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%
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Abétract
An apprdximaté'versioh of'the renormalized RPAftreatment for scattering
6f nucleons on é hole nucleus is given, in which the'éhape resonances are treated
accordihg to a,méthod,of.V. V. Balashov et al. In order to make the results
more‘tfansparent we take into account: the additional inflﬁence of tﬁe non reso-
nant part of the single-particle cdntinuum with the help of a separable»particle—

hole‘force.
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: RPA—problem with inclusion of the single-particle continuum by extending Migdal's

""resonant approximation" for the resonant single-particle states

i
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1. Introduction

In a previous'wérkl)”we have given the equations for the renormalized

Ay

quasi-particle approach®) to the continuum’). We designed a model in which the

S0 calléd nuclear—étfucture.problem (only bouhd‘singie+particle orbits are
| . . .

in¢luded) wa$>u3ed as a zeyo—oider solution. In this model one could first -

solve the nublear—structufebproblemiwith the full effective particle—hdle force.

The influence of the continuum was taken into account by approximating all matrix

elements containing continuum single—pérticle states with a separable force so

“avoiding the‘ofiginal complicatéd Fredholm problem. This i1s due to the fact  .

" that the Fredholm determinant degenerates for a separable,férce. The details as

well as further references can be found in refs..l) and'3). The model implied

the assumption that the solution for the'nuclear—structure problem is alrediy

afgood‘approximatiOn fbrfthe corréspdnding "boundfstate" solution with inclusion

of" the singlé—partiéle ¢ontinuum. But in some cases it is well known that one

has to include single-particle resonances--for instance the 1ld, ,-resonance in

16

3/2

0--in order to obtain;a satisfactory solution for the nuclear-structure pro-

- blem.  We have been able to overcome this difficulty by applying the method of

Garside and MaéDonaldh’S); But it turns out that the resulting equations are
rather complicafed, SO one might try an approximate tfeétment by the use of a
| 6’_7). We will "
give in the second section the relevant definitions and approximations needed v
in such an.aﬁtemptf The resulting equations are derived in the third secﬁion. v

In order to make the structure of the problem more transparent a solvable model

is presented in the fourth sectlon, in which all matrix elements containing non



A

resonant continuum single~particle states

We will restfict ourselves to the case of
generalizatioh to several channels can be

road as in the one channel case.

UCRL-19578

are apprOXimated by a'sepafable force.
one shape resonance only, since the

achieved easily by following the same
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2. General RPA-Formalism and the Definition of_the‘Resonant Approximation
. . R N

In ref. l)Athe'f‘ollowing equation for the particle-hole amplitude was

, o
obtained (4; I.12):

| ~ . . l .
S Py, = (no-n) . {8, 8, (-in) &
\ ‘ vu,M» voul R, + Y —bln(nv-nUS k Vi u M,S
. | . P i
C_ o T w) P ) R o I1.1
2m Z rIvcu)\ (w) p)\o",M} L S ('- ) _
2 o J
Here Svu»M is the quasi-particle-hole amplitude:
. , : .
|
Co= : .2
Bou = (22 olyy, ), | | (11.2)
where wz and  Wﬁ. are the Schroedinger creation--and annihilation operators,

_réspecfiVely, of'a.nucledﬁ with the quantum number set U defined by a suitable
shéil-model hamilténian. For continuum wavefunctions ﬁe Choose the standing wave
boundary condition! JThé ‘ZCS aré'ﬁigdal's renormalizﬁtion constantsz);

o1 I »isvfhe.fenorﬁalized particlé—hqle matrix element.  By .IM ’ we denbfe:a
scattering'éﬁaté as weli'ésba bound state lB ). Since we assume the taféef
nucleus to be a closed>sheil nucleus plus one quasi—holé, wé éan specify the

scattering state IS‘) by the quantum number set ko (= Eko; jko’ gko’ mko,

by ) of the incoming parﬁicie:plus the quantum number set j, of the correspond-
o) : S ‘ '

ing quasihole. Hence IS ) means more explicitely_~lS; ko’ Jo ). With n,

-we denote the quasiparticle dccupation number for the state Vv with reépect

*

‘In this paper we are using the same notations and definitions as in ref. l).

