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J ABSTRACT
| The method oé Garside and MacDbnald is used tb:treat the singlé—particle
feébnances in the RPA-treatment of scattering. : The-résoﬁances are-shiftédiby
' ap additional pqtential to single-particle bound states, which can be.handled in
the uSuél manﬁér. Thé.coupling to the continuum is done'analyticall& using

separable matrik elements.

+ : L - . ' ‘
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I. INTRODUCTION

In a prévipus workl we have';bplied the general théory of.nuéleoﬁ-
nucleus scattering2 to a model, in which the S0 called bbund;staté problem or
nucleéf-sfructure problem has been treated with the full renormalized effécfi?e
particie—hole fofce and the influence of the continuum has been takeh.appréxi—
'mately into account:by a schematic férée. In the bound-state problem one neglects
all single-particle states belonging to the cbﬁtinuum. In ouf model thé ampli-
tudes of the bogndfstate prqblem are expected to be already a good approximation
for the-corresponding amplitudes With coupling to the continuum. But it is well
known-—for instanée from RPA-calculations-—-that in many'éases one has to.include
.ipto the bound;state probiem certéiﬁ singlefparticlé'resonances in ordér to obtain

3,24

a gobd agreement with the experimental situation. An example is. for instance

the 1d, , -resonance in l6O necessary for the calculation of the excited négative

3/2
parity-states of 160.~ Several methods are known to overcome this difficulty.
5

‘'since we can obtain:

We ére going to use the method of Garside and MacDonald
with it an explicit solution for the nucleon-nucleus'scattering amplitude. In .
this approach the single-particle potential is split off in two parts

~ _ B " o
= : , I.1
Vv vuv + Auv s . v | : ( )

in such a way, that the single-particle resoﬁanées are shifted into bound-states

Hv

In order to obtain the scattering amplitude and the (complex) energy-

R . »\B . L - ~
.if one uses - vuv instead of v __.

eigenvalues one'had_to solve a coupled system of equations for certain quasi-

.
i

particle density matrix elements given in Re”, 1 (A; I.12; A; I.15-I1.18)."°

T . . : ' ’
.In this paper we are using the same notations and definitions as in Ref. 1. We

refer to Ref. 1 as A, so that (A;I.1) means Eq. (I.1) of Ref. 1.
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If we use a singleebarticle rePresentation_acébrding to the potential' GB

i insteéd‘bf QLV. one has to insert the f‘ollowing"‘repla'c‘ements:‘5
WM e,upuv ¥ Z; A {(l'nu)(l'“k) taad e s (32)
| EVDW"M € Py ‘+ ; Ay {(l-n )(l—n )+ nvnx}.pu)\?M..l SR (1.3)

wheré.the'quantities'oh the right-hand side now refer to the new basis defined

HV

with P,

by ;B . In all practical cases the;additibnal potential A is small compared

'wIn ordér to simplify‘ihé treatment, We'willkresﬁrict ourselveélfifst to
.the case’ of a resonancé in one 51ngle-part1cle channel only (no extra bound state)
" The generallzatlon to the case of several channels is stralghtforward and will
 wi11 be given_gfterwérd;. Since we have the freedom of choosing a suitable ana-
lyticél fbrm for A we use & separable ansa#z for A which allows us to read off
éasily the‘additidnal scattering amplitude6 df the single—particle scatﬁering in

-terms of'the wavefunctions:defined by ;B.lvFor the separable potentiall

(1.4)

Auvv= Yuuuv y
one obtains for the scattering amplitude:
~ 1(6u + Gv) Yu u, _ o
T (W) = 2 — 5 . W)
o -y 2: Yo ' : '

W - €+ in
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~ According to our assumption the additional potential can be assumed to:be non .

zero only in a:certain channel--for instance the d. ;. -states in l60. The explicit

| 3/2777
~expression (I.5) can be used to fit the position and width of the experimental

single-particle resonance,
II;. OﬁE—CﬁANNEL CASE:

