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ABSTRACT 

The method of Garside and MacDonald is used to treat the single-particle 

resonances in the RPA-treatment of scattering. The resonances are shifted by 

an additional potential to single-particle bound states, which can be handled in 

the usual manner. The coupling to the continuum is done·analytically using 

separable matrix elements •. 

t 
On leave from the Sektion Physik der Uni versi tat Mi.i.~chen, Munich, Germany. 
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I. INTRODUCTION 

1 In a previous work we have applied the general theory of nucleon-

nucleus scattering2 to a model, in which the so called bound-state problem or 

nuclear-structure problem has been treated with the full renormalized effective 

particle-hole force and the influence of the continuum has been taken approxi-

mately into account by a schematic force. In the bound-state problem one neglects 

all single-particle states belonging to the continuum. In our model the ampli-

tudes of the bound-state problem are expected to be already a good approximation 

:for the-corresponding amplitudes with coupling to the continuum. But it is well 

known--for instance from RPA-calculations--that in many cases one has to include 

into the bound-state problem certain single-particle resonances in order to obtain 

a good agreement with the experimental situation. 3•4 
An example is for instance 

the ld312-resonance in 

parity"""states of 16o. 

16 . 
0 necessary for the calculation of the excited negative 

Several methods are known to overcome this difficulty.
4 

We are going to use the method of Garside and MacDonald5 since we can obtain 

with it an explicit solution :for the nucleon-nucleus scattering amplitude. In 

this approach the single-particle potential is split off in two parts 

...... 
VJ..I'V = yB +6 

J..lV jlV 
, (I.l) 

in such a way, that the single-particle resorlances are shifted into bound...:states 

if one uses -B 
v 

j.l\1 
instead of v 

j.l\1 

In order to obtain the scattering am~)li tude and the {complex) energy-

eigenvalues one had to solve a coupled system of equations for certain quasi-
.1..1. 

particle density matrix elements given in Rej". 1 (A; I.l2; A; I.l5-I.l8). 11 

ttin this paper we are using the same notations and definitions as in Ref .. 1. 

refer to Ref. 1 as A, so that (A;I.l) means Eq. (I.l) of Ref. 1. 

We 
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If we use a single-particle representation according to the potential 

instead of one has to insert the following 'replacements :, 5 

e: p + 
\) ].lV 
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-B 
v 

]JV 

' (I.3) 

where the quantities on the right-hand side now refer to the new basis defined 

-B . by v]JV In all practical c.ases the additional potential b. is small compared 

-B with v . 

In order to simplify the treatment, we will restrict ourselves first to 

the case of a resonance in one single-particle. channel only (no extra bound state). 

The generalization to the case of several channels is straightforward and will 

will be given afterwards. Since we have the freedom of. choosing a sui table·. ana­

lytical form for b. we use a·separable ansatz for b. .which allows us to read o.ff 

easily the additional scattering amplitude6 of the single-particle scattering in 

terms of the wavefunctions defined by -B 
v· • 

!:lj.l\) = yu u 
]J \) 

one obtains for the scattering amplitude: 

t (w) 
i(o + 0 ) yuuuv 

£ u \) 

= j.l\) 
1 L: y 

a w-

For the separable potential 

(I. 4) 

2 (I. 5) 
u o: 

+ in f a 
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According to our assumption the additionalpotential can be assumed to be non 

zero only in a .certain channel--for instance the a
312

-states in 16o. The explicit 

expression (!.5) can be used to fit the position and width of the experimental 

single-particle resonance. 

II. ONE-CHAt''IJNEL CASE: 

We label the corresponding bound state shifted from the continuum by S· 

Inserting the replacements (1.2) and (1.3) in (A; !.12) and (A; I.l5) we obtain 

instead of these equations the following equations for the particle-hole ampli-

tu~es (p and j characterize the initial state; see A; I.l): 

+ \!' +' £)J - £\) • ( . ) - J.n n -n ,v )J 

1 

(II.l) 

Here, IM) denotes the excited states of th•: system with inclusion of the 

single-particle continuum. 
2 

Since we develope•i the general theory by extending 

. 7 
Migdal's approach we have to use as in Ref. 1 renormalized quanti ties labelled 

by a tilde. 

According to Re·f. 1 the solutions of the bound-state problem 

are given by the solutions of (II .1) where all matrix elements labelled by at 

least one quantum number set belonging to the continuum are set equal to zero. 

But Jnst~ad of' the energy £ we are using in .the bound-state problem new energies 
\.l 
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.defined by With I o• > we denote the ground-state of the com~ound-

system containing correlations of bound single-particle states only. 