We
fer L o that oy o Iy e
refer to ref. ) as A, so that (A; I.1) means eq. (I.1) of ref. ~). I -means
ai
summation over the discrete variables as well as integration over the continuum

variables.
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to the grouhdsﬁéte |O ) of the compound-nucleus. The zeropoint of the energy

is chosen to be ground state energy of the compound nucleus.

6’7).that within the range of the single-particle potential the

One knows
continuum wa?e;function ]p >. in the resonance channel & can be represented
in the vicinity of an isolated pol by

lp) ~C (e ) |E) for P=E,0<e <e _ (1I.3)

p max

with (g[g ) = 1. Here, with D, & etc. we specify the channels--for instance

p: = j 2,5t - C(Ep) has the following structure:

o reyen M2
R e, - = A)T 4 T_/% ' ‘

b . res

D.

'The detailsvfdr-dbtaining :|€‘5 and C(€P> can 5e foqhd in ref.
Ourﬁgoai is to replace thebcontinuum states  |§ ) by the quasibound

‘state lé >: ana’furthermore to treat amplitudes with ﬁhe index & similarly

_as gmplitudeé épecified by £rue bound states. In the original problem we can

distinguish three different particle-hole states:

(vu) = { (r,1); (1,7) | (p,4);5 (1,0) | (ci); (1,0) ) . (I1.5)

Here i characterizes holé étates, r true'bound states and ¢ continuum
states not belonging to the class defined by (II.3). .In the new problem we want

#*
to deal with a new classification given by:

(vou) = £ (r,3); (1,0) ] (6,1)5 (1,8) | (e,1); (1,0) } . (11.6)

* :
One may also use modified continuum wave functions lc ) constructed orthogonal

to |£ )5).
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In order to have a clear distinction we will label thé‘pérticle—hole amplitudes,
matrix elgmentsvetc. in the new classificatioh by 6AO,M; T etc. - Since in the
second term of_(IIfl) only the wave functions within the‘range of the particle-~
hole fo?ce,aregneéded we can insert‘there the_qﬁanfi£i¢svaccording to tﬁe new

classification. We obtain then for the relevant term ({vu) according to (II.6)1)

Z » 7 >~ ~ ~ Z § g A A /\. N ’ (II.’T)
(oM)E(p,i) oo u 7 N {Iviuipai RYaN I\)c‘;uipiE,M} ’
withg): ,
. E: ' I
- - max I : .
b= [ e s, =1 | ST | (11.8)
: P : ep‘ €p . : : SR B o .
0 _ :

We have to be mindful of that eq. (IT.1) does not apply a priori to Pg .
» - R : : R
since IE ) " is not an eigenstate of the shell model hamiltonian. In the next

section we are going to derive the equations for these quantities.

[
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Iﬁsertion'of‘(III;S) into (III.1) gives the following equation for P

- o UCRL

- 3. RPA-Equations in the Resonant Apprdximation

Using (iIf?), (I1.8) and (II.3) we can rewrite (II.1) as follows .

{in & S, 8 .
kov JOU M,§

with
L o § (pei); (4,)
Dvu: =v >’. C(év) = o vV €Ep
C(éu) ' HED

-19578

(I17.1)

(I1I.2)

Here, the quantity ‘T is labelled. according to (II.6). " We-caﬁ'distinguish

three possibilities for IM )
a) M) = [B)

From (II.3) we deduce the following relations:

o

Avu,B (o) & (p,i); (4,p)

Pou.B = )P e .