We label fhe corresponding bound state shifted from the coﬁﬁinuum by E&.
"Insertiné the replacements (I.2) and (I.3) in (A I.12) and (A; I. 15) we obtain
instead of these equatlons the following equatlons for the particle-hole ampli-
'tudes (p and j characterize the initial state; see A;‘I.l):

- m)(nv nu)év Guj

VI,M T B+ €, = €y - m(nv—nu)

!
I

+

1 ; Lo~ ' ~
EM. + e:u - €, - in(nv-nlp _?{(nb'nv)‘g"; Ivauspsa,Mv

' KY'}; ua(li—na)[uu(l.—nu)ava,M. - u (1-n )pmu M]} S | (IT.1)
Here,_-[M ) denotes the excited states of theleystem with.inclusion'pf the
single—particle.continuum. Since we»developed‘ihe~general theory2 by exfepding
Migdal's approachT we have to uee as inrRef. lvrenormalized éuantitiesblabelled
by a tllde. » |
Accordlng to Ref. l the solutlons of the bound-state problem |n >~ C+IO'
are'g1§en by the solutions of (I1.1) where all matrlx elements lzbelled by at
least.one quantun numoer set‘belonging.to the continuum are set qual to zero.

ut Instead of the energy su we are using in the bound-state droblem new energies
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defined by ED + §5ugyuE . With IO' > we denote the ground-state of the compound-
system containing correlations of bound single-particle states only.
' Repeating the procedure of Ref. 1 one obtains for the "deviation" matrix -

elements instead of (A; II.10; A; II.11) the following expressions

} + _l o » ) ~ /\‘ . ~ ‘ ’ ;
Loleyu) = E_+E, {fAFn?M" Y Y Zl [Pes,oBu,i * Pagnfu,ilt (11.2)
(O,CQ1M.>,= EM - AFO =Y U ZE:[plg n M ,i - pEl,nRM,l _ ) (II'?)I

with
= 5 - II.h
BM,it T UePrim o - - (I1.4)
_ X : o
. . " . ‘ i . v . | ‘
R .:=) ujp o | - (11,
RM,i' _ zz: WP ¢ | (11.5)
FO and F, are defined by (A; II.12) and (A; II.13).

- The expressions for the ampiitudes Bki B and .aik B (Bound states
. . L] ] .

|M) are denoted by |B?) are given by (vu is here restricted to k,i or i,k):

N S . . . |
= ' E
pvu,B By + eu - €, - in(nv'nu) {FB Mvu( )

+ Z '[A\i)p(EB)ﬁB,i + B\L)u/hB)PB 1}, . | . | (II.6)
i o : 8




with:

VU

.Ai (E):

VU

i oy,
‘Bvu(E)g

VU,

+.

1'~

Pi€,n PO~ ug b\)u]
ir:ﬁ_.[(nu -n_. ) A v, Y M

+

1

' +

ugZ (—-gi*p-[(n—n))\w F°+'Yu
n -

*

E+E

Y {-uu'§ivnv(l—nu)

Y {u 6, P (l—n )

Z (M

~a*

E-—E

"u (1 B, )n

H

pov

\)\)En—

VU n

VU n

E+E |°
n

n, ) X W, F° +Yyu

—éi—g-[(n -n ) Aw F -Y. QE 0 1

uv(l"pv)nupiu,n

g

uv*

£ n

DMV}
M

]
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(11.7)

- (11.8)

(;1.9)

(11.10)
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(II,6) is ‘ohtainable in the same manner as the expressions (A; II.1L; II.15).

In the derivation we expressed aig g and 5%1 g in terms of (O|Cz|B Y and
3 3 . . .

