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 SUMMARY -

We discuss mini-max fifth-degree smoothihgrand modified qﬁintic '
spline fitting of a set of median plane magﬁetic_field.measuieménts
chsisting Qf | “

(1) - the vertical component as a function of'qne.variaﬁle,

(2)  the first derivative thereof.

We assﬁme that the measurements have been made for at least five:uniformly
spaced values of the argument.

Iin particular the application of this'process to mea;urements made

for the field in the Bevatron (Berkeley) are discussed.

INTRODUCTION
Previouslylwe described the use of cubic spline fitting for inter-

polation and approximate differentiation of magnetic field measurements.

_Q We considered the possibility that the vertical component of the field
Yy was expressible as the product of a function of radius and a function of

azimuth:
B(6,R,0) ;g(e)_ . f(R) i

Where this separatién of variables is possible we may think of f(R) as
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an "averagé" of B over the range for which g(6) is defined énd_think of
g(8) as éxpressing fhe departure from this "average Nl

We now coﬁsidef that for somé‘range of R ﬁé'ﬁay be ébie.élso to
measuré”the fifst derivative ofvf; (Thié was the case in the Bevatron
fariSifLon eiﬁher‘side'of the ééntef radiﬁs'of 599. 38 in.) Meagﬁremenfs‘
of both f-ahd f"make:possibie a higher order of approximation than that
previously‘l'described; _ | | i |

~ Since the measurements of f and r' were made independently and were

subject to different measurement errors, the possibility of inconsistency
arose and éome type of smoothing of the combined data was indicated.

2 as described in the next section is employed. Modi-

-Mini;max smoothing
fied qﬁintic spline fitting_(describeﬂ later)_may;then be ?PPlied,tthhe
"smoothed" data. | | |

We reguire measurements of f(R) aﬁd f{(R) for at‘least five distincf
uniformly sbaCed_yaiQes-of R.: To distinguish between measqred values and
smobthed valuesze shall hereafter denoté the former by ¥ and £'* and
the latter simply by f and f . |

v MINI—MAX_SMOOTHING

where .
ptx . . .
 For a set of measurements, (Ri’ *, . ),/i=1,n with n =5, we assume

i
Cx 5 ' . - :
that each fi is subject to a possible measurement error, di,and each f;*

to a possible error, ej. Note that e; 20 and d; 20, but that nei_t’herv

the e; or the d; need be uniform in i. We have

~e
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f £ )
> -
i~ i dl
f o< £ 44
1 1 1 . . : _
. ¢ i=1,n, . (4)
1 1% 4 i, . .
f 2 f. -e '
1 1 1
] . 1% s
f.. = £, + e,
1. 1 R 1 J

) 1]
which establishes for each f; and f; upper and lower bounds.
Any three consecutive values. of £* and f'* are sufficient to determine
a quintic. We should like to obtain smooth values for f and f so that

any four consecutive values would be "as nearly as possible" those of a

A ] ]

S '
quintic. If values fis £5495 Tiqos fi+35 fi5 fi415 fi4p-2nd fi+3 were

correct fbr a quintic (with uniform steps in R) we should have.

) ' . K ' '
3y - 31y * 30,3 4Ty #30 m Myt 3= 6 =0

i+l 3f;

i+2

for i =1, . Since it is unlikely that all éi can be made zero within

the restraints (A),wevlét

f; = méx [ei]vfor i=1n-3
1
or.
385 - 3F54y - 3 * 3y Iy H 3y -3 - Tigl = K

(B)

for i=1l,n-3.
We now seek to minimize fe‘suﬁject to the restréints"(A) andv(B).- The
linear model thus posed is the dual of é iinear'prog£am2 ﬁhiéh éah be.A
solved by the Simplex algorithm.3 The‘lattervprOVides,in addition to its
primary'solufion (in‘whiéh we have little interest), the desired values

. ' :
for its dual variables, namely f; and f5 fori = 1,n.
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These smoothed Values_cohsﬁitute the data to which we apply modified

quintic spline fitting as described in the next Séctor.

MODIFIED QUINTIC SPLINE FITTING | g
quified quintic spline fitting iérdes¢ribed in.more detail_Flse_
whefe.4 “Briefly,'for the data

(Rys £y, £;) wherei=z 1,n

we seek a function p(R) defined on [Rq, Rh] with the following properties:
(l)f.exact fitting p; = fi,-pi = fi fori=1,n;
(2) on each subinterval [Ri"Ri+l] forfiz_i,n—i; p is a quintic in R;
(3) bp_has a céntinuous third defivativé on-the whole interval,

[r., R .
1’ n]
1" "

. v 4
The above data is not sufficient, we need values for fl and fn.

In the case of the Bevatron measurements these were provided by the

1"

cubic spline fits for f(R), R <Ry, and RnZIQYl We set p{ = f; and p;‘= fn o
then the properties (1), (2), and (3) lead to a tridiagonal linear system
with diagonal dominance in the unknowns, pg for i = 4,n-1. After solution_1

of this system we have for each Ri for i = 1,n-1,

"

P> Py» Pys Pyypo Pyyps 204 P54

and these detefmine the quintic segment on the subinterval [Ri, Ri+l]'

We can readily cémpute the third derivative,-pgz and right. fourth and | il

fifth derivatives, p}vr’ pgr;and from these (by means of Taylor series v

A 1

truncated after the fifth derivative term) we can compute p, p. 5 p , and.

p”' for any Re[Rl, Rn]. We then use these values as interpolative values

" Tt

for f, £ , £,and £ at that R.
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COMPUTER CODES .
~Computer .codes QUNMOD and QUYNSP have been written in.FOrtran_66

for the CDC 6600 which, respectively,'smooth and fit the measured f(Ri),

'f'(Ri). A modification of the Bevatron tracking code, BEVORB, has been

. written which interpolates on the quintic fit. Since,for much of the

Bevatron field, higher order data is not available, second order'approxi-
mation is still_?etained»in computing field components off the median

plane.

CONCLUS ION
 The process described above has enabled us ﬁo make use of additional

field information (gradients) where it is avéilabie. Smoothing of ‘data

'is often subjective (possibly soundly based'6n'a'pfiori'knoWledge of

functiOn_behaviour% but at least our method is definitive and consistent
with our objective of quintic spline fitting. The effort to relieve even

slight "inconsistencies" in field and gradient measurements seems meri-

‘torious. Comparisons of tracking results obtained by the previousl method

and this modification are still to be completed. On the negative:side5'
there iS'always the question as to whether the Quality and Quantity'of“

data available justify  the employmént of this more elegant meﬁhod.

Perhaps the only sbund evaluation must be based on comparison of éomputed'

traéking results with observed results in the acceieratbr.
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LEGAL NOTICE

This report was prepared as an account of Government sponsored work.
Neither the United States, nor the Commission, nor any person acting on
behalf of the Commission:

A. Makes any warranty or representation, expressed or implied, with
respect to the accuracy, completeness, or usefulness of the informa-
tion contained in this report, or that the use of any information,
apparatus, method, or process disclosed in this report may not in-
fringe privately owned rights; or

B. Assumes any liabilities with respect to the use of, or for damages
resulting from the use of any information, apparatus, method, or
process disclosed in this report.

As used in the above, ''person acting on behalf of the Commission”
includes any employee or contractor of the Commission, or employee of
such contractor, to the extent that such employee or contractor of the
Commission, or employee of such contractor prepares, disseminates, or pro-
vides access to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.
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