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A theory of the current-voltoge characteristics of 

aupe~~onJuctin~-norm~l-sup8rconaucting junctiono io proposed • 

The theovy is baaed on a simple ~odcl current-density 

equation. The i'oTm of th c cn.r·rcnt-vol tugc chm~acterb:Jtie is 

found to depend c1~i ticolly On \7hethcr the elect:,:•ical sou1,cc 

should be treated as a current-source or a voltogc-sourca 

at high frequencies. A picture-is given of the dynamical 

state of a ·junction at finite vol taee, and all the important 

diff~rences bet~een t~c characteristics obuervcd for SNS 

junction~ ond tunnel junctions rire explained nt least · · 

gdalitotively. In particular the theory covers the cases 

~f .~- junction wide enough to be limited by its ovn field 

and the step-structure knoTin to be induced by an applied 

.hf field. For wide junct.ions the predicted behaviout• is .· ' . 
an exactly calculable quantised flux flow in one dimension. 

It is the phase-locking of this flux flow by the applied hf 

field which leads to the step structure. A detailed 

c~lculation of the rounding of the steps by noise is given; 

the .steps are predicted to be exceedingly steep. The theory 

is comp~rcd with the theories of other superconducting weak 

links. ... 
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·· Ti70 onpc:r.:•cotiductoP3 · \'.rh ich ore very loosely coupled 

togcth6r so that only a small supcrcurrent may pass betrreen 
•' . 

them .nrc oaid to f'ox•m a \'!Calc linl~. 1Imnerous types of \7cak 

link have been studied since the system \i'as ftrst dincussed 

theoreticall~ by Josephson (1962) and it is convenient for 

the prcoent purpose to divide them into three broad classes. 

In the first belong the oxide t~nncl junction first studied 

experimentally by Ander>son snd nonell ( 1963) and the Euper·

concltlctor..:noJ:'riwl- sup ere oncluctor { SHS) junctiori ( ClaPlce 1969). 

These junctions have barriers which are not inherently 

superconducting and there are theoretical reacons for bcliving 

that at zero ~oltoge the supercurrent density (jS ) flowing 

throuch them io described by the relation (Josephson 1962, 

1964, 1965, de Gennes 1961~) 

(1) 

where jJ is the Josephson critical density and 

the difference between the phases of the two superconductors. 

Secondly, we have junctions in uhich the weok link is a 

superconductor which either is of very small cross section 

such as the Doyem bridge (Anderson and Dayem 1964·, Dayem and .. 
Wiegand ~967)~ or in vhich the o~dcr parameter in the link 

-is deppesscd by, for example, the proximity effect of a 

superimposed normal metal (notorys and Mcrcereau 1969). 

Finally \'le have a la1,ge numbe1, of junctions v:hich probably 

lie between the two extremes. These include point contacto 
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(Zlmmcr~on ond Silver 1966)r croG~ed oupcrconducting uiren 

( Zim:ner.-.wn ~nd Si 1 ver 196C), Bnd soldcr,;_nio bium devices 

(Clarke 195G). 

Experimcn t3lly, these syotc:ns have voriotHl propel• ties in ... 

com:11on. They vll cuatain a de supcrcu!n--ent up to a certain 

crl tical V[lluc above r;h ich the1•e occu1 .. s a transition to a 

finite volta~e r~gime. In this state, the supcrcurrent hns an 

ac co;npo·nent at the :rrcqucncy CJ given by (Josephson 1962~ 

1964,' 1965) 

(2) 

, 
where A,}A- is the total electrochc:nicol potentiul diffel'cncc 

SCl"OSS the junction. When the junctions BN~. excited by 

clectromaenetic radiation at frequency (~0 , oteps or spikes 

appear at -the r1mltiple voltages 1'\tvJ {'le, , cot"'responding 

to quantum proccas~a in ~hidh n phoions are absorbed or 

emitted and orie conden~ed priir crosses the junction. Structure 

a~ the submultiple voltages (' f\Vl { letr•· co1•responding to 

processes involving m pairs is also commonly observed. 

Junctions of oll types, provided they are sufficiently large, 

can contnin qusntizcd flux lines, the motion of v:hich modifies ,-

tbe shape of the current-voltage characteristic. 

Tho pu~poae of this pDper is to present a simple model 

of the SNS junction capable of dcscl•ibing 1 ts bcbavionr under 

a variety of' condition~:;. It seems lil::cly that Eomc of the 

ideas·muy be extended, at least qualitatively, to other types 

of junction ond uc shall attempt to indicate where this is 

ao. 

i 
' 
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. In f.:.c.:cti0n 2 r:c dcr3c:ribc tho cx[lcriln::nklJ. i··V 
!"· '· 

. clwl~octcl'isties 0~ the dif!'cl'C:-1 t typt;!:) or jua~tion;) In 

Sec~.ion 3 r!e pl'escnt om." moc1et for the S?iS juncti~ns~ end 

d1ccmss the im:;~rtant c..:ucotion of'. tile r:1ngaitudco ·of.' the 

internal imp>.:!donces o? the oc "Jnd de ~iOU~:>ce~., Section /.:. '-D 
conccPncd \:ii th th3 11 s:~wll" junction, that io, one 1~1 d1ich 

the si;.pm~cm,r.'cnt :rlo;·:s unif'oFmly acl'Orw the b:~rricl", in tho · 

~usc vhml the currerit flouo tvo~ o current source. ~o 

compute the fon-n of' the 1-v chDroote:ristic both with one.'\ 

without external rndintion~ An important fcatul'o or our 

argu~tc:nt is the \"1 tal Pole pl:Jycd by th~ Gource ir;l:i)Cjt.mccs in 

dctcr::1ining the chol"'actcr1 ot 1c SHS bei1nvioura'" In pnz•ticulot' 
, 

we nho-:1 that the otructurc ot the sub:nul tipl~ vel tar:co cdn 

be c.xplo :l.acc1 without modi fy1.ng Jot;cphson' s supcrcur:~.•ent 

relation (1) end without Dr>peal irig . to flu:-< florr" VJhica is 

npt a mcani.n~rul 11ution in· rmwll junc"'~1.onn. '£ho 1•esults arc 

extended to the cane of rini te eource impedance 1.n Dn : ... ppcndixo 

In ·section 5 we describe the "la1~ge" junct1o&1 in which ths 

curi'cn t flo~·r tends to be con:rined to the cdgco of' the bnr·t"iel''• . 
The otntic vortex atructure bolo~ the criticnl current nnd 

the modification of the i-v characteristic when the vorticcn 

a~e in motion ore described, Tho induced-step structure is 

· aloo discuosed. Section 6 is concei'ncd \"'ith the effect ·or 
noise on the steepness of the induced stepo. ~e rtnslly 

summariae our conclueionc in Dcction 7• 
Thio p~qK:l"' m::ay be co:nporcd \7! th th~ c~:n·l1cl"' popcr by 

\'Jcrthomcr ond Shopiro (1967) nh1ch prcfiente::l on3losuo co~putcr 

oolcnlotiono on o JoGCI>hnon junction. Our model io rather 
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oopccto of the lH•oblC::lo· 

·: . ..· . . 

Conference 0~1 th~ Science .. or Stl)Cl•conducti vi ty held at 

Stanfol'<l~ Cul5.fori:11o~ in Augnst 1969 ond \1111 D)penr in the 

conf'crcncc pl~occcdingno 

, . 

.. 

; . ",: :, ··.. -~' .. ; ; ; ; · .... ;,, .. · 
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o? tho jurwtion over r:i1i.cll r.;npcl'CuPr-cr,tn tend to flo:1 11 io 

(3) 

\1hoxao c.1 is the magnetic thicl=nccnt> cgual to the DU!:l of tho 
' 

bCrl~icr thiclmcos end the pcnctPu·tion depth::; of' the trio 

auperconducto?s, For an s~s junctlong the pcnutrotion dcptbG 

near thG contnct with the normnl metal ( uc Gcnn~:o 1966). 

If the june tion hno \'Jid th \'/1 ViO· call tlw junction ·" E?'!l[lll" 

\'lhCl'l ~~rw >> 1 , so that ttiO sup~rcurrcnt f'lm·; io 

uniform:;~ and "lnrgen \7hen , so that the 

eupercurrcnto ore screened out from tho ~nterior of th3 

junction, 

'ti 

junction f.iCC:r.1s to constnt or rln orcl.tnz:~rs tnn~clling 

churndteriotic vith a cupcvcurrcnt 'spike' ut zero voltage. 

a dincontinuity in voltogc as the junction mokco u 
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transi tio.n to a otablc rccirnlo An th3 current to t•cducccl. 

again, the transition bock to zero voltage rcci8e often occurs 

at a much lo~e~ currant (Arider~on and Rouell 1963). As ono 

would c;.::pcct th~ e;wct form of' the behaviour observed 

depends Cl"i ticolly upon the de irr:pede.nce o:r th8 current 

E>ourcc • 

. \7hcn mi crov.rnve c:.;:ci tati on is prcoent adcl1 t ionnl ott•uctut•e 
. . 

is obscPved on the chm'actel'i otic ot the MUl tipJ.e voJ. tages 

~~{:!,e., but not at nubxul t i:)le vo 1 k1r;es. It seems that 

the Gtructut>e consists funcl.:: aentolly of "spike G11 r;h ich ere 

obsCl"iTed os. such r/hcn the c1c cur:ren t source ha:.: lo71 impedance 

(Shapiro 1963) and as steps ':/hen it has high impedance 
, 

(Parker et al. 1969 for cxanplc). In all cases, the micro

wave odurce ~as probably effectively a voltage ~ourcc (see 

Section li)• 

The critical current or an SNS junction increases very 

rspidly as the temperature is loncr.ed. 'l'hus Ct given junction· 

may be very 11 smallli at o relatively high te:npe1'£ttur•e and very 

"large" at a lov;er tcrnpe1•oture thl'ough the dcpon<lt:nce of }"J 

upon jJ given in (3) $ In a s~nall junction, the dependence 

Of criti.::al Clll'!ICnt upon OpiJlied nl8Ef!1Ctic field in a 

Fr-aunh·:li'ct•-lilce pattern; the relation in a large junction is 

modified. Thcnc results stronGlY imply thot the relation 

j = jJ sin~ i~ applic~blc to the S!IS junction. (Clnl•lcc 1969). 

, .. 

. ' 
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Ol'a ·hCVCl" obse:cvcd either in the c;·:ci ted or in the t!r-excited 

chnracterlatics. An tl1e cct~rcnt in u umoll junction io 

incrcauc~ ~1rouch the critiuDl vulue, tho i-v charactcriotic 

pnrnllcl to this line but cuts t!1c cm."'rcnt uxlu. nt c value 

often much nea:rcr the Cl"'i t 1cJl cur-rent tt~:J>1 5). 

\~e shull e;ive en cxplonnt~.on of thio l 1 crmlt in Section 5o 

A mol"C dctniled occonnt of tl1cuo pt'OI)cx•tics 11111 be publiohcd 

shortly clse~hcre. , 

The Dayc8 bridge consicts of D superconductor of ve~y 

omol1 cross section bctvecn t~o bulk nuperconductors 

(Antler son ancl D:)ycm 1961-l, D:Jyern and. \Hccond 1967) ~ \'ii th ri :J in~ 

current the 1-v choractcrivtic tendo ra~1cr rapidly to a 

linear ehnrnctcriotic ~hich ogoin extrapolates t~.a finite 

curt\cnt at zero voltt,f::Co This io usunlly dcGci•ibed oG a flux-

flow t•cgirac. !.~icx\o~:wves usu!llly pl~oduce obundnnt hnr·::lonic 

and cublun .. monic stt•uctul~e. Hystcrcnta and nccotive rcDiotoncc · .. 
l"cc;1cns m.·~ not usuulJ.y obscrvca. It sppcal'G th!lt in all 

or the aA~ud icn both the ac nnd the de som•ccs hnt.l high 

impedance. 