' (olc |B ) with the help of Eq. (A; II.1). Use of (II.4), (II.5) and (II.6)

~gives the follow1nc system of equatlons for R, ., and ﬁ .t

B,i " B,i
Rp,i = FB:M EE: (A (E ) Ry B30 * Bigr (Bg) Ry yu) » (11.11)
| | . o
33;1 = Fy M (E )+ ZZ: (A (E ) R 5 f Bij'A(EB) RB,j,) - (11.12)
) with
Mi(E)f N = E+e -¢ +in Mki<E), S (11.13)
'Aij,'(E)' , zk; E+e - ek +in Aki'(E) ste. . (1.14)

' Since the system (II.11) and (II.12) represents a iinear_syétem of equations of
.thé'order 2N (N‘is the number of hole states) the explicit solution for;RB 5
. . ) . ,‘.
and RB i'is oﬁtainable'in terms of the solutions of the bound-state problem and
b ] . ) R .

the potentlal parameter; alone. According to the structure of the equation-

system the solutions have the following form:

R 'i(EI =Fyr, (B), ” : | - "' (11.15)

R, . (E) =F, r, (E), o - f(11.16)
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where Ts.§ and feri are known functlons, after one has performed the 1ntegra—
- 4 o s . .

tions in (11,13) etc. Hence, (II 6) has the follow1ng solution:

Pup,B EB +te - Kgu(iEBv) e o - - (1T.a7)

with: o s ' S "v o |

KB(E) =M\)U(E) + Z {A:)]J(E) ;B,I(E) GB,l(E) +BiL)u(E) rB 1(E)} . (II-18)

Vi s

'Thé (complex)_energy;eigenvalues E are glven by the solutlons of the dlsper51on

B

relation, which we get by inserting (II. 17) in the definition (A; II.13) of Fy.

.We obtain the following equation:

" ) KR () CkRED ) | |
= ji: }_E;: Vi { E, + € - =+ in * E — e (11.19)

k B 1 k- _ B- k

Finally, theUCOnstént _FB can be determined by the normalization of the states
(see-Ref. 1).

‘  The_amplltudes pki,s ‘and pik,S for the scattering states can be
derived in the same manner (Scattering states IM ) are denoted by IS )); 'Instéad

of (II.6), (II.11) and (II.12) we obtain:

el
{
4
]
-
‘xj
3
=
~~
e
A

=8 § 4
Vi, S vp ,pgv

(i3]
+
™
I
oM
H
=
i
o}

- S S , -
Z; (Avu(ns) Ro ; *+ B, Ry Yo, K (11.20)
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5 8. o Fsvgi (Es)v+ :;; (Aij,(Es) Rs,j, + Bijj(ES) Rs’j,) > (IT.21)

23]
1]
c

R, , = M, (E +.Z A, ., (E.) R + B, '
R Fg M ( ) - L o lJ.( S) RS,j' lj.(ES) stj'

) . | (11.22)
J S o

The structure of (II.21) and (IT.22) changes the solutions (II.15), (II.16) to

the following form:

=F J '
RS,I(E) Fg rs’l(E) g rs’i(E) , (I1.23)
~ o ~ E o ~j3 . N ) ‘ » . g
Rg ;(B) = Fg rg ;(E) + u 5,1 (E) - - | (I1.24)
Inserting this result in (II.20) gives the wanted amplitude aki g
BLg=0,_ 68 . + L . S (e ) +u K (B)1 ,  (11.25)
ki,5 " %kp %15 TE; v e, - +in s Ky Eg o FkitEgl s
with:
ij . — Z o » i ™ xj i : - ' o 1.26
Kou(El: = - (rs,i(“) BB+ rs,i(E) Bl s | | (11.26)
We get Fg by  inserting (II.25) into the definition (Ay I1.13) of Fot
. - e ‘ S =1
- [ £.E) g ) c
g = y1- ki Tt . Dc it T +l“ s %
’ k,i RTINS st THL) T
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Frbmvthe expressiohs for R,VI i and RM 5 we can now alsoc obtain the explicit
. _ - M, M, R -