Repeating the procedure of Ref. 1 one obtains for the "deviation" matrix 

elements instead of (A; II .10; A; II.ll) the following expressions 

<olctiM> 1 0 L [p~. ;M. = {-A.FnFM- y u~ + P'.~· ~ .n n En+EM . ~ ,n ,1 1 ,n ,1 · 
~ 

(II. 2) 

<ole IM> 
1 * L-* A + ~- ~ . ]} = {-A.F~ FM - y u~ [p.~ RM . n En-~ . 1 ,n ,1 1 ,n ,1 

l 

(II.3)' 

with 

~- L" ukpki,M .. ' . ,1, k 
(II. 4) 

A E" ........ 

~,i: = ukpik,M 
k 

(II. 5) 

Fo and FM are defined by 
n 

(A; II.l2) and (A; II.l3). 

The expressions for the amplitudes pki,B and pik,B (Bound states 

IM > are denoted by IB > ) are given. by (v~ is here restricted to k,i or i,k): 

p B = E 1 . ( ) { FB M ( EB) 
v~, B + e:, 1 - e: - 1n n -n v~ 

t-' \) \) ~ 

[Ai (EB)RB . + Bi (EB)RB . )} 
v~ ,1 v~ ,1 

(II. 6) 

i. 
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(

Fo*nVlJ Fo DlJV*) 
n n n n 
E -E - E +E ' 

. n n 

Ai (E): = y {-u 6. n (1-n ) 
'Vll lJ l \) \) lJ 

-* . p. ~ 
+ .ls,n 

E -E n 

Bi (E): = y {u 6 •. n (1-n ) 
'Vll \) llJ lJ \) 

- u~ 
n 

D'Vll: = u (1-n )n. p ~ - u (1-n )n p· 
n , ll ll v v.,,n v . v p ~lJ,n • 
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(II. 7) 

(r:r. 8) 

(II.9) 

(II.10) 

-.,.· 
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Eq. (II.6) is obtainable in the same manner as the expressions 

-In the derivation we expressed pi~~B and in terms of 
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(A; II .14; 

<olctiB > 
n 

II .15). 

.and 

<ole IB) with the help of Eq. (A; II.l). 
n. 

Use of (II.4), (II.5) and (II.6) 

gives 

R~ . 
~l. 

" RB· .. 
.. 'l. 

with 

" the following system of equations for RB . and RB . 
,l. ~l. 

= FB M. 
l. 

(EB) 

,.. 
= FB Mi (EB) 

M. (E): = 
l. 

A .. I (E): = 
. l.J . 

[ (A .. I " + (EB) RB . I + Bijl (EB) ~,j') 
j I l.J ,J 

[ " 
,.. 

+ (Aijl (EB). RB ·I + Bijl (EB) RB .,) 
j I ,J ,J 

[" uk 
Mki(E) E + e:. - e: + in k l. k 

[" 
k 

~ jl 
E + e:i - e:k + i 11 Ak_i(E) etc. 

(II .11) 

(II.l2) 

(II.l3) 

(II.l4) 

Since the systein (II.ll) and (II.l2) represents a linear system of equations of 

the order 2N (N is the number of hole states) the explicit solution for RB . 
,l. 

. ,.. ' 

and RB . is obtainable in terms of the solutions of the bound-'state problem and 
,l. 

the potential parameter:3 alone. According to the structure of the equation-

system the solutions have the following form: 

RB . (E) = FB rB . ( E ) , 
~l. . ~l. 

(II.l5) 

'(II.l6) 

',,_ . 
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A 

where rB . and rB . are known functions, after one has performed the integra-
, ,l ,l. 

tiohs in (II.l3) etc. Hence, (II .6) has the following solution: 

- = ·, FB 
~ll(EB) PVll,B ~+ e: - e: ' ll \) 

(II.l7) 

with: 

B M (E) + L: {Ai (E) 
A. 

Bi (E) K (E): - rB . (E) rB i (E) + rB .(E)} Vll VlJ i VlJ ,l 
' V]..l ,l 

(II.l8) 

The (complex) energy-eigenvalues EB are given by the solutions of the.dispersion 

relation, which we get by inserting (II.l7) in the definition (A; II.l3) of FB. 

We obtain the following equation: 

1 = [" L: (II.l9) 
k i 

Finally, the .constant FB can be determined by the normalization of the states 

(see Ref. 1). 