,,, 
I 
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tv) l v.·•·,·.-j')·'·"'·l·"'·'tc 0.,-, .. -;-.,. .... , I. \ (, "·- .... ~ • \ I.... J ~ &..• lj I; \) _. ..•• .} -.............--AW-........ .J.••f"'•""-'---~- .{ ·- _..__ • .,.,. ... 

those or the tunnel junction cn1 Daycrn bridge. Their exact 

structure 1o not ~ell understood. 

types o? junJtion and m~k~ the d1ffcp~ntial rcGiotoncc of 

that tho ·atepu on t.u.nncl j:nwti ons ,.,~ t.h rectetn:;ccc. obovc 

0.1 ..0.. \7Ct>3 notice~1bly non•·Vertic[llt The effect \}flO even more , 

pronounccc1 in the cose of point coutnvtr-. · On the other handD 

one or us (Cl::n·I::e 1968) P rouuj thn t the ot$pP. on the 3HS 

junctiorm \·Jere exceedingly f;h~Jl"p, having n cliffo"cntiul 

1,cointonco of lcwo tlwn 2 x io-11 ~ J\. • 

Hoioe mny c1thc~ be gcnc~otcd ln t~c junction itself 

(for C7.a;nplc, Johnson noioe) or picl:ed up fl"'O:n extc,_~nal · 

~~urceo. Finnegan ct ol. (1969) hove reported that rnicr~~avc- · 

induced ctepu on tunnel ju~ct1ono or point ~ontnctn which 

have n finite slope when the cryostat is in the open 

lnboroutory eharp{;n up conoldcPebly r:hcn the cryontnt 1o 

mOved into o m:re~nea l'Oor.h Thuo 1. t ~;;ei710 probt:1blc that 

extcrn3l noioa dominutes the intcrnDl noisa for thcae junctiono 

unlcsu u~:).::.:ial pl•ucnutir.mn nPe t~11:en. In tho cnco o:f' tho ~r~·:s 

coupling t·J th c cxt0:rnnl \lol'lJ CJ:;-;t:. .. c~.-t~ly wcsk no tho·(; the 

noise slgnul pi~kcd U:> is nor·n:llly 1ns1~1f'icnnt. 

.... 

. I 

II' , 
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So for us r:e kno'.'l no 1:1icrocco:)ic thCQj.>y of the current 

flou in ori SNS juncti6n Dt finite vultocc exiutuo At zc~o 

do Gennco ( •1961t) actually pt•ecUc·~(!i.t n l'ClD tlon or·. thin t;>'pO 

for tbicl:. s:w junctionn i.n t.hc lj_mit v:;wpe tllc poil"" potcntiol 

A is s~n::.1llo /; t :Cini tc vol tnGc rw c;-:pGct exct tu tions to bo 

j~nctiono Ao tho chovgcs cvooo the junction cupcrcurr~nt 

much be converted to novmnl cu~rcnt end then bnck ogoin~ 

How. on ,-,hct,c this occups enJ ho::i thin proccun .of'fecto . 
c_qu~t ton ( 1) for· the oupcrcL~rrcn t c1:>b 1mport<1n"!: q ucsti ono 

which ric do not ott~:-:1pt to r:nr3:7crc \~·e oimply oosun1e th3t 

ror m.1f'ficiently o:!1all vol tanco v;c mny m•i to 

(4) 

where a is an effective conductance per unit area. Following Josephson, 

we"' are using a gauge in which the vector potential is parallel to the 

junction surface; divA is non-zero in general in this gauge. We are 

assuming that the presence of a small voltage does not appreciably modify 

the supercurrent term, and that the flow of excitations can be described by 

an approximately constant conductance. These assumptions may well 

be shown to be rather·crude approximations. They seem 
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more likely to be volid ovc~ o usorul vcngo of voltsgc in 

sonc1Ylich.cs \';lHn.,c trw normnl metal hns a rnthcr- s.nall 

interaction pnro~ctcr, GO thnt the excitations in 1t arc 

vtl'tuolly uo!~m:.ll oncl not 1 itcly to be much ofTcctcd by tho 

supcl'CUl'l'ont. In thnt cnse ri mich1~ be expected to bJ clor.:c 

to the Vtlluc CDlcuJ.atcd for the l:nO\"in. th1cknC£S of' bulk 

normnl metal; tho mcnaured rcaictcnacn or Pb-cu~?b junction3 

&t lorne currentG Drc in rcnoonuble aarcc3ent ~1th this 

iclca (Clurkc 1969). Our osoum?tionu o~c also in line ~ith 

Joccphnon'n microscopic cnlculotiQn for tunnel junctions" 

od[rai ttcii.ly u rather d iff'crcnt c~H3Cp nh ic:h govc the t•coul t 

, 

( 5) 

\'!here jJ(V) ia a co:npnz•nti vcly slo~"l function of V, G"8 (V) io 

zero ot V:=:Ot oncl <S"
11

(v) j_s the o:;~cunaPy tmmcllin~ 

conduct::mcc (rTosephr,on 1962). Our attitnrlJ to equation(!~) 

is thot it represents a oimplc Giodcl which corJt;.;ii1s enough 

of·thc real physico to give o rather oati~foct6ry account 

of the kno~n propertieD or SNS junctions. 

An importunt'qucstion is ho~ far equation (4) might be 

expected to DPt>lY to other systems. At first oicht. Jose~hcon' s 

mtcvoscop1c result (5) ou3gestn that (4) might provide n good 

model for tunnel junctions. The m:1in <lifficulty het•o 1o the 

foct thut trJC tnnnellin~ conuuct~·~~ce tJ 1;(V) to ~;1tronelY 

non-linear except clooe to the transition tcmpcratu~c. Since 

\1C tt-cut <1 os a constant 11e v~ould · CJ..'"})ect to fin1 only 

qualt tati vc Of!l"ec:nent in r;cncr•ol. A sccon:l d~.fficul ty in that 

tunnel jun~tiona huvc o lorec intcrn~l copocityg uhcrcao 

: ohornc otor•or;o in S~·W junct.ionp io uni:nport!)nt ot f';rcqnanc1co . 
--···---······.'. :. ~--•..•• · ·,. •...• !..- __ ·-·· .· ·--•...•.•• ·····------- ·····--· .•• . ' •• ..: ••• .;:_J,,.,_~-.:_ .. ____________ .. -·------~-----:..-~.-----...!..~----:~ .. --~-~ ___ . __ ... _:_. _____ ~-:-.. .:.: -·-·.·-~ ___ ::::~::~~-:_.<. ... .:..::...-. ... ________ ~ . .'~-----~---~-~.:..:._-~.:_.:.__.,.".; ____ ._: 
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belo\7 the pJ.n r;mu f'r-cgucncj,. o f.'or r;nnll tunnel junctionG the 

copocit;,' con be tl•cE..Jtcd on prn•t of the e~<tt::l~nnl cir(!ui.t 

(sec no~:t soct1on) s but for· lm."ge jnn:::tions it r:1:~lws 

tranomioa:i.on-lino modco por;ciblc (Jor::cl)h:Jon 19G6) \Jhich hovn 

no onalor;uc fol' sns jtElctionsc. 'fhc inclusion of cnrn1ci tc:nec 

effects in ou~ theory of lar3o junctions ls not o oimplc 

matterp ond we hnve not attemJted to cover it in thio paper~ 

\1c ace no J."canon to· expc:::t · c_quation (l~) to opply to the 

superconductlng bridge type of \?cal\: linlt. The stmihlPi t.y 

between the exci tecl i-v clwt,acterintico fol" supcl.,conJuct~.nz 

bi'idgcs ond thoao for ltn,se SiW jnncttons is pl"obobly c;:plninod 

by the foct thnt both coses involve flux-liuo notion onJ. its , 

eyncln .. cmicntion r1i th the flP.?licu field (/1nclcP30n 1967). 

llowcver the flu.x-11ncs in on SI1S or tunnel jun:.!t1on v.=hic;l oro 

dlscusncd in section 5 bclou arc Pathcr different in character 

fttom the ordin::n"y thin-film flux-lin~s { T 1nl>:hth 1 q G~ ) \Ihich . 
ore pvoouGnbly p~escnt in Dayem bricleco. 

Iri oudi tion to the cui•rcnt dcnci ty equation (!~) \iO oosumo. 

and ~~~X ( Joeeph son the usual. equations for . 
1965) 

·~ b~[~& ~ ;te.V; (6) 

"" G1 ~~·- . ~~1~, . 'If l A.--
... {7) 

Hero the z.ex1.s io normal to the barrier, the magnetic ~ield 

D is chor;cn to lie wholly parallel to the y oxio end the 

oyatcm io invariant in the y-dircction. Thio restriction to 

a two~dimcnoional cnoe lo for convenience; there is no opcciol 

pt'oblcm:' in tl'euting a moro gcnel~al junction if t•cquirt!d. 
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In calculoting the i-v clwt•nctc:r•istic for the excited 

junct~.on (in \'lh ich \"IC hope to find constnnt Vol tnge stepo) 

1 t is important to consiucr cm•cfully t:,e source h1pcuonccs 

for both the uc ~tnd . tho nc in~ut. 'the tradi tionol appronch 

is to assume o small oourcc tm:)cdni1CO corrccpond:tnG to a 

vol toge oource. If 'this hoo the f'or-m V 
0 

.;.V 
1 
C;on(t~t) 

corl~esponding to a combined de end uc input, then for a small 

. junction tJc have, uoing(6) 

~g ae j[v,,f v1 C(/> {vJ~)] t1t -.~ 
, 

</J0 + ltt41 b + U!JJ/w) 8U\ {ta]J (8) -. 

W 
J~ ·J-

whe:re 
0 

and W 1 are 2eV 
0
/il ond 2eV 1td. For our model the 

current density equotion (4) then gives 

The supercurrent term is phase modulated and has sidebands at 

frequencies W
0 

± n(..J of' a:npli tude An :: jJ Jn{W1 A~) \1here Jn 

1~ the Bessel function of order n. In genernl it consists of 

oocillatine terms, but when C1J
0 

:!: nW in zero there is a de . ., 

contribution whose magnitude depends on the value of ~0 
bu.t lies in the range !~ 'l'he 1ucal charncteristic therefore .. n. 

consipts of the nor~nl characteristic ~ith a cerico of super-

current 'npS. kca' sup cric11)0 sccl ot the multiple vol tngcs 

nv"' ::: nhc-.'/2c. Thic corrCCi)Onclu to \lllflt is obocrvcd fOl" 

•• :o;J,:., . ' '' •• ;·, 'r'• 
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tunnel jUi1cti on8. · \le note in IHl Gting that; the absence of 
.v 

structu1'e nt the subntul tiplc vol t::1aes nV /m in th:l. 8 case of 

low ·riou~ce impcdoncc is connected uith the for~ 6f the 

Joccphson supcrcurl'cnt x•clrl'tfon.. If the term sin p rter·e 

replaced by any othe:r.1 pcX'iodic function of ¢ ,_t io easy to 

ace that vt1~J). -~:i.onal 'Si)il~cs' \:oulc1 appear 'ot the oubmul tiple 

vol tngcs. 

In SUS junctionn otructm•c Dpp~;nrn ot both the multiple 

and the oubmultiple volt~ges, and it appenrs to conoist of 

ideol const·~nt voltaf)O steps x•othel' thGn spikes uith no 

negat ivc reo istancc regions. l.!or•c over in large june ttons thcl,e 

seems to be pm•t of the de supcrcurrent r!hich peroists up to 
" 

lal'\ee voltages. \'/e believe thnt all these differences from 

the tunnel junction behaviour oPe due essentially to the fact 

that the ac source has n relatively high intcr•nal impedance. 

Ao we shall cho~, use of a current sdurce ot the ·.leads 

to a otril::inz:;ly different s·et of equations which do indeed 

predict behaviour of' the cort obncrved. It in thePc:rorc 

important to examine· the e.xp.er ir;jen tal para:netcr s of typicol 

weak links set out in table 1. One must remember that by 

varying the geometry and the temperature· it is possible to 

make any type of rreak link uith Euch a wide variety of critical 

pDramcters that no one exanple cnn really be treated as 

typical. In the table ~e have rather arbitrarily chonen 

values cor1•csponding to experimcnto r1i th ribich r:e ElPC familiar. 

\".-bethel' our nl'gumen ts apply in other cases the reader• rnu9"t 

ju~ac ~or himself. The figures for the reactance of the 

supcrcurl"cnt m•c o ~pro:d.mnte cmd were obta-i ned by till o1•de1'\ 

of mnr,ni tude calculation in the follo·:Iinz v1a.y. Dif:Lerentio tinG 
·.\j 
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( 1 0) 

Por cmall signnls.th1o rcltition is like that for an inductDnce 

i of magni. tude d"l/2aiJcos p) r r:hich h~r:J o rcnctance of o:r:•dc~ 
r:c unsur.lc thnt thin v~.1luc 1o 

unr.lel' gcnCl:1 0l cond 1 tionoo 

In conGidcP1ng iha oource impcCances fc~ the vo~iouo 

o:xpcri r::~nto r:c first note that the to tnl tntcPIWl ir:ipcdwlc·o 

or tho SiiJ junction is very lo;·;, or the ordel' of' 10-~ • 
, 

The cc nouPco flt the f1•cqucncy of' 1 mrz was ~n ol~dilWl .. Y ne::trmrk 

ot wi~dn and clcct~onic com)oncnts whose intErnal im~cdoncc 

is cdrtcinly very ~uch greater; ne con soreJ~ btcume thot 

on tha ot.hcl' lwnd, the iupcdancc to c:n~rent f'lO'."/ DCi .. o~>o the 

junct~.cm ts of' order 0.1 Jt. or more. In pu!'nllcJ. w1 th thin . 

impednnce 1 s the self-cop Dei to nee of the ju11ct ion, nh j.ch 1o 

of ol,d(:t" 10 nP£~ \'lith an impedance of' only Oo·16rJJl. at 1o11 Hz. 