,pvu,B , cle,) PEn,B - v € p, | . o
oley) Bug p WeEP

~ . _ . -f\-—;|_ . Z o~ A
pvu,B B (nu_nv) fvu (EB) zeﬂ Ivcukpkq,B
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If either v or W 1is equal to _é this equation is obtained by multiplying

(ITI.1) with C(ep) and integration over the energy. Hence we have thél

following definitions for f

%—l

vu_‘EB)F

~

{EB'f ;u‘- €, - in(nv;nu)}

{ Ep

Jr

A,

Vi

(T = n below threshold)g):

1 for (v,p)

* (i,i); (i,E_), (111.5)

z'{EB +€ +A=-g -
» B res

If approximation (II.8) is not valid one has to replace P

b)) M) = |s) = |s, k"ojo> with k_€ p

de ( ' I'(e )
2T 2 2 E.+€ - € + in
(ep ~ €05 AT+ r /h -B‘v, uWop
ve e p+irm oven? (111.6)
u res -2 B u ? o

dsp-( P(sp) . E )v

o1 ' . 2 2 E,.+ €. -€ =~ in
o (€p - €res B + T7/L B K P~ v

L, e ™t . (111.7)
Vv 2 "B v ) ol

in (III.k4) by ©Np.

The equation for these amplitudes can be_dérivéd in the same manner as in the

preceding subsection. We get:

- Pou,s T

(nu-nv) {Gk v S,

o JoH

-+

ou (Eg) ;

e) M) = s) = s, kJ, ) with k_'= P, E D

2m

Ivouk pAo,S

} ' (11178)

e
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The scattering state was defined by3)

, I, |7 in - .+ .
S ) = — . ) ‘ II7T.

J ‘ (Zjozpo?v ES_— H f in wPo lpJolO L ' ( 9)
[ L '

therefore it Seéms reasonable accofding to ourvassumpﬁions to approximate the

'scattering state in the interior (localized state) by

s, mcley s> . o (III.10)
0 : L .
with: -
S RYCERE 1n o '. U : :
SY: = (2, 2, )7/ —20——— yty Jo) . . (IIT.11)
o ‘J & CEg - H+dn TE T : :

o o . S

Since _lg ) is concentrated in the interior it should be sufficient to treat

|S ). If neither Vv or Bt belongs to p one obtains, .

b, a=1(n-n)fl (m )Z or 1

I E A T A T vour Paci§ _(III'lg)
If—éfor'instanée;-v belongs'tb p we get from eq. (I11.1):
. ‘ _ ’ o . C.( EP)C(ng) Z T } o

-~ .- = -1, . . ) . . A . A . .

Poi.s (n_i np) {5130 plp, )} + R e e e IEGIAQAO,S} (111.13) =
A : S i P oA :
Y in the interior'now'the following replacement hol&s:_

6 . o ~Cle) Br: «= Clen Ses & ' ' L1b)

Poi,s (e)) Pei,s c(ey) c(epo) Bei,5 - - - (IIT.18)
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Furthermore,;singé we are only interested in thevintéfiqrﬂregiOn.we can insert

instead of <p|po ). the following expressioh:

(plpdrfL_§ cley) C(épo)jéggo ) ; ;   | (111.15) = )
o

The'qﬁaﬁtum numbér_set E(EO) coincides with the quantum number set p(po) if we

Il

exclude the energy ((£]E) = 1). Use of (III.1L) and (IIT.15) leads to:

Bes =*6ijo éggo + \fgi (Es)zg;lteﬁlgoiX pAg,g S B 7(111.;6)

Analogously Wefget:

aii,g = - am f;é (ES)Z;;2ﬂ iidéx 6x6,§ | Co : (I11.17)
Equations <;zr.n>, (111,85, (111}12)é (i1I.l6) and (IiI{i?)-provide the system
of equationé nécéssary for the RPA-treatment with iﬁcluSion of the continuum.
The transformation to the original problem is formally given by eq. (I1II.1).
| In thé neﬁt section we are going to derive a médel in which.all matfix
. elements containing singie—particle states.lc ) are approximated by a"separabie.

interaction.
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L. Model Equations

We canfsplit off the sum over the quantum numbérs in our equations in

. two terms, where the first sum cqntains'only-the summation over bound or quasibound

states. "~ In the second sum we replace the matrix elements by separable ones,

A

om T =AW

W, (1v.1)
VOUQ VU o
so obtaining:
. 1 . . . "
2 A _ . A B + S N ) . .
2ﬂ’§: vouapao y = er z; IVOuaPaO,M A wvux woapuo,M > (IV.2)

ao

where the restricted sums are definhed as follows'(Uvu,is an arbitrary function

of Vv and u)::

