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FAR INFRARED STuDIES OF SOLIDS: 
Electronic Levels of dl Ions in A1203 
Phonon Contribution to ElectromagnetIc Absorption in Lead 

Richard Ross Joyce 

Department of Physics, University of California 
and 

Inorganic Materials Research Division, 
Lawrence.RadiationLabor~tory, 
Berkeley, California 94720 

ABSTRACT 

Far-infrared spectroscopic techniques are used to study 

the low-lying electronic levels of impurity ions in Al20
3 

and 

the electromagnetic absorptivity of Pb. The transmission 

spectra of Al20
3 

doped with Ti, V, and Cr are measured in 

applied magnetic fields up to 55 kOe. The behavior of ab?orp

tion lines due to the ions Ti 3+ and V4+ is discussed in terms 

of a theoretical description of the energy levels of a single 

d electr<iln in the Al20
3 

crystalline field modified by a dynamic 

Jahn-Teller effect. An absorption line attributed to v3+ shows 

magnetic field behavior consistent with a spin Hamiltonian 

formulation, and the· spin Hamiltonian parameters are· directly 

obtained from the spectra. The low-temperature measurements 

of the absorptivity of superconducting and normal Pb show an 

onset of absorption when the photon energy is large enough to 

excite appreciable numbers of acousticphonons. Most features 

of the data can be explained bye; "Golden Rule" calculation of 
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the phonon generation process proposed by Holstein. Swihart's 

calculations o~ the $ur~ace resistance are found to be in good 

quantitative agreement with our data. 

y 
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I. INTRODUCTION 

Many elementary excitations in solids have characteristic energies 

in the meV range and can therefore be studied by the investigation of 

the optical properties of the solid in the far infrared. In cases 

where several types of excitations are present (such as low lying 

electronic and vibrational states), far infrared exper:tments can study 

not only the interaction between the electromagnetic radiation and 

the individual excitations, but also the interactions between the 
." . . 

elementary excitatioIU!. This paper describes two separate experiments 

investigating the electronic excitation spectrum in solids having 

vibrational states in the same energy range. The electronic excitations 

in one case are the discrete energy levels Of the transition metal ions 

Ti and V in an insulator (Al
2

0
3

); in the other case they are the 

continuous excitation spectrum of the condm.ction electrons in a super~ 

conducting metal (Pb). 

WhEma paramagnetic ion is placed as a SUbstitutional impurity in 

a crystal lattice, the highly degenerate electronic levels of the free 

ion are split by the electric fields of the ions surrounding the 

impurity site and by spin-orbit interactions. The resftlt is a series of 

sublevels which are often further split by an external magnetic field. 

1 The methods of crystal field theory can be used to derive parametric 

expressions for the energy levels in the. absence of a magnetic field; 

the magnetic behavior of the ground state can often be described by a 

. H· 'It . 1,2 spln aml· onlan. . .. 

Paramagnetic resonance is a powerful technique for determining the 

spin Hamiltonian parameters of the low-lying levels, although it cannot 
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-1 be used to measure zero-field splittings much greater than 1 ,cm 

Estimates of zero-field $plittings larger than microwave energies can 

be obtained by specific heat and spin~lattice relaxation measurements. 

Magnetic susceptibility and anisotropy measurements can provide 

Zeeman split'ting g-factors for the low-lying energy levels. 'Because 

each of these techniques usually determines only one or two of the 

spin Hamiltonian parameters, several experiments are required to obtain 

a reasonably complete description of the system. , However, high frequency 

magnetic resonance measurements, utilizing far infrared spectroscopic 

techniques, can directly measure the zero-field splittings and spin 

Hamiltonian parameters~ 

We have used far infrared techniques to investigate the low-lying 

electronic states of Ti and V in Al20
3

• We measured the transmission 

spectra of crystals of Al20
3
, doped with Ti and V over the frequency 

range 5-200 cm-l in applied magnetic fields up to 52 kOe. This method 

can be thought of as high,frequency, high field paramagnetic resonance, 

with the ability to continuously vary both the frequency and magnetic 

field. Our results for the dl ions Ti3+ and v4+ yielded a sufficient 

number of spin Hamiltonian parameters to allow a quantitative comparison 

with a recent theory3 of the ,energy levels of a d electron in Al203 

including the .effects of the interaction with the vibrational mode's of 

the Al20
3 

lattice. In addition,we were able to obtain all three spin 

Hamiltonian parameters for the d2 ion V3+ in one experiment. 

The technique of far infrared spectroscopy can be used with equal 

success in studying the electronic states in a metal by measurement of 

the absorptivity. This method has been used to confirm the prediction
4 
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of a gap in the electromagnetic absorption spectrum of a superconductor. 5 

Such research has generally been confined to the frequency region below 

50 cm-l 

Tbeputpose of our experiment was to extend the frequency range 

of investigation to include the phonon frequencies. The acoustic 

phonons in a metal cannot interact dire·ctly with the electromagnetic 

radiation. but the presence of an electron-phonon interaction makes 

possible the indirect excitation of phonons by radiation, with the 
. . 

electrons acting as intermediaries. This would result in an increase 

in the electromagnetic absorption when the photon energy is large 

enough to create appreciable numbers of phonons. This effect was 

,.·6· 
postulated by Holstein, who estimated that the increase in absorptivity 

at optical frequencies due to phonon creation should be comparable in 

magnitude to theanomal'ous skin effect absorytion 7 due to the excitation 

of the conduction electrons. 

We have measured the ab$orption spectrum of pure Pb in the super

conducting and normal states over the frequency region 15~340 cm-l . The 

zone boundary phonon frequency region (35-80 cm-l ) lies well within our 

observing range, and the very strong electron-phonon coupling in Pb was 

expected to make any effects due to pponon creation quite large. Our 

absorption spectra show increases at the expected frequencies, and 

the details of the absorption can be fit quite well to a Golden Rule 

calculation of phonon generation. 

This paper is organized as follows: Section II includes a dis-

cussion of the techilmques of Fourier Transform spectroscopy and a 

description of the Michelson interferometer used in our experiments. 
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In Section III we describe the design and construction of the doped-Ge 

bolometers used as far infrared radiation detectors. In Section IV we 

describe the experiments on Al
2

0
3 

doped with Ti, V, and Cr. Section V 

describes our investigation.of the phonon cre.ation contribution to the 

absorptivity of Pb and includes a comparison of. our results to the 

predictions of a phenomenological theory of phonon generation. 

,.. , , 
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II • SPECTROSCOPIC TECHNIQUES 

Experiments involving the measurement of the optical properties of 

a material over a wide region of the far infrared frequency range 

(2-300 cm-l ) have traditionally relied on the Hgarc lamp as a source of 

broadband radiation. Such experiments utilize only the very low fre-

quency part of the blackbody radiation distribution of the Hg lamp, 

which may provide only a 'few microwatts throughout the far infrared region. 

Higher power levels are available from several gas laser lines 8 in 

this region, but these are useful only in certain solid state experiments 

(such as magnetic resonance or cyclotron resonance), where the effect can 

b t d t th 1 f R t d 1 . t' l' t' 9,10 e une 0 e aser requency, ecen eve opmen s ln non- lnear op lCS 

have shown that far infrared difference frequency radiation can be genera-

ted by the interaction of two visible or near infrared laser beams in 

a non-linear crystal. Such methods ean presently generate continuously 

. -1 
tunable ra.diation from 1-250 cm ,but they are neither simple nor 

reliable enough to be used as standard sources in spectroscopic experi-

ments. For the present, at least, we must still use the Hg arc in con-

junction with a grating monochromator or an interferometer. 

The monochromator uses a dispersive grating and two sets of slits 

to select a small region of the broadband spectrum sent into it. Aside 

from the technical problems of eliminating higher-order "false-energy", 

this method is very wasteful of the small amount of energy available in 

the far infrared. The experiments described in this thesis use a 

Michel'son interferometer and the techniques of Fourier Transform 

spectroscopy . The output of the interferometer contains all .frequencies 

in the broadband of radiation entering it and thus wastes far less 
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energy than does the monochromator. The interferometer serves only to 

modulate the energy in a precisely determined manner so that the fre-

quency spectrum can be obtained. 

A. Fourier Transform Spectroscopy 

Fourier Transform spectroscopy has been desllribed fullyll',12 

in the literature, and only a brief description of the method will be 

presented here. In'a Michelson interf~~ometer,collimated broadband 

radiation is split into two beams, one of which is allowed to travel a 

distance II further than the other before they recombine. If the input 

radiation distribution S(v) is monochromatic, that is, S(V)=S(v )8(v-v ), 
,00 

it is easy to show that the intensity output of the interferometer as a 

function of the path difference II is: 

I (ll) =1/2 S(V ) (1 + cos2~v ll). 
o 0 

For a broadband distribution S(v), this generalizes to: 

I(ll) = 1/2 r)S(V)(l+cos 2~ll)dv = 1/2I(0)+ 1/2 foos(v) cos2~vlldV.(2) 
o 0 

The last integral in (2) is the cosine Fourier Trans,form of S(v); inver-

sion of the Fourier Transform yields 

S(V) = 2 foo F(ll) cos 2~vll dll 
o 

where F(ll) = I(ll) - 1h. :I(O) is called the interferogram. In practice, 
. !. 

"" or.;!" 

one samples the interferogram,at a finite number Nof regular; discrete 
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points (/), = n/), ). The integral in Eq. (3) is then cOAverted to a sum 
_ 0 

andtransfsrmed on a high-speed digital computer. The calculated 

spectrum is 

N 
s(v) = 2/), [1/2F(O) + I FtIt/),) cos (21TIlV/), )]. 

o . n=l -0 0 
(4 ) 

The sampling and truncation of F(/),) has several effects on S(v): 

(a) The choice of /)';,;.determines the maximum frequency calcUlated 
.Q~ . 

from Eq. (4). The sa.uipling :)bheorem- says that this frequency is given 

1 
by Vmax = 2/), ; radiation at higher frequencies is "aliased down" into the 

o 
region 0 < v < Vrnax An analogous situation occurs in the Brillouin Zone 

formulation of the states of an electron in a periodic lattice. - In prac-

tice, one must use a low_po ass filter to cut off radiation above 'v . max 

(b) Truncation of F(/),) at /), leads to a finite resolution. max A use-

ful way to consider the problem is to use the convolution theorem. The 

convolution of two functions is defined by 

co 

hex) = f(x) * g(x) = f feu) g(x-u) duo 
_00 

This leads to the convolution theorem, which can be stated 

FT[f(x) g(x)) = FT(f(x)) * FT(g(x)) (6 ) 

i . e." the Fourier Transform of a product of .. two functibnseq'uals the con-

volutioll of the Fourier Transforms of the individual functions. When 

f(x) and g(x) are symmetric about zero (as they will be in the following 
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discussion)'- we can limit the integral in Eq.' (5) from 0 to 00 and use 

the Cosine Fourier Transform (CFT) in t.~.(6). 

An interferogram F(A) truncated at ~ can be written max 

F' (~.l = reet (~/~ ). F(~), where , max , 

rect (x) = 1 Ixl < 1 

Ixl > L 

From 1&q ~ (6) the spectrum S' (v) 

= CFT[rect(~/~ )J * CFT(F(~)) max ' 

o 

=CFT[rect(~/~ '). F(~)J , 'max' 

= CFT[1"ect(~/~ )J * S(~). 
m~, 

The spectrum 

of a truncated interferogram is therefore the convolution of the spectrum 

of the untruncated interferogram and the CFT of the truncating function. 

As an example, ~on~ide~ a~mc>n0chro1n8.tic' input'S(v-} *'0'(v[;'\>6)' 

CFT [rect (~/~ )J = sin (2'ITV~ )/2'ITV, so the calculated spectrum is max ,max 

sin(2'IT\)'~, ) 
s' (v) ~ 

foo ' max o(v-v _VI) dv' = 2'ITv'~ max 0 
0 max 

sin [2'IT(V-V ) ~ ] 
~ 

0 max (8 ) = 2'IT ( v-v ) ,~' , max: o max 

= ~ sin~ [(\)-V ),~ J. 
max o max 

The expression (Eq. (8)) is often called the instrumental scanning func-

tion (ILS) since it gives the instrumental response to a o-function line. 

The sin,c', furrction has large sidelobes which falloff in amplitude only 

( ,)-1 as v..,.v
o

' and are therefore appreciable in magnitude several resolution 

widths away from v. These sidelobes, or feet, on Eq. (8) are especially 
o 

... 
\ \ 
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annoying because they may distort nearby features of the spectrum. These 

can be reduced considerably by multiplying the interferogram in Eq. (4) 

by a function which goes smoothly to zero at!::' (apodization), thus max . 

removing the discontinuity there. 

The most significant advantage of Fourier Transform spectroscopy 

over grating spectroscopy is the enhancement of signal to noise on the 

spectrum. To illustrate this, we consider the observation of a broadband 

spectral region divided into N resolution widths during a total observing 

time T. A grating monochromator spends a timeT/N bbser';ing the radiation 

from each resolution width. An interferometer, however, "looks" at the 

total spectrum at each position, and therefore observes each resolution 

width for the time T, a gain in time by a factor of N over the monochromator. 

If the noise is independent of the signal, this corresponds to a gain in 

the spectral signal-to-noise ratio of a factor of r/2. This is the multiplex 

<Dr' Fel1gett advantage 13 reali zed in Fourier spectroscopy. Because of the 

cosine modulation term in Eq. (1), the average power output of an inter

ferometer is 50% of the input, so the FeIl~ett adva.ntage is thus 1/2r/2. 

In most discussions theJ:'factor 1/2. ~:;is 1dgnored bya£\:IiI1..im.ing··equal energy 

available for detection. 