So foJ? oo the real cux•rcnt flow ac1.•oos the junction is 

conccr'11Cd 1 thi.r; i'1:>ecloncc io in parallel r:1 th the oonrcco 

~'he effective onurrce impzdance in therefore r::uch ler;s than 

the. junction lmp~aonce; uc have an effective ac volt8GC 

ootu:•cc. The D!lyCitl br1duc h:Jo a curr•e:1t f'loi·/ impcdonco o:f 

about 1 OmJt., ond nog11g10lc oclf-copoci t~'· It io cliff•icult 

to estimate the uppol'cnt internal 1mpcdnncc or the otructuPe 

.·_delivering the r,:,icrmveveo to the bridce, but 1 t in unl H:ely 

•. ,. ... l ,,_; .. t,_..,. .··.~ .·, • .• ~' •• ."•. ,:. 
.. ·,·.::; 

,., I 

I 

I 
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ac cur·r-~mt s.Jnrcco 'l~1ese conclu:-jions m•c of' .cour·cs only vr1lid 

for t.h~ rtn"Olt.lcL~lsr cnr..:eo co1~::~h1C:!'Gd~ By chonr;lnrr tho 

p.!ll.1D~.wtcPn, ei:;r,eciolly th~ frequency, they could be sub

atantiolly mJcHficd f'ot.• the tui11W1 jmv..:tion <:.nJ tho Drtyc:n 

bridge; it sce~o olm~st iD?ocs1b1ri to constru~t en oc 

voltneo oourcc for on [;iTS jnnctton ho·.·:cvcro In· trw theol'J 

that follc:HJ riC Cilo11 l:HJSU!i18 thrit UC h•:AVG on OC Cl!Pl'C11t 

oom•cc unlcnr.; ony other' c:itu:Jtion is G;JccifioJ c:::rJlicitl:;o 

, 

.. 
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(1) ·' rJ..~~..,~, nl ~ ... "o J·',ol·~,·~·.fon .... . ,. ·.-~ .) • 0 J.. ., • ~ ..• « • v •. .. .. _ _. ......,~·-··-··· -·-.. -.. ~- .. -~ ........ ~-·-

\1c fi.Pnt conG1dcr the. c::Joc o:f' nn mm junction o? 

. dimcnniorw conuldct"obly lc~m. tlwn the Joseph non pcn(JtrntiD .• 1 

U(~pth 0 co thot · the current dcnsi ty cen be tt:~1-::cn a a unifol'iJ~ 

Thio limit io rothe~ hord to ~each in p~octice except very 

clooo to 'l' \1hCl"O the vol tories und cu1 .. rcnto invol vccl or•c c 
\'Ct1 Y o•·.1~:1ll" but the mcn1cl r.:ho~7o so:Y!e intcr·csting bchoviou::. ... 

oectio11 5a 

(li') becomes 

PoP on in;;mt Ci.:r~:'l"cnt deni:•it.y of the form j + 
0 

(11) 

ua 1ng ( 6). Re-orrnnai.ng in d1monoionle ss fot•m vie hove 

( 12) 

iiberc u in ttHo The A variables are rcloted to the j variebleo 

thronr;il the x•clution A ::: ~!/j," fihm:•c jw in GVv.J · , the 

rLOl'iMlJ. ctU,l"Cmt density COT.'i"'c~pon::l 1 .. nr; to the vol t9;,;c of the 
./:.. 

1"und£1:n{':r~t.nl ntep VUJ ~ t\£,~.) /2e. It 1o thin diffcrcnttr.l 

. egust'5.on for {> r;h 1ci1 rcpl:.:ccn { 9) \':hen the emu• co '.r:1pcdr.nce 

1s hiGho !: The quanti t~r d 1 /t.1.u in the ,.nDtnntnncoun voltnr:o 

n A Gll)C~.,ficinJ.l~· o1m1l:.:n• CcjUOt1.on obt:Jin~d by Stcpllc"Ll 1o 
()isc~unecd in the r.:)f'Cil~'llx.. 
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in l.,ct..1u'Jcd uni tn 11 V/'l()) ~ It 11:1::.~ b',:.~.h oscilJ.nv~-i13 D:rd de 
-. 

povtoe Ir (12) con be rolvcd to rind tb~ t~8j0ctory or ths 

oysto:n i.n tho ~J(J., pl::mcv tho de voltnne uill be tr13 lon~-
1.1rmgc r:<•)D11 oJ.opo of tlJ-is tPo~8ctol'Y~ c.1Q /d~ 

In tho nbGan6c or excitation (AA ~ 0) cq~ntion (12) h8D 
• 

Onnl vt i'· n c•l uti v"' 'l"' ( H"CU''lb'·'" 1 O'"v· 3· .""nd. , <>1 -::~., .-, <?Q'J lJ'"''r>~r l.l.~"l • ..., ...., . ·- • l.:;t •·•"-' ~.. '--'" .~, I ;, . ~ . fr...1,.. ,l·~ ~ ~·•u. · ... a""' i ......... L• • 

voltosc hao the simple ~orm 

, 
. 1 . '2. (, )1 Jo ~ Jr + l()V ' ( 13) 

~·bo colution3 con be undtn"otood ao rollo~·:z., FOl" CIJ.Pl'C:nt 

densities lens than jJ thers ore tim~-indapchJcnt colutlons 
I 

of tho i'orm nin </J = j 0/jJ. Since ~- ~o zcPo, these lwvc ~::cro 

voltnc;c rmd rcpl,coen t points on the ?.cro vol t2gc atop ( cu::;c 1 

111 f'le .. 1).. FoP lorect1 cul,l'cnto~ ¢ in~:n~.)ntHJfl \lith ticc, but 

lt doco not do so uni~or~ly oo it vould hoyc done with a· 

voltn3o source; the syntcm octunlly cpends m~ro time in the 

.. 
condition. This mcanp th~t a de ou1,crcurrcnt co~)oncnt pcrsintc 

.at finite voltnscs, cnJ only d1on~pcaro grndu8lly DG the 

cul'l'cn·~ risen (csscs 2!' 3 ond 1~). 'I'he nc cu;~crcm:rcnt r.Jll 

include G':;:::l)onsnts not o:1ly ut tho Joonplwon l'roquency 2oV;{iP 

but oleo nt v11.1 to lw!':·,loilico. 'l1hin hnt•mon~.c contcn1i wtll 

j; 
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.- ~,o unr:1erst~md the oolu ·tim'lo or ( i 2) ni th A
1 

non-zero ..,-;c 

not. ice tlwt c1.~/uu ha~ (I conn·~ant par·i; A
0 

snd o pEn .. t \/i th 

lattice pcPio~lici ty in the ~ 11 u plnneo \'ie EUCSO tb:Jt f.m 

Ol1httroary trnjoctol,Y ~ {u) \'Jill ssmplc the plano f'oil1 1Y 

unif.'ot'i7lly oo thnt the periodic pm:•t or c:'J~/du will ovcrugc 

'&f/du will be clo.cc to /.,0 o In r;cnm:'al tc11.~1 in tru.c, but 

when the J.ong-tc:l1m olopo 1 s clone to a rat ionr.1l nttmbor 11/1!'!=' 

the tPnjcctoi'~' has o tendency to lock on to the latM .. ce, so 

that the lonG term slope (~md hence the Yol tagc) r'emoinG 

lO:!l:cd at n/m for a fin1. tc ronco o? values of' A
0 

( ol" do 

current). ~liB mechanism con p~oduce sub-multiple oo well. 

os multir,le vol tuge otepo. The meclloair.;~n of "'Ghe loc1:ing ie 

most cimply illuotrotec1 by conE:1.del~ing tho f'undomcntsJ. otep 

for the special coso A1 c AJ. Sche.natic contours of the 

·periodic pnrt of' d¢;au ore oho\m in f'tg~ 2. It' is clecn-a 

that o trajectory stnrt1ng ot tho origin u1th A
0 

~ 1 ulll 

be a stl"~aight line as ohown (AA). There v;ill also be» for 

some value of A
0

, a trbjcctory such as CCg with th~ same lone~ 

to~m slo~c oa AA 9 but passing clone to the regions of maximum 

ond minl~~m slope. This trojGcto~y will clearly oscillate ... 
in tho mnnner r;ho~vn. The fact thnt 1 t doer, so loads to an 

· impor·tant l'(H.:;nl t: ""'\·"' tl~"··c,...t,...'l.'"/ <:"n""·-.·'~t:"O ,.,o,~n ~"···1"" (c··d·,.,~,~ .. ld~~.. .. ~.-ll ,v -~- ._·, '":;._ ~1.\\.Lt:.J 14., . .L '-• -'-'}.,,....., .·~· ... ~vi- u .,._,.._._,..,..,...,._.. """--.u ____ _. ___ ______ .., ____ .... __ ... _____ _._,.,. 

tmlees /1
0 

iB il1Cl"C8LJGd to CC~!'iZJCnE;DtiC this cf'fcc~t. f.io tt 

both t1•ajcctm~1cs OPe t:> huve tho some mean olopc (vol tDgc) 
. 

they must have different values or A
0 

(current), ond 
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trrijectbricn cuohaa. B~: ena arcuter or u~allc~ cnr~cnto 

•' 
~o bsvc co~~utcd uolutions of (12) for a ~ide ronco of 

~aluco of A1 ond AJ; t~o or the i-v ch3rnotcricticn obtained 

ave oho~n in fig. 3. The follo~ing g~neral ~ulos necm to 

rip ply to the Po nul ts a~d tire ot lennt quol1 tut ivc1y 
, 

conaiutent vith the kno~ti oboervutions on SNS junctions 

(Clorte~ to be publiohcd). Vhc~c the rule boo on cnnlytic 

booio ue indicate the ?net. 

1. It con be proved that the de voltncc is o 

monot~ntcnll.y-tncl~euoing continuoua function or tlw cur:-cntp 

oo tlwt thm:•e ta•c no ncgnti vo rcnir.tnncc PC[~i.ono or f'ini tc 

hoDevcr, that negative rcsiotunco rcglonn vill o~pea~ if .the 

oc oource i~pc~uncc bcco~es finite. 

2. Vcrticol current steps op,e~r ot rotioncl voltszco 

V/l!l;l ::: n/mo Since thcr'C ir: no l'i30Gon to cx,cct tlnt 

trajectories ctDrtinz nt dif'f'crcnt po~.nta in the uni. t cell 

ochicve:1 n Gi vcn rntionnl olopc for. the 03;TI3 v:Jluc of A0 , 

1t ncc::w 11.Lcly th~t t!1c1•c 1o a finite cur:t'cnt ctcp :ror• 

eV{':£.~1. l"~tion~l vol t8~c, tllou~h of course tho bull-:: cf tho 
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3• Fm .... vc:ry c:;wll li.J tt cc'.l be c:·1o~·:11 tht.t ti1~~ Gtcpu rl"~ 

the multiple voltncco V/V't<J :: n hnve a:1plituuc 2\i \~::i 1(A 1 ) \ 

Where Jl
1
(;.:) in t~lC BDG~J01 ftmctic:n of Ol'dCP no ij.'bl10 DB the 

oxci t8tion io :a.•niocd fl. ... o.n o lo~-; v.:.luo thcc.b otcpn :l:i.:t•st huvo 

am;_)li ttH1cr:~ 1>/:>0pol."ticmnl to A
1 
n /n! , b~1 t t:hcn A

1 
l'cochco n 

fol") ~l' r;ivcn r;tcp, the otop c::1~llitu~ic \7ill bccin to or~c111atc 9 

and to rnll ofi' ngnino VCl'Y ctmil~r· bch~viour io ocen tn 

tho cor:1:1nt.at:i.on fol' c~~.'lpai"[lti vcly V:.~i.•gc V3lucs of "-J• Fol' 

very ·ct~onG excitation, oll ntcpcp even tho zcro-orJcr Dtcp~ 

1-~· 'J.'he otcps at the sub..;,:ml ti!1lo volt~lt;:cn V.:: nv,.., /m 

aro nlrJDys f.;r.~llc:r:s than the ncic;hboUl"ing multiple vol t~tge stepn , 

ond thei 1a ci ~c f'olln off' r~pidly \'11th mo Arguing fl?o:n the 

fnct that the hcpm~ution in ~ bct·:·:c.cn equivalent trnjcctor:i.c3 

in th~ u 11 <P plene io of o>~dcr 1/n11 it con be nwde plmw:tulc 

thnt• tho utcp hcicht fnlln of"I: oliahtly: fastml th~:n 1/c12 

fo!, lorzc m in general~ with t.he exception that otcps closo 

to a otrone otcp or lo~er order uill tcrid to be G~pprc~obd. 