· The amplitudes and p.k s 
l. ' 

for the scattering states. can be 

derived in the same manner (Scattering states jH) are denoted by Is)). Instead 

of (II. 6), ( II.ll) and ( II.l2) we obtain: 

p - 6 5 . + =------......;1~--r-"'-----.-
VlJ, S - Vp )JJ E + £ - t: - in \ll -n ) s ]..1 \) 1 V)J 

+ L 
i 

{F M (E.) 
s. 'N s 

(II. 20) 
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L: (II.21) 
j' 

A A 

R
8
· • = FS M. (Ec) + 

,1. . 1. u I: 
j I 

(II. 22) 

' 
The structure of (II.21) and (TI.22) changes the solutions (II.l5), (II.l6) to 

the following form: 

RS . (E) F r . (E) + u rj . (E) 
s 8,1. S,l. ,1. p 

A A 

;~,i (E) Rs . (E) = FS rS,i (E) + u 
,1. p 

Inserting this result 

-pk. s = 
1., 

with: 

okp oij + 

Kj (E):= 
VlJ 

E + s 

i 

in (II. 20) gives the wanted amplitude 

1 s . 
u ~. (E ) ] [ F Q Kk. ( Ec ) + 

£. - £ + in p 1. s 
1. k 

u 1. 0 

(;Sj . (E) Ai (E) + r
8
j . (E) Bi (E)) 

, 1. \) l-1 ' 1 \)jl 

pki,S: 

We get F
8 

by inserting (II.25) into the definition (A; II.l3) of' F
3

: 

{ 
c:: :t ' , 

L T-'- (-, ) : .. (E~ ) 

Ei l } 
-' 

Fs 1 (, }\.1..-; .::..s 
'---'-

u: b = - ,,.,ki + 
+ E. - Ek .i. .,., 

.c:s + £, -k,i ..... s 1.' I 
1. K 

{ "pj L ( ?s 
~! (Ec::) .,j I"' ) l\..1 ,.,L.; ....... 

+ 
_ ... .l u lh ~ 

u '·"· + p "'i + t:. - £, + iil "' + E. - C' 
k~ ~c ~. 

• .L 1 .K v K 1. 

(Ii.23) 

(II.24) 

(II.25) 

(II.26) 

* 

) } . (II. 27) 
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From the expressions for RM • 
l , l. 

and 11·.1 ,i we can now also obtain the explicit 

form for the "deviation" matrix elements: 

2: 
i 

L: 
i 

L 
i 

(pc · ;j · (E ) + P · c 
sl. ,n S,J. S lc,,n 

'"""* (p.C" 
ls,n 

L: 
i 

rj . (E ) ) } 
s, l. s . (II.28) 

(II.29) 

Finally, we can read off from the amplitude pki,S the wanted extra-scattering a~pli­

tude, reinserting the single-particle phase factors taken out in Eq. (~; I.B): 

(II. 30) 

Our formulas reduce to the corresponding ones of Ref. 1 for y ~ 0; if ~e neglect 

any particle-hole force we obtain the single~particle resona~ce scattering. 

III. M_II.NY -CHANHEL-C.II.SE: 

If one has a single resonance ir1 dif:'erent channels, respectively, one 

can treat the problem replacing (I.4) by 

c L ~ uc: r: 6._, = y"' u~ 
]JV 

~ 
fJ v (III.l) 
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We make the assumption that in every relevant channel we have only one 

resonance and no bound states. This assumption is sufficient for light and medium 

-
nuclei. Then we can label the channels by ~ which is a subset of the quantum-

-
number set ~. For instance - ~ may be the d

312
-channel whereas ~ includes 

also the principal quantum number and the magnetic quantum mu:1ber of the 

d
312

-bound state. Since y~ and are assur.lE~~d to be non zero O!lly in the 

-
channel ~ one can fit the resonance in each channel separately. 

The changes against the one-ehar.nel case are obvious since one has only 

to replace the contribution of one channel in the formulas of Sec. II by the sum 

of the channel contributions. For the "deviation" matrix element (11.3)--for 

instance--we obtain now: 

< ojcnjM > = -E-:-E-
n M 

with: 

-
R~.: -M,1 

= \" U,~ L K. pki ,M etc· 
k 

For (II.6) we get: 

l 
E~ + E - E - in(n -n J' 

.0 ]J \) \) ]J 

I: [ -
+ [Ai,~ ;s + :si·~ 

V]J "'B, i 'J]J 

~ 
i 

I: 
i 

{F M (E ) 
B V]J B 

.,...... (~ 1 } 
n,s . J 

J '1 

(III.3) 

(III.4) 
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with: 