The problem of overlapping spectral orders is also eliminated, and 

the only filtering requirement is a single low-pass filter to eliminate 

radiation above v . max These advantages far outweigh the disadvantage of 

obtaining data (the interferogram) which is not in a readily interpretable 

form. The presence of a neaOycomputing facility made this disadvantage 

a minor one in our case. Furthermore ~ with experience, one can extract 

the major features of a spectrum by visual inspection of the interferogram. 
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B. The Michelson Interferometer 

The Michelson Interferometer: which we constructed for use in the 

far infrared is illustrated in Fig. 1. It is quite similar to one 

12-
,described by Richards. The blackbody radiation from a General 
I 
I 

IElectric UA-3 Hg-arc lamp is collimated by f/1.5 optics and directed 

onto the beamsplitter, which is a thin film of Mylar tightly stretched 

on a hoop. After reflecting from the fixed and movable mirrors, the 

radiation is recombined and focused into a 1.1 cm Ld. light pipe, through 

which it is conveyed to the sample and detector. The radiation is chopped 

so that phase-sensitive detection techniques can be used. The interfer'"' 

ometer and light pipe can be evacuated to remove water vapor, which has 

strong absorption lines in the far-infrared. 

Several filtering methods could be employed to eliminate unwanted 

high-frequency radiation. Black poiyethylene at the output of the 

interferometer removes virtually all radiation- above 500 cm-l Lower 

cutoff frequencies could be obtained by use of,Yoshinaga filters14 

mounted on a filter wheel at the interferometer output; these consist of 

polyethylene impregnated with various ionic compounds and could provide 

-1 cutoff frequencies as low as 50 cm Still lower cutoff frequencies 

could theoretically be obtained by zero-order polyethylene transmission 

gratings15 which scatter wavelengths shorter than the grating spacing 

out of the optical axis 'of the interferometer. These were not very 

effective ,in practice because they had to be placed before the chopping 

motor. Thus the chopped signal contained not only the modulated radia-

tion transmitted by the filter but also the unmodulated room-temperature 

blackbody radiation of the filter itself~ This resulted in a large 

;1 

i,':" 
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amount. of unmodulated signal which seriously degraded the modulated 

signal-to-noise ratio. This could be avoided in the future by placing 

the chopper as close to the source as possible, preferably before the 

beamsplitter. The beamsplitter itself has (approximately) a sin2 (v/d) 

efficiency due to interference in the Mylar film of thickness d. This 

was used to advantage by choosing the beamsplitter thickness so that 

its first efficiency minimum occurs at the cutoff frequency v ,thus . max 

aiding in eliminating frequencies beyond v 
max 

The movable mirror is advanced by a stepping motor which is pro-

grammed to turn through a given angle of rotation each cycle. Since data 

are taken at regularly-spaced values of path difference, stepping the 

mirror in this manner makes the "dead time" spent moving between points 

a small fraction of the total running time. 

The mechanical accuracy of the interferometer was very good, con-

sidering the size (15 cm) of the optics. The Mylar beamsplitter 

-1 (20 cm. dia.) was flat enough to provide good modulation out to 700 cm 

the limit of the black polyethylene filter. The stepping motor could 

position the movable mirror to within .l~; during a one-hour run the 

zero path difference point would rarely shift by.more than l~ .. This 

-1 dimensional stability made it possible to obtain good spectra to 500 cm 

c. Data Acquisition and Analysis 

A block diagram of the experimental setup is shown d:n Fig. 2. The 

chopped output of the interferometer is directed through the sample 

(for a transmission experiment) onto a doped Ge-bolometer operated at 

1.20 K. The signal from the bolometer is amplified by a George 620 lock-

in amplifier where it is converted to a dc voltage; the voltage is 
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measured by a digital voltmeter and recorded on punched cards. 

Once the zero path difference point (the first point of the inter-

ferogram) is found, the operation of the system is automatic. The 

mirror is advanced bY'!:,. , and data are taken for sufficient time to 
, 0" , 

,provide a good signal-to-noise, the result is punched on an IBM card, 

and the mirror is advanced again. The mirror advance and voltmeter 

integration are initiated by cam switches driven by a timer motor; this 

cycle is repeated N times, and provides the interferogram recorded 

in a form suitable for immediate analysis. 

It was often desirable to know the results of one run before pro-

ceeding to the next one. An IBM 1620 computer was locally available 

to provide rapid recovery of the spectrum from the digitally recorded 

interferogram. This was done by computing 

S 
m 

N 
= !:,. [1/2 F+ t F o 0 Ln 

n=l 
cos(~)] 

N 

where F =F(n!:,. ), S =S(mv . )=S(mv IN). This'method, although direct, nom mn max 

is slow, since an N point spectrum requires N2 operations of cosine 

computation, multiplication, and addition. The calculation for Nc 200 

took 10, minutes of computing time. We have recently instituted the 

, . 16 
use of a fast Fourier Transform program based on analgorlthm 

invented by Cooley and Tukey. This program, which is described in 

Appendix A, requires only N 10g2N operations, and will compute a 

200-point transform in 20 seconds. 

Problems can arise if the first point of the data is not exactly 

at zero path difference, since the method of cosine Fourier Transformation 

• 
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requires the interferogram to be symmetric about I:. = o. If there is 

an error £: in locating the zero path difference point, then the argu-
, . , 

ment of the cosine term in Eq. (3) becomes 2rrMv-€:}, and sine terms will 

appear in the computed spectrum. This will .distort spectral lineshapes 

and even cause the spectrum to become .n&gativeat high frequencies. , . 

Computational methods exis-t 7 ,18 ."the ,determination of £: from the 

interferogram and the subsequent correction of the spectrum. Fortunately, 

our Michelson interferometer could be set.· sufficiently close to I:J. = 0 

to make any phase error negligible. 

D. Noise In Fourier Spectroscopy 

If we make successive measurements of the signal from the detector, 

we observe a degree of fluctua.tion around some average value. As a 

matter of definition, we call the average value the signal and the 

standard deviation of the fluctuations about this value the noise. In 

far-infrared experiments most of the noise is due to unavoidable 

thermal fluctuations in the detector and noise in the first stage of 

amplification of the signal. In the next chapter, we will discuss 

the minimization of this noise in more detail. The present discussion 

is concerned with methods of enhancing th~ signal:-to-noise, i. e. , 

amplifying as much of the {wea.k)signal.a.nd as little of the noise as 
,-, 

possible. Our experimental technique is to chop the radiation signal 

at a frequency w , amplify the resultant ac voltage signal from the o . 

detector with a lock-in amplifier, and integrate the dc output with a 

digital voltmeter for a predetermined time. This process is periodically 

repeated at successive points bf the interferogram. We now discuss the 
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effect of these operations on the signal-to-noise. 

1. Lock-in Detection 

A loek-in amplifier is a wide-band high-gain amplifier followed by 

(a) narrow band amplification 

(b) phase sensitive detection 

(c) a low pass filter 

The power spectrum after the wide-band amplifier can be represented by 

Fig. 3(a). It consists of a signal component at w , a "white" background 
o. 

due to detector noise, and a contribution'tt()J~l from the amplifi~r. 

The narrow band amplification (a) amplifies the power spectrum 

in a region L\w
l 

centered at Wo·' and cuts out the signal outside this 

region. This is illustrated in Fig. 3(b). 

In the phase detection (b), the ac signal is multiplied by an ac 

square wave at frequencyw. The power spectrum is just the Fourier o . 

Transform of the product of these two, and by use of the convolution 

theorem, this is the convolution of the FT of the square wave with. the 

power spectrum into the phase detector. A square wave symmetric about 

zero voltage (Fig. 3(c)) has frequency components at w , 3w , 5w ... 
000 

Convolving this with the signalpowel" spectrum centered atw will 
o 

reproduce the signal power spectrum at frequenciesw = 0, 2w , 4w , 6w "', 
. 0 0 0 

as shown.in Fig. 3(d). It is important to note that narrow-banding 

must occur before phase detection; if this were not done, the broad band 

noise power components at 3w , 5w , 7w , •.. would overlap w = 0 by 
. 000 

the convolution with the square wave spectrum. 

A low pass filter (0) is necessary to eliminate the power spectrum 

components at 2w , 4w , ... and is also useful in decreasing the width 
o 0 

• 
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~Wl of the noise spectrum about w = O. By using an electronic RC filter 

of time constant T = RC, the width of the power spectrum can be decreased 

-1 ) to ~w2 ~ T (Fig. 3(e». Since p(w is a symmetric functiori, the 

figures show only the posi ti ve frequency scale, and the· vertical scale 

has been doubled. 

2. Periodic Sampling 

The output signal from the lock-in illustrated in Fig, 3(e) thus 

contains a signal component at w = 0 and a noise component consisting 

of frequencies from 0 to 1/2T. In our experiment this signal is 

integrated by a digital voltmeter for a time T
1

; if digitizing noise is 

negligible, this is equivalent to reducing the noise band width to 

I/Tl' Thus the noise power bandwidth should be reduced by a factor 
. 11 

T/t and the signal-to-noise increased by (Tl/t) 2, as shown in Fig. 4(a), 

However, when an interferogram is being measured, the integration 

mentioned above is repeated with a period T
2

, This periodic sampling 

can be seen to introduce extra noise into the integrated signal, in the 

sense that the signal-to-noise ratio of a periodically repeated (N times) 

measurement will increase more slowly than Nl/2 , As an example, consider 

a noise component whose per~od is not an integral submultiple of Tl or 

T
2

, This component, integrated over T
l

, will have a non-zero value 

whose modulus is the same for each successive integration interval, 

But because T2 is not an integral number of periods, the phase of this 

noise signal will shift with each measurement, resulting in a slow 

modulation of the digital signal, In this way high frequency noise 

(w < 1/2T though) can produce low frequency (w < I/T2 ) modulation of 

the iriterferogram, 



-16-

A more sophisticated way to look at this is to consider the 

successive sampling as phase-sensitive detection at a frequency 1/T2 

with an "on" time Tl < T2 . This sampling function and its frequency 

spectrum are shown in Fig. 4 (b ) . The power spectrum is· similar to that 

for the lock-in amplifier with two exceptions: 

(a) The sampling i'unction is not symmetric about zero amplitude so 

it has a component at w = 0 . (corresponding totheabili ty to measure 

a dc voltage) in ~dditi6n to those at w = 1/T2 , 3/T2' 5/T2 ...• 

(b) Unless Tl = 1/2T2 , the amplitude of the nth harmonic components 

is not proportional to lin. 

The resultant power spectrum is obtained by the convolution of the 

sampling power spectrum with the spectral output of the lock-in amplifier 

followed by integration for a time TI · The result is shown in Fig. 4( c), 

Note that the bandwidth of the output is still 1/2T1 , . as·'in Fig . 4{a) , 

but there is additional noise power which will appear in this bandwidth 

(shaded area) because of convolution with higher harmonics of the 

sampling function. Thus the effective power bandwidth may be several 

times larger than that expected from a single integration for time Tl , 

One solution to this might be to increase the lock-in time constant T 

to I/T2 , thus cutting off the harmonic contributions to the noise. This 

is incompatible with our step-and-integrate method of sampling the 

interferogram, in which the "dead time" T2-Tl must be several times T 

to allow the mirror to be advanced and the dc output of the lock-in to 

come to its new value. SinceT2-Tl <T
2

, it is impossible to make 

T _ T2 and use the step-and-integrate method because the large T would 

distort the interferogram considerably, This distortion, would be a 

• 
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,".'. " 

functiop. of the path difference !J. and the relative values of T
l

, T
2

, 

andT. A possible way to eliminate this distortion is to use a 

lock-in amplifier which discharges the time constant capacitor to zero 

o.uring the period'bfmirror advance. This would entail minor modifica-

tions to the lock~ip. amplifier we used and might well be worthwhile. 

If we advance the mirror continuously at a cons,tant speed, there 

is a linear relationship between time and path difference. Although 

use ofa large T would still badly distort the interferogram, this 

linear relation makes it theoretically possible to define an average 

path difference during the integration time as well as a phase function 

, . .' 
which describes the distortion of theinterferogram at each point. It 

would then be possible to recover the original interferogram. 

Noise 'on a continuously driven interferogram appears as wiggles 

which can be thought of as corresponding to high frequency radiation 

modulated by the interferometer. If the sampling interval!J. is chosen 
o 

to be smali enough to sample the highest frequency interferogram noise, 

then the value of T can be made small enough so that the interferogram 

obtained by continuous driving is undistorted. This value of!J. can 
o 

define a V considerably larger than that of the radiation signal 
max ' 

present, in which case a large part of the computed spectrum will conta.in 

noise but no signal (Fig. 4(0.)). The, noise on the signal from 0 to v 
c 

will be smaller as a result of this oversampling; if !J. ,were chosen to 
o 

be 1/2V , the noise from v to v would be aliased back into the c c max 

region o - v . 
c 

points, however. 

This method entails taking considerably more data 
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" ," . 

from th:l!'conduction' band. This simplified model is' sU:pportedby ~ur 

. t hi h h' th t t'he' . t"t b '. t MT exper1men s, w c" s ow a reS1S 1V1 y 0 eysan approx1ma e e 

dependence at low temperatures, and 'that t~e materiai is partially 

transparent to radiation of energieshw <, kl!.. For our calculations 

we assume the material is Charact~rized by an electrical resistance 

R oc el!./T and a larg~ tempe~ature coe;ficient' o,f resis~ance a= ~ ~ = - l!./T2. 

Figure 5 shows a typical operating configuration. The bolometer element 

is mounted in a vacuum, supported by its electrical leads, which provide 

a thermal conductance G between the bolometer arid a ,heat sink at a low 

temperatureT . .The bolometer element and electrical leads have a heat 
s 

capacity C. The bolometer absorbs a fraction E of the chopped radiation 

. al P iwt s1gn Ie 

temperature T 
o 

and the background radiation Po' and responds wi th a 

iwt i~ 
+ Tl e 'and resis~anceRo + HI e ' The resistance 

Rl due to the signal is measured by biasing th~ detector with a constant 

current I and measuring the ac voltage IRI with a lock-in amplifier. 