R~memhcPing that thcl'C io cx;>cctcd to be o f'ini tc et.ep f'or 

every I'ationol numbeP ond that the density of' Pattonnl n•.Hnb::;rs 

w1 th dcnomina~t~ors· in the :r~nse A11 io ~ A:-:1 for la~gc m, \:e 

conjectm .. c that f'or nny f'in1 te cxc1 tat ion the cur•vc conoiotD 

c'htirely or otcpo. As the cxcitntion incr•cn::wo \/C our}pone 

thot each otcp incrcasco in oizc until it ln eventually ~ 

overrun by a otrone otcp or lo~cP order» ortcr uhich it shrin~s. 

BoyonJ the point diccuoscd nbove ut ;~·hich the h9l?.:mnic (;t~pD 

be~1n to doc~cose in p1~c ~c DU?POGC that this proccos io 

revel'GCd until at vei'y stron~ c;:cit~t1on the cur-..·0 cvn3istn 

cntivoly or llnitin3ly o~3ll otcpo. ~o hove no proor of 
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thee~ 

mul tiplc stenso .. . 

oub:nult:i.plc steps bclo\7 the "fund~:{lentnl (V ::: V t~J /::t) Cl1 0 of 

or•det• ''~I nnrl all other step::; ore of lo\/CL~ orldcl~ in 1\1• 

The sub-multiple step omp11toJca in th1o limit oro co~pl1cntc1 
'l. 

functions or 1\,J' but fnll off roucrhly eo 1/m.:~ 'iii th the o:t~del1 

of the etct>o lt to clcut"• thpt the hiJh-ol,dC:ll.' (:ub-r;l:.ll ttpJ.e 

otcpo oro never really eocy to Deco 

'l'hc olJovc l'ctml t3 rJCj;•e obtu1nsl1 fm . ., in:rin:1 tie uo ooLu'cc 

imiledUtlCCo 'l'he effect Of 0 fi.n 1 te GOUl'CO impE:d:.mcc \7h 1.ch 

may prove to be relevant to tunnel junct!ono ot low 

tregucncico 1o diocu~Dcd 1n the Appendix. The efrcot of 

noise on the oolu t'.ons of cgun tlon ( 12) io di ~JCL~::;nc1 i.n 

occt.ion Go The co:npnrioon. oi' thcoP~' f1nd c:QCl."'i~cnt io 

deferred to the next oection • 

.. 
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In the lat"gc ·junction \'JC cnn no lonc;c1., us :;u:·;'l\1 thn t tho 

Cloctl•fc Om.1 mat;netic ficld:J nnd the plwr;o dif'i'C'l?C!1:JC r Ol,O 

the tw~1a ot Elll points in the jm1ctto}l• If \'i8 usc b~!pcn~e' o 

t'ulo ~ H/ ~ x = j we find fl.'O'il equat5.ono (h) fl ( 6) cm:1 (7) 

that 

(·~{ :l~v-t~) ~ ~~ ~,,~- := j r ~~' o/ ·:- oV 

or ']\2- ~·~ {he-1- = ~.~ + {1{tu.~ J ~tf/~6 
, 

whcx>o Ws 1.s the f"rcgu chcy aor:o~in ted with jJ~> g1 vcn by 

t~f: c~j S I(( • In the on~c vcducca unitn on ~ere used in 

ccction 3; thie Lecomcs 

(15) 

whel"'e X is x/ ~Jo 

T"no crrc:ct of the external nourccs io to dctcl..,miric the 

boun1m.~y cowli tions at the edcc or the filmD. os in Dny 

c1 tue tion r.;hCl'C conduction tcndfJ to be concentrntcd in o otin 

region~> ond uo choul~ strictly opcnking t~lk or sourccn or 

than voltu~c o~ current ~ourccs, Soying thct the junction 

hos o dcftni tc vol toc;c 'GICllO~B 1 t'. r.1~nnn thnt the f'icld ot 

the cuec, [i7id hence ~ 4 (ob ot the co cc, tDteo a del' in 1.te 

vnlue, S1rnilul•lyp opecifyin~ the current c~u·i•icJ by tho 

• 

·i 
.~. I 
J," 

i 

I 
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junction ~nd the field in ~hich it 1s placed is equivalent 

to specifyin3 the m4enetic field and hence ~¢ f'b; · at the 

edges. Fo~ a symmetrical junction in zero applied magnetic 

field the nwgnetic fields due to the cur1 .. ent will be equal 

and opponi"tic at the tr1o edges, and using Ampere's 1•ulc uho':HJ 

that 2H - Wj whe,Jro ~ iG the current injected expressed .. · edge ~· " -

as ti moon current dcnsitys and W is the width o? the junction, 

Uoiriu (7) we hove 1n reduced unito 

( 16) 

Since ·~ (x) is symmetric under these conditions we also hove 
, 

(17) 

at the centre or the junction. In a junction in sn applied 

field col ... l~ying zero current, on the other hand, q5 (::>:) 1n 

anti oymmetric, and ( ~~~~X ) is equal to H/ {>t.JjJ) \'lhile 

ifJ_ = 0 at the centre of the junction• One should note in 

passing that it is, not particul<3l .. ly eat;y to mDl:e pel~f'ectly 

symmetrical junctions ond it is known that changes in the lend 

6onfieuratiorts or the current balnnce between paired leads 

can Pl'Oduc;c dramatic chnnzes in the i-v cboracterinticss 

pal"ticul~rly when the sc ancl de fields have diff'erm1t 

syitl:netl~ico (Clarke to be published). \1e also notice that for 

C'1Hlll junctiono ¥/G cnn ucc the t~·Jo concU tiono ( 16) 

...._,_;.,/~>'1 to find vn oppl"oxima te c.xpl'esoion for 01-', 

rmc1 ( 17) 

• • 
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Using (15) ve recover the aMall junction equutian (12)$ 

Jj.t) T~nc in~cnendcnt ~olutionh 
. :---·---__.....--,.~---·· .. ···---.. -,_ 

When ~ is independent of tit:w equation ( 1h) becomes 

( 19) 

Thio c~riation also applies to tunnel junctions and has been 

tl:1orouchly lnveotigatcd (Pct>rell and Pl'l.mge, 1963, JoGCl)hson~ 

1965, J,ebwohl oml Stephen 1967 ond O;~·en ond Scal1Jpinos; 1967). 

Some of the solutions ore illuotroted in firi. 4. For small 

surface fieldo there is a solution in which the supercurrcnt 

flono near the eoges of the junction~ and the field is 

f.lC:reencd from the interior \~Ti th penetration depth ~J. If' 

H at the BUl'face exceeds 2 ~JjtT' the phase at the rmrfnce 

will exceed 1\ , the solution nill bee orne unst~ble, ond o 

series of .f:lll.?.:.:-J..;~~ r1ill enter' the junction. An ioolatcd 

stotionory flux-line ir; the solution 

( 20) 

It iG a rcgton in r:hi ch ¢ chanpes ·.f1.•om 21[ n to 21f(n _t 1) 

and it conklins c.xectly o:1e qu:m tur.1 of fJ.UXp ~:; {'\{ 2e .. 
If the cpcciman io strongly rno~1ctiacd th~ro ~ill be a D0vico 

of cguully cpaced flux lines in the interior (fig. 4). Ench 

flux line otill con t~nino flux (6 , . but the flux c.1cno1 ty in ....... . _, 0 
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nc..:-; mor·c uni.f'o:.:'L?., ~.'ilc fo1.~,1 or the to1ut1on ~.r.; i'ixcd b;:,· 

fixinG the f'lu.J.: ct~nnit~·P anJ the solution at ~l [:1vc~'l f'lU)·: 

),.,_.,.,.,.._. nnc1 ( ~~/!~ 
, .• 1\..J.a 

w her c ( 

extcrnsl field fo~ thc~~odynomic cgu1librlu~ lies within thio 

ourfacc barrier leeds to hyctcPcsiu in m3~l~tio~tion 

The otnt1.c eoluticmo fo:r> thG lo:. .. ge junction nho·:; that the 

begin to enter the junction. The spscial intcPcst of o~uotion 

(1-5} io thnt it io nn explfc~.t c.lyn:.:•.11.c eqnotion dcnc:.;Jibing 

the f'l,u:.:-f'lo;·; l'C gtme \'/h ich 1 o boJ~h Fcnli st ic end o oluh1 eQ · 

ao:neth2.ng ;;h~.ch h:1s proved hnrd to find in th-:J mach r.'i:Jro 

complex oituntion of ty!IO II ouporconc1t1ctoro~ ItS o help in 

undevst~nJin~ its oolutionG it nlll bo useful to bear in 

.mlnJ oo~o cenorcl ideos concerning ~lux-flowo Dh8t vo hove 

(G) tiwt the mc.:m vol t1)~C ncro[l.a tl1c junction ot ony polnt 

1o vf" \JhCl'O y io the nu::1'ueP of flu~~ lines pnB8inz 

per second owi ~ is tho flnx qunn h!m /, /2c; thio in 
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trus· lHY./CV[::t~ cloc:cly t:w l).;·1sc r:::.~~ :1~~l:cd$ nnJ chc/,.!O t:1Dt 
J· 

thcPC ir; 0 ucfL1 i tc fluz-i'lr;·a fl:'G(1UC:i1CY Ot':lSOd.;::t;s(t Hi th L~1:J 

thot it i c:• •;J \7bol1y macnctic in O:l'ir;ino Thin i•· ~· lJ us~r·uJ. idea 

130 lon3_ f.l[j tho lines ore \·.·ell cpuec(1& \';hen they Ctl1~ close 

supercu~reut boco~co zero ond tho junction iz crrcativcly 

i'ield tn c.ny nor'r:ltll w1~.-.o ca~'l'yinG o curr::mto 'l~o thir:l~ of it 

ea ecncl?:.!ted by the 'flu:-; r.:otion' i.B nnt cspcc:tnlly iH:lpfnl~ 

dl~ivins :rot·cco ooting on thcr:1 end by the dnmp:Lng o.r their 
, 

ecnerntcd by thcil~ in tcr•n:~l elect:!:'i o f'i elc1 sQ In ordcP to 

Pl"o::luco rJ.tn>-f1o>i it io nccesnrit'~' to oct up o gl't~dicnt of' 

field flux lineo of the rJ ~1 r:~ ·:'? ---

occor•U.in,:s to cc.1untion (21) ic l'<Hl<:lK'de nut if the jt~nction is· 

ct.r:t~y1.1JC n dc1 cn:rrcnt 1• flu:-: JJ.nr.o of' ~!?.,~(}~lis r.5.[n enter the 

junct tcm fro:11 tl'l c cc1c.;eG and flo~·, to·::~1l'un the e en trc \:i:.cr~ 

they mm ihiJ.ntc cnch otbett~ In this c£wc o <.1;·n~::i11C 

e(u 'li' •. ,.'l''l o"' ~)c·•~ . .., .... , .. l.•t .('l1t'"" f1o 1·' -is J .J. ... ,l.J. J. ... .1. L . ,_,;,,.ld._. J. ·- ·'"• ...... . 

,.... 
discur;r:-;r~cl above" tllerc r;1ll then be o de: vol tngc \Jlo 
the r:;o:n~ fo1• o11 points ,_n the jtm(;tiono 

.,.. 