;form”fbr the "deviation" matrix elements:

ot 5 1 , K Z . _ —
Lofe ) = 3 O, Fyl-AFp -y ug L Pgs n T,1(By) + Big nomy 1 (Byl)]
o 5. s f
GM,S Y ug u E: (pgi,n ‘s,i(Es) *Pitn ?s,i( S))} (;I.eg)
1ok A ~ A IR ,”.7_ |
Lofe ) = g—= B, AR = yug L, (g oy s (By) * Py o Ty (B
: n i ;
; Y o ~* .J : ' v o
- GM;S Y ug g z;: (pig,n rs’i(ES) + pgi,n_rs’i(ES))} : (;1.29)

Finally, we can read off from the amplitude -Bki's the wanted extra-scattering ampli-
. . . [y

tude, reinserting the single-particle phase factors taken out in Eq. (A; I.8):

_i(Gp + §k)

) = e S

. (® J + F K> (E : | I1.30
Tyi,pylE tuy K (Bg) + Fg K, (B9} « - (11.30)
Qur formulas reduce to the corresponding ones of Ref, 1 for Yy = 0; if we neglect

any particle~hole force we obtain the single-particle resonance scattering.
ITI. MANY-CHANNEL-CASE:
If one has a single rescnance in difTerent channels, respectively, one

can treat the problem replacing (I.4) by

D P SR L
v - . oV iy Y qu u\) . . (17171.1)
5 € o '
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‘We make the assumption that in every relevant channel we have only one
resonance and no bound states. This assumption is sufficient for light and medium
nuclei. Then weICan label the channels by £ which is a subset of the Quantum— :

‘number set £. For instance - é méy be the d.,.-channel whereas £ includes

3/2
also ' theﬁprincipal'quantum number and the magnetic guantum number of the
d3/2—b6und state. Since Yg and uE_'are assumed to be non zero only in the

channel E onebéan'fit £he fesonance in each channel separately.

‘ The changes against the one-hnannel case are cbvious since one has only
__té replace the contribution of one channel in_the formulas of Sec. IT by,the sum
of the _channel"céh‘t'ributions. For the "deviation" matrix element (IT.3)--f

‘instance--we obtain now:

(o]cn|M_> = 5 {-AFS Fy - Z YT ug L 1€ n M i * Pesn By i]} , (111.2)
n M 5 L i '

with:

R’ " ) B et S (111.3)

k

+E - - .A/ -1 =
EV 1W$nv "U) vu B

+. Z Z i,_g gé T_\i,g Y‘-: - .
| g - (A R st 2 R .1} . _— (III.h)
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o . - - 5 2E .
Mo (E) = (noon) Aw, (1A 9 [59]% B
~ Vi R Vi : = n’ E2 _ E2
n
| B Z g E Z F: D:p’g F; DU\),E . ‘ v
L ARV G = -E © ETE . (111.5)
£ , ' - .

i’g Bi,g

.The.dgflnltlons Sf Avu > Pup

can be taken over from Sec. II by .

replacing u'+_u€ ’énd_ Y > Yg. Instead of (II.12) and'(II.lB) we obtaiﬁihow; 
”respectifeiy:
&b (m Y (aEE! v EE B L
= + Ent b ' - .
Rg,s = Fp My (Bp) + 4, £, (Afj (Bp) Rg o+ BrS, (Eg) Rg o), (II1.6)
S PN B, s o
= N . IR 3 { Yo e : . .
Rg; = Fg My (Ep) + &, ' (Aij, (g) Rgy * Bi; (Eg) RB’j) N o Y
with:
E : 'Z" uf( . ‘
My (B): = Ty e e v M (E) : (III.B)
k -k _ : . ;
Eg' Z" 111& . - - g’ ‘ | \ .
E): = — AV C. : 11.6)-
Afs (B): e e v Ma (E) ete _ (111.9)
Sk ~{ k _ v . . .
The only difference frem the onéichannel case is that we have ﬁé desl with a

linear system of larger order. The order is now 2(J x M) if we have M resonances.
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‘But the structure of the system rémains the same, therefore,”the form of the

