12C 20 40 84 131X d 22Z 
ions chosen are H, He, ,.Ne, Ar, Kr, e, an Rn. 

Data are presented for each of these ions incident upon water, aluminum, 

copper, silver, lead, and uranium. 

In figs. 6 through 11 stopping power is plotted as a function of 

specific energy. One of the conspicuous features of these curVes is the 

difference in behavior in the low-specific-energy region between the 

ions for Z 1 > 10 and for Z1 ~ 10. This reflects the fact that a com

pletely different method is used to calculate the stopping power in these 

two cases. For Z1 > 10, eq. (16) is used. The increasing contributions 
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of the nuc lear Coulomb stopping -power term as Z 1 inc rease sand £. . 

decreases Cause the slope of the curves to decrease under these condi-

hans. According to LSS, the assumption that the nuclear and electronic 

stopping powers are separable may lead to a systematic overestimation 

of the stopping power in this low-specific -energy region. The smoothed 

experimental stopping power which we try to duplicate with our method 

for Z1 ~ 10 does not usually show a decreasing slope for decreasing 

. velocity because the scatter of the experimental points is usually too 

great to permit the resolution of such fine detail. Thus the decreasing 

slope for decreasing velocity may be overestimated for Ar ions and 

under.estimated for Ne ions, leading to a discontinuity in the systematic 

change of behavior across the Z1 = 10 boundary. 

It may be useful to examine this discOntinuity In more detail In 

order to obtain a measure of the accuracy of our method for Z 1 ;:::; 10. 

In fig. 12 the lower paIr of curves are plots of the stopping power of 

Ne ions in Al by both methods. The agreement between these two curves 

is very good. The difference between their magnitudes is ± 10%. The 

upper pair of curves in fig. 12 compares the two methods for Ne ions 

In water. The agreement is not so good here. There are two main 

I 

reasons for this, and both have to do with the difficulty of treating 

hydrogenous stopping media. First, the experimental stopping power of 

hydrogen used by the method for Z1 ~ 10 is the stopping power of 

gaseous hydrogen. The ions at lOw velocities therefore may have a 

lower charge than they would in condensed hydrogen, as discussed in 

section 3.2. Second, the Thomas-Fermi atomic model. which is used 

in the low-specific -energy region for Z 1 > 10, cannOt be applied with 



. , 

-25- UCRL-19428 

ngor to hydrogenous stoppingrneciia, since the statistical model cannot 

properly be applied to hydrogen. The method for Z 1 > 10 is more 

properly applied to stopping media heavier than hydrogen. 

In figs. 13 through 18 the stopping power is plotted as a function of 

ion residual path-length range. Points of constant specific energy are 

indicated by symbols at 0.01; 0.1, and. 1.0 MeV/amu and by curves at 

5, 10, 50, .100, 200, '300, and 500 MeV/amu. From fig. 13, for instance, 

we see that a 5 -MeV /amu 20Ne in water has an LET of 7500 MeV /(g/cm
2

) 

. and a range of 100 mic rons. The discontinuity in behavior ac ros s the 

Z 1 == 10 boundary discus sed above is apparent here also. 

The H-He, C-Ne, and Xe-RncrosEiovers of fig. 13 are not so 

bizar re as they probably appear, because veloc ity and not re sidual range 

is the natural variable of stopping power. Let us discuss these cross-

overs one at a time. Since He has four times the mass but only twice 

the charge of H, the two ions have·the same range for constant velocity 

when r = 1 because range is proportional to A
1

/( r Z 1)2. This makes it 

easier for the He and H curves to cross over at some low velocity where 

r :::: 1 for H ions but r < 1 for He ions. 