I i 
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r:o hove not founJ any nn3lyt5.c~ll uol•Jtin!1'J :J:'o::? cqunt5.oi1 

( 1 :-.). i.n -!·\10 flu-:r~-r>lo·-:• 1'"'···i···'·"' I·c.· ,. "" t'l'"'l'''f'o·"'(' ')O).•+·: ctJ., .... 1.1 v -' V. •• · -. tl .. "-"' (..1 u.&....., 0 J .. U to \.r "-' .... .J l U •;- i ·_.,. '"-• • -•.., 

:_ . . . ,. 

uoaf~l to not8 that th6 G3~c equntiJn in ob2y~J by a dsnsc 

in D Very Vb.>COUG · liqiJ i-:1o ':fhe 31l[';lC Of ti1e 'f!C'l'ii.1UJ.ur:1 to tho 

domn1r.n:•d vcrticul· is ¢ ., ~- ts anzulm~ V8loci ty eorz'c:E;)onclo 

to the voltage acrom3 the junction, 1 to projcc.tion oin ¢ 
on the horizontal CQrrcoDonds to the Joscphoon current · 

derwi ty 9 tho tr1i st Mf(~~ reprc:sen ts the r.wr;ncti c f'1cJ.d, 

ond ito dcl'iVative a'-1/~x,t.. t'CPI'0fJent~ th~ t:.>tDl CUl''l•(,;nt 

"~ ' 

. dcnc:i ty .. ·• i"lc huvc conntl:•uctcd euch o r::oc1el., ?hotOGl'Dl)h8 

, 

the pl?occeo oi' flux-line onnihilntion nt the ccntx•c: of the 

junction.choula be notcdo 

~iv.'.- IJ.'h~ u~1:::;:~j.tet1. i-v chr:ractcd.cti~ AJ...:~_J.L ....... ,._.::;_.,. .. _ .. _______ -----------
.. ~~~ 

~'I.e ore pm,ticnlarly interest~u in the lo:t-fl...,cqucncy 1-v 

cbaraotcristico or large junctiono in the flux-flo~ rczimco 

In order to see ~hot our theory prcdicto, ue hnvo nolvc~:(15) 
----------------~-_ .. _ ___,_ 

~ Ho~c pr~cio~J.y tha bnlnnce or couplc8 octing on GDY pendulum 
is given by 

.. · s q ~- 1~ I~,,:._ = ii\g.c .fi" ~ ., e ~ f (J·6, 
\"JbOl"G S IJ1.o tho p(';ndu1u-;1 _ne·~,nrn tion~ 9' :i.n ·U·1c to:::'oion conot:_int, 
m ~·J ••11·1 .e ,., tlln "'""'"V' "·"'"•Q'1f1J -·-l")lC '-'11'1 e. ~ r , •• ,..• ~'''0"~"> ;;._) ~ '-' ~ J.. o,.) - ~_;, .1.- r:~ : \,: (..J U ,._ L ~.... • \,.; ...) d i Sf • .;.;. .... • ...,. ;J ( 4 • \' J .. •~' ·...., 1..~ D 

d:.i::t[)in~~ f'uctol.~., lnel1 'tl3 io ic;noi•cu. '.i'nc eo:r.~r'CS)or!Gin~~ 
rrnnlo:~nc f'or ,1o~~cr>:Jr.c>n jun:::tio!IS v:nn rDtcc1 1.1<~1c;::>cn·::c:r:tl~' 
})y Sc:0t~. Clnd «John:.:;on (1~G9), :Ct tw::; em h!Cl'tio t~;:.-.l 
co:i.'~lc;:::j·:>;1Girl(5 to the eclf ca?~H!ity (nr;t. !Jl'c~·;cilt fn:~ Sl13 
jL!nc~;ions) ~ but no cls~:l)in::; tcr,-.,, ond tilOl'cro!"C docs not 
describe flux•flov vsry rcoli~ticolly. 
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cu1•rcnt c.:n~di "~ionc; the l'Ctulting 1 .. v dun:c.ctcrlott.cc ~n·c 

I 

ohoun S.n f':!.zo s. ~~he raost int;c~ccting fc::~tnrc of' the l'ermlts 

iG thnt for ValueS of ~7/'A.. J g4~cntcr then E'bout 1~ fJ'JITIC-! de 

supc~cur~c~t neroicto uo to lorrrc volta~cs: foP ln~aG .. . .. . ~ - , -
thtclcncr-35CS the pcrcd.stcnt port in nbout hnlf' the; Cl"•iticol 

of·pos1tion ~hich murit be integrated to rind tho total 

· cur•Pcnt. At the centx•e of' the junct1.on tho fltn: lin(;;r:; fi!iC 

Ylidely scpnl;utcd and moving l'ri:1te In thcco cix>cu:-;:stonccs the 

pcl"'iodic nnn1h1lnt1on or cqn~jl tmd opposito flui:-lineo is o 

rapid proces3 \'lhich occupiea n rntbcr s:noll f't~nn"cion of the 

total tir.w; most or the tir:to .,,e may picture the i'lux ... line 

nc~n·est the centl,e as an olmost 1solatctl t.:o:n~lcte :rlu:\-line 

movin~ rapidly in~a~Jo. If we tcke ouch a oltunt1on ond 

the 1ntecr31 nill oncillatc once ~s 0e pass each ~lux line. 

Ho\'!eveP, us v:e nca1 .. the edge oJ: the junction the flu:~-J.:i.no . 
n~acing dccrcohes; for a wid6 junction caPrying n larac 

current it uill bcco~c very c~ull. ~h1ri h6B the effect of 

vary nmall VDluc. As often happens ~hen en 1nt6cra1 

oscillotcs 1:i th dcc1·~nnl ng mnpl '-tude, the lim1 tin.:; vnluc is .. ; 

equal to holr the init1cl oscillction. ~he initlel oocillution 

line, which ia the C8XG as the critical current. Thus the 

po~ciotont ~upercurrcnt iG cbout bclf the critical current. 

This l"coiuGo in roct pcr•c1oto until the ClH'rcnt c1cnn1ty in 

r ... .. ... ,. __ .·, -~ • A'~ t "·r . /. j.; .. . 



I 
I 

.. 

oo hir,h t!wt tbc i'in:JJ. flux li.n~ is i'.;.:;;clf app:t'(..Ciubly 

junction:;.:o 

The co~p~rioon of thccc prcd5.ction3 with v~pcr1~3nt is 

CC~1fUSC::l b~· the !'oct that the only o;-:pf:r'h:1C1tG1 doto 

ovailtsblc c:~:·o f'01:~· ogu::n•c rnthcl' thr::n onc··J1r:tcns:1onal junct5.ons. 

ugtwrc jtuct1on of fb:cd width \i' •:,.ho:~c l>cJuccCi riidth ·~17'-..,_iJ_ 

rwo vm•;_cd b~, voryi.nz the k::npc1•atu~·c; (Cl~wkc~ to be puolit>be:u). 

Tho lt;bclo \:/ J \'JCl'C calcul~1tc?d by cut.im~tir:~ -,..J f'ror;1 

experirJC"ilts on tho ncll'~ficld lir.Jt U.t:~ of sim:.U .. cn.~ j~mc~Gio:'lr.J 

o? o ranee or c1zco (Clarke 1~G9)c The occo~~~nyiuz 
, 

tlwol"ctico1 ctn•veo refer to a one-dir,;c;H.d.onol ju!'lction or the 

oa2a crcu und propc~ticn •. FoP suull junctions tho c~1ticnl 

cm"rcnto f·nr · bo tll oct a of cm:•ves o:;~~ec euto~:n ti c:nlly b~~cDu se 

oi'. the \7UY the cxpcPimcntul cm•vco r;cl'l0. lobC:J.lc:u, ond tho 

n:l1oll junction tbcol'y; in p~'l!'ticului:ap thct•c it; no pcrd.Dtcnt. 

cffccto vPe np;.nn•cnto The first in thnt the c:-:i)CPin:nrEnl 

gttcotly ~<>o Since tha SC)U:;n~c junct1.on hun t·.ri..cc the pcr-1.ncter 

lorane juncti~lHlo IIo·:;cver. it io clcm• thnt in n nqum~o 

nn~ it io nat curp~icinG that the criticsl cuPrcnt iu 

Otlhntm1 tially X'CdL1CCd bCC;JU~lC of U1 io Cff'ect. r.i:'hc f.>CCOi1:1 

notublc cfi~cc~t ia th:Jt the perointent cupcrcm'r>c:nt opr<:n:Pr.; ot 
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lor1cr volu3s of.' rt/AJ nntl is lor-r,cl.• tiwn 1(ihe onc-dimcnsion::Jl 

model pl•eclicts. Ti1is disEi8l~eement is not mu:'pl'id.ng. '111e 

total_supercurrcnt must be round by integrating over the 

orca of' the junction Dncl until the pattern of flu:;.:-f'lov: in o 

squot•c junction is undcrntood it is not clcnl" r~hethCl~ this 

integral chould have a pcrsiotcnt value at hi~h cur~entn or 

not. The properties of ngunrc junctions are not oosy to 

cnlculntc th corctically, ond the beat hope of co:npn:t•ing theory 

with cxpcl'imcn t proJeroly nccmo to be to f'ind r:oyo of makin3 

effectively one-dimensional or ch~culor cxpePir:lcn t.al junction G. 

_(!L.!~s~e?=c i tctl i-v .£h..§_r:~cte1:>i sttc , 

~1c only relioblc_data on the 1-v. characteristics of 

exc1 ted jund;ions have been obtained on lm·~e, ogUfll'e jurwttonn 

(Olarl-::e• to be publiched) ~ so that rio c"l.irect compnri con ni th 

expe~iment is yet possible for.the small junction theory of 

section h~ '1/c have therefore extended the numGr1cnl 1JOlL1.tions 

or ( 15) to the cosc \7herc rm osc:UlDting current is supci'-

irtlposec1 on the stendy current inJected. This pr•oved to be· an· 

time-com.:;uming machine co:nputctionl> · ond .r1e have onl-y cru•rie<l 

thl .. ough the cnlculution nith ony thol'onghne:::o for one act of' 

v~lucc of .AJt . A1 CJnd \7/"f..J chosen to correopond roughly Hi th 

the c.xpcrtmentol re r.ul ts sho·i:n in fig. 6. (Hot~ thot the 

·current ocnles have been chosen to mnke the critical currcnto 

compnrublc, which m8keo the resiotances appear rather 

different). This cnlcnJ.otion is caticrnctol,Y innoflU' an the. 

oizcn of the multiple bnQ sub-multiple step~ appeDrlnG nrc of 

ve1•y mucll the 1•ight ol•der (nnc'l experience sucze.sts that this 
I 

Agreement spuld h:JVC hccn improved by p~ducing the voluc of A-s 
';'< .. . (' .. < ~·, . 

~ ! 
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in tho cc.:,ipu·tntion). Dut one must note tlwt \.'hei:'e~w in thu 

cxpol'imcnts the excited charoctcl'istic r.rns ol\wys bclo~: the 

unexcited characteriotic, in the cnlcalotion the excitation 

appears to .t.:.!lJ!J'~ii!l_Q th~ cupercu:t>r·cnt. ut COl··::.ain points. In 

this connection it is interesting to recall th8 very stt•ong 

enhancement of supercm.•x•cnt by ril~.croo·i!aves in D:~yc:n bridz~s 

at oertnin frequencies (Daycm ond Wicgnnd 1967). Tho 

dcprcH~ion o~ current in the present experiments mGy bo 

associated ulth the special properties of square junctions and 

need riot be considcr·cd as showing a failure of our lilodcl. 

It iv interesting to conside~ how fer the exciting fields 

penet:t?ate into the junction. Explicit CDlculation sh~wis thot 

a'atrong exciting field leads to lorce perturbations of .the 

flux florr pattern r1i thin about ~- o~ the surface, but thst 

further from the surface the 6rderly pattern is very little 

distul'bed. 'i'hun the de electric field and the ElC electric 

end magnetic fields u~ the multiples of the Josephson frequency, 

Vlhich are corl,ied by the flux lines, penctpatc l'ir;ht throur.;h 

the junction, while the field c~mponents at the excitation 

ri~cguency are .11mi ted to the edge reg5.on. 

The distance ov~r \7hich the exciting field pcnetr•ntes is 

in fact· approximately uhat one w6uld expect from ordinsry ekiu 
. . 

effect theory. In a bulle superconductor the h f s~:in efi'ect 

is close to ~~e smaller of the penetration depth Dnd the 

· claootcsl slcln depth, nhose onalo:;:..:~s in the SliS junct:tc.;J aPe 

~ 1. 
easily found to be ~J an::l ,~-A~. . 'J.lhe calculation~~ ocation!:·c1 

_were dons for values of AJ near to unity; ~or c~aller valuec 

or A;J it scc:r.ts likely tlwt the· exciting field penctPctos on 

even ccwllc1• dtctance thnn ~J. 
.. 
I. 
I 
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Ae ~a pointed out in section 2~ the current steps in 

exccoJ1ngly Gtecp~ nuch otcepcr than thocc fop tunnel 

jnnc~iior1~.J. 'l'hc vol t:lf;C::l nr:31~ thQ top onu bo ttc:n or the ctcl):J -. . 8 . 
differ by lcno than ohe pert in 10 (Clnvko 1953). Since 

· rncnourcmcnto of thcac voltugcc c~n in principle be u8ed to 

" 

... 

dotcl•r1ine the r<lti.o c/h to 0 hich ~~CCUl'DCj' (i''Dl'k(;l'll I.;::lil~C:i1b&!1 [~p 
'l"v 

Den~:Jtcin and 'i'oylol"~ 19G:J)" it io portlculol'J.y irrr;)or~·t;~mt to 

undernt~nd ~hy thcae ntcp3 oro no prccioc ~nJ Dhy they uvo 

not appreciably broorlenad by noise. 'l'hc vnolytds that :rollo\':o , 

1o based dn the umall junction limit (oce nection 4). 

r,ct uo conoidcl• oolutiono of cguution ( 12) COl'Pcn~Jondiu3 

to pointo on the step ot vol t::1~1c n'.l'~/r:t., that icD tr•ojcctol•ieo 

\'Jhich m.•d loc:tcd on to th3 lattice rm~l nzo~ exactly pcl•io::1ic 

over m pct•iouc of u and n periods or {; ~ r.tm~t:J.ns ot ony 

point in tho ~, L\ plane there will bo pome value or A
0 

\Jhich 

w~ll. g~ncratc.ouch a t~ojcctory. Let us plot out nll ouch 
. . 