'2 iwt 2 
The total power input to the bolometer isP. =I R +E Po+EPl e +I Rl 

' . , dT 1no 
Applying the energy conservation equation C dt + G(T-T

s
) = Pin we get 

iwt 
e 

The first three terms determine the opera.ting temperature T =T +(EP +I2R )/G o s 0 0 

due to the dc power input. The ac term can be simplified by writing 

= R_/R a = Rl~/R l!.. -'1 0 0 o. 
This gives 

(11 ) 
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Defining a time constant T = C/G, we can solve for the ac resistance signal 

R = 1 

The responsivity S = II~l/Pl is the measured voltage signal for unit 

signal power: 

S = 
-R /j,£ I 

o 

(12 ) 

In art experiment, the relevant ariterion o'fdetector quality, is the 

minimum signal which can be detected, usually called the noise-:-equivalent 

power (NEP). The desirable goal of minimizing the NEP is not automatically 

achieved by maximizing S~ since there are circumstances in which the 

dominant source of noise ,is dependent on other parameters. It is 

therefore necessary to consider the conttibutionof each noise source 

to the total detector noise, in order that the dominant source be 

identified. In the following we will express the mean square NEP as a 

sum of various contributions to the detector noise, and consider its 

minimization in terms of the responsivity S and the bolometer parameters 

appearing in Eq. (13). 

2. Bolometer Noise. 

In a Gebolometer, there are often several noise sources of comparable 

magnitude. These are Johnson noise, phonon noise, background radiation 

intensity fluctuations, and current noise. Since the experimental noise 

is measured at the output of the amplifier connected to the detector , it 

is important to also consider the amplifier contribution,which is quite 
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dependent on the relative impedances and temperatures'of the detector 

and amplifier, and can often dominate .the system noise. 

a. Johnson noise. The Johnson noise of a resistor, which results from 

the dissipation of thermally induced current fluctuations, is given by 

V
J

-(4kTRB)1/2 (14 ) 

where B is the noise bandwidth. Dividing this by the responsivity 

expresses this noise in terms of an optical noise power incident on the 

bolometer. 

P
J 

= (4kT R B)l/2/S • 
o 0 

b. Phonon noise. Another contribution to the detector noise arises 

from random fluctuations in the phonon flux between the detector and 

the heat sink through the thermal link G. The resultant noise power 

is given by 22 

(.16 ) 

c. Back~round radiation noise. Fluctua:tions in the radiation from the 

source and from the room temperature background can also contribute to 

detector noise.' The mean square noise power from a radiatc!lr at temperature 

22 
TR can be written 

• 

,. 
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Her'e '. n is the solid angle subtended by the bbdyat the detector(~assumed 
, ' . 

small compared to 27T), and A is the detector area. A focusing cone 

(Fig. 5) is commonly used to limit the field of view to one which just 

includes the image of the Hg arc source. A larger field of view would 

increase only the signal due to the background. 'l:'he acceptance angle e 

of the cone should thus be determined by the f-number of the spectrometer 

(for our f/l.5 optics, e ~ 20°). Eq. (17) can then be written 

(18) 

, . 

The factorS takes into'account the bolometer ap~orptivity, the emissivity 

of .the r8,diator; and the effects of any filters in the system. For the 

. 4' 2 e 
purposes of analysis, we can define SA cr TR sin (2") = W, the power abso;rbed 

by the detector, in which case Eq. (18) assumes the simple form 

One source of this noise is the room temperature blackbody radiation 

from the mirrors and uncooled filters in the interferometer. For our f/1.5 

system with room temperature black polyethylene filtering, W ~ 10-5 watt, 
2" .... -24 2 

and PR .~ 10 watt . This can be reduced considerably by coating the 

inside of the light pipe with soot, which absorbs high frequency radiation 

and re-radiates at a much lower temperature. In this case, e is nearly 

the line-of-sight anglesubtendedby the room temperature background, 



-24-

. -2· -
which is about 10· for aIm length bfl cm dia light pipe.· Cooled 

filters-in the light pipe can reduce the background even more. A cold 

sapphire window, for example, will remove radiation above 200.cm .... l . Under 

_. . ·-8 . 2" -27 -.··2 
these conditions, W ~ 10 watt, and P R ~. 10 watt. 

The signal from the Hg arc source will also have fluctuations which 

contribute to radiation noise. For a typical transnrlssion experiment, 

-9 W - 10 watt, and estimating the source temperature to be TR - 2000K, 

P~ - 2.5 x IO-27 watt2
• For a signal power equal to the NEP (which we 

will assume to be smaller than .10-9 wa.tt), the background radiation 

. ' .. - - -14-
noise power PR ~ 3xlO watt is the contributing factor. 

d. Current noise. Little is known about current noise theoretically. 

It is often found in carbon resistors and semiconductors; but appears 

to be absent in wire :wound.resistors. Experimentally, current noise 

can usually be expressed as 

-P = (F I Y v-B B)1/2/S 
c 

(20) 

where F isa constant, y is near 2, and B is normally about 1. By use 

of ~:/;mgle crystal bolometer material and carefully constructed electrical 

contacts, it appears possible to reduce current noise to a negligible 

value. 19 

e. Amplifier noise. The bolometer-amplifier circuit we used is shown 

in Fig. 6(a). For the purpose of analyzing the noise in this circuit, 

we replace each resistor with an equivalent noiseless resistor and a 

noise voltage source, as illustrated in Fig. 6(b). The load res~stor 

2 . 
RL at temperature TL produces a mean square voltage noise eL=4kTLRLB; 
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theamplffier input reeutance RI at' the amplifier 

2 produces e
I 

= 4kTARrB. The detector voltage noise 

temperature TA 

2 e = 4kT R aB, where s 0 0 ' 

a includes the contribution of noise sources other than Johnson noise. 

In addition,we define an amplifier nQise' resistance RA by e!=4kT
A

RAB, 

where eA is the measured input noise of the amplifier with the input 

shorted. The current generator ig represents the grid current noise 

in the amplifier. This can be determined bY,measuring the mean square 

20 
Following the method of Putley and Martin, we can derive the 

noise figure (NF) for this equivalent circuit. This is defined as 

NF = M~an square noise/signal at output (21) 
Mean square noise/signal at source 

For the circuit in Fig. 6b, with RI , RL>RA, we obtain 

TA ,RoTL R R .2 2 
1. 

1 ~+ ..AJ ,': ",g,,' J NF = 1 + -[--+ + 4kT\,:Ra [l/R +i/Rc"+l/R aTo RLTA RI R 0 0 0 I '0 L 

2 From Eqs. (21) and (22) and the definition of es ' we can obtain the 

mean square voltage noise/signal at the output. Division of this by 82 

expresses the voltage noise in terms of an optical noise power, thus 

giving the mean square NEP: 

(NEP)2 
4kT R B 

+ 4kT2 
' y-S 

o 0 GB + 8kT WB~ + Flv B = 
82 0 R 82 

4kTARoB R TL R RA 
.2B R R R 2 
1. 

+ 
2 

[_0_+ ~+ -J +~[ ILo J (23) 
RLTA Rr R 82 RrRL+RrRo+RLRo 8 0 
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The first four terms are the detector noise sources described previously. 
<. :' , 

The last two terms are the amplifier noise contribution, which in the 

lW t Ro ~RI' RL reduces to the mean. square a.mplifie~ input noise power 
. 2 

4kTARAB/S. In general, it is dependent ort the bolometer resistance R , o 

and can be the dominant contribution when TA > Td,' 

3. Design of an Optimum Bolometer. 

We can now make several general comments regarding minimizing the 

NEP, which is clearly a desirable goal in bolometer design. The first, 

fourth, fifth, and sixth terms in Eq. (23) can, in theory, -be made 

arbitrarily small by increasing the responsivity. For this reason, it 

is desirable to maximize S, both by judicious choice of the bolometer 
. : 

parameters"during construction, and by use of the proper bias·cwrent 

during an experiment~ The third term can be reduced by the use of 

cooled filters. The ultimateNEPof the bolometer is thus determined 

by the phonon noise,and is given by the second term in Eq. (23). 

In the remainder of this section , we will a.ssume that the experimen-

tal variable (the current) is always set to maximize theresponsivity 

for a given bolometer. We will then consider the effect of the design 

parameters on S and the NEP. The current dependence of S will be 

discussed in the following section on bolometer testing. 

Maximizing Eq. (13 )wi th respect to I gives the operating current 

2. 1/2' . 
I = [G T (l+iwT)/R t.l ., for which moo 

S 
m 

(24) 

Because the parameters in Eq. (24) are not independent,it is worthwhile 

(\ 
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to consider maximizing S·. in terms of the conditions available to the 
m 

experimenter: the temperature, the bolometer size and doping, and the 

electrical lead geometry. 

Ca)· Changing the temperature has pronounced effects on S:, since it 
m 

enters not only explicitly as To' but also implicitly in G(~To)' 

t=C/G (O::T2), andR (0:: eIJ./TO ). It is clearly desirable to make T as o . 0 . . 0 
. 23 

small as possible; Drew and Sievers report that decreasing T from 
o 

1.5 K toO. 4 K leads to an increase in S" by two orders of magnitude. 
m 

In practice, T is a rather inflexible parameter determined by the type 
o 

of cryogenic system used. 4 We used a pumped He cryostat capable of 

attain~ng a bath temperature Ts - 1.lK. Depending on the bolometer, 

T ranged from 1.3 K to 1.5 K. 
o 

(b) The bolometer doping determines the parameter b.. Transmission 

24 
experiments have shown thatb. corresponds to an effective band gap, 

and that radiation of energy .< kBb. is not absorbed efficiently by the 

material. Therefore, for the purposes of maximizing S, it is desirable 

to increase b. (and thus R ) until the resulting decrease in E becomes 
o 

important. 

In practice, it is usually more important to choose b. so that Ro 

minimizes the amplifier noise contfibutionto the NEP. From Eqs. (23) 

and (24), we can see that the only dependence of the NEP on Ro occurs 

in the amplifier noise terms (we are neglecting any consideration of 

the bolometer current noise). Minimizing this with respect to Ro yields 

the opt'imum condition 
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For our amplifier 
'" , , '1 ',-13 1/2 

system, TL=TA=300 K, RL,Rr ~ 10 n, ig~lO amp/Hz , 
, " 4 

and RA ~ 2XIO n, for which the' optiln,um bolometer resistance R ~xI05 n. , om 

For our cryogenic system and bolometer dimensions, this condition restricts 

the useful values of ~ to the range 8 ~ 10 K. 3 ' 23 
For a He cryostat, 

values near 4 K are appropriate. 

eb) The size of the bolometer is often determined by the experimental 

requirements that it be large enough in area to intercept the desired 

radiation and thick enOugh to be highly absorbing., Further increases 
, . 

in these dimensions will have little effect on E, but will increase the 
.. ," 

heat capacity C ~ If we are operating i~ the region wi > 1,' Eq.( 24) 

" -1/2 shows thatS ~ C . 
m 

The electrical leads furnish the thermal conductance G between the 

bolometer and the heat sink. When we insert S from Eq. (24) into 
m 

Eq. (23), we find that all' terms in the mean square NEP,' except background 

radiation fluctuations, are proportional to G. It is clearly desirable 

to minimize G. Unless the system is dominated by phonon noise, the 

effective lower limit on G (keeping the other parameters constant) is 

provided by the condition that the thermal response of the detector be 

rapid enough to follow the chopping modulation of the radiation signal. 

Using the definition of T =C/G; this requires that c; ~ wC. For the 

operating condition WT = 1, the mean square NEP can be written 

(26) 
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Here wehaire assumed the bolometer current noise. to be negligible and 

have set the terms in brackets iIi the fifth term of Eq. (23) equal to 

RA/Rom' and have assumed Rom -< RI,RL in the last term. It is found for 

most amplifiers that the input noise resistance RA varies as w-l at low 

frequencies, so the fourth term in Eq. (26) is actually frequency independent. 

Eq. C26} does show the motivation for making w and C as small as possible. 
- .. . 

In practice, we determine C by the minimum volume for efficient absorption, 

select the chopping frequency to be as slow as is convenient (we used 

values between 11 Hz and 42 Hz), and adjust the bolometer lead length until 

WT ~ 1. 

B. Bolometer Construction and .Testing 

1. Selection of Suitable Material 

All of the bolometers we constructed were made from single crystals 

of Ga-doped Ge.Three pieces of material were initially available, of 

which only one was found to be suitable for 1.2 K bolometer construction. 

The room temperature resistivities ranged from 0.11 to 0.18 ~-cm, but 

these values were only roughly correlated with the low temperature behavior. 

The energy gap parameter /1 is extremely sensitive to impurity concentration, 

and small scale fluctuations in concentration were found to produce 20 per cent 

differences in /1 between two bolometers cut from adjacent positions in 

the original crystal. The only way to determine the suitability of 

bolometer material is to obtain /1 by low temperature resistivity measure-

ments. 

Several chips about 4.mm square and from 0.5.mm to 0.7 mm thick were 

cut from each sample of doped Ge. The area was made large enough to 

cover the exit hole of the focusing cone (Fig. 5), whose diameter is 
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determined by the throughput~ of the spectrometer. The throughput is 

defined as the product of the aperture and the solid angle subtended 

by the detector, and is constant for an optical system. The output of 

our spectrometer is focused by an f /1. 5 mirr~r (n.llI:I .15 7T) into a light 
. I 

2· . 
pipe about 1 cm in area, so the minimum output area ·of the focusing 

cone (tor which r2 = 27T) is 0.07cm2 , corresponding to a diameter of 3 mm. 