Z U\)u‘ = Z (ﬁ'ri + ﬁ’ir) + g <U€i + UiE) ,‘ R (IV_.3_)
o - I P - R

Vit i i
. 1" ‘ )
E: Uvuf=§: (Uci * Uic) ) ' : 2 - (Iv. k)

Vi cl

Insertion of (IV.2) into eq. (III.4) leads to the following eigenvalue problem:
A ;_/\~ - . . o .
{ vouA vcuk va oii B} pAG g =0 for wu ¢ (ci); (ic) , (IVTB)

where we have introduced the following abbreviations:

U_,: = X § |w ’ (n -n ) ’ (Iv.6)
B \ / _ T3 _ 9
| ! vl E_ + €L €y 1n(n\) nu) .
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, SO o .
: =T - : . N Iv.7,
‘ ‘ £
c o _ > T _ & A - E) - (1V.8
A\)ouk', ) (nu,n\g)_-gﬂ I\)o_uk 6>\v§ou(fvu(EB) _EB). ? ( __:)
S , ' y
. cu, & WA .
. ~B Ny A B af af aoBX
o Coayr = (n -l ) AW . . (Iv.9)
vopx' v vl EB(i-UB) - A My
The amplitudés‘with one.index belonging to the'contihuum are given by:
i (n -n_)
~ o PV ~ 1l , E
. = — . AW. D —— , . . (Iv.10)
Vi, B -» Ep + e, -_E.\’ - ;n(nv—nUT, vu B 1-Up .,
with.
' _ B ) . :
DB T ; Yoo S (Iv.11)

Equation (IV;S)‘provides avmatrix:equétibn.ﬁhich may_bé.solved_by itérafidn.

For I' >0 and A ~> 0 we éet the standard nuclear structuretpfoblem which might.
be used as the stafting.point 6f the iferation proéédure, AboVe threshold one
will ébtain_complex energy eigenvalueé due to presence,ofv UB (eveﬁ if T > 0).
Since we héve removed the shape resoﬁandes itvshould:be easy in a'practical

calculation ﬁoiinterpolate'»U ‘

g 8s a functionlof E. When one has solved the eigen-

value problém (Iv.5) the-amplitudes'contaiﬁing continuum singleéparticle-states - M

|e¢ ) can be obtained from (IV.10).
. o : : R N
The -subcase b) can be treated in a similar manner. Due to the inhomogenous

term in eq. (III.8) we get the-following inhomogénous matrix equation:
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;' ,{me';,éﬁm SR S} Pro.s 1313550’8 tor ({)_g)'qg(c 13(1,0) : (1v.12)
with

k3,8 T B,

éQSJO,Y:'z 7A(F“fn?)(njcynko)Vqu.koJo. Es(l'Usiy" Amg ‘ )
The amplitudés with oﬁe continuogs index are‘giyen by:
,; : _ | 3 N{ﬁ S + — A ﬁ\)}l >l
?yu,s 'v(nu“nv) k VI B+ EP - €, - in(nv-npjg,leUS

x [Dg +‘Qk joJ } for i E.(céi);(i?c) . | . (IVQlL?

\

Since d is non zero one has in this case only to invert a matrix of finite dimension

to obtain the solution. As expected these solutions have resonances for ES = ReEB.
If the incoming'particle bélongs to the class P  the inhomogenous term
occurs in the eq (IIT.16) for pg K"and not in 6ci'§' as in subcase b. For
3

thls reason we get a different 1nhomogenous term in comparlson with (IV.12).

One obtains:

. _ ~T0T0 SV (s
E: {AquA quX vaacu ES} pxc,égj dVU for vU'¢ (c,i);(i,e) . (IV.15)
with
*gojo’g; = (n_-n ) f (B.) —:— (5. & . "5 Av“ Wgojo } (1 16)
v ST ATy €dg 8 1-Ug T3 HVE E (1-Us) - A mg o

S S

The equivalent relation to (IV.1L) turns out to be:
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1 v .DA

: . ) n - .
~ 3 TN - 3 . N
. ol e f vu Jele - . .

S u Y

Both solutions have as in the formerlcase'resdnancesbfdr ES'* ReEB.

