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1. Introduction

Singleton's cqmments1 on appiying Eratosthenes' Sieve to the
vs’equence of positiire integers with multiples of 2, 3 and 5 omittéd prompt
me to outline the following tre‘atfnent of the seqﬁence with fnultiples of
2 and 3 only omitted, The te.rrris\, of this sequence éan be eXpres’se'd in
simple form and 'sor,ne elefnentary but interesting results .can be derived.
In what folloWs, the 'method resulting from the treatment is given first,
its efficiency when machine coded for a CDC 6600 is aSsessed secovnd,
and its derivation is given third.

The following nbtat’i'on is used t.hroughout:

[p/q] intégral part of p/q,

R(p/q) = p - q-.[p/q] -
pla p is a divider of q,

(p, Q) highest common factor of p and q,

= implies,
iff if and only if.

2. Method
2. 1. The sequence of integers with multiples of 2 and 3. omitted is
given by

) L v'n+_1] YL - L
Sn '— 6 [——2—— +( 1) ', n '1,2, 3, .



—2- - UCRL-19429

~2.2. Given prime p -= s, and p S where n' =:'n + er , r=0,1,2,---, '
v , _ :
then ,f
i = n' "oz pt +r
| P’Sn” iff n' =n +1rn1 o?n n_{mifmz .
where m, + mz = 2p, |
m, = 2.{2n+R(n/2)}+1,
m, = 2n +1
o2 R . !
2. 3 . S _ Snn‘ , then pl snn + m?’ .
where,
fornevevn, n' = 3n2+2n, m=m1=4n'+ 1,?m2 =2n + i, - o
for n odd, a" = 3n2 +4n+1, m= m, = 2n + 1, m, = 4n + 3,
3,  Efficiency of the Method

These expressions were coded in machine language for the CDC 6600.
Each tei‘.rh in the sequénce was represented by a bit in an array. Given
n for a prime .p, masks were generated of length m, and m,,

with the term in the sequence corresponding to pz, bits in the array-

and,starting

corresponding to multiples of p were turned off by alternating the masks

m, and m_ up to the end of the array.

1 2
Fof a given array, the primes were printed 6ut by Iflagging int_égeré_ ,

as to whether they .are composite or not. Only integers of the fornl‘x‘.».' .
10r. + 1, 3,7, 9 need be flagged, and four such flags can be represéﬁted |
by a hexadecimal character (0-9, A-F = 0000-01011,.0110-111'1). In- SR

this manner, flags for 50000 integers could be printed on one vpage» '

(60 lines of 132 characters) with sufficient information to provi}dev- éasy

table look up and a prime count, ' - v I ' |
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' The time taken for execution of the program'\v;/a.s -very close to
linear as far as was tested.. Terms in the sequence wére scanned at
the rate of:105/se;:, and terms were scanned and the flaéééd integers
printed at 31 000/sec. . |

The 788 062 vprimes._ls 12 000 029 were found in 40 sec and prinféd
in 90 sec. . | |

The pr‘ogram passed thfough the array once é.nd was therefore
limited to the size of the array(66 66710 Wordé of 60 bits in the exafhple
just cited), but the program could easily be 'modified to pass through’
a smaller array repeatedly, the next higher part of the sequence bébiﬁg
mapi:ed onto the arré.y each time. This modificafion would increase the
length of fhe seqﬁence that could be scanned and reduce tﬁe mex;no.r‘y:-.
requirements of the program, * Byykeeping a list of brifnés up to p,
the search for primes less than p'2 can be made, Thus an an;ay of_

- length N of 60-bit words would permit a searqh for éll_ primes up to _

(180N)2. Taking N=1000 would give all prirnes up to 3.2 - 1010.

4, Derivation of Method

The sequénce. of positive ihtegers omitting multiples of 2 and 3 is
s = 6[1:1_+_1_] + (..1)nv n=1%4,2,3,-.-.-
n ) 2 ) ? s s s ’

from which

- eflm] - ) oo o]

m >0

*This method has already been used by Singleton { Ref, 1).
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. If m even, m =2,
sn+m B Sn = 3m
S Ifp s, PIS_ i if p|3m,
p >3 => plm,
m = 2p, 4p, 6p, - -.
Thus in = 2p is the lowest even nunﬁbe’i’ of terms of the sequence,

the difference of which is divisible by p.

If m odd,

Again, -1fp‘sn s p|sn+m iff

m

»6 [_2_] +__a(n) = qf 15., va(vn)

aim 7 7 0[] e C”

3 +('1)n: q :'_1’ Z: v3""..,

which has a solution® in q, mas (6,p) = 1and 1 la(n).
Further, if 1rn1 is the least m satisfying (1), m, < 2p as the
existence of m = m, > 2p satisfying (1) implies as m = m! < 2p S

- satisfying (1). Fur-ther, there is only one value of m’, 00< m < 2p, .

~such that p I S 4m 25 ™ is odd and two. or more values of m would

demand some m to be even and < 2p.

This being so, m,
Let '

m, +m, = 2p, p = s, for some n.

can now be détermined, -

— s

|
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Both m1, m2 are odd,

1

From (2), (3):

qgz1, m, >0, a(n) even ==> g even,

1

. . ; : ) n

4 2a(n) = 3 +(-1)  =>. 6-q >0;
ci=. 2’4‘ =>6 -q = 4’2

" Take q = 2, either & ——a—— -+ a(n) = 2p

or 6—2—- + 6 - a.(n) = 2p.

Consider 6[%—11—] + R = 2p, 0«sR< 6.

If, for a solution to (4), R = a(n), m, = m,.

_but if, on the other Haﬁd, R =6 - a(n),' m, = m,
From (4): : _
B R S R

1)

so if n even, "R =2 =6-aln) and m =.2n + 1;

n+1

if nodd, R

_mz = 2n + 1,_

‘m, = 2-{2n +R(n/2)} + 1.

. UCRL-19429

(2)

(3)

(4)

4 = 6-a(n) and [%—]= 2 [T] -1 =>r%r1 = 2n +1; e
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This proves the resuit stated earlier, that if’

p = snthenp s

n'’

where n' = n + 2rp, n' = n + 2rp + m

1

Clearly, from the sequence sh, p2 isvthe first composite term which

is a multi'p.le of p to be deleted if all multiples of lesser primes have

been dele__eted.

To determine n' such that sh‘ = pz, ‘where n' = n + m,

3]

2

s '-s:=p —'p='36-[ﬂ] +12(.‘-1)“._[P—ﬂ]+1-6-[

= 6 - [r—;—] + a{n, m), . a(n, rr:1)

from which

n
o .

n even ==> a{n, m)
n odd => a{nm) =2  => ‘m odd => m
o , 2 :
Hence if n even, n' = 3n + 2n,
1" = ! 1" = t . = 1
and terms S D n' + m,,'n n''+ m, + m, | n' +2p
are multiples of p,
whereas if n odd? n' = 3n2 + 4n + 1,
and terms s_,, n" = n'+m,, n" = n' +m, +m, =n'+2p
” n . . 2 )

2 1

are multiples of p,

0,

==> . m even - => m

) o

a(n), m odd,

= n(3n + 1),

3n(n+1) + 1.
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