The error we introduced into fig. 13 at low velocity for Z1 ~ 10 

by using the experimental stopping power in gaseous hydrogen instead 

of condensed hydrogen may have the effec t of introduc ing a value of 
, . 

r that is too small. Since stopping power is ,PE<?p_o_rt lonal to (r Z1·)2, the 

error has the effect of moving a curve plotted on the coordinates of fig. 13 

down and to the right of where it should be. Neon ions would be affected 

by this error at higher velocities than carbon ions, so the magnitude of 

the C -Ne c ros sover may be accentuated by this error. 
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All three of these crossovers occur in regions where we have 

relatively low confidenc e in our method. Thus they may not exist in 

reality and may be an artifact. of the method. This is certainly the case 

for the Xe~Rn crossovers of fig. 13. These two curves cross over only 

slightly in the medium -low - spec ific -energy region. It is in this region 

that we extend the stopping power from the boundaries into the region by 

means of a cubic polynomial determined by the slope and magnitude of 

the stopping power at the boundaries. In fig. 13, where t.wo curves 

approach each other near this mediurn -low- spec ific -energy region, the 

curvature provided by the cubic can easily be sufficiently erroneous to 

allow crossovers such as this Xe-Rn crossover. 

In figs. 19 through 24 the velocity is plotted as a function of residual 

range. The discontinuity in thesysternatic change of behavior across 

the Z1 = 10 boundary, as discussed above, is apparent in these curves 

below 0.1 MeV/amu. 

SUMMARY 

A method is discus sed for calculating range and stopping -power 

data for any heavy ion with 0.01 ~ e ~1000 MeV /amu incident upon any 

nongaseous stopping medium. The method is incorporated iritoa 

FORTRAN IV computer program. Results are presented for H, 4 He , 

12 20 40 84 131 . 222. . . 
C, Ne,Ar, Kr,Xe, and Rn 10ns each inCident upon 

H
2
0, AI, Cu, Ag, Pb, and U. 

For ions at low ene rgy with Z ~ 10, the program use s expe rl-

mental data. For ions with Z > 10, the nuclear and electronic stopping-
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power theory developed by Lindhard et al. is adjusted to fission-

.r product range data at low energy; for intermediate energies, charge -state 

data developed from expe rimental Ar range -energy data in Al are extended 

to othe r ions and stopping media. Bethe I s theory is used fOT all ions at 

high energy. The particle ranges calculated by the method are path-

length ranges and do not include the effects of multiple scattering. 
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.. 
. Table 1. Ranges in Al calculated by the program compared with the 

Ion 

115 Cd 
48 

140
B 56 a 

144Ce 
58 

experimental fission-product ranges (Hyde·1964). 

Estimated 
specific energy 

(MeV /amu) 

1. 12 

0.613 

0.489 

0.437 

Experimental 

4.09 

3.32 

2.98 

2.76. 

2 
Range (mg/cm ) 

Calculat.ed 

Projected Pa.th length. 

4.12 4.15 

3.14 3.18 

3.03 3.07 

2.84 2.87 

• 
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.' 
Table 2. Experimental fission-product ranges in U compared with 

ranges calculated by the program (Hyde 1964). 

. . 2 
Range (mg/cm ) 

Calculated 

Estimated 
specific energy 

Ion (MeV/amu) Experimental Projected Path length 

89 
38

Sr 1.12 11.55 11. 76 12.82 

109pd 
46 0.816 10.14 9.91 10.87 

U5 Cd 
48 

0.613 9.52 8.35 9.27 

140 . 
56

Ba 0.489 8.74 7.64 8.48 

144 
58

Ce 0.437 8.37 7.04 7.85 

.. 
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APPENDIX : NOTATION 

-'. 

Descriptionof Symbol in Order of Appearance 

.The specific energy of the ion units of MeV per atomic 

mas s unit of the ion 

The ratio of the veloc ity of the ion to that of light in a 

vacuum 

Kinetic energy of the lOn in units of MeV 

Atomic weight of the ion 

The velocity cif the ion (cm! sec) 

The atomic number of the ion (projectile) 

The atomic number of the stopping medium (target) 

The ratio of the root-mean·-square actual charge of the 

ion Z 1 to that of its nucleus Zi 
eff 

Plank's constant divided by 21T 

The mas s of the ion 

Stopping power in units of MeV!(g!cmZ). 

The stopping numbe r (dimensionl.e s s) .. 
Atomic weight of the stopping medium 

Natural logarithm 

The rest mass of an electron (gm) 



.' 