tl"~D jcctol:'ies ond label them r;i th their A
0 

vnlues, \":hicb r:c 

now cnll Ap' to olwr1 th~t they l"Of'CI' to the 2f:Pi0£!~: 

trnjcctoP1cr; fOl' the EJtC~> of 1ntcl'CGt (fino 2). T!lC V:.:llUC or 

A; to o funntiun or pooi tion in the plrtnc. ni1oco conto~u:·n ot•c 

the p~~iodic trajccto~icc. In the fiEUrC A rices no nc pr.s!~ p 

ft .. o:a AA t1u•ou~)1 DB to CO ( oh,:::dcd t~cr~ion) onJ then f2llo ogoin 

until the n~xt ohndcd z•ccio~1 io 1•cnchea. \''e cnn no~-; n~;1: \.'hDt 

happens if the de cu~:rcnt (or /\0 ) corrc::;pondr. to n tr~1juetor·,y 

eatch nr. DJ,, but tho o~:ctc~l stoFtfJ ot so:ne p·.)int not m1 DBo 

If th1o p:>int lies bet\·iccn D~ nnd CG th8n A
0 

muot be lcsa 
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then th~~ loc~tl vnluo of /l.Pc J:nl!~1ticn ( 12) £ho ·:;: th:xc tho 

oynter:l t:U.l r:lO"lc r.loiJ~~ o trujcctory of t.;:Jnllci:.' E.:lopc tl1:'!1 tllo 

Tots proco2B will con tiriLw unti.l thj sy Er~e:n cm1vcr gcG on to the 

nystcr.1 

on~~o BJ by 

G. .... i~.·li.,. n '\. lll'Gf! P .. ~ .. '"'·o '1-'','1 .. _. u ... ~ ~- '~c· r> cl 0 n.,.. ·.i ...... ,-. ~- B''l l' , •. 'l1l '''(! ~- -1. "" 1 ', U .!-... ...,.., - t~ • .:..tL . .,tJ ¥C:.L- (J~-'-'"' .:J u <.. ._!....::_-:_'-1_±.::...~-:~-.. ) .. 

r:le·nn ~lC')C 0~ t}a tr•~1PC~n~y (Ol' de V01.-~~.r.•,P.). j ··, ... .;; . J; > .l. ·l.;,. --.,- .,_. . .... _. v 

Th:i.o do~; a not mcnn thot no5.no has no cffcet on tho vol taz~c" 

howevcre Between co end AA in the unshndcJ r2gion is nnothc~ 

PerioCU.c tP.J·icctory \ii th the 0:1me vulue of A ... ,J B"' h'"'d '.i'his u 'p u. .... .... 0 

tJ~njoctoPy te clearly _tP1:,:"!t1l?Jc.11 nnd if tho r:,ynt.e:n £~tm~ts 

ne~n~ it~ it will divcree rr~o:-:1 it anc1 converge onto BB or the 

chich nrc 2h~dcd in the rteurc~ If a ncicc fluctuot1on in 

beyond the lH':m:cot col'l"'Oc~ondi n-3 unstnble tP~i j C~!t.OPS 0 thG . 
oyotcrn rli.ll probably convcl"•gc 1n to u· cliffC!1 Cl1 t ctnhle bs:nc1 

ft"'O:"ll its stm.'t5.n~ t!1 njcctory. If thio bappeno frequently tho 

mcrm Glopo 1;f(clA- \'iill b.J aff'ccteu 11 the c1c vol ta;:c v1.ll 

drU.'til end the r:tep nill r.:io':'l 'notc:J ronntltn:~'. 'i'hiG t~:n)inz; 

frc~ one ctnblc trcjcctovy to another 1s n h0pping p~o~ess 

oativatGd by noise not unlike th3 diffusioa of nto~s in a 

io no lonscr strictly 

vslifJ nt nlJ. poh1tu on the ntcp •. This conclnsion c1ocn not 

violntc tmy runc1~;n8ntal 1H'inc1pl.c; 1 t io a sir.1LJ1.c con:Jc(~vcncc 
I o 
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npplicd nc o1gn8l in the presence of noise. ~e expect th0 

Vlo norr att~:mpt tn r.wl:c thcs'3 1.c1CDS qnzm"t1.tstiVCo r!e f'irrd: 

onl~ lK1':1 t~c local value of AP(f~'u) VD,l'lcn r:1.th p fo1• 

o~bitrary u~. lt.1n an occill8tinz function uith m muxima cna 

m minim~ in cnch unit cc~l~ and th~sc maxima and minima ore 

oll egu6l nnJ independent of Uo A convenient npproximution 

1s to assume thnt it is sinusoidalo In fact, ve urite 

', . (23) 

where ·<fy 0 (n) is the ccntl'al stable ti'ajcctoi•y r;h:i.ch coi:'i.'esponc1s 

t~ the miG-point or the current step and Ac is the 

corrcsponcling valnc of .AP. Clcnrly .t\,lax is A0 ·:· AE End AEin is 

A
0 

- AE~ so thot 2A
6 

is the height of th~ step concerneJo We 

notice tho t f'oP i'i.xed A this cxp1•css ion impJ. ies tlwt . . . p . 

.. 

q;··- ~c is independent of' u, that isr thnt all the per•ioc1ic 

tr•ajcctm?ies :run paPall~l in tho ~ ,u plane. 'inio S.s cleEtrly 

only ri crunc nppro::dmatj_on foP lo':I or.Jer stc:pc (and nlso for 
-~-~-- ----~ ·: · •. :. '"? 

the es8c~ntir:1 physics ·st'.i'f~.c1.ently \'.'ell fo1• the moritent. , .. •• o 

·: ·uholl f.j~1o·;t beJ.o·H th~ t this Dpproxirn~tion actu3lly hnn no 

fll1 0SD cf'fce:t on the noise roundinz cnlculntc:cl f'oP tha r:tcpn .. 

If' \'iC no·11 clwn::;c om' phase vn:r:inble to c9
0 

:: ·~- ic' no find 

uoing (12) nnd (23) that 

•. 
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A~/c&~- d~v~~ 
tt4 I t!i~ ~ t1 tfr I dM, 

A~- Ar 
AA o - As s..~f... Ctr ... e-") 

·UCRL..:l960h 

\'Jhorc At10 '-s !t
0 

... A 0 o ~Ph1.s er1uotio:1 c;.::n'.-:r;:;:;c::; the Dct:5.vc 

phaoe-lock1n~ or th~ eyota~ in u quontitntive WDYc 

We n'u consider ho~ noiGc will orrcct this equation of 

motion. Po1~ S!~S junctions· cn~culatton I:hons nnrl c:xpcrinwnt 

p£11"\tly conf'i rms that the i.n tcl•nnl Johnson no inc or the junction 

18 much more important thon eiUlcr external noiae or Bhot 

noise. Vith current sources the effect or intcrnnl noiuo 

is to oclcl o noio(f vol toge to the te1•m ~ in equation (11). 

Follo\7ins thio thl?Otlgh \·:c fin(l that (2!~) iG Pcr>J.accd by 

Tile noise term h:::13 a unifor•n1 (whit~~) po·,...-er opcct.rum v1boso 

density mciy be determined by notinG that the fluctuution3 or 

unit );nncc or snr_,.ulm• fr::;quency, rJh~Pc R 1o ·the reaiGtonce of 
... 

t.he j~inct5.on (1/(G ::;) for n junction of m:•ca S)o Thu'1 hli(£J) 

· h:Jo o dcno i ty 8o.2Rl:T/(T\t\2(~~), rmd /;!I( u) a clcn:·d t.y 01~21-~l;:.iY('ilf\. 2l1J) • 

p!:n•ticlc uo·vi n3 · on a crm tl.y f'lop in~ u:J chbonrd ( r;1nuno1.c1nl 

pOt8fit.iol) in 9 VifiCOl.l!J li~uid; if 8
0 

is tho distan:JO V[lf•i:Jblo 

~nd u th'J tir.1cJ the ri!•Gt t·./o tel'nw on the rir;ht or (25) 

· dcnct•ibc the tc1•minol vcloct ty ot uny point, v;hilc the lnnt 
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terrn ~ctcribce the tt~1ninn ~~tlon. It is conicnicnt to 

treot thia oo o diffuoivc p~o~con, ulth o diffuai0~ c~n3tnnt 

. veloui ty ~ 

. I ·r /.L ·' J,; -\;;:/,, l-p = :l:crel- R"-T LJ._?-w;-=- .tfr N v1o, (26) 

in \Yil1.ch vJ 13 the meun C.l\]U~PC l1'JisC VOl tagc in tho 

:!'rc~u<:ncy bond 0 b W • 'l'he pro~lcr.t of Dpo·.minn l!iotion un:ler 
-

thene cordi t:l.ons hnr:~ olrendy been colved hy knbeg::.ol:~l' oncl 

lfslpcl'il1 (1969) in connection l:i th the closely :rc:11Jtcd problc:n 

or the de Josephson c:rrcct, an1 -.-.-c moy quote th.J r•c::::nl t o.r 

theil• m1olyu1a co follo·.vs: u pm'ticle \'ihich ;·:ithout Dro·;·;nbn 

motion \'.'OUlll hove loc:-~1 tcr·:11n:~l vcloCi ty '\r" B- f&~,[t"<--Oo)] ~ 
whcm lnf.'lncnccd b:,.• r:.~o·.m!nn motion clrlftG ot o mNm t'ote 

given by 

where q :..: ~/(r.G)).!! !
0 

ls the r..odif·ic:<l llosr;el function.. 'l'ilio 

e~prenc1on hold~ b~th for ~ ~ 1~ whe~ the p~rtiole C3n move 

~vcn ni~1out rlu~tuutions to hcl~ it~ snd when p > 1 and 

1'luctuoti onn s1•e nced(:;l to h::lp 1 t over the c>•.:wt3; 1 t io the 

latter cao3 uhich U r• ..... 
'to int~!'p!•et the noJcl oolut.ir.)n ~/r.! note thnt = 0 

_c 
. 'lJ~ :: .2vJ A, &-,\fl \?;.;-) # ( 23) 

___ .. ____ ... _,,,.. ___ -r" __ .. _________ ._,._..._._~---

9{ In cc;uotion (9) or ,\'71b~~f~'~ol:;JI' ord ll8l:l~l'1n' G L':.!ttC:l'p t:l:: lCf:JCl' 
bOU!i.l Oi.' tflc J.nr)t, 1lli.!J''i'Jl DhDUJ.U l>e (} ins·~')<IJ 0i' ()• 'J.'ht:: 
dollbl(J intc:~~·:Jlr; in (9) hove: b2u1 oi·:;~)li~lcd int.:) V1a fv~·-;; 
(2"/) by r.nn:i.}ulot1oi1 of tilt: do::1<dn or :i.ntc:£;;J.'3tbn vrirl ell~-.~-.~:'-~ 
Of VDl'iableue 
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Pm•t;{·~~:-;:•:; -'\.1 :i.r.: t!J~ r.v::un 1•ntD 0r IJho~;::: 

token 0~:1 ~~ cororcctic/n to A'f{d;..(~ 

:~~_,_V.-,3 t't1·--·· ·c~···J-r•·...,"'r•·~.--1·t··J..'r·'' 1-."-..-:-·c{·,-,,, .... ,., 1'1 
....... "--'- .. --- J.. v ,_ 1 :.J · .. • .\. t.J v .L "'~..4 J .l. t~""" \. . . of' th~ 

cnlculutc t~iG at· the centre or the otcp~ \ ''ll . ..,L.'C A .!1 -· 0 , , ..... Q.. ·o -· o 

