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Abstract
The triton blndlng energy is calculated in a harmonlc oscillator ba51s using

a sxngle term separable potential and the Reid soft’ core potential
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1. .Intfoduction

Calcuiatibns bf the binding eneigy of‘:he'triton'with'iocal nﬁcleon—
nucleon potentiélS»are usually made with ;he‘aid of‘fhe.Variational principie. A
trial wave function 1s éelecﬁéd haVing‘a-form.which is hdpéd to exploit all of the
important featureé of the two-~body potehtiél under ihves;ig#tion, aﬁd its para-
mefers are adjusted to minimize the energy of the three-body syétem. The value
of variational‘caléﬁiations is limited only by che degree'qf insight used in the
selection of the trial wave function, and; although this insight has been
developed to a'high dégree for some.potenﬁiéls, it is apﬁeéiing to generate
the trial wave function in a.compleﬁ61y systématic ménner. The upper limits on
the triton binding énergy caiculated_with réalistic potentials are often of
little practical value. (For éxample, the most recent calculation with the
Hamada-Johnston pqtenéiéll yields an upper limit of_+60‘MeV which‘is far greater
than the 1owef iimit of 6.7 MeV.) A more systematic ﬁrescription for the
'const;uction of a tri;l wave function might be expected to provide some additional

informatibn'fega#diﬁg the convergence of ﬁhe triton Bindiﬁg énergj;

Our‘goél'is thus to define a coﬁpiete set of states-fér the thfee nucleon
syétem and to construct and:d;agohalize the Hamiltonian,ﬁatéix in a truhcated
bésis of these staﬁe#. Moshinsky, ggigl.z have shown that it is a relatiQély
simp;e,matter to generéte such a complete set of states iﬁ‘é manner which is
pérticulérly conyénient for numérical éalculatidns; What Qe shall demonstrate
in‘thié paper is thaﬁ a meaningful estimate of ﬁhe tritqn binding energ& can be

_obtained for realistic potentials with a practial number of states.

IT.  Construction of Three-Body States
We shall describe the triton bound state in terms of totally antisymmetric

states of definite orbitol angulor mementum L, spin S, orbital permutation symmetry

“U/
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[A}, total angular momentum J = 1/2,.and.iéospin T = 1/2: The classification of
three-body stétes'according tovtheirYOrbital ?ermutation”symmetry is useful

since the triton wave function is expected to be composed piimarily of [3]S and

&

[21]D states,3 aﬁd'it'may be desirable to exclude states having other symmetries
from a calculation.. As is usual, the most convenient coordinate system to use for
the three-body calculation may be written in terms of the'éingle particle

coordinates as

. 1 '

x, =~ (x, - X.)

.1 /5 1 ~2‘

;2 -3 (x, + xz'—IZ# )

~ ’f6_ -~ -~ -~

* i » )

X, = — (x, + x, + x.) ' S 1)
=3 /3 <1 ~2 23 _

One notices immediately that the harmonic oscillator Hamiltonian is invariant

- . . ) ) °
under the change from single particle coordinates x, to the more convenient x_.

-~ -~

Since our nucleon-nucleon potential is translationally invariant, we may drop

and may write a complete set of orbital states for the three-

the coordinate x3

body system as

‘ [ -
H»'I-1 P8 s G IL = Ay 2 A o (h 0 mL)nl (n, e%z)nz
1"1 -0 M2 11 M2t vt - -s
, | Xy ep vy il @
{{ s 1 "2 :
VQXV whéré.the'AnZ are nbrmalization ¢constants, [O> is the harmonic oscillator ground

) » . i . :
state, and the n, are the usual harmonic oscillitor creation operators which have
the form

cz".—lo_'a | »»
n 7 (fj 1gj) . o (3)