. Symbol 

e 

c 

I 

C. 
1 

{) 

t)J(x) 

Re 

N 
a 

R 

k 

S 
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Description of Symbol in Order of Appearance 

-10 
The charge of an electron = 4.803 X 10 (e su). 

The veloc ity of light 

Average atomic excitation potential of the stopping medium 

Shell corrections for the ith shell 

Polarization correction for the stopping medium 

dIn r(x) _ 1 
ax - rrxr d r(x) 

dx 

the gamma function 

= logarithmic derivatlve of 

Real part of a complex number· 

The dimensionless unit corresponding to range are to 

Lindhard et al. 

Avogadro's number 

/
2. 

Ion range (g cm ) 

n 

The radius of the first Bohr orbit in hydrogen = 0.529 X 10 -o( cm) 

The dimensionless unit corresponding to energy due to 

Lindhard et al. 

Electronic stopping-power constant from Lindhard et al. 

see Eq. (11) and LSS (1963). 

A number near 1 and of the order of Z 1/6 
1 

Stopping power MeV /(g/cm
2

) for protons 

Identical to. eD/dR above. This symbol is used where 

a.1ess cumbersome notation is desirable. 
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Symbol Description of Symbol in Order of Appearance 

(~~)e Electronic stopping power MeV /(g/crri) 

(
dE). 
CfR 

n 

. 2 
Nuclear Coulomb stopping powe r Me V/( g/ cm ) 

r Z l' the root -mean-square charge of the ion 

p Density of the stopping medium 

" 
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FIGU RE CAPTIONS 

Fig. 1. A geometric Vlew of that part of ( e , 2 l' 2 2 ) space for which . 

0.01 ~ e ~ 500, 1 ~ 21 ~ 92, and 1 ~ Z2 ~ 92. The regions 

of this subspace for which experimental stopping pO\,je r is available 

are indicated by the slabs covering the bottom and part of the 

back of the box (accelerated particie data) and the two lines on 

the. back of the box ([is sion produc t range data). 

Fig. 2. The nuclear Coulomb stopping power for heavy ions at low 

velocities. The S -E. units used in this figure (see text) allow 

one curve to provide this stopping powe r for any ion in any m.edium. 

Fig. 3. In these four views of ( e, Z1' Z2) space we depict the regions 

of validity of four different theorie s. The theories are: 

(a) Lindhard et al. (1963); (b) Bohr (1913); (c) Bloch (1933); and 

(d) Bethe (1930). 

Fig. 4. In this view oJ ( e, Z1' Z2) space we illustrate the regions into 

which we divide this space, In the high-specific -energy region 

(H) and the region for which Z 1 < 10 ~nd e ~ 10 we use Bethe I s 

theory directly. In the medi~m-high-specific -energy region (MH) 

we use Bethe I s theory with charge - state data. In the medium -low-

specific -energy region (ML) we use a cubic polynomial (see text). 

In the low-specific-energy region (L) we use Lindhard l s theories. 

In the region for which 2 1 ~ 10 and e < 10 we use experimental 

data. 
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Fig. 5. Here r is the charge state Z I Zi' and X =137 [3/Z~ where 
.i~ff 

g is given by 

g - 2/3 

137[3+4Z' . 1 
g -

6 Zi -

g = 1 

- 3Z 2/3 
1 
2/3 3Z 

1 

for 137 A s. Z 2/3 
t-' ~ 1 ' 

for Z 2/3 < 13 7 [3 < 
. 1 2 Z1 ' 

Fig. 6. Stopping-power curves as a function of specific energy faT 

various ions in water as calculated by the computer program. At 

the top of the figure, values of [3 = V /c are displayed. (The Nc 

and C curves touch at about 0.04 MeV/amudue to an inaccuracy' 

in the program. Our method overestimates the experimental 

stopping power for carbon ions in hydrogen at 0.04 MeV /amu 

by 14% and underestimates it for. Ne ions by 6%,) 

Fig. 7. Stopping-power curves as a function of specific energy for 

various ions in aluminum as calculated by the computer program .. 

At the top of the figure, value s of f3 = V / c are displayed. 

Fig. 8. Stopping-power curves as a function of specific energy for 

various ions in copper as calculated by the computer program. 

At the top of the figure, values of[3 = V /c are displayed. 