L IF0
1
2 2E 

M (E) (n -rt ) A w [i-A n = \)j.J ]J \) V]J n 2 .,2 
n E - .t:; 

n 

- '"'* (F( DV]J,s 
i 

D]JV,t;, ) [ 
-

[ 
po 

+ A YF;, UF;, n n 
(III.5) , 

E + E 
,.;; . F;, 

- .z::, 

~ n n 

- - -
The definitions of 

replacing u + us 

Ai,E;, Bi,t;, 
\)j.J ' \J)J-

and n\J)J,s 
.u 

!1 
can be taken over from Sec. II by 

a.11d y + YE;,. Instead of (II.l2) end (II.l3) ·.re obtain now; 

respectively: 

- - L L:l 
-t;,·· 

FB M~ (E ) ss 1 

(EB) 
"'sl + Bss

1 

(EB) 
t.:l 

RB . = + (Aij I RB . RB . ) 
,1. 1. B -I ,J ijl •J 

s J 

(III.6) 

L [ ~~I "~~~ + B~~ 1 (E} 
-I 

"s 
FB M~ (EB) (EB) R~,J) RB . = + (Aij I RB . ,1. -I j I •J ij B 

t_; 

(III. 7) 

with: 

-

M~ (E): [" us 
k 

~i (E) = 
1. E + E:. - E: + ir, 

k 1. k 
(III.8) 

--I [" 
t;, 

t;,t;, ~ • I E;, I 

A .. I (E): = liJ ' (E) etc. (III. 9) 
l.J E + E:. - E:. + ill '"ki 

k 1. K 

The only differen~e frcm the one'-char:nel case is that we have to deal •..:i th a 

linear system of larger order. Tr;e: orcer i.s no·.r 2Ci x H) if we hive 1·T resonances • 
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But the structure of the system remains the same, therefore, the form of the 

solution does not change. We obtain as in (II.l5) and (II.l6): 

t,; 
RB . (E) 

,~ 

---t,; 
RB . (E) 

,~ 

-
~ - FB rB .. 

' ' , ~ (E) 

(III.lO) 

(III.ll) 

For the scattering states one ca.'l follow the same road. According to the pro-

cedure we have now only to add in the formulas of Sec. II to each summation over 

the hole-states a summation over the channels. Hence, we obtain instead of 

(II.l8) and (II.26); respectively: 

~ (E): = M (E) + 
VlJ Vll LL 

Kjp (E): = 
Vl-l 

For F
8 

we get: 

. F -~ {1 
' s . 

·l w pj 

i 

k,i 

- L p 
+ u~ 

p 
ki 

,, 
! 

- - -
{Ai,~ (E) ;_:t.: . (E) + Bi,t,; (E) rt,; . (E)} 

Vll M, ~ Vl-J M• ~ 
(III.l2) 

(III.l3) 

lk s K? (E ) ) }.-1 

. -
l~ E( E ") (, K~?(E~) £i)} Kl 0 l.r. ., (I~-:- l I ) 

wki + .L ~. -'+, 
+ C' - Ek + i E + Ek --s -i s 



-13- UCRL-19538 

In ( III.l3) and ( III.l4) -p denotes. the channel of the incoming particle in 

the state p. If there is no resonance--necessary in the bound-state problem--
- . 

in this channel one has to set 
n . 

tr equal to zero. Now we can easily· obtain 
p 

the {:inal expressions for the "deviation" matrix elements, the particle-hole 

amplitude pki, 8 and the scattering a."!lplitude in the multi-channel case: 

. { 0 I c IM ) = -E---=-=-""-E-
n n M 

Tk. · .. (E) 
• 1 ,pJ . 

E + s 

L 
i 

L 
i 

-
l:' ~-

(pc-· ;s,~p (E ) + P. c 
sl,n S,l S · 1.,,n 

(.-...* 
P·c 1..,,n 

-
rt:'~~(E ))} , (III.l5) 

S,l S 

l r F K (E ) + u ~ K~? (E ) ] 
( • - E: + i T) • s -ki s p ki 

(III.l7) 
l k 

(III.lB) 
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IV. SUMMARY 

A model for calculating nucleon scattering "by one-hole nuclei using 

linear response theory has been set dmm. He used a separable particle-hole 

force for the treatment of the single-particle continU1.L'!l starting from the solu­

tions of the nuclear-structure problem with the full renorrnalized particle-hole 

interaction. The necessary inclusion of certain single-particle resonant states 

in the treatment of th:; nuclear str":-cture problem has been achieved by the method 

. of Garside and MacDonald. The· additional single-particle potential was chosen 

in a separable form, too. We have been able to give the final results in terms 

of the solutions of the nuclear-structure problem and the potentie.ls in a trans­

parent manner. In order to obtain a full explicit result one has only to perform 

integrations and to solve linear systems of equations .of finite dimension. Due 

to our used ansatzes for the treatment of the continuum we have avoided the 

original much more complicated Fredholm-problem. 
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