Both Jahn4~and Moshinsky, etfal.z‘have.shown that it is a relatively
simple matter to construct orbital states having well—defiﬁed particlé permutation
symmetry as a sum of terms of the form (2) subject only to the constraint that

the total number of oscillator quanta

be constant. This restriction is due to the fact that the oscillator Hamiltonian
commutes with the_partiéle permﬁtation operators. We shall now summarize the
arguments of reference 2 where it is shown that the coefficients in such an
expansion are'clbsely'related to the ordinary harmonic oscillator transformation
5 o
brackets.
We first define 4 transformation of the creation operators
. 1 . . .
n, =— (-in_ + 1,)
-..l fz- ~l &2
l e . : L - ’
n = -1 .0 . v , : _
Nty o ®
The operatdrs ni have the folloﬁing behavior under the épplication of the particle.
permutation operators (1,2) and (1,2,3)
' n ’ n
(1,2) 11 o |
22 /22
=27i
-3
n,\ [ 0 Ny . | . ”
(1,2,3) “)= C om (6) -
n 3L, [ 3
22f g e 31\ -2 ¢

‘The.projection operators onto states of orbital permutation symmetry [Alr in the

usual Young—Yamanobchi notation may be written as
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6ra j-_--é—_[.} £ 0D+ 0,9 ¢ (z;_;s) + <1,z,3>'{» @,3,2)]
S %—q - @ S - @ (1’2’3”: @,3.2]
(217211 " %..[2 - 2,3 - DL+ @]
- % - %—fz_} “(1;2’3).“ L3011 - @,2] .' o

We now write oscillator states in terms of the new creation operators ni in a
manner completely analogous to equation (5).-

PR | |
) ®

| . -
6. .6 . Lo+ (=) T 6 . ¢ L
{ 0y kgt | nyk, Mty

From the definitions of the projection operators (7) and the behavior of the .
creation opgrators”uﬁder the. permutations (1,2) and (1,2,3) it is straight-
forward ‘to show thétréhe stéteS'given by'equation (8) are states of well-defined
permutation symmetry, To assist in classifyiﬁg these states it is convenient to

introduce the index v defined as

v(mod 3) = 2ny + £, - 2n, - zz‘» . ()

The conzection berween Vs B, li, and T‘and the permutation symmetry {X]r of the
stétes-of eduation (8) is given in Table 1.

It is'now desirable to transform the states (8) into a sum of terms of the
form of equation'(2)7Since the latter are fat ﬁbre convenient for numetical
calculation. To do this we note that the transformation of the creation
operators (5) ié'identical to the normal Moéhinéky transformation5 except for.
the additional factor of 1. .This,alteration does nothing more than introduce.a
modified set qf phases. The states of equation (8) may thus be written as
vlnlzlnzgzL[X]f-==§:[nlﬁlné£2L[A]r SRR AR lﬁl£i£2£2i> B (10)

L
where



e e : T+i -; +£
[n,2 0,2, L0 0E (R0 8,00 = AN+ 16
EHE |
x4 T<n,in,8, {lnlzlnzzzr.; . - (11)

The quant1t1e51<n121§2£2 {lnlgln222> are the ordinary harmomic oscillator trans-

formation brackets and T qnd A(y,X,r) are.givgn'in TaSle 1.

We have thus‘completed the Initial task of construéting a comélete set of
orbital states haviné permutation symmetry [A]r. We shall 1abel_these.states as
lnlzlnzzzL[A]rS.l Totallyvantisymmetrié statés may be oﬁfaimed with the intfoducﬁion

of spin-isospin states of adjoint symmetry [A]r as constructed by

Jahn6 and by Kramer and Moshinsky7. The totally antisymmétric states have the

form
In 2. 0,8 LSIT[A]> = —ie 10,800 L0 ST @2)
1717272 : T . LI R R A -E
. . [)\] J :
where f[3] and f - are 1 and f[21] is_Z.A The phase (—)r is defined to be

[111]

positive except when r = 121 when it is negative,

Matrix elements of the nucleon—nucleon'pétential in the basis lnlﬁlnzlzLSJT[l]>

can now be easily evaluated. We note for convenience that the matrix elements

of the full two-body potential % _ V(rij) in ‘this antisymmetrized basis will be
. : T .

identical to the matrix elements of 3 V(x,). The latter are, of course, more

1
easily evaluated.