,A smaller exit would not pass all of the f/l.5 radiation; a larger one 

would project the radiation into a solid angle smaller than 27T. The 

thickness'requirement was determined from transmission measurements of 

. -1 
a piece of 0.5 rom thick material, which was opaque above 30 cm ,but 

.. .... . -1 . 
transmitted about 30 per cent at 10 cm . 

These chips were etched in"a solution of 5 parts HN0
3

, 3 parts 

CH
3

COOH, arid 3 parts of 30 per cent H202 ." Several C:nth" of #34 Cu wire 

(0.16 rom dia.) were soldered ,to opposite edges with In solder. We found 

that good contacts~ould be made using a regular soldering iron and. 

ZnC1
2 

flux, as long as great care was taken to avoid contamination of 

the soldering tip or the flux with materials which could form a p-n 

junction in the solder joint. We then made resistivity measurements of 

these chips between 4.2 Kand 1.2 Kto determine 6. 

Only a narrow range of 6. was desirable for our 'bolometers. One of 

the pieces of source material had a characteristic value 6 - 3 K which 

is too small for a 1.2 K bolometer, although it would be quite acceptable 

3 23 for a He bolometer. Another piece had 6 ~ 15 K, too large to produce 

bolometers with acceptable low-frequency absorptivity. Chips out from 

4 ·4 the third piece had 7 < 6 < 10 K and 10 < P < 5xIO r2-cm at 1.2 K. All 

of our bolometers were made from this material. 
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2. Bolometer Mounting 

;.. The chips which were determined to have values of !J. in the desirable 

range were mounted as shoWn in Fig. 5. The electrical leads were glued 

into a hole in an Al heat sink, which in turn was glued to a wall of 

the bolometer cavity, which is in intimate thermal contact with the He 

bath. The length of the leads between the bolometer and Al heat sink 

was chosen to provide the optimum value of G for the particular bolometer; 

as aetermined by the chopping frequency and an estimate of the heat 

capacity -C of the bolometer, solder, and electrical leads. 

Atypical chopping frequency in our experiments is 33 Hz, for 

-1 which w= 208 sec • Satisfying the optimum operating condition 

WT = 1 ~hen requires T ~ 5 msec. The heat capacity of Ge at these 

temperatures is due to the lattice, and has the approximate value 

4 3 erg/K ~ mm • 

For an 11 mm3 bolometer at atypical operating temperature 

To=1.4 K, CGe=2.6 erg/K. The heat capacity of the In solder (typically 2 mg) 

is ::::: 0.2 erg/K at this temperature. The electronic heat capacity of the 

0.18 mmdia. Cu leads can be written 

erg/cm -~ (28) 

where t is the length of each lead. Thus, at T=1.4 K, the total heat 

capacity C=C +C +C ::::: (2.8+0.6Q.) erg/K. , Ge In eu 

The thermal conductivity Sf the Cu wires is proportional to tempera-
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, , 

ture in this range, and assuming a value K = 1 W/cm-K at T=lK, the 

thermal conductance of the two leads is 

erg -em/sec -~. 

erg - cm/sec - K. Solving the equation 

C/G = T ,=' 5 msec leads to a solution for the length' of the leads i = 5,cm, 

with C = 5.8 ergiK and G =1.lxlO-4 erg/sec - K. 

Initial tests with an existing bolometer indicated that a lead length 

of about 1.5 cm was 'sufficient to make T ;::::s 5 msec, which implied a lead 

thermal conductance smaller by a factor of four than that given by Eq. (29). 

One explanation for this discrepancy ,is that the Cu wire we used for our 

leads has a thermal conducti vi ty smaller than the handbook value. A 
, ' 

more serious possibility is that the glue bond between the leads and the 

heat sink is poor. This is undesirable because the ,temperature of the 

Cu leads is then very close to the elevated value T , rather than being 
0, 

distributed between T and T along the length of the wire. This will a's 

make CCu larger. Furthermore, such a tenuous thermal link can change 

with time~ resulting in erratic performance. 

These results indicate that our bolometer mounting is probably not 

an optimum design. A more flexible method would involve the use of very 

thin electrical leads of a poor thermal 'conductor. The thermal,linkis 

then provided by a He exchange gas. This has the dual advantages of 

substituting the small heat capacity: of the He gas for that of the Cu 

leads, and of providing a thermal conductance which can be varied during 

the course of an experiment. 
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3. Sensitivity Tests 

Aside from the absoj;.lptivity.~ £, the responsiyity ofa bolometer can . 

be measured by purely electrical means. 
. 21 

Jones discusses several 

methods fordoing this ~a.ll of which use the known electrical heating 

power in the bolometer as the power input. Our method is to measure the 

current..iV61tage characteristic (load curve), which contains all the 

information necessary to determine the dc respOIlsi vity. The dc responsi-

vity is, from Eq. (13), 

S(o) (30) 

The second term in the denominator can be written 

Since the only power input is the dc heating P 

H = d(log P)/d(log R), and 

s(O) = £/r(H-I). (32) 

This is obtained by plotting the load curve on log-log paper. A 

45° rotation transforms the log r and log V coordinates into log P and 

log R, and the slope of the load. curve With respect .Ibothe latter set 

of coordinates is H. Figure 7 shows the load curve for our best bolometer, 

along wi th the dc responsi vi ty cal cula.t ed .. from Eq ~ (32). 

Since the experimental quantity of interest is the resp6nsi vity at 



-34-

the chopping fre<tuency-, w, it is necessary- to calculate Sew) from 

Eq. (J;3). Using the fact that H(w} = H(l+iwT), the responsivity can be 

written in the intuitive form 

sCw) S(O)/Cl+iwT ) 
e 

where 

T = HT/ (H-l). e 
( 34) 

Eq. (34) indicates that T is a function ,of the bias current I, so the 
e 

dynamic responsivity curve cannot be obtained from the dc responsivity 

curve by a constant multiplicative factor. This is illustrated in 
, ' 

Fig. 8, where the dc responsivity (circles) is plotted along with a 

measured ac response curve, which was obtained by tlluminating the 

bolometer with a chopped radiation signal of unknown magnitude and 

plotting the lock-in amplifier output as a function of I. In practice, 

we determined T for a particular value of I (and H) by measuring the 
e 

frequency dependence of the bolometer response to a chopped radiation 

signal and using Eq. (33). We could then determine T (I) from Eq. (34) 
e 

and calculate the dynamic responsivity. The results of this approach 

i"~ 
are indicated by '?~he squares in Fig. 8. The shape of the curve outlined 

p~ these points is a considerably improved fit to the experimental curve. 

Eqs. (33) and (34) are approximate in that they ignore the effects 

of a finite load resistance RL in the' bias current supply and the 

temperature dependencr;\9f T = C/G. The (f!ormer situation is discussed 

'"' 
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by Jones, 
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and is of little consequence here, since we always kept 

RL > Ro in our experiments. The latter problem is more serious, since 

it is difficult to treat analytically. However, we found that calculation 

of T as a function of current, using csuculated values of C and measured 

values of G = I 2R/(T -T ) gave values of T which were almost constant 
o s 

over the range 2l.la - 15 l.la; furthermore, this T was quite close to that 

determined experimentally by measuring S(w). The approximations inherent 

in Eqs. (33) and (34) are thus relatively unimportant, and the poor fit 

in Fig. 8 at small current is probably due to the inaccuracy in measuring 

the very large slope of the load curve (relative to log R) in this region. 

For this reason, we used the experimental responsivity curve to determine 

the optimum operating current, and fit the theory t~ the experiment in 

the range 10 l.la - 20 l.la to obtain the scale factor for the experimental 

curve. 

We also determined the NEP by measuring the rms noise voltage at 

the output of the amplifier with no chopped radiation signal incident 

on the bolometer and di vili.ing this by the responsi vi ty. 

The measured parameters for our best bolometer are presented in 

The values of S, NEP, e, R , T , and I are those at the 
s 0 0 op Table I. 

minimum NEP. The values I and S are those at the maximum S,which . m m 

often occurs at a different operating point when amplifier noise 

predominates. Because amplifier noise (Eq. (23)) depends on both S 

andR , it will not necessarily be minimized either at S or the value 
a m 

of R given by Eq. (25). G was obtained from the load curve and the 
am 

measured R (T) curve. The value of T obtained by dividing the theoretical 
o 

heat capacity by the experimental G was quite close to the experimental 
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value. Th~ l(Slad curve analysis thus provides a quite accurate method 

of bolometer calibration, although the calculations for the dynamic 

responsivitycan be tedious. We found it more efficient to test several 

bolometers at once by mounting them in a cavity in such a way that they 

were illuminated by appro:d~mately equal amounts of radiation. By using 

a calibrated bolometer as a control, the responsivities of the others 

could be obtained by measurement of the relative responses to the applied 

radiation. 

In Fig. 9 we show the NEP calculated ·from Eq. (23), using the 

measured values of T , R , G, and S for sever·al values of I. The two 
o 0 

curves represent the NEP for the conditions T = T = 300 K (our L A 

experimental condition), and TA = 300 K, TL = 4 K (obtained by cooling 

the load resistor). The background radiation noise power was calculated 

to be 3xIo-14 watt from Eq. (19), but an error in this estimate would 

have negligible effects on theNEP, since the amplifier noise. was by 

far the dominant factor. The open terminal input noise was measured 

/ 
1/2 . . . -13 1/2 to be - l)..lv Hz ,corresponding to a grid current no~se ~ - 10 amp/Hz . 

g . 

The e.)Cperimental NEP (points shows the same general current 

dependence as the theoretical curve, and the quantitative agreement is . 

very good except at very small bias current. As indicated in Fig. 9, the 

operating current I is different from I , the current at maximum op m· 

responsivity. This indicates that we are limited by the noise in the 

amplifier. Insertio~ of the bolometer parameters at I into Eq. (23) . op 

shows that the amplifier Johnson noise and current hoise make approximately 

equal contributions which are about 50 times larger than the mean square 

detector noise. 
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Severe amplifier noise limitation is difficult to avoid in a system 

consisting of a room temperature amplifier and a low temperature detector. 

The other theoretical curve in Fig. 9 shows the value of cooling as much 

of the amplifier system as possible. Helium temperature load resistors 

19 
have been used by Low and others, and could reduce the NEP of our 

system by 10 per cent. The more radical solution of cooling the 

amplifier would achieve a spectacular reduction in NEP (provided the 

current noise also decreases with temperature), although this is not 

practical at present. 

In summary, we have constructed bolometers with measured values 

of NEP as low as 9xlO-13 W/Hzl / 2 at a chopping frequency of 42 Hz. Our 

analysis indicates that this could be reduced by 10 per cent by cooling 

the load resistor. Because the amplifier noise is the dominant factor, 

further reductions in NEP can be obtained only by increasing the 

responsivity. Low
25 

has achieved an NEP of 3xlO-
14 

W/Hzl / 2 by 

decreasing the bolometer volume to 0.2 mm3 (which allows a consequent 

reduction of G), but such a small bolometer would be inefficient in 

intercepting much radiation in our experimental configuration. A 

highly. desirable· alternative is the use of He3 cryogenics to reduce i'r:, 
o 

to 0.4 K; with such a system, Drew and Sievers
23 

have constructed 
, ' 3, .. . ... -14 . 1/2 

a bolometer 8 mm . iri volume with anNEP = 3xlO . W/Hz . 
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DI. EXPERIMENTS ON Al2 03 DOPED WITH Ti, V, and Cr 

A •. Introduction 

Our first experimental program with the apparatus described above 

was the investigation of the transmission properties of Al
2

0
3 

doped 

. -1"-1 
with Ti, V, and Cr over the frequency range 5 cm - 120 cm in 

applied magnetic fields up to 55 kOe. Previous zero field experiments 
. . '. . . .. ~ '. '. . 2 

on Al20
3 

doped with Ti and V by Nelsonet al. and Wong et al 7 

had shown absorption lines which they attributed .to transitions between 

3+·4+ the electronic levels of Ti and V in the Al203 lattice. Their 

assignment was reinforced by calculations made by MacFarlane , Wong, and 

3 Sturge (MWS) of the expected energy levels of a single d electron 

in the' Al
2

0
3 

crystalline field modified by a dynamic Jahn-Teller effect. 

The lines attributed to Ti3+ had been Seen by previous workers, and 

there was a degree of controversy over theirassignment~ Very simile 

by u~ . .::1.'''' {.28 lines were observed .{~.... in a ruby sample with no suspected 
. 29 

Ti impurity. They were later observed in Ti-doped Al
Z

0
3

by Perry. 

More recently, Moser~al had observed the saine lines in samples of 

Al
2

0
3 

doped with Ti, V, and Cr. Since the line strengths did not seem 

to correlate with spectrographic analyses of Ti impurity, they were 

30 
attributed to lattice vibrational modes. . OUr magnetic field 

experiments were expected to.resolve this discrepancy and to provide a 

critical test of the (MWS) theory in the event the absorption lines were 

due to the Ti and V impurities. 

The samples we measured includedTi, V, and C:r doped material 

26 27 
studied by Nelson and Wong and Ti and Cr doped material 

30 
used by Moser et ale Our results confirm the a.ssignment to 
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electron:Lc levels. of Ti3+ and V
4+ and all in reasonably good agreement 

withtheMWStheor,r. In addition, we investigated an absorption line 
. 1 

near 8 cm- in the V-doped sample. Our magnetic field results confirmed 

the assignment of this line to a low-lying electronic level of the 

(d)2 ion V3+. We obtained an excellent fit to the theoretical magnetic 

field dependence derived from a spin-Hamiltonian. 