wo need toke only the dcriv~tivo of the nuxo~ntor~ to yinld 

~~~){R, ~-ref t'u r. {.2tra:t)~r' 
" [ Io {'/'f)L · (29) 

I 0 1'?1 (2::.1) n:<Jy be ·,·/ri tten ut:1.nz (22·) ttG i~cli.N ·.-.:,el'G '-n io 

a clnn•aote!'iiJtic noiGC current cquol to J..{-[.T/[ffo nnc1 

ifJ iu half' the step hoir;hto ?he fOl'Jl Of th~.O X'Cmll t ia VC:l'y 

1'1Caoonob lc, 'l'l1c orgumc:'l t of the n!oti 1i"icd Be uoel runct ton 

(uhich is oimilar to the exponential function) ~cacheD unity 

\7h en ~- i Z: /;n c. G~O . 
is e.J,ual to kT. Th{! no,.t:c- source hGo to 

J.ujcc~t n CtlPl,ent 1 0 ond the phcwo ~met drif-t by /2rJ if 

ho~pins to another trnjcctorJ is to oocurf cuQ tho wor~ dono 

by the 11()5.2~~ nc,~lrcc in thi3 proGeGS in of' oPdel.1 ~}5.cJi Ci/ m. 

E..~ustlon (;::;) cboilu th.:1t l_)1'l:l3C d?.•i.ft due to t1.•njectoP~' h::>ppinr; 
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It io clcov on eencral groundn th2t ~be hoppin~ probability 

will not be dr~ sticr:!lly mod if'icd by this l'Cfinc~r:mit. 

The value of '·u at o noi sa te;:Jpcrvtm,e of !1.°K is r·athc:r• 

-7 less than 10 A. In a typica~ expePi~cnt on on SNS 

junction near 1 lfliZp the mdjor Etcps have heichts of ovder 
I . . 

10-3A~, ond one f'intls that R (0)/R chould be abo~t e:-:[)(-lo4) 

Our rccult implies that sub-har~onic steps of very high order 

ohould be visible if looked for carcfullyp though thin may 
l 

require the usc of roth cr \·:ell-s tnb i11sed source E. /\1 tm:•nt'lt i vcly", 

it im~)lics thr1t steps should be visible in very rwak: jt'!.;1ction3 

with crU~icnl curt>cntn in tile region o:r 10- 611~ y;h ).ch uoulcl 

most easily be examined at very lo~ frequencies of the ordev 
'· 

of 1 l~llz .• 
/ 

.. 

,· .. _ .... ·.;. ., I 
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1· Conclnnionc; 

J 
· VIe hnvc sbo;·m thnt ou1~ moc1e:;l of the s~rs jt1_nct1ont> nhich 

is r.eally qtii tc crude:. is capable of dencri bing ruther l'lell 

the qunlit3tive bchGviour of the 1~v choractcristics of both 

. . 
hope that even better cgrccment vill bi obtnined for lar~e 

ju.nctfons y:lwa pPoper occount 1D tal:cn of ti:H'Jh' r;pcd.ol 

of Ol.U' model oPe most nie;nif:i.cvnt. It seemn tiwt t.hrec thint~c 

are 6utot:Jndingly im:>ol'tont.. · 'l'he first is the nsc;Ui.iption 

that the Josephson current is a periodic function of ¢. 
ChanginK the form of this function or :rriaking it 'rreakly 

, 
dependent on voltage would probably not change our con-

elusions drasticalJy so long as the function remained periodic. 

The second is the 1nclus ion of o tcr·m descl~ibin~ nor\i!C!l 

curl•cnt flow; agotn, the preci r.e form mny not be vel"Y 

imporbmt, but the existence of an alternative to Eupcrcurrent., 

and tltc presence of f'lux-flot/ damping have been cfjncntial to 

our a l'gumen ts. '.i"ne third is the cnreful C011sic1erGI tion of hf . 
source i~pedance which has an over-riding importance in 

detcrtflining the :ror:n of tho i-v ch::'ll'sctc.Pistic nnrl its 

response to no1oe, 

.. We would aloo like to emp~eoiac, followinG Andcrnon (1965l, 

· that the ac effect is essentially e phose-locking mcchanicm. 

f/e h3Ve to bem .. in rnincl thot ot finite vol tnge the \?cal: linl: 

hac on intertol fregucnct (the flux-flon frequency, o~~ in 

a small june:'~ ion the ac supcrcUl'rcnt frequency).· It" thir-; con 

become phase-locked to the applied frequency$ po~cr cnn be 

fed co~1tinuounly f'rom one system to the other" tho direction 
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,. 

clo oc:J l~t:c" ch:mscu in the cnercy f"lc·~~ arc l1 Cf'lcctcd tiG 

volt~r;c Pcsult~'" . It tc:: ce:::::mtially the phas8··l~ck1nc 

~cchau1c~ ~hich mokes the ac volt~~c oo inscnoitiv3 to noicco ,, 

onull function bshov1our• in section 3o ~toe fl:.'!ct thnt ( 1·2) 

1o non-:u.n:::~ar mc[ms tl:nt any deviation f'~ora tll3 ctoblc 

tr~jcotory produczd by no1nc ·ia oclf-correctin~. It 1-o only 

when the noioe c:m mn~-:e tl~c c~'ste:n jurJp to the next ct~tblc 

trojccto~y that noioe bc~inn to mGttcr. 
, 

/•l thou e.~-, our calculation io performed in tho clrJcaic:a1 

11m1 t" · i.t may be helpful to point ont tlwt t.liC r~:ultl.plc ::md 

cub-multi~lc otcps in tho 1-v choructer1st1c correspond to 

voll-dcfinad gu~ntum procccoco in vhlch u photonu or radiation 

ot tho cxc1 ting frcc1ucncy m?c nb(;Ol.,bcd ol., cm1 t tod., m.1cl m 

pa11.~o or clcctl"ono Cl"oos the jnnction, g! vinz the cnePuY 

relotton n~) c m 2eVe Ao uousl in qunntnm mcch::m:lcs~ ·tho 

mul ti..,photon processes invol vlna larr;e n ox•0 only impoJ:tnn"ti 

for lu~~c photon dcnniticn (larcc A1). So for uo th3 o 

quantu.:n nu~Jbet• 1.n conce~nc~ the jiJncM.on beh:Jvon lil::) on 

o-cc:tllntor of' f.:ecqucncy 2c·I/K Hi th Cc)UOlly ('~)occu lcvclse 

Fer o lineo~ oscillat6r the oclcction rule li~its the 

t1--m1~;i tlo~w to ein~lc etcpn up or ac·.m the lm!LJ.c!'l of' lcvclo 

buco:;ic po:-;oiblc nnd inc!•cuoe in f:1tl'2n~th uith the non-

lincvp~ ty ( lrn·~c A.J). 'i'hcoo 1<1co8 co~"i"8nponc1 w1 th the 

cnlcuJ.ntion::l or ocotion tr. 
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. . 

"OI'"O. ;.LPJ,,.., .• -,~.,.,"' 
I\ >.H ~i ,:., ~·.: •. !J'~L'J. u 

We nrc Gl~steful to Dr 1.1. J. Stephen end nlco to Dr .~. c. 

Scott ond Dr IT. J. Johnson for allo~ing us to Lee details 

of their> \·:o1•1: bof.'m.•o puhli.cnt).on, oncl mu.s·t alno Gcl:no-.·ilcdgc 

helpf'ul cl:l.ncusnion and cOi;.lPcr;pondence rd.th Dr' Stephen on 

Vf[ID pel'fm•-ned undor the ousp-iccc of the· U.s.· .. Atomic Erwrgy 

, 
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:' 

impedance it ic diffic~lt to uug~eot general math~do or 

raooonoblc to t:oc:Jt the r:ouPcc i~:1p8dan·JO oo Pcsist:ivco In 

tho "'~~,.,.JJ J'••,·c····iol' li•n·i·'· J.:'J"' c.""<"•c• ..... "· L1 .~t<.'l .. .. \.t•&. \1- ... .i - (J l,, V .l. _. "'"'" lt 

therefore in p::ll"'"'1llcl oloo r;i th the junc·~ioYl" In thi3 cooo 

the relation bctvccn the de cuPPcnt source 1
0 

end the ac 
voltaBD V u111 be ezactly oa cnlculntcd in ocotion ~ above 

1/H ·i· 1/TI
6 

r;hcl'v P.
0 

1::> the c.om·cc Pcr::iut~mcco In co:np:::n:aing 

with experiment, ho~cverp one must ~~~ember U2at the mca8uPcJ 

CUrl1 Gl1t i.e not 10 , but tho. current .cntm.•tng the junction, 

The ef.'i'cct of these c~1m1gco on the i-v 

chnractcPistic lo a~ follown: 

( 1) 'l'hc normal· ototc chm."'nct.eri otic is unch~'ngcd. 

(ii) The pnrometerof A1 ond A
6

, dccrcauo. 

In the limit ·or G""::l,l 1' thf:l m·'·, ... ,,~-"-::>lc sto-.. .:..,s vnnich ... and :~o, -· ,
0

, .... , tU.u· ... -'-LJ:. · 

the h61shts of the Qultiplc oteps tend to ~ conctDnt lim1to 

( 1.5.1) 

ras1otnnc-c regions on c i th::x> fjitic: or the otcpn. ·.In t!Jc lb1i t 

o? ·c:n'Jll H
0 

tlwr.w boco:-:13 VCl'Y deep, nnJ the uteps t•cve!.lt t.o 

the • opit:cs' or the Jn:ic:}hcon co1e:ul~tj.on. 

d iff'cr•cnt oc rmd de Gou:t•c:c 1r.1ped:mcco. It tm•ns out. t!wt tho 

.'i •. 
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on(1 cqtwl t~ that calenlotocl obovc with r.
6 

uct oqunl to the 

ae liOU}."lCO irn;1C<"l:.mcoo. In r~ict the only h1p0l''~3DCO of' tho de 

SvUl'CO 1rn!1cc1.nncc is 1.n f'ixln~ the lo=-H1-J.ine .. v.h5.cll dctcri:linee 
- . v ~ 

acco!•ciine to thin onaly t:llu the ahacncc of v:lcilblc nc[~nt2. vc 

~"C"'l' ... t·"''1C'" r"r.~ o·nn ·111 C.·•c- ··ur. .... t.ion'· ·1'"1..,.lie ..... · t'1" ... ... i.) ..... •~.l& "'"' ~··~,!.. ~ •J. .;-..~\.) J l\.i . ~ i:,.J ,. ;:' . u ! Vt u t.hc ao 

notu•cc b:r.;d'i.::m:1a ts. vcr;,• hiEh, \';hi lc the oli::cn~Jc or vioiblc 

subm:.tJ.t.fplc vol tone stl"uctLu•e in tunnel junctions ir;·:)1icc that 

The fact thnt. the junction l'Cuio!j:Jncc P. EJnd the cour•0o 

1~ootctnncc R0 ovc tn parallel nl(;o rJ31-;:eo 1 t cnt;y to lhWE1J.C 

th~ notG:-~ c~llculotion in th1o caoe. The noi:Jc in r:1ont 

convcn1.Ci1tly tr9nted oo o curi."ent courcc \'Ji til £.;~cctrnl dcnGi t~/ 

fot' t 2 of 2kT/( If P.) in p::n,:Jllcl \"li·i;h the rcni ctmw~ cc•nccrnul. 

The internal noicc lo mainly Johnocn no1oc of tho nor.Jol 

current ( nhot noiBc io no:'mnlly neeligiblc), · nnd th~ c';.:tcrnal 

noio[! c~nn be l''Cprcocnted as an equivalent notcc tem[)m.>otul'c 

in the otlm,cc renistance. It is eany to occ th~lt intc1•nol 
. 

no1oc y;ill dom,.nate if' 'l'/R 1o erentor thon Tr/Hr;• Tl11.o i.o 

c<:l'tC~inly oo in the S~·TS junction "··hcl•e R iu of m:-clCJl., 1o-7.n. ~ 
. . 

) 

·. ¥ifli1~ n ,mm:.:t be ot lcaot an Oh!lle In tunnel junctions~ th3 
!J, 

41 .DVC!';;~o ic uc·1nlly the cnsc. It in clc::n., thut the nolao 

-.~ · cnl~uJ.ntion· of Bection 6 csn be cxtcmdcc1 to tho cooe or 
. O!."'lH tP~n~~, ,nourcc 1r:1!?Cc1~mce by rcpJ.;·lving 1/.R by ·t/i~ •:· 'i/.i.~ 0 
ond oosicu1n~ it un oppropPintc noinc tcJpcrnturcp ~hich is 

'I 

! 
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nherc ~o considered c~all junctions, vc anuu~ca thct the 

crrcot of' a lol"BC·. cnpac1t::mcc ic to rnokc the h::' nourcc o 

vol t3~C ::;Qur•co, nncl \"JC f'oun.J trwt thi3 lcJ to the uppo~n·cncc 

hove co:D.r.:idcl•ccl the full cqtwt1.on of motion hevc rwt ):>c:'1chc~J. 

the £Hl1D co:1Clucion 11 on<l \7C hero co:J)Ol'O oar worl.o: w~. t!1 tbcil•ua 

If one vrites do~n tho cur~cnt cqu~tiono ~or o smoll junc~lou 

ot cupncitance C fed from a nourcc or impcd81cc R6 ono 
, 

obtains ths c~uotion or motiG~ (Lcb~~hl ~nd Gtcphca, 1957) 

llere 1/Hcf.t' 1o 1/R
8 

+ 1/n~ co above, ond 1u(t) is the noioo 

current. ~c ezpect that thlo oeconl ordc~ cgu~t1on vill uboJ 

the eomi ~lose-locking phcno~cnn on did CQUDtion {12), but 

with o~me important differences. Abegnokar end Holpcrin 

(1969) h~ve examined thio equation for the case 11 = 0 (no 

c-::citntion) in ol"der to r.m~lyr: e tba nolsc-roun-J ~.nc or the 

zero-volts~o JoGoph3ori 's~ikc'. They point· out that tho 

equation baG ao a rncchon1cnl intcrp~ctntion the Bro~ninn 

motion or o mJcoive porticlc in o viocouo fluid on o tilted 