It is often Qesirable'to siﬁplify an actual triton calculation with the
assumption that ﬁhé nucleon~nucléon potential only acts in.a:restricted nuﬁber
‘of partial waves...This restriction will simplify the caléﬁlation énly if the
matrix elements of the kinetic energy operator, which acts in ail partial wave
chanﬁels,vcan be determined without the explicit use of transformation brackets.

In fact, the kinetic energy matrix elements can be evaluated easily. When the

number of quanta is unchanged one finds



<n. f.n

(2n + 2.+ 2n. + 2 + Nhe 6

<n,%.n. % LSJT[A][Tln ot LSIT[)' ]> . X )

171272 1172 2

N]l—'

[A}[A ]

13)
When the ncmber of quanta on left and riéht'sides oﬁ the_matrix elément difter by
2, the matrix elements of.the kinetic.energy operator may bc calculated with the
aid of the recursion relations for hzrmonic. oscillator tréhéformation bracketé
givén by Brody'aﬁd_Moshinsky5,' For eiaﬁple;_for'statéstqf symmetrf [3] the

matrix elements of the kinetic energy operator are

g 48! ) L{ -1, In 'n!o!L> + <n, 2. n, 2 Ll -r, Zlaterate L>'

n
, 2 2171 17272 1717272 171272
22| 22 ; . ; (14)
1+ 6 ,6 ' : 1+ 6 ' ,6 .
L5 Bt Tt T S P bl
For states of symmetry [21] with v+v' odd the matrix elements are
L. +0] ‘ - :
2 2 Y '
2 Ll -Ty lnllln222L> o - (15

v 200 7 ndnt,
For states of‘syﬁmctry [21] with viv' even one obtains the same cxﬁrcssion‘as
(15) exccpt foﬁ;thé.icterchange of nlll Wlth n222 Thc>matrix elements
1¥1% ZLI o lnllln222L> gre tabulated in reference 5. |
We have introduced ahsystematic way to generate a complete set of
antisymmetric thfée—body states in a basis convenient £or calculation. We can
now construct and diagonalize thé‘Hamiltonian matrix inciuding all stateé with
Q less than some QO If the details of the pbtential permit; we.méy also climinate
certain orbital permutation symmetrnes from the calculatlon. For ex&ﬁple;.if
thc‘.l 0 and 381 interactions are equal, the triton grouna state ﬁill.cdntain no
[21]s compqncnt. ihe choice of Q0 will dependvonvthe details of the nucleon-

nucleon potential under consideration. It is ftlot yet clear that a value of QO

sufficiently small to permit a calculation wili be sufficiently large to provide

- a good description of the triton wave function for rcalistically hard nucleon-

nucleon potentials. We note that this technique makes use of the harmonic
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oscillator matrix elements of the two-body potential and.thus'cannot be used to

calculate, the triton binding energy with hard core potentials.

III. Yamaguchi'potenﬁial
As a test of thé-practical value of this technique we calculate the triton
biﬁding energy usiﬁg_the Yamaguphi'potential.8 This potential is constructed.t;
act 6n1y in sing;eﬁ—sland triplét—S states; Each'poten§iai.is a single term
sepafable potential havinélpbg‘fpr@ | o |
<plvs.'."'>~=_":‘%§‘ - - o : o | 16)
' p +8 p +8 :

These potentials provide a satisfactory descriptibn of low energy phase shifts but

are not designed‘té fit higher energylscattering data. ‘TheWXamaguchi potential
is not realistic, bdt it does_have;the advantageVof being separable. We can thus
‘compare the tritpn binding energy obtained according to tﬁe preécription'given
in the.preceding section with the exact result obta;nedvfroﬁ a solution of
the Faddéey equations. | |

We haye pexfofméd'thé'calculatioﬁ with the simplifyihg assumption that the
singletQS and triplet—s inteiactioﬁs are equai to their éVérage. Ihgipotential

parameters are thus A = 0.35249 f—3

and B = 1.4487 f—l. Siﬁce [21]S states are
built inta the triton ground Sfate by the difference bétweén.theSe potgntials,
this assdmption is equivalent to the restrictioh to [3]S”states. Matrix elements -
of this/botehtial in a rélative oscillator basié'aré simp}y related to the

error function. Oscillator matrix elements for large rédial quantum numbers

may be ;btained ﬁére simply by replacing the harmonic oscillator wavevfunétions_
with éppropriately'chosen bessel functions.9 Ihe'friton'bihding energy is

sﬁown in Figufe 1 as a function of QO. Calculations weré perfofmedvfor é-

number of values of ﬁw, and fastesﬁ‘convergence -as obtained for fiw = 64.79 Mev.