B.Eeperimental Techniques 

1. Experimental Apparatus 

The cryostat which we constructed for transmission measurements in 

a magnetic field is shown in Fig. 10 The sample is mounted in a light 

pipe which can be removed from the cryostat, and samples can be changed 

withOut appreciable loss of He. The NbZrsuperconducting solenoid is 

capable of producing a field of 55 kOe. Radiation from the Michelson 

interferometer described in Section II is directed through the sample 

to the detector chamber, where it is focused by a light cone onto the 

detector. We used our best In-doped Ge bolometer, which had an 

NEP ~ 10-12 W/Hzl/2. The radiation exiting from the cone is distributed 

over a hemisphere, so the bolometer is mounted in a non-resonant inte-

grating cavity to maximize the absorption. The detector chamber is 

thermally separated .from the sample cavity and has its own He tank 
• \-) 

which can be pumped to provide the low temperature necessary for efficient 

bolometer operation. Because of the excellent radiation shielding 

provided by the surrounding 4.2 K He, bolometer temperatures as low. as 

1.0 K could be reached. The sapphire windows used to separate the 

.bolometer vacuum jacket from the sample cavity also served asa cooled 
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filter to eliminate room temperature background radiation. 

All of our experiments on Al203 were done with the sample at 

4.2 K, as shown in Fig.lO. Temperatures as low as 1.5 K could have 

been obtained by pumping on the large He bath. When elevated tempera-

tures are desired, the vent holes shown in Fig .10.." can be closed and 

the sample cavity evacuated. A sample insert with a heater can provide 

temperatures to 50 K. This feature has been used to investigate low 

critical temperature ferromagnets and transitions which are relatively 

insensitive to magnetic field.
31 

2. Sample Materials 

The samples used for our primary investigations were crystals of 

Ti, V, and Cr doped Al20
3 

used by Nelson26 and Wong. 27 These had 

been carefully grown to assure that only the nominal impurity 

was present in any appreciable quantity. This was important in light 

of our suspicion that the "vibrational modes" observed by Moser 

et al may have been due to trace amounts of unintentional Ti impurity 

in all o~ his samples. 

The Ti-doped samples were single crystals about 1 cm in diameter 

and 1 to 5 mm thick'~ some of which had the optic axis (referred to 

here as the c axis) in the plane of the crystal (and thus perpendicular -, 
to themagnetic field), while others had the, c axis normal to the plane. 

By doing experiments on both types we were able to orient our solenoidal 

magnetic field both parallel to and perpendicular to the c axis.' X-ray 

analysis of these crystals confirmed these orientations to within 3°. 

The concentration of Tiwas 0.15 per centrbyweight of the oxide; it is 

not knbwn how much bf this was in the 3+ ,oxidation state. 
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The Al20
3

:Y crystal was approximately a cube 1 cm on a side. 

The Y c()ncentration was o. 3;'per {!EJiit.:~by(~ei:gltt ~'ofjthe' 6xide';)eorresp8nding 

·32 
to - .15 wt:per center Y. :iSlackesii·itnalteePthe ~e~e.t'iort' of 

y3+ at about 0.06 wt per cerit from optical absorption experiments; the 
. . . __ ~+ 4+ 

remainder was V- and Y . During his experiments, Wong had irradiated 

the sample with X-rays, resulting in'the net raactiG>n hV+2V3+-+y4++y'2+. 

Both the y4+ and y2+ concentrations approximately tripled from previously 

small values as a result of this treatment. The y4+ concentration 

in our experiments was thus about 0.04 wt per cent. 

The Al20
3

: Cr sample was a single crystal 15 cm long and 1.5 cm iI1 

diameter; The Cr concentration was 1 per cent by weight of the oxide. 

In addition, we measured the transmission of four of Moser's 

samples,two of which were heavily doped (2 per cent and 5 per cent) 

with Cr, and one which was approximately 0.1 per cent Y. All of these 

samples. had Ti concentrations of less than 20 ppm by spectrographic 

analysis. 

The samples were mounted on a disc of crystal quartz which was 

wedged to prevent interference effects. The quart z disc was fastened 

to the sample holder, with the sample sticking into the light pipe. 

A short section of light pipe butted against the quartz on one end 

and extended close to the sapphire window at the bottom; this method 

minimized the gaps in the light pipe, which are very wa.steful of radia-

tion. When this was installed in the cryostat, the sample was immersed 

in the liquid He, so its temperature was maintained at 4.2 K. 

C. Experimenta with Al
2

0
3

:Ti3+ and Al203:y4+ 

Our initial.experiments on Ti and V-doped samples yielded zero-field 
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. . 26 
transmission spectra which were consistent with Wong's and 

27 
Nelson's results. In the Al

2
0

3
:Ti3+, absorption lines were seen 

-1 -1 
at 37.8 cm and 107 cm 

. .. -1 
A similar pair of lines at 28.1 cm and 

-1 53 em was. observed in the V-doped sample. Furthermore, the lower 

freCluency line in each sample was observed to split in a magnetic 

field applied parallel to the c axis. This behavior supports the 

, t t T,3+ ·V4+, b t" 't t 'th th ' t· asslgnmen . a 1 and lons, UlS lnconSlS en Wl. . e asslgnmen 

'b t' 1 30 to Vl ra lona modes 
3+· 28 

or exchange-coupled Cr ions. The 

similarity of the lines in the Ti and V samples (one narrow line at low 

freCluency and a broader one at a higher freCluency)· further supports 

th '· , . t ' T,3+ V4+ . 1 t' . . h l.S aSSl.gnmen , Slnce . 1 and . are :!,.I~oe;eG rOI;llc and should ave 

similar electronic levels. Our following experiments studied the 

magneticbehavior of. the lines with the intention of providing a 

quantitative test of the MWS theory of dl electronic levels in Al203" 

1. 
1 . 

Crystalline Field Levels of d Electrons in Al20
3 

In the samples studied, the impurity ion is assumed to be substituted 

• 3+·· 3+ . . 
directly for an Al ion.· The Al lattice symmetry is trigonal, but 

the six 02- ions adjacent to an Al site lie at the corners of a not too 

badly distorted octahedron ; thus the crystalline field seen by an ion 

substituted for Al is largely cubic with a small trigonal distortion. 

Both Ti 3+ and V4+ have an electronic configuration consisting of a 

closed Ar shell and a single 3d electron. The lowest levels of these 

ions are thus those corresponding to the single delectron. The 

·2· ground state of the free ion, a tenfold degenerate D level, is split 

by the cubic and trigonal crystalline fields into an upper level having 

Eg symmetry and lower Alg and Eg levels. In addition, the lower E 
g 

! ' 
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level is split by spin-orbit coupling and the upper Eg level is split 

by the Jahn-Teller effect. 33 The resulting configuration is shown 

in Fig.lI. Only the three lowest levels, labeled E
3

/ 2 , lEl / 2 , and 

2El/2 in order of increasing energy, are of interest in our experiment. 

These levels are Kramers.· doublets, which can be split only by an 

external magnetic field. The magnetic behavior can be described by 

the spin-Hamiltonian 

1t = g II S 8 H + gnl S (8 H + 8 H ) n n z z x x y y 
(35 ) 

where n:l,2,3 refers to the E3/ 2 'lEl / 2 , and 2El/2 states, respectively, 

and the" and 1 subscript!;l refer to magnetic fields parallel to and 

perpendicular to the c!,iaxis .. This behavior is illustrated· in Fig .11. 

2.. ~erimental Results 

Our zero field experiments described above showed two absorption 

lines for each of the Ti and V doped samples. These correspond to the 

-1 -1 3+ tranaitions''?I,and,02' which are 37.8 cm and 107 em for Ti , and 

-1 -1 4+ 28.1 cm and 53 cm for V • Unfortunately, the higher frequency 

transition in each sample was quite broad, and observation of its Zeeman 

splitting would have been difficult in the available magnetic field. 

-1 -1 The 107 cm and 53 cm had full widths at half the peak value of 

absorption coefficient of About 19 em-land 8 cm-l , respectively. The 

.. 1 
corresponding linewidths for the 01 transitions were about 1 em for 

each case. Therefore we were only able to determine the values of g 
o 

and gl. 

When a magnetic field was applied to the Ti .... doped samples with 
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-1 
c II H, the 37.8 cm line split into four lines asindic.ated in Fig. 12. 

The effect of the thermal depopulation of the upper Zeeman level of the 

ground state at 4.2K was clearly seen. Because we are observing 

transitions between two Zeeman split doubltts with g-factors go and gl' 

the difference transitions shown in Fig.12 appear to split with 

g-factorS ga = 1/2(go +gl) and ~ = 1/2(go ..: gl)' We thus obtain parallel 

g-factors goll = 1.11 ± 0.03 and gIll = 2.00 ± 0.06.. When the samples 

were oriented with c 1 H, no broadening or splitting of the 37.8 cm-l 

line was observed, implying that the perpendicular field g-factors, 

for both the ground and first excited states are less than 0.1. 

The results for the V-doped sample were quite similar. The splitting 

of the 28.1 cm-l line in a magnetic field parallel to c is shown in Fig. 13. 

The three-line pattern is a special case of the·f'oum-line pattern of Fig.12 

which occu~s when the g-factors of the two Zeeman split levels are the 

same. This interpretation is reinforced by the strength of the central 

line, which as about twice that of the stranger of the two satellite 

lines. Our data indicate that goll = gIll = 1. 43 ± 0.04. With c 1 H, no 

splitting of the 28.1 cm -1 line occurred ,indicating gel' gIl < 0.2. 

Our results for g in both the Ti and V-doped samples are in good 
o 

agreement with previous results obtained by electron paramagnetic resonance. 

34 35 
Two groups' have measured values of goll = 1.07 and gel < 0.1 for 

.3+ 36 Al
2

0
3

:T1 • Merritt 
4+ 

obtained a value of goll = 1.39 in Al203 :V • 

3. . Comparison . With' the' • MWS Theory 

Our experimental observations of two zero field transitions which 

display a Zeeman effect are in qualitative agreement with the static 

crystalline field theory of dl electronic states illustrated in Fig.ll. 
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Attempts to obtain a quantitative fit are, however~ unsuccessful. The 

energy eigenvalues 00 = 0, 01' and 02 can be expressed in terms of the 

cubic fleld parameter fl, the trigonal field parameter v, and the spin-

orbit parameterr,;. Using representative values for v and r,; and the 

. -1 -1 3+ 
measured value of fl, MWS obtained 01 = 109 cm ,°2 = 771 cm for Ti , 

. ' ·6 -1 . -1' 4+ . 
and 01 = 1 9 cm ,°2 = 831 . cm for V'. Clearly ,the static crystalline 

field theory is unable to account for the experimental observations. 

MWSextended the crystalline field picture by considering the 

interaction between the dl electronic levels and the vibrational modes 

of the Al203 lattice. Because the vibrational, trigonal crystalline 

field, and spin-orbi tperturbations are of the same order of magnitude, 

the calculations are quite complicated. Only a brief description of the 

theory will be given here, along with the results of our attempts to fit 

our datsto the theory. 

Because the cubic crystalline field strength is very large, the 

. 2 2 
octahedral T2 and E levels are taken as the unperturbed system, and 

the intera.ction with the lattice is a perturbation on this system. 

This interaction results in a physical displacement of the electronic 

system to a new position of minimum potential energy and lower crystalline 

field symmetry. This phenomenon is known as the static Jahn-Teller 

effect. The gain in the Jahn-Teller potential energy (EJT ) is balanced 

by the loss in elastic energy due to the displacement from the equiihibrium 

position. The interaction of the octahedral 2T2 level in Al203 with 

the la.ttice vibrational mode considered by MWS results in three equivalent 

configurations to which the system can distort, and in the static 

Jahn-Teller effect, the electronic system randomly occupies one of these 
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three energy minima, provided kBT« EJT. The lower symmetry at this 

new position splits the previously degenerate level; Fig. 11 

2 . 
this effect on the upper octahedral E level. 

illustrates 

. 2 
The T2 level does not exhibit this static distortion, because 

. . 

,the added trigonal andspin-~rbit perturbations are comparable in 

magnitude wi~h EJT. These perturbations will cause rapid transitions 

between the three 3ahn-Tellerpote~t:ial minima. This dynamic 3ahn-

Teller effect results in a partial averaging of the trigonal and spin

orbi t perturbations, as illustrated in Fig. 14. 

To first order, this . causes a.r~duction of all of the trigonal 

and spin"';orbi t matrix elements by a constant factor y (the Ham effect37 ). 
. .' " 

This correction is insufficient to explain the experimental data, since 

the Ham effect reduces the values of <\ and 02 by the same multiplicative' 

factor, whereas the experimental values for Ti3+ are, respectively, 

0.35 and 0.14 of the estimated static .. crystalline field values. 

The MWS theory treats the dynamic 3ahn-Teller effect to second 

order within the manifold of basis 
. •. '. 2 

states for the T2 level and between 

2 the basis states for T2 and those 2 for E. They obtained analytical 

expressions for the energy splittings 91"cand '02 and the:,para.llel field 

g-:-factors go' gi,andg2 · The'independent variables involved are the 

trigonal and spin-orbit parameters v and Z:;, and the Ham quenching factor 

y = exp( -3EJT/2hW), where hw is the energy of the vibrational mode 

responsible for the 3ahn-Teller effect. 

These analytical expressions of MWS were fitted to our experimental 

data for Ti3+ and V4
+. We used a ~rial and error method to obtain 

values of v, Z:;, and EJT which gave close agreement between the theoretical 

11 
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and experimental values of (\ and 02' The values of v, /;;, and EJTwere 

then used to calculate go ' gl' and g2' This process was then repeated 

many times in an attempt to fit the theoretical values of g and gl to 
. 0 

our experimental results. Several results of this procedure are ,tabu
i 

lated in Table II, along with the data. The analytical expressions 

are quite complicated and. sufficiently sensitive to a small change in 

some of the variables to make the fi t soine~hat arbitrary. 