Fig. 9. Stopping-power curves as a function of specific energy for 

various ions in silver as calculated by the computer program. 

At the top of the figure, values of f3 = vic are displayed. 

Fig. 10. Stopping -power curves as a function of specific energy for 

various ions in lead as calculated by the computer program. 

.. 
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At the top of the figure, values of!3 =: vic are displayed. 

Fig. 11. Stopping-power curves as a function of specific energy for 

various ions in uranium as calculated by the computer program. 

At the top of the figure, value s· of !3 = V I c are displayed. 

Fig. 1l. Stopping-power curves as a function of specific energy for 

a Ne ion in aluminum (lower pair) and in water (upper pair). 

The member of each pair of curves that shows a decreasing slope 

for decreasing velocity at very low velocity is calculated by the 

method normally used only for ions with Z 1 > 10. The othe r 

member of each pair of curves is calculated by the method used 

for Z 1 ~ 10. 

Fig. 13. Stopping-power curves as a function of residual range for 

various ions in water as calculated by the compute r program. 

Various ion specific energies in units of MeV/amu are designated 

on each Curve by symbols for e ~ 1.0 and by curves of constant 

velocity for e ~ 5 .. The H-He, C -Ne, and Xe-Rn crossovers 

are discus sed in the text. 

Fig. 14. Stopping-power curves as afuncticin of residual range for 

various ions in aluminum as calculated by the computer program. 

Various ion specific energies in units of Mev/amu are designated 

on each curve by symbols for e ~ 1.0 and by curves of constant 

velocity for e ~ 5. 

Fig. 15. Stopping-power curves as a function of residual range for· 

various ions in copper as calculated by the computer program. 

Various ion specific energies in units of MeV lamu are designated 



-40- UCRL-1942.8 

on each curve by symbols for e ,~ 1.0 ahd by curves of contant 

velocity for e ~ 5. 

Fig. 16. Stopping-power curves as a function of residual range for 

various ions in silver as calculated by the computer program. 

Y<.).rious ion specific energies in units of MeV lamu are designated 

on each curve by symbols for e ~ 1.0 and by curves of constant 

velocity for e ~ 5. 

Fig. 17. Stopping-power curves as a function of residual range for 

various ions in lead as calculated by the computer progranl. 

Various ion specific energies in units of MeV lamu are designated 

on each curve by symbols fat e ~ 1.0 and 'by curves of constant 

velocity for e ~ 5. 

Fig. 18. Stopping-power curves as a function of residual range for 

various ions in uranium as calculated by the computer program. 

Various ion specific energies in ·units of MeV lamu are designated 

on each curve by symbols for e ~ 1.0 and by curves of constant 

velocity for e ~ 5. 

Fig. 19. Energy-range curves for various ions in water as calculated 

by the computer program. For any specific energy on the 
, , 

ordinate, the residual path-length range is read from the abscissa. 

At the left of the figure value s of ~= V I c are displayed. 

,Fig. ZO. Energy-range curves for various ions in aluminum as, calculated ... 

by the computer program. For any specific energy on the ordinate, 

the residual path-length range is read from the abscissa. At the 

left of the figure values of ~ = vic are displayed. 



... '-

-41- UCRL-19428 

Fig. 21. Energy-range curves for various ions in copper as calculated 

by the computer program. For any specific energy on the ordinate, 

the residual path-length range is read from the abscissa. At 

the left of the figure value s of i3 = V I c are displayed. 

Fig, 22. Energy-range curves for various ions in silver as calculated 

by the computer program. For any specific energy on the ordinate, 

the residual path-length range is read from the abscissa. At the 

left of the figure values of i3= vic are displayed. 

Fig. 23. Energy-range curVes for various ions in lead as calculated by 

the computer program. For any specific energy on the ordin.ate, 

the residual path~length range is read from the abscissa. At 

the left of the figure values of i3 = vic are displayed. 

Fig. 24. Energy:-range curves for various ions in uranium as calculated 

by the computer program. For any specific el).ergy on the ordinate, 

the re sidual path-length range is read from the abscis sa. At 

the left of the figure value s ofi3 = V I c are displayed . 
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