For QO = 28 the Hamiltonian matrix included 147 [3]S states, and the triton binding

enefgy was found to be 12.19 MeV. This result is in satisfactory agreement with
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the value of‘12.49‘i 0.01 MeV obtained by Hartt by solving tﬁe Féddeev equations
for tﬁe same potential.l |

In hbpe of providing some ingight into the rate of éonvérgence of thebtriton
binding energy, wevcdnsidér an oscillator calculation of the deuterbn binding
energy. Thisvis a much simpler problem since there exists only one 381 state for
each even value of Q and, wﬁen tensor fbr;es are pfesent,‘one Dl state for
eéch value of Q gréater than zero. The deuteronbbinding eﬂérgy for fiw = 51.10 MeV
is shown as a functioﬁ of Qo.in Eigure 2. At QO =28 th§ d§utefon binding energy
is 1.87 MeV which isv82Z of»the correct value. It is tempting to suggest that
the rate of convergence of the deuteron‘binding.energy may serve as a measure of
the convergence of the more complicated ﬁhree—body calculation. 'This is not
unreasonable since the role of compdnents having large Q is to build_iﬁ.the short
range corrélafions'caused by the repulsive core of a realisticvpbtential and to
build up the proper exﬁonentiall? decaying tail from the gaussian behavior of’
the individual components. It is hoped thaf neither of these effects should be
particularly_sénsitive to the number of nucléons present.l Since the triton is’
bound moré tightly than the deuteron, it is even possible that the triton binding
energy calculation may converge more rapidly than the corrésponding deuteron
calcul;tion. We note that a deﬁteron célculation with a separable potential of the
form (16) chosen to give a two—body binding energy of 8.0 MeV canerged to 95%
of the true. blndlng energy with Q® ;87’ ”f“ %”%

On the basis of a comparlson of our trltoﬁ)results with the Faddeev@equatlod
results of Héf;t :we conclude that this systematic technlque for the generation of
a triton waQe function is capable of providing meanlngful results wlth avpractlcéL
nunber of states in the basis. furthermore, we suggest that a sﬁell model deutercn
célcdlatién with.the same potential can yleld some measuré‘éf the fatc'of'cbnvergcnce

of the three-body binding energy.
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IV.. Reid Potential

A more rigorous test of this method comes froﬁ a calculation of the triton
binding energy with fhe Reid potential.1l rThe Reid poténtiéivis a superposition
of Yukawa potentials which provides and essentially quantitative fit to scattering
data for 1abo£a£ory‘energies less than 350 MeV. - It contains strong but finite
short range'repulsioﬁs and certainly qualifies as a realistic potential. Harmqnicl \J
oscillator matrix elements of the Reid'potential werevéalculated-in_terﬁs of
parabolic cylindér functions. Oscillator matrix elementsfwith large_radial,quaﬁtum
numbers could again be appréximated by replacing harmonic ogcillator wave functions
with appropriate bessel functions.9 We anticipate initially that the binding
energy calculation with the Reid potentiai”wiil be moré difficult than the
precediﬁg separable fatential calculation. When QO equals 0 the Yamaguchi
potential used in Sectibn I1I yields. .. triton unbound by about 6 MeV. A similar
calculation with the Reid potential results iﬁ a triton unbound by approximately -
700 MeV. The calculationbis further complicated by the fact that the Reid potential
contéins a stfoﬁg tensor component whi?h demands the inclusion of [21]Dvétates;
The.lSo and 3Sl'interacﬁions'are no longer eQUai and’ﬁe’can no ionger be'confident‘
in excluding [217S éﬁates.' | |