4. Conclusions 

Otirexperiments on P~203:Ti3+ and Al203:v4+ strongly indicate that 

the observed absorption lines are due to the low-lying electronic states 

of the nominal impurity ion in the effective crystalline field of the 

A1
2

0
3 

lattice. The Zeeman splitting of the low-frequency absorption 

line in each case shows that they cannot be due to lattice vibrational 

modes. The general agreement of our results with theMWS theory leads 

to the conclusion that the vibrational interaction correction to the 

static crystalline field can largely explain the electronic levels of 

a dl impurity ion in Al20
3

. As shown in Table IX, this agreement 

is not perfect. Since our fit was made by adjustment of the parameters 

to fit only two of the fivre variables (01 and °2 ), there is considerable 

freedom of choice for the values of several parameters. However, the 

theoretical value of goll was rather insensitive to variations in v and 

/;;, and the 10% disagreement between the experimental and theoretical 

values Of goll for Al203:v4+ is probably due to the incomplete picture 

. v4+ . provided by the perturbation approach of MWS. Because lS more 

·t· th T· 3+ th d' 02-. d 1 t th POSl lve an 1 , e surroun lng lons are rawn c oser 0 e 

V4+ ions in Al203 :V4+ than to the Ti 3+ ions in Al
2

0
3 

:Ti 3+. Thus v4+ will 
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. 3+ 
exhibit a more pronounced dynamic Jahn-Teller effect than will Ti ,and 

•. . 4+' 
inadequacies of the theory become more apparent for V • However, the 

10% disagreement is not bad for a second~order perturbation approach 

involving three perturbations of the same order of magnitude, and the 

agreement is sufficient to confirm the assignment of the Ti 3+ and V
4

+ 

lilies: 'A more complete consideration of the interaction with the lattice 

could be expected to improve the fit with the eXperimental data. 

D.Ruby Experiments 

Because previous workers had observed absorption lines in 

Al
2

0
3

:cr3+(rUbY), we made transmission measurements of several ruby 

samples in magnetic fields in an attempt to explain their observations. 

In 1964, Hadni
28 

observed absorption lines in ruby at 37 cm-l 

and 100 cm-l , which he assigned to exchange coupling between pairs of 

Cr3+ ions. Exchange coupled energy levels have been indirectly observed 

by optical methods, but the direct transition is between states of 
. 26 

different spin and is forbidden. Nelson et al.· f:eund no absorp-

tion lines in a 15 cm long sample of 1 per centCr
2

0
3 

in Al
2

0
3

. We 

repeated the experiment with the same sample and obtained similar nega-

tive results for all values of magnetic field. These results, as well 

as the similarity in frequency, width, .and relative strength between the 

1 · b H dn' d th b . . T' 3+ lnes seen y a 1 an ose su sequently .found for 1 strongly 

suggest that he was seeing Ti 3+ as an unintentional impurity in his 

ruby. 

Later, Moser et al.
30 reported lines at 37.75 cm-l and 108 cm-l 

in samples of Al203 doped with Ti, V, and Cr. These were attributed to 

lattice vibra.tional modes because the line strengths did not correspond 

II! 
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with those expected from analyses of the amount of Ti present. However, 

the coincidence of their reps~ted lines with our Ti 3+ spectrum and the 

lack of any lines in our ruby sample raised doubts as to the correctness 

of this assignment. We performed transmission measurements on four of 

their samples, each of which had Ti concentration of less than 20 ppm 

by spectrographic analysis. 
. -1 

We observed the line at 37.8 cm in their 

two ruby samples as well as in a V-doped sample, in agreement with 

their observations. 
, " '1 

However, in all cases, the 37.8 cm- line exhibited 

. . 3+ 
a Zeeman. splitting consistent with the assumption that it was due to Ti. 

Our conclusion is that Hadni's and Moser's ruby samples contained 

Ti 3+ as an unintentional impurity. Although their spectrographic 

analyses indicated a Ti concent&ation of less than 20 ppm, we believe 

that such a concentration of Ti 3+ would produce detectable characteristic 

absorption lines. This conclusion is reinforced by our transmission 

experiments On';"a 1 cm thick 1.2, per ,cent r.uby:'of'~iss origin.,' Although the 

Ti;coneent:t'a.tiGlnwas '9nly ;;:';l~O!9pm"we11:tldund"a ;~st.T.png:;absorption line at 

-1 ( 37.8 cm with a 

107 cm-l (a - 0.8 

peak absorption coefficient a _ 2.4 cm -1) and at 

cm-l), which split in a manner indicating Ti 3+. The 

-1 37.8 cm line strength was at least ten times the minimum ,Observable 

value. 

The lack of good correlation between the 37.8 cm-l line strength 

and the Ti concentration given by spectrographic analysis is probably 

the result of a variation from sample to sample of the fraction of the 

Ti in the 3+ oxidation state. The use of spectrographic analysis as an 

indication of Ti 3+ concentration is therefore of questionable value,' 

because it can provide no more than an upper limit. The proportion of 
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Ti in the 3+ state will depend on the cortditionsunderwhich the crystal 

was grown arid aspects of its past history, such as exposure to radiation, 

h o h t °1 °do T0 3+ ; t T04+ T.T 27 h w l.C may emporarl.· y OXl. l.ze ,'some l. l.n 0 ,l. . nong as 

produced large changes in V3+and V
4+ c~ncentrations in Al

2
0

3
:V by 

radiation. The possibility also exists that ,the transition probability 

for a given ion may depend on the presence of defects or other ions 

(such as Cr) in close proximity. 

E. . 3+ 
Al20

3
:V Experiments 

The V3+ ion has two d electrons, and the effect of the Al203 

3 crystalline field on the free-ion F state, shown in Fig. 15, is more 

complicated than for the 2D state of V4+. Only the lowest level (3A2 ) 

is of interest here, since the trigonal splitting is believed38 to 

~ 3A 3,E ' be - 1200 em, , so the mixing between the 2 and states is small. 

The sample was the same one used for the Al20
3

:v4+experiments, 

and all measurements were done With· the sample at 4.2K. In zero magnetic 

field, a strong line with a peak absorption coefficient a _ 1.5 cm-l 

, ,-1 
was observed at 8.25 cm 'In a field parallel to the: axis, this line' 

split linearly with field. When the applied field direction wasperpen-

dicular to the c axis, a quadratic Zeeman effect was observed. Fig. 16 

shows the behavior of the 8.25 cm-l line in both field orientations. 

The ground (3 A
2

) state is a spin triplet with zero orbital angular 

momentum. Mixing with the higher states will, however, give rise to 

second-order spin-orbit splitting. Because of the.large trigonal 

splitting, such mixing is small, and the spin states 1 ' +')~, 1 0), and 

1-> are reasonably good basis states for 3A2 . The magnetic properties 

of the ground state can then be described by means of the spin-Hamiltonian 

III 
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where S' is the effective spin of the ground state (I s' I . = 1). Mixing 

with the higher ~t~tes. will tend to quench the Zeeman splitting of the 

3 A2 level, giving values of ~Iand gl smaller than 2.0 by an amount 
. . 

which depends on the ratio of the spin-orbit coupling to the trigonal 

splitting. 
2 

The first term in X represents the second-order spin-orbit inter

action, which splits the 3A2 level into two levels separated by D, the 

doubly degenerate M = ±l level lying higher. The effect of a magnetic 

field parallel to c is represented by the second term; this perturba-

tion does not mix states of different M, and the M = ±l level is split 

by 2 gll~H, as shown in Fig. 15. The third term in J( represents a 

magnetic field perpendicular to c, which mixes the three spin states. 

This results in a quadratic Zeeman effect. Fig. 16 shows the experi-
. . 

mental data (points) and the theoretical results (lines) obtained by 

adjusting ~Ij and gl for the best fit. An excellent fit is obtained 

for both field orientation~, yielding the results gil = 1.92 ± 0.03 and 

gl = 1. 74 ± 0.02. 

Our results are in excellent agreement with those of other workers. 

A t · b t· . t 39 recen m~crowave a sorp ~on exper~men yielded the results 

-1 -1 D = 8.26 ± 0.01 cm and D = 8.27 ± 0.01 cm by two different techniques. 

-1 
Within the limits of our experiment, we find D = 8.25± 0.02 cm . 

. . .40,41 . h bt' d th Electron paramagnet~c resonanceexper~ments ave 0 a~ne e 

respecti ve results gil = 1.915 and gil = 1.910. Smi th and Mires 42 have 

measured gl = 1.74 ± 0.01 by a torque method. 
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The technique of far-infrared sp~ctroscopy used in this experiment 

can be thought of as high-field, high-frequency electron paramagnetic 

resonance, with the additional ability to continuously vary the frequency. 

This tecru;ique allows· us to measure all three spin-Hamiltonian parameters 

in the Al203 :V3+ experiment,..whieh previously requi~ed three separate 

methods of measurement. Furthermore, the Al203 :~i3+ experiments demon-

-1 strate the ability to measure zero-fieldspli ttings of more than 100 em .'. 

far above the frequencies available by microwave techniques '. 

. . ~. 

,"', 
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V. FAR-INFRARED ABSORPTION EXPERIMENTS ON LEAD 

A. Introduction 

In the previous section, we described the measurement of the elec~ 

tronic excitation spectrum of ions in an insulator, which was seen to 

consist of discrete energy levels. The experl.ments described in this 

section are concerned with the excitation spectrum in a metal. 

If.we consider a metal to be a free electron gas at T=O, the exci-

tation spectrum of the conduction electrons is the continuum 

where E:F .;. h2k;/2m is the Fermi energy. Because of the periodicity of 

the metallic lattice, the electronic states have a well-defined momentum, 

and the analysis of the electromagnetic absorption must consider both 

energy and momentum conservation selection rules. 

. . i (kx-wt) A plane electromagnetlc wave e , of energy hw. and free space 

wave vector k=w/c, normally incident on a metal has a solution inside 

the metal cDf the form ei(x/o-wt) e-x/ O. This describes a wave which is 

attenuated in the metal over a distance 8, called the skin depth. The 

wave vector distribution of this wave is a continuum, ° < k <: 8-
1

. There-

fore, only a; small portion of this power spectrum will satisfy both the 

energy and wave. vector conservation re.quirememts necessary to . transfer 

energy toa particular conduction electron. Even when this. process is 
. . 

integrated over the electronic states, the total skin-effect absorptivity 

-3 of a metal is extremely small, on the order·of 10 . The actual calcula-

tion of the skin-effect absorptivity is, of course, a self-consistent one. 



A real metal also has excitations corresponding to the vibrational 

modes of the lattice. These acoustic phonons do not interact directly 

with electromagnetic radiation, but can interact indirectly through the 

electrons since there exists an interaction between the electrons and 

the lattice. This implies an additional mechanism for radiation absorp

tion, in which the electromagnetic·wave (photon) creates both an electronic 

excitation and an acoustic phonon. 8incethis is a second-order process; 

the matrix element connecting the initial and final states is considerably 
, ,." 

smaller than that for the first-order skin effect absorption process. 

However~ the addition of the phonon to the final state pro1'ides an 

extra degree of freedom for satisfying the energy and wave vector 

conservation requirements. As a result, for photon energies large 

enough toexci te any allowed ph~non mode (hw ·>k8
D
), this process could 

be expected to provide absorption of electromagnetic radiation comparable 

in magnitude to that expected from the skin effect. Holstein 6 was 

the first to postulate the existence and approximate magnitude of 

the phonon creation contribution to the absorptivity of a metal (Holstein 

effect) in order to account for the results of near-infrared absorptivity 

exp~l"iJiJ.ents. 43 

The calculations of Scher 44 in the phonon frequency region of 

a normal metal indicated that the absorption due to· the Holstein process 

should begin around the traniaverse phonon frequepcy, incre!lpe rfl~idly up 

to the Debye frequency, and approach a high-frequency value about half 

that estimated by Holstein. 

This chapter describes our observation of the onset of the Holstein 

effect in superconducting and normal Pb. We measured the far-infrared 

"' I,' 

i 
. \ 
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absorption in single crystals of pure Pb over the frequency region 

. 1 
15-340 cm-. Pb is well-suited to this experiment, since the phonon 

frequencies (30-80 cm-l ) lie well within our observing range. Also, 

the electron-phonon coupling is very strong, so the Holstein effect 

should.be correspondingly large. Finally, we could study the Holstein 

absorption in the superconducting and normal states of the same metal, 
. . . 

in which the electronic excitation spectra are well-known and dramatically 

different. 

Our experimental absorption spectra provide the first observation 

of the Holstein effect in the zone boundary phonon frequency region. 

The spectrum of the normal metal shows a dramatic increase around 

the transverse phonon frequency 0t ~ 
-1 35 cm ; a more abrupt onset occurs 

-1 . 
around 0t + 26 ::::s 55 cm in the superconductor. In addition, the 

spectra show structure which can be correlated to the transverse and 

longitudinal peaks in the phonon density of states. Most features of 

the data can be explained by a Golden Rule calculation of the Holstein 

phonon generation process, which will be described in Section D. We 

will also discuss recent calculations45 which indicate that the 

features of our data, including the Holstein effect, can be derived by 

a rigorous solution for the surface resistance of the metal using 

strong-coupling superconductivity theory. 

B. EfPerimental Techniques 

1. Experimental Apparatus, 

We measured the direct absorption in our bulk lead samples by a 

calorimetric method. The sample was illuminated by far-infrared radiation 

from the Michelson interferometer described in Section II, and the 



temperature rise due to absorption in the sample was measured by a 

doped-Ge thermometer cemented to the back. . Because the sample absorbs 

a very small fraction of the incident radiation, care must be taken to 

avoid spurious contributions to the signal due to resonant modes in 

the surrounding cavity or to direct absorption of stray radiation by the 

highly absorbing thermometer. 

A sample mounting geometry (Fig. 17) similar to that used by 

46 
Biondi et. al. 

described above. 

was employed to minimize the spurious signals 

The sample, about 7mm x 7mm x O.5mm in size, was 

soldered with In to a length of 0.15 rom wall stainless steel tubing, 

which provided a thermally insulating support for the sample and prevented 

47 
stray radiation from fall&ng on the thermometer: Drew and Sievers 

employed a similar mounting technique, but they inserted a sheet of 

mylar between the sample and the stainless steel to reduce the thermal 

conductance to the stainless tube, and thus increase the sensitivity 

of the thermometer. However, they experienced difficulties due to 

leakage of radiation through the mylar insulation. The In solder joint 

in our apparatus was completely effective in blocking stray radiation. 