‘solution does not change. We obtain as in (II.15) and (II.16):

Rg,i (E) '.".FB rg,i (E), > | . ) - = (IIIV.blvO)?.
RS, ®=Fyrp (®) . o anman

i / B "E

|
For thé sﬁat£eringvstates one can fo1low thg sameerad. Accofdiné to fhe pro-
-cedure we have néw only to add in the formulas.of Sec.'II‘to‘éach éummatioh éver
the hole-states a summation dﬁer the chaﬁnéls. Hence, we obtain instead of
V(Ii;18)'and (Ii;ES); respectively: .

& (B): =M (B) + Z Z {al-f (@) fﬁ,i (2) + BL>* ®) == . () ‘(I:II.12)

V. IN o O it s

g 2 : . -

P (5): = ZZ NE,8D oy a1 (o E,5P (m) ik |
Ky, (B): s & (rg’17 (B) A7 (E) + rg27 (B) BD) | - (I11.13)
- For FS we get:

i K (=) ®3 (2) -1
FS\= 1- Yii E+€—Z+1 +F’+t:§”
: k,i s i~ % TN fs T Yk T 54
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In (III.13) and.(III.lh)_ p denotes. the channel of the incbming particle in

the state p. If there is no_reSOnénce——necessary in the bound-state problem--

in this channel one has to set ui equal to zero. Now we can easilyfobtain'

the finél-expressions for the "deviation" matrix elements, the particle-hole.

amplitude Bki S. and the scattering amplitude in the multi-channel case:’
' . : . I
1.‘ . - l ) Z E E Z -~ AE ~ é w
(OICnlM) =55 (Rl-AF - LY L (pgl,n rM’i(EM) Pie s Tt Ey)) ]
: : n M g 1

- - 1. * E £ ZE: o ~E ¥ £
><'0,Cn|rM ) = E - E {FM[-AF;‘— zi: Y Y & (pli,n rM, (“M) p&l,n rM,l(EM))]
. n M g 1 _
ELE LD Z * ~E,3D * L
SOy s L vE bl Bl FIP (59 ¢ By, e {TE) L (Ta6)
&
5= [ | DgiP (g )] 11.17)
Pis _ékp.‘:aij + Fov e -5, v [Fg K (Bg) +ug Kef (B (I  7)
i(§. +8 ) . - - |
ey D k S . U S [ * : ' g
Tki’pj(t.) {Fg K (Bg) + sy K (Eg)} . (I11.18)
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.IV. SUMMARY
A_ﬁodel %of caléulating nucleon scattering by oﬁe;hole nuclei using

lihear respdnéé tﬂeofy has. been get dovn. We used a>séparable particle—héle'
force‘fof the treatment of. the single-parﬁicle-cdntinuum starfing ffom the solu- -
tions of the nu_cleaf—structuré prbblem with the full renbrmél_iied’par?:icle—hole
interactidn. TheAhecéssaryvinéiUSion of certain.single;éartiéle reéonant'stateé
in the treatmenfvbf.thg;nﬁclear strgcture prbblem‘hés beeh achieved by the method
. of Garside and MacDbna1d. The additional single-particle potential was cﬁosen
in a,Séparable form, too.‘ We have been able toigive fhe final ?esults_in‘terms
of the solutions Qf the nuclear-structure pfoblem and the potentizls ih a trans-
parént manner. In'érder to obtain a full explicit resuit éne has only to perform
integrations and to solve linear’systems of eqﬁations of finite dimension. Due
to our used ansatzes for the treafment;of the cbntihuum we have avoided the;
ofiginal much more complicated Fredholm-problem. |
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