"To gain some feeling fpr the;vélue’of Qo'at,which we'might expectvto obtain
a'reliéble estimate éf the binding energy, we again coﬁsider the analogoﬁs
deuteron calculatioﬁf_ The deuteron bin&ing energy is shown in Figufe 3 for
ﬁw.= 51.19 MeV as a function of Qo. >For QO = 43 we findﬂqﬂdeuteron binding"
energy of‘Z.ll ﬁeV,'a quadrupole moment of 0.282 fz, and a D—stété probability
6f 6.5%. Thesé results are in good agreement with the exact vaiués of 2.225 Mev, W
0.280 fz; and 6.5% respectivély. At QO = 28 the Binding energy is 1.86 MeV, the
‘ quadrupoie momenﬁ is 0.243 f2 and the D-state probabilify is 6.87. It is
‘surprising to>noﬁé:that the convergencevof the deutéron biﬁding‘energy is

essentially the same for the Reid potential and for the Yamaguchi potential. It
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is thus to be hoped that the triton calculation.wili show coﬁvergence properties
similar-qO those obtained with the Yamaguchi poteﬁtial.

Since the number of tZl]D states grows rapidly with Qoxﬁig wes eoﬁ
numerically pracﬁical to treat the [3]s statee and [Zl]D‘statee in an equivalent
manner . \(Forrexemple at Q0 = 16 there are 41 [3]S states.ahd 120 [21]p states?
At QO* 28 there are 147 [3]S states and 560 [Zl]D states.) In the interest '
of further 31mp11fy1ng the calculation we have also ne01ec£ed stateq of all
other permutation Symmetries. The neglect of [21]S statesjis:probably not
justified for the Reid poteﬁtial.as they are expected fo cbntribute approximately
1 MeV to the tritonibinding eriergy.12 The nucleon-nucleon interaction wes assumed

3 3. 3

to act only in the l'SO, Sl’ Si- Dl’ and 3Dl channels. . The results of triton -

- calculations subject to these restrictions are shown in Table 2 for several

i+

values of Q and Qd all less than the desired value of 28 WVhile it is clear
that we have not yet obtained convergence at Q .28 and Qd = 16, the'caleelated
binding energy of 3.86 eV is a significant result.

This result may be compared with the triton blndlng energy of 6.8 MeV
obtalned by Delves, et al. 1 with the Hamada-Johnston potentlal.‘ Tjon has
obtalned a value of 6.5—-0.1 MeV for the Reid potential usiﬁg an elegant
iterative solution t& the Faddeev equetions.12 .Tjon ieclUdeS the effects of
[21]s states, but makes the same restrictions on the twofhucleon‘potential.

.Qalculations_are_in progressbte‘increase stand Qd;vto include the effeCtg
of states havingldpher permutation symmetry, and. to include the.effeets of highef
partial waves of the‘nucleon~nucleon interactioﬁ.' NoneﬁheieSs, it is alreadf
cléar;that»this straight:forward_epproach to the three-body proﬁlem ie.a
praeiieal‘one énd.is capable.ef p:qvidiﬁg meaniﬁgful reeeits even for reaiistic

potentials,
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" TABLE II
Q, o, | hzo B T 2] o *
, (MeV) - (MeV) (MeV) : %
© 28 10 | 4l.47 .78 59. 85 7.30
20 16 | 41.47 1.6l 60.96 .~ 7.83
26 12 41.47  1.75 62. 59 7,86
24 14 | 4l.47  2.21 63. 36 7. 80
24 14 | 6479 2,79  89.83 8.95
24 14 51.19 . 3.03  74.88 ' 8.43
28 16 | s1.19 381 ... |
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Figure 2.

Figure 3.
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- Figure Captions

Triton binding energy in MeV as a function of the maximum ‘number

of quanta QO for
Faddéev'equatiOn
Deuteron binding
number of quanta

represents exact

Deuteron binding

of quanta QO for.

exact value.

the Yamagouchi potential. Dashed 1ine:réprésgnts
result. ‘ ) S Sy
energy in MeV as a function of:the maximug‘,

QO for the Yamagouchi‘potentiéi._ Dashed liée
value.

energy in MeV'as-avfunctionlof the maximﬁm number

the Reid potential(> Dashed line representé
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