The cavity itself was machined from brass, and completely filled 

with epoXy heavily impregnated with graphite to make it absorbing in the 

far-infrared. The final cavity shape was then machined to a rough 

finish in order to avoid highly polished parallel sections of the wall, 

which could produce resonant mode structure on the abso:rytion spectra~ 

In general, it was intended that radiation leaking between the focusing 

cone and the sample should require several reflections from the highly 

absorbing cavity walls to reach the stainless steel tubing at the back 

I" ,,' 
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of the sample. Because of the thermal link between the stainless steel 

and the sample, absorption in the support could cause heating of the 

sample and a spurious signal. The sample WaS mounted in the cavity so 

that the radiation baffle at the back and the light cone were very close 

(0.1 mm) to the sample surface. This was small enough to prevent 

excessive leakage and large enough to insure that dimensional changes 

upon cooling would not bring the sample into contact with theaavity. 

The thermometer, a small (2mm.:·lX Imm x O. 4mm) ~n -doped Ge bolometer, 

was glued to the back of the sample with GE 7031 varnish. A piece of 

ZIG-ZAG cigarette paper between the sample and thermometer provided good 

thermal conductance and electrical insulation. The thermal link to the 

He bath was provided by the 1 em long O.lmm dia. Cu electrical leads to 

-4 the thermometer. which had a thermal conductance G ~ 2XIO W/K at 1. 2 K. 

Lead, because of its low Debye temperature, has a much larger 

lattice specific heat at 1.2 K than does a Ge bolometer the same size. 

In the superconducting state, only the lattice heat capacity is dominant 

at 1.2 K, with a value for our sample Cs ~ 50 erg/K.When the sample 

is driven into the normal state by a magnetic field, the electrons 

provide an equivalent contribution, and C
N 
~ 100 erg/K. The large 

thermal time constants TS ~ 25 msec and TN ~ 50 msec require a slow 

chopping frequency for efficient operation. We used our lowest available 

frequency of 11 Hz. A He exchange gas cannot be used as a thermal link 

because it will conduct heat from the cavity walls (which absorb the 

radiation leakage) to the thermometer, resulting in a large spurious 

signal. 
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2. Sample Preparation 

Our samples were made from large single crystals of very pure Pb. 

Resisti vi ty measurements on this material gave values of the resisti vi ty 
. 4· . ... 4· . 

ratio (R
300

/R
T

) of 1.3xIO at 4.2K and 8.5xIO at 1.2 K. At the latter 

temperature, which was that used in our experiments, the mean free path 

of an electron is - 0.4mm. 

A sample about 8m square and 5mm thick was cut from one of the 

large crystals using a string saw and a cutting solution of equal parts 

CH
3

COOH and 30 per cent H202 . After the stainless steel support was 

soldered to a square face, the sample was acid lapped to its final 

dimensions of 7mmsquare and 0.5mm thick on a cloth mat saturated with 

the same solution used for cutting. A final polish was obtained by 
. . -

~gitatingthe sample in a solution of4 parts CH
3

COOH and 1 part 30 per cent 

H20
2 

for about 10 seconds. This was immediately followed by rinSing with 

distilled water and ethyl alcohol, after which the surface was quickly 
" . , . 

dried with nitrogen. The rinsing and drying were necessary to prevent 

tarnishing of the surface. The polishing was repeated many times to 

obtain a clean, highly reflecting surface. The surface flatness was 

not critical in our experiment, and the commonly observed "orange peel·' 

texture resulting from the acid polish was considered acceptable if the 

surface was clean. 

3. Data Analysis 

All of our absorption experiments were done at 1.2 Kon samples in 

the superconductingstatearid in the normal state produced by an external 

magnetic field of - 1200 Oe applied parallel to the sample surface. 

Reference spectra were obtained by substituting a highly absorbing carbon 
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resistance bolometer for the lead sample. 

Two methods of data analysis were employed. In the first, the 

absolute absorptivities of the superconducting and normal lead were 

obtained by dividing their absorption spectra by that of the carbon 

bolometer. Because the resonant characteristics of the sample cavity 

changed when the highly absorbing carbon bolometer was substituted 

for the highly reflecting lead sample, the data obtained from this 

analysis displayed structure due to cavity modes and were useful only 

for determining the general shape and magnitude of the absorption 

spectrum. Far better results were obtained by calculating the ratio 

of the superconducting and normal lead absorption spectra, since the 

structure due to cavity modes should cancel out when the ratio is computed 

(because the absorptivity is small in both cases). 

Because of the small absorptivity of the sample, the signal-to-noise 

on a single spectral run was quite poor. To enhance the signal-to-noise 

and to minimize systematic sources of spurious structure, we did a large 

number of experiments on several samples in two different cavities. The 

resulting spectra were then averaged and standard deviation confidence 

levels were calculated. 

C. Experimental Results 

The absolute absorptivities of the superconducting.a.hd normal lead 

relative to the carbon bolometer are shown in Fig. 18. No significant 

differences were found in the spectra obtained for the (Ill) and (100) 

sample orientations, so Fig. 18 contains the average of both orientations. 

The solid line is the frequency-dependent (surface) absorption arising 

from the ordinary skin-effect theory. This was calculated from Dingle's 
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48 tables using the electronic relaxation time derived from the 
.. . 49 

resistance ratio measurement and Chambers' value of . . 

4 ·10 -1 -2 
a/~ = 9. XIO n -cm • The shape of this theoretical curve is not 

very sensitive to errors in the chosen parameters. The absolute 

accuracy of the measurements is poor so the scale factor is established 

-1 by fitting the normal curve. in the region from 25 to 40 cm where the 

theory is expected to be valid. The fit in this region is probably 

accurate to 2 per cent. The superconducting curve is fit to the normal 

curve at liligh frequencies, where As/~· is expected to beuni ty. 

The spectrum for the superconducting sample shows a well-defined 

... 1· .. 
energy gap absorption edge at 22 cm w1th very little signal at lower 

frequencies; this indicates that st least 95 per cent of this signal 

is due to absorption in the lead sample. OUr data are in good agreement 

5 
with the more recent measurements in the gap region; In addition, 

-1 the absorption increases sharply at about 55 cm A similar but less 

-1 sharp increase begins at about 35 cm in the normal sample. Although 

the onset of the additional absorption is slow in the normal state, 

it must be invoked to explain the fact that the spectrum becomes 

concave upward. The skin-effect theory predicts a curve which is concave 

downward throughout this frequency region. 

The accuracy of the data in Fig. 18 decreases toward each end of 

the measured frequency range, as indicated by the error bars. The .. 
fine structure at high frequencies is not considered significant, since 

. . ..-1 
only five runs on one sample were averaged in the region. from 180-340 cm 

Fig. 18 does indicate that the onset of the Holstein absorption occurs 

at the eXpected frequencies, and that its magnitude is comparable with 
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the skin-effect absorption for frequencies above the phonon range. 

The details of the onset of absorption are seen more clearly in 

Fig. 19, where the ratio of superconducting to normal absorption is 

-1 plotted. The ratio rises rapidly from the gap at2ti=22 cm to a 

1 . -1 
maximum at 35 cm- The decrease from 35 to 55 cm is due to the 

absorption onset in the normal spectrum. The ratio then rlses in two 

6 
-1·· -1 

steps, centered at - 5 cm and - 95 cm ,which are due to the onset 

of absorption in the superconducting spectrum. In addition, the ratio 

decreases gradually in the region 120 cm-l - 240 cm~l, remaining constant 

thereafter. 

Many random and systematic errors are expected to disappear from 

-1 the ratio shown in Fig. 19.·· The data in the region from 20-180 cm 

are proba.bly accurate to ± 0.02; because of the smaller number of high 
. ;";1 

frequency runs, the confidence limits above 180 cm are ± 0.04. Thus 
~ ~ . . 

the fine structure near 30 cm and beyond 100 cm is probably not 

significant, while the sharp feature near 85 cm-l·could be. The scale 

factor was established by setting the high frequency ratio to its 

expected value of unity. 

As an independent check of our absorption measurements, we measured 

the power reaching ab610meter after many reflections in a nOI:l-resonant 

cavity whose walls were slabs of single-crystal Pb, a cavity used 

. 50 previously to study energy-gap a.bsorption edges in superconductors. 

The ratio of superconducting to normal absorptivity derived from this 

experiment was in good agreement with our direct absorption data over 

the range (20-130 cm-l) covered in this experiment. 
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D. Discussion 

The Holstein process involves the scattering of a conduction 

electron which absorbs a photon and emits a phonon. A rigorous 

treatment of the absorptivity due to this process involves solving the 

, 51 
Boltzmann, equation to obtain the conductivity. Holstein has 

formulated the problem to high order in perturbationdheory to obtain 

44 
the Boltzmann equation for normal Pb, and Scher has recently 

solved this to calculate the Holstein absorption in this case. The 
. .... ", " 

Boltzmann equation for the superconducting case is considerably more 

complicated, and we are not awa~e of any solution for Pb. 

We employed the far simpler procedure of treating the Holstein 
, , 

process as a quantum mechanical transition and using Fermi's Golden Rule 

to c~culate the transition probability.5
2 

This is equivalent to 

first order iteration of the Boltzmann equation, and is formulated 

in terms of well-known quantities for both the normal and superconducting 

cases. 

1. Golden Rule Calculation 

Our phenomenological approach assumes the conduction electrons to 

be a free "electron gas at T=O and explicitly includes energy conservation, 

but not wave vector conservation selectionru;Les. The initial state 

contains the full Fermi sea and a photon'jofenergy"w; the· final state 

is an electron of energy £1' a hole of energy £2' and a phonon of energy O. 

The density of final states is assumed to be the convolution of the 

independent densities of states ,of the electron, hole, and phonon. The 

Holstein volume absorptivity is then proportional to 
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·where Ne and Nh are the electron and hole densities of states, and 
2 . 

a (n) F(n) is the pr04uct of the. square of the electron-phonon matrix 
-1 . 

element and the phonon density of states. The factor w in front of 

the integral is found to arise in a treatment of the Holstein process 

by second-order perturbation theory. The .frequency dependence of 

the electron-phonon interaction is contained in a2F(n). Substitution 

of a constant No for the normal electron density of states and a BeS 

density of st.ates in the superconductor gives the expressions 

(40) 

for the Holstein absorptivity in the normal and supercond~cting states, 

respectively. K (a) and E(a) are complete elliptic integrals with 

22. 2 
a = 1 - 46 /(w-n) . 

We caJ,.culated the above integrals using thea
2

F defined by 

(41 ) 

where the brackets indicate an average over the Fermi surface'~k' is 

the matrix element for scattering an electron from a Bloch state ~ to ~' 

by means of a phonon of wave vector Q = k'-k. In parti culai', a2F can 
·0 
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be obtained53 from superconducting tunneling data; we used 

Rowell and McMillan's values 53 of a2F for Ph. Our results for 
o 

P
vS 

and PvN are shown in Fig. 20. The shape of our Pv~ curve is in 

44 
excellent agreement with that obtained by Scher's solution of the 

Boltzmann equation. 

We then calculated a total absorption spectrUm by adding the 

superconducting or normAl theoretical Holstein volume absorptivity Pv 
,,' '. . ." . ."' . ,:, 

to the theoretical anomalous skin effect absorptivity P.The skin s 

effect absorptivities are proportional to the surface resistances RS and 

RN in the superconducting and normal states. Our total absorptivities 

are thus 

(42) 

wherey = P /p is the ratio of the Holstein and skin effect absorptivi ties. 
v s 

(a) In his original paper, Holstein drew an analogy between the 

electron-phonon scattering processes involved in the Holstein effect 

and those involved in high-temperature (T >- GD)electrical conductivity. 

In the limit hw >- keD' where both Pv and Ps are independent of frequency, 

he estimated y = 16 GDo/ 15 TvFT. Here Of is the high-frequency skin 

depth c/wp) , and T is the temperature, large compared to eD' at which 

the phonon-limited relaxation time T is evaluated. The composite 

absorption in this high-frequency limit has been used successfully to 

fi t the near-infrared absorptivity in copper and silver at low tempera-
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54 
tures. 4 10 -1 ' -2 

Using the experimental value o/t = 9. X10 n - cm and 

55 
McLean's value for the London penetration depth AL=c/Wp=305 A, we 

estimate y=1.9. We found, however, that a reasonable fit to our data 

required the smaller value y ~ 1. This is quite close to Scher's 

resul t 'y ~ 0.9. We would expect Scher's estimate to be more correct, 

since his theoretical treatment included higher order phonon scatterings, 

whereas Holstein considered a single scattering only. 