vmehbo~n·ds onl · tbey ool vc thi o p1•oul c:-:1 in tb e h e.:wy LltY:':;Ji ng 

limit ( G JGll Rcf'f) o 'l'h 1r; 1 E:af13 t hc::l to \'!hat 1o CS~Cnttally 

Olll' (25) cm"rcrrponrlin~ to u cur-r-ent otc~"> in tiw i··V 
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'·"' -~ n D t,.n-i c·11· ~l~'"'"t1'·'-1C'' &.-V ..lo-U . t}..; -. l.. .. J.. ""'\,:. ·-~l 41 

of the r.;olution.- cny 1-.R ,.._._/~ , 
. t.l Cl. • . ~ 0 

This io equivalent to 

cnnlogus <:::m hnvc t·::o oolutiono fa~· a niven orzlc of tilt ... 

In Gnc tho po~ticlc is ot ~cbt in o V8lley of the ~D~lboord~ 

\'lhilc ~-n the oth Cl.' the pnl'ticl c move o stcBO.il~· <io·,,n the 
, 

\ID r;hbor:j.'l~" U•J"il·l·r 't·;... )·~···:.- ... ~·-~"" ~-o p·l"1 .... ·~ , ..... '-" J. t • I • • 1 ~· J, l,t I- V l,. t £,. ~ ~·1 

hillco If C iu lurgc cnouc~P· ito velocity ui~l be virtuslly 

cm·wtnnt, · ond there r::tll be no c1c cupm.~cul~rcnto Thio :J.s the 

c~";ldin:n~:; tunnel chr.n:-;.wtczt5.r:t ic oolu t1on ot fini~~-:: vol tcgc 

in the cuP~cnt •spike' cas~o ~he corrdct cnlculntion of 

noise PomHJ.ing in thir; CDoo l''cquil•cn the rull cri'wlyois of 

down but c1o not colvco In the crw6 i~ :f; o 
I 

itcratlon of (30) tlwt o VCl'Y oirailnp eguation \till nlno 

opply ~o~ the finitn voltszc Btcpn of the rixcitcd 

to th~ rnct th3t Ste)hcn (to be p~bliahed) ha~ ntt~mptcd to 

o ctn··I'E:nt 'nplt:c' :t.>athcP th8ll o 1 Gtct>'• It S.o tho::•ci'o).'C 
' ., 
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1mportnnt r0lc is play~a by the t~3ns~icoion-l~l0 mode or 

~ I 
I 
I 

tunnel junctions even the lo~cst lying modo vill be ~ell 

1a only ot tho Dl.)eciul vol t..Jctin for ~·;hich th~ Jo.-Jeph~o~'l 

" 
opp1:ccicbly nf'fcct the bchuvioiJ:•; thio ic the ph(;no~iwn.:Jn of' 

.• l., . . t ( ., i , . ,., ,.. I . '). d I 0 .. ~' •"• ....... ,, "'~·c...,n l.' n ·e ~ "' ' 'i .... ~,"I' · ., ,....,, .. ._. "",_. !"" · ''" I ~C<·t!l I. •<:'' u '· p ·..;.0'-i'JI Joseph son 1955). 

olter2d if the junction node io cuppreencd1 no one uust lo0~ 

~locDhere tor the dinacrccncnt. The uecond difference is 

in the tre~tmant ot vourcc impedoncci. Bsginning by usin3 

an ac voltage source Stephen extracts a current conccrvution 

equation (equation 27) r:hich io oupposed to involve only . 

slo:-:1~, vm•yi115 qu.m1ti ticn. ln thio eguotion the e:r:teri:18l 
{o 

circuit is rcprccentca DC o ~c current cource. Thic ossum~tion 

1.ti net ot \'C..l'5.onco ui th th3 tu~:J of o vol trv:o eon::ce nt h ir;h 

octu:JlJ.y o:11y t1•uc in r~:ncPal in n VC:l'Y fjiWll Pccion clor;c 

it cccms to be unt~uc ~urinG the rc~ponsc to a noise 

· fluctuo tion n t r.io ot potn to on th·J etc::., ond nlr.o once tho 
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cri t:i.c:..11 cm:'l'::~::a1t 1a c:;c;:clcdo 'l'i1~1 pr~ocnce of' f!o::.)D:)ntivC;J.y 
' ' '. v 

1"apit11~, vm·~·ins currcn ta in ::n C!}l'.ntio~1 invol vinz D eur:r:>tnt 

was lDPGC 1 contrm?y to tr;c or·"icin~l mod.elo It ncc~an t~ us 
I 

' ; 

introduced intolthc cnlculotio~ ot thiE po1nto 

''£he in,tc).'nal onpsei Lmr::c tn C<jllully ~.u~1ottt~mt i.n l:n·£:~8 

tunnel ;}tL1ctio&l:".ic ond the b-Jr;:-lc._'l GfJU:Jtion in this cn:.;G iD 
' . 

(r.~cb~·:ohl nnd Stephen 19G7) 
/}' 

, 
Tho C\iPrcr>r;ondinz cqtH.Y~1.on \Ti thout th;:1 ?int1l dn::1:,iDG tcr-;n 

ond Sco·~t ond J"ohnson ( "i 969). The flux-flOIJ oolutiono of 

and ore not completely undcrntood • 

... 
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Critica~ supe!'current - approx. 
~on~e observed~ A 

r;' .. .,.,.; ,....,, ~ .. ~..,~~ ,...,.n"-. .:..:.:...•.J-·-·...A- ,.,\..4_. .. .:..•11·- "'• 

C~iticol supercurrcnt, A 
Source ~requcncy, Rvz 
Voltogc o? funda~cntal step, V~. 
Internal rer::istancett Jl. 
Rcoctnnce of supercurrent at 

.::ourcc ?reQucnc;y~ ;. Jt, 

Unrr,netic thickness, ~m 
Jor.>cphoon penetration depth rrm 

\'jidth r. .. "il 

SNS Junction~ ... 

1 o-5 upr.rords 

(Clorke 1969) 

10-2 
106 

2.10-9 
10-7 

2.10-7 

1 

0.03 
'0.2 

Tunnel Junction 

to-5 - 1 o-1 

(Anderson ::nd. 
ROi7Cll 1 S63) 

10-3 

1011 

"" .... o-4 .::.., 
·~ 10-1 

2. ·i o-1 

10-1. 

0 .. 3 
0.2 

··D:lycm bridzc 

10-6 upwords 

( D 
::1 ,.. • .. syem ana. ·~l cg:.~c::. 

1967) 

10-3 
1010 

2~ -ro-.5 
'o-2 I. 

2 .. 10-2 

0.001 

Table 1. Porametern of week 11nlts used in typical experiments. 

~ This is the tunnel resistc:mce in the normal ctotc. At lo-;-; "Vol t~scl=,:. cnJ. te::rpc:-atu;.;cz, t~~ 

i-v curve ~-3 non-linear and the cf"f'ective internal resistance c3n easily rise by three 
ordero o~ magnitude. 
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lA: Solutions of the equation ~oi~/2e) d¢/dt = j
0 

- jJsin ¢ 

showing ho\;1 the phase· difference ¢ across the .)unction varies 

with time for four different values of de current density j • 
0 

~B: Corresponding curves sho~o1ing supercurrent across the junction 
. I : 

as a function of time, lC: The corresponding de currcnt..;.voltage 

characteristic; the thin line on the graph represents the normal 

part of the current. 

Solutions of the small junction equation d¢/du = A
0 

+ A1simt.;_AJSin ¢ 

sho\dng how the phase across the junction varies with tir.!e for different , 

valves of reduced de current density A 
0 • The trajectories sho\m. 

correspond to typical periodic solutions for values of de current 

density lying on the fundamental step of the current-voltage 

·characteristic (heavy lines). We have chosen the special case of 

J
1 

= J J , and to help follo\.,r the trajectories we also show schematic 

contours of the periodic part of d¢/du which is A
1

(sin u-. sin¢) 

(thin lines); the +and- signs indicate maxima and minima of this 
•· 

function. Trajectories within the shaded areas arc stable. AA 

is the trajectory corresponding to the bottom of the step. BB is 

a typical trajectory for a current about half-way up the st(:pj DD 
... 
is an~~ trajectory corresponding to the same current. CC 

corresponds to the top of the step. 

'1\w tYI)j cal portions of computed i-v characteristic for small 

junctions 'v!ith hf excitation. The upper di~gram is for strong 

Josephson current and rather weak excitation; it shows rich submul-

tiple structure bet\oreen the first and second multiple steps. The 
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at~ps with oo:~e uubriultiple &tructur·ca notice .that 

tho c:~ci·tution is uo hinh · th::.!t the step o~1plt·~uc1uo 

hnvc ntnrtc:l to oG~lll::~tc.; the oecontl r;tcp lHHJ 

ohol!ll 8r'C cnuen 1;:J ·~·hich the C8lcul.~rl;r:;(1 vol t:1~-;::: ri~"lO 

\':i thHl ·;o.,.3 or the f.'poc:tion indicotcc1Q 

Photogrnphc of the mechanical nnnlc~uc under 

rtatm.•. The point or. ·vieu iG oltiivGt dh•cctly obov·c 

ond slightly to the left. 'l'hc twist in thG clo st ic 

to tbe left rcprcoantu the field applied to the 

edr:;e of the junctiono 'ihe. CG11t!'3 O'i? tb0 junc-'~5.0~1 18 
e!M 

on the r1.ghto CuG8G 1-7 or·c otu tic, but a,· 9[ 10 

cho~1 m:>vcmcnt, (·i) A moJcrate applied f'i.cld io 

LCi"':::cnetl fl'O~tl the ccntPc o: .. th~ junction by o 

s~rface · nu~c~cur~~nto (2). ~he critical field hns 

If thiS field iS CXCGCdeaD the System 

becomes unnt~1ble t:~nd a flu:\ line entcl~n thz junc.tton.; 

in (3) the Eurfaae field has been reduced to ~ere~ 

Dnd th~ f'lux-1 ine is ntn ttontry deep ins ide t:1c 

.. juncti :Jno (1.:.) A t:0COIJC1 flu:-: line or ti1C E:£1[;10. Oi[)1 

c.ign. I:r they ucr0 n 11 ttle clonct~ th:::h., mutm:1l 

vnnlhilote ench other. (G) Under o lergc bp~licJ 

field~ m~ny flux li~~u hcvo entered the j~nction 

., . 
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trnc t:Jb 1~ un t D. 

t.ll ,-, l·l'/ !' t r.> \I<>,.., l• '~ {·' f'f"' e ... t. <~ f-' ,,·0" i ,., t (~("1 \'1 it"' t··',, r> (.l.}'r•-f'·n C -"> '""'4.1~) \,;.~'lr,..o-.. t ·-~ ~ ............... '-·.-J~ ....... '"" ...- ... .a.. !j ...... """'-'-} v 

C·.,<c""·,..,. o() 0. .-,-.,'l' .1!10 nr.v·•·•·~"'JO''J·l +,... f'].•·1_: .• ··-f>1CJ;·1 ............ "'" ~- I ;; (.11.4... .' .. ~ L .a. ·- .04'·.:. • ~,..._ ...... , - '-. - oN ~ 

junction ~."loving raphily to·;:nr~d.o vtmildlntiono 

cho~octeriotic~ for n ~ide jun~ticn at dif~c~cnt 

wn13 11·1 0 n:-;t t hic1;:. 'l'be ch C!Pr:ctcPi utio nhHb ~J 

decl'e8Geo on the tr:-'lrpcl~~:tur·e falls. Tt10 'thcot,oticol 

cu~vze rc?er to u onc~di~~nnio~ol junction of tho 

come 0idth vnd crce. 

~~pcriucntol nnd thc6rcticnl de corrrnt-volts~o 

chnrnctc~istino for v ulde junction with ond withou~ 

hf cxcl tctioD,. 'l'11c c~~vcr•h1::;ntol l'Ccnl t.s Pci'c:.:o to a 

c:qu~::."c~ .;~.mcticn c-f t~1!:.c ';'.1 L~ 0.2 r.:n foi." r:h:teh -.,..._J 

t:r:::; 0.,0_31 !ii~1o The c:~c1t5nc fl,8gnency riDS nhont 

\ •n <• ;.;,..., .. ! 

rccint3ncc then the rc2l junctic~o . ' 
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LEGAL NOTICE 

This report was prepared as an account of Government sponsored work. 
Neither the United States, nor the Commission, nor any person acting on 
behalf of the Commission: 

A. Makes any warranty or representation, expressed or implied, with 
respect to the accuracy, completeness, or usefulness of the informa
tion contained in this report, or that the use of any information, 
apparatus, method, or process disclosed in this report may not in
fringe privately owned rights; or 

B. Assumes any liabilities with respect to the use of, or for damages 
resulting from the use of any information, apparatus, method, or 
process disclosed in this,report. 

As used in the above, "person acting on behalf of the Commission" 
includes any employee or contractor of the Commission, or employee of 
such contractor, to the extent that such employee or contractor of the 
Commission, or employee of such contractor prepares, disseminates, or pro
vides access to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 
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