_The fina1 solution according to the classifiéation (I1.5) can be obtained

for the bound states |B) with the help of the relations (III.3). In the scat-

tering probleﬁ'we get.apprOXimateiy for the. case kd ¢“p:~

-~

Pop,s =
P (vu) € (r,i); (i,r) |
( . e (1v.18)
C<€v>Psu;s. ,Y E D
< C.(Eu)pvg"s “uHEDp
' ) L ] (emeten) s (i0)
S . 6 . : . - ' D_+W vp)e(ei) 3 (i
\ ' \)kO UJO + ES+€U—€v-ln(’nv‘_nu) A W\)u l"US [ g kojo U Ccl 1ic

Ir ko'= po'e p one can derive the following relationé using (I1I.1), (IIT.10),

(T11.12), (II1.16) and (ITI.17):

Pw,s =
. n -n_ AW Dycle )
— : vu) € (c,i); (i,c)
Es+gu-sv—1n(hv—nu) 1-Ug o |
C ’8 /\ vA. . \ e . . b. .. . :
ﬁ_ ( pd)_p\)u’s | (vu) € (r,i); (i,r) (1v.19)
, (;po) cle ) Birgs o v=io=p
Clep )C(e ) Te 3o Bg) |
\ ¢ 5., 42 P2 (5 )5, A colo S ; =p  u=i
S, — . Pr. 4 -~ =08, 8y ] v=p p=i.
pp, 1jo ES+€i‘€}fln & 7S El,S 1 - Ug it gio

The second and third relations in (IV.18) and the third relation in (IV.19) are

valid only in the interior.

»
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From (IV.18) &nd (IV.19) the wanted expressions for the S-matrix and the
T-matrix can now be read off. After reinserting the'éingie—particle phase fac-

tors taken out by . using standing wave boundary conditions, one obtains:

. 3 ’
. _ 218k v _
' S.. . . (E)=c¢ °s §.. -omi 8(E ., -ET. ., . (E) (IV.20)
ki,kodg | Kk, 1Jo : kodo KL KGI, ’
with
= | i(8, +8.) -
: 1 ' k k .
). = —_— o - for k k
Tps o g (B)e = AW, g [Dg + W,y e Fo T for k p, &, (1v.21)
oo B o“o v
R 1(6k +8 ) , ’
R . N . = A . . . f L . t, . ) . .
pi,kOjO(E) C(Ep)pEi,Se °  TEi(E) for k = p, k & (1v.22)
. (8 +8_ )
. Y. - -1 A k "po : ' - .
Tesp g (B): = AW, 75 Dg Cle, )e for kx € p, k =71, €p, (IV.23)
o“o S , o .
'. 6'.. .‘6 ) . .
v o ) ( R JolnEEO R (®) i(ép +6p)
T . . (B): = C(e cle ) [f . (E)Pp,. 4 -~ ———F, . (BE)]e o
pisp i, 15 p’ tElL £€i,s l—Ug _ goJo
for k=P, k =p €p . R : - (1IV.2k)
For ES = ep - € and Ep he €.t A the S-matrix does npt possess—-as expected—-
single-particle resonance,_éince (IV,ZO) takes the following form
g  Jenl(e e sa)eiger]
, . : r/ami (e -e_=A)+i/2T : ‘
: v 2126-{1 +2mi P res . z/h(l N N R . (IV.25)
v : c (e —e A)2+T
. R res

where we have supressed the -Gqunction of eﬂergy!
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5. Summary
A model for calculating the nucleon-nucleus scattering on one-hole type
nuclei has been settled down in the framework of the’fenormalized RPA—theofy,'
in which the shapé fesonént shell model states have Béen_ﬁreated approximately

| o : _ ~ : _
as bound states. - With a separable ansatz for the remaining continuum matrix-

elements we have been able to derive a system of equations, which can be solved

. ) o : *
up to integrations over known nonresonant functions by standard matrix methods.
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m , _ : : _
It was shown recently that one can also use Weinberg's method for the treatment

of the continuum-continuum interaction in the unrenormalized RPA-scattering

problemlo).
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