(b) The normal state skin-effect absorptivity ~ was calculated from 

Dingle's tables of surface resistance, and is the theoretical curve 

shown in Fig. 18. The superconducting surface resistance was obtained 
, 56 

by multiplying ~ by RS/~' which was calculated from theoretical values 

of 0l/oN and a/oN. This was done in three limits, which we will discuss 

in detail. The resultant values of AS/\Y are shown in Fig. 21, along 

with our data (curve A); the data are fit to the expected high-frequency 

In curve B, we used the obviously incorrect value RS/~=l, ignoring 

the effects of the superconducting energy gap on the skin-effect absorp-

tivity. This is useful in showing the structure due to the Holstein 

effect. The shape of curve B clearly accounts for many of the major 

features of the data. -1 The computed curve drops smoothly above 35 cm 

as a result of the onset of absorption in the normal state obtained 

from Eq. (39). It then rises in 'two steps as a result of the Holstein 

absorption in the superconducting state. This two step absorption can 

be seen clearly in the theoretical FvS in Fig. 20, and even in the 

experimental absolute absorptivity shown in Fig. 18. This arises from 

the presence of the sharply peaked BCS density of states, which weights 
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the phonon density of states forn near (w-211). Thus the peaks in 

a2F(w-211) shown in curve E contribute step increases to Eq. (40) and o . 

thus to AS/~' The normal density of electronic states is far less 

selective, and only a small "knee" can be detected in PvN ' 

Curves C and D represent the attempts to include the superconducting 

energy gap effects by calculating Rs/RN in the two limits for which the 

solution has a closed form. Using the values of c1s/a
N

= (jl(w) - i02 (w) 

56 calculated from strong-coupling superconductivity theory for Pb , 

RS/~ = ( . )":'1/3 
Re °1-1°2 • v'3rm (01-i02 ) 

";1/3 
(Pippard) (43 ) 

RS/~ 
. ( . )-1/2 1m 

. .. ;.1/2 
(London) (44) = Re ° -io . - (°1-1°2 ) 12 

The values of °1 (w)· and d
2

{W) are the same for both limits. Both curves 

C and D underestimate the steepness of the absorption edge above the 

energy gap. This is not surprising, since even for very pure lead, 

t.,o/AL ~ 3, and neither the Pippard nor the London limit is applicable. 

. -1 
In addition, the theoretical curves show a falloff above 120 cm , 

resulting from a dispersion in the strong-coupled superconducting gap 

function .56 The theoretical feature is similar in shape to, but 

much smaller than" the experimental decrease.. We subsequently found that 

a more complete eValuation of Eq. (38) for the superconducting case 

considerably improved the theoretical agreement to the data at high. 

frequencies. 
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2. Corrections to the Pheriomeriol6gicaJ. Theory· 

A more detailed treatment of the Golden Rule formalism of the 

Holstein effect by Allen57 revealed that our phenomenological theory 
. . 

expressed by Eq. (38) is basically correct, but that our specific 

expressions for PvS and PvN derived from this require modification. 
2 . 

Firstly, our use of a F(W) assumes that the electron,..phonon coupling 
o 

is isotropic for both modes of acoustic phonons. The transverse phonons 

couple to electrons mainly by umklapp processes, and the isotropic 

assumption is not bad. The longitudinal phonons couple by both umklapp 

and normal processes, and for the latter, the scattering angle is small. 

As a result, the actual transport electron-phonon coupling rus smaller 

than that assumed previously, i.e. at
2 < a2 • 

r 0 
2 / 2 . Furthermore, at a should 

r 0 

decrease above the transverse phonon frequency where the longitudinal 

phonons become important. The fUnction a~rF(W) estim~ted by Allen 57 

is shown along with a2F(W) in Fig. 22. 
o 

The second modification involves the inclusion of coherence effects 

in the calculation of P S. These effects result from the pairing of . v 

electrons in a superconductor, which requires the process of electron 

scattering in a superconductor to be treated differently from that in 

a normal metal. For example, in the normal state, the scattering from 

a state of momentum k and spin a to the state kIa' is entirely independent 

of transitions from-k'-a' to -k,..a, as well as of all other transitions. 

The probability of both transitions is thus proportional to the sum of 

the squares of the two matrix elements, that is, / ~a ,k 'a' /2+/ M -k ' -a', -k-a 12 . 
In a superconductor, however, the states ka and -k-a are coupled by the 

pairing interaction, and the two scattering processes described above are 
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coherent. ThUS we must add theinatrix elements before scattering, 

2 
obtaining the result 1l\0' ,.k' 0" + M_k '-0", -k-O' I . When the effects of 

this are taken into account in the calculation of PvS ' the result is 

simply the cancellation of the term involving K(a). in Eq. (40). 

These two modifications give the amended expressions. for the 

Holstein absorptivity. 

(45 ) 

w-2fl 
J. (w4"2) E(a) <l~r FW) (ill (46) 

o 

These were used to calculate As/~ as before, with y=l; this is shown 

in Fig. 23 along with the exp~rimental data. The London limit of RS/~ 

was used, since it l5ives a steeper onset above the superconducting 

energy gap. 

The inclusion of coherence considerably improves the appearance of 

the theory at high frequencies, since the decrease in the theoretical 

-1 
AS/~ above 100 cm is now roughly the same magnitude as that of the 

experimental As/~. As is the case with the steps in AS/~ due to the 

-1 . Holstein absorption, the fall off in the data above 100 cm 1.S broadened 

and shifted up in frequency. The effects of using <l~rF(n) in Eqs. (45) 

and (46) are less conclusive. From Eq. (46), one would expect the 

step heights in PvS due to the transverse and longitudinal phonons to 

be proportional to the area under the respective phonon peaks in <l2F . 

2 2 
For <loF, this ratio is 2:1; for Allen's <ltrF, this is increased to 

about 3.5:1. The experimental ratio of the two step heights is 
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approximately 1.8:1, which is considerably closer to that expected 
2 . 

from the use of a F. . 0 

The fit of the theoretical and experimental results is sufficient 

to verify that we have observed the Holstein effect in Fb. Our results 

indicate that the absolute absorptivity due to real phonon creation is -

.compara.ble in magnitude to the skin-effect absorptivity. Also,the 

Holstein absorption in the superconductor shows structure (which is 

absent in the normal state) which is related to the shape of the phonon 

density of· states. Our Golden Rule calculation of this absorption 

explains most features of the data; a quanti tati ve explanation requires 

a rigorous treatment of the phenomenon. 

3. Nonlocal Calculation 'of RS/RN 

Because the electromagnetic absorption in a metal is proportional 

to the surface resistance, it' is expected that a calculation of RS/~ 

using the nonlocal wave vector-dependent values a
1 
(~,w) should reproduce 

our results, including the effects due to real phonon creation (Holstein 

effect), as well as those due to virtual phonon effects, such as the 

steep absorption edge above 2~ and the falloff at high frequencies. 

In contrast, our phenomenological analysis attempted to incorporate 

the real phonon effects only in FvS and the virtual phonon effects in 

RS/~,with moderate success. 

The computation involved in thenonlocal calculation of RS/RN is 

exceedingly tedious, involving the determination of al(~'w) and a2(~'w) 

from strong-coupling superconductivity theory, and an integration over 

45 
the allowed values of k for each w. Shaw and Swihart have calculated 

Rs/RN in this manner for several frequencies up to 95 cm-l . Their 
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results, which are calculated for the cases of diffuse and specular 

reflection of electrons from the sample surface, are compared to our 

data in Fig. 24. The curve for specular reflection is in very good 

quantitative agreement with our data, except in the region from 45-60 cm-l 

where it is about 5 per cent smaller than our results. The diffuse 

scattering theoretical curve underestimates the peak in the experimental 

-1 
AS/~ above the energy gap, but agrees well above 50 cm The better 

fit of the specular reflection theory is somewhat surprising, since it 

o b 1 0 d7 1S e 1eve that conduction electrons are diffusely scattered from 

the surface, except in ,metalssuch.as btSlIiuth with'l<DW carrier 

densities. Nevertheless~ both curves accurately reproduce 

the steepness of the absorption edge above the energy gap and show the 

Holstein effect structure at the correct frequencies. 

The fit of the nonlocal Rs/~ calculations is sufficiently accurate 
... .. 2 

to raise the possibility of using the observed AS/~ to determine a F 

for a particular sample. Although the computation involved would be 
. . 

extremely tedious, this technique could be of value in studying super-

conductors such as Nb
3

Sn and V
3
Si, which are not amenable to investigation 

by the standard method of superconducting tunneling. 

E. Dirty Lead Experiments 

We have recently investigated the Holstein effect in samples of 

Pb alloyed with about 1 per cent by weight of Bi. This was expected 

to show the effects of changing the electronic mean free path ,on the 

Holstein absorption, ~ince the concentration of Bi was small enough to 

leave the phonon density of states essentially unchanged. 

The samples were made by preparing a molten mixture of 99 parts 
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pure Pb and 1 part Bi, and pouring small pellets about 8mm dia. and 

Imm thick onto a clean flat surface. This quenching procedure was 

necessary to avoid the selective crystallization and inhomogeneous 

samples which can result from allowing the alloy to cool slowly. The 

samples were manufactured in a nitrogen atmosphere to avoid oxidation 

of the surfaces. The front surface was generally quite flat and 

shiny, with some striations around the edge, probably resulting from 

the tendency of the molten material to solidify from the center of the 

face outward. The mounting procedures were the same as those for the 

pure Pb, although the samples were not chemically polished in any way. 

The resistivity ratio of the material at 4.2 K was about 30. 

Fig. 25 showsourl'esu.lts for AS/~' compared ,with ,those obtained for 

pure Ph., Only :fiye 'spe.ctra.,:,on on~ SlUIIPle of the alloy are :averaged in these 

preliminary data, so the oscillatory structure above 130 cm-l is probably 

a cavity resonance. Furthermore, the experimen.ts were not carried out 

to high enough frequencies to establish the scale factor, and we 

arbitrarily fit the alloy data to the pure Pb data in the region around 

50 cm-l This could be in error by 5 per cent, but it is sufficient 

to allow meaningful comparison of the two sets of data. 

The magnitude of the structure due to the Holstein effect is 

smaller in the ailoy than in the pure Pb. This is probably a result 

of the increased magnitude, of the skin effect absorpti vi ty rather than 

a change in the Holstein absorptivity. At the energy gl1P frequency, 

t ~ 3 0Cl in the alloy (aCl = c//2TfUXJ is the classical skin depth), so 

we are just into the anomalous region described by Reuter and Sondheimer.' 

For the pure Pb, t ~ 5xI05 0Cl' and we are in the extreme anomalous limit 
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for the purposes of calculating the skin effect absorptivity. The skin 

effect absorptivity calculated from Dingle's tables is about 50 per cent 

larger for the alloy than for the pure Ph, so the value of y = Pv/Ps is 

expected to be correspondingly smaller in the alloy, provided the 

Holstein absorptivity is unchanged. Thi.s would account for the observed 

magnitude of the structure on the AS/~ curve. 

The lack of any notable change in the shape of the structure on 

the AS/~ data is probably due to the fact that our alloy sample is not 

dirty enough. The magnitude of the normal state absorptivity is dependent 

on the ratio .R,/Ocl' Although the pure metal value is reduced by a 

factor of 105 by the addition of the impurity, the alloy is still in the 

anomalous C.R,/Ocl > I} region. The superconducting absorptivity depends 

on t;/A, the ratio of the coherence length to the 

the pure metal with .R, >- t; , ~. ~ t; ~960 A 55 

penetration depth. In 

00' 
A ~. A .. ~ 305· A 55 

L . , so 

t;/A ~ 3. In our alloy, .R, - 1500 A, which is still larger than t; • 
. .. 0 If 

.. -1;;..1 
we use the approximation t; ~ t;o 

-1 .. .. 
+ .R" we obtain t; ~ 600 A.A in-

creases with decreasing .R" but not significantly until .R,< t;. For our 
o 

alloy, we thus estimate 1 < t;/A< 2, which is not radically changed from 

the pure metal value. We should thus not expect to see major changes 

in the Holstein absorptivity structUre until .R, < t; , ° l' o c 

A smaller .R, can be obtained by increasing the concentration of Bi 

in the alloy. However, it appears that Bi is a. "poor" impurity because 

of its similarity to Pb in density and atomic weight. The average 

distance.between Bi atoms in a 1 per cent alloy is approximately 20 A, 

whereas the measured mean free path is 1500 A.This indicates that 

the Bi atoms are ineffective in scattering electrons through a large 
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angle. More substantial reductions in R, may be obtained by use of an 

impuri ty such as In, rather than by increasing the Bi concentration. 

We are presently investigating both types of alloys. 
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VI. CONCLUSIONS 

We have used the techniques of Fourier Transform spectroscopy 

in the far-infrared to measure the low-lying electronic energy 

levels of Ti and V ions in Al
2

0a and the electromagnetic absorption 

in Pb. We constructed a Michelson interferometer and several low 

temperature doped Ge bolometers for use in the far-infrared. A noise 

analysis of the bolometer-amplifier circuit indicated that the NEP 

was severely limited by the amplifier noise,and could be reduced by 

increasing the detector responsivity. This could be achieved by use 

of He3 cryogenics to reduce the detector temperature by a factor of 

three. 

Our transmission measurements on Ti and V-doped Al203 ~onfirmed 

the assignment of perviously observed zero-field absorption lines to 

th I t ' I I' 'f th 1, '-T' 3+ . 'V4+, hAlO tall' e e ec rom.c eve s 0 e'd lons 1 and l~ t e 2' 3 crys .lne 

field. We investigated the Zeeman splitting of these levels and found 

good agreement with a theoretical prediction of the energy levels of a 

single d electron iIi the Al20
3 

crystalline field modified by a dynamic 

Jahn-Teller effect. An.additional absorption line attributed to the d2 

ion V3+ exhibited a Zeeman splitting which was in excellent agreement 

with the theoretical magnetic field dependence obtained from a spin 

Hamiltonian . .-

We used a calorimetric method to measure the far-infrared absorp-

tion in single crystals of pure Pbin the normal and Stiperconducting 

states. Our results show the first example of structure on the absorp-

ti vi ty of a metal due to the excitation of phonons. The absorption 

spectrum for the normal metal increases dramatically near the. transverse 



phonon frequency w
t 
~ 

. -1·· 
at Wt+2~ ~ 55 cm in 
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35 
-1 cm ; a s.harper absorption onset is observed 

the 5uperconducting state. In addition, the 

spectrum for the s~perconductor shows structure which can be correlated 

with the transverse and longitudinal peaks in the phonon density of 

states. We have thus observed the onset of the volume phonon generation 

process proposed by Holstein. 

Most of the features of our data can be explained by a "Golden Rule" 

calculation of the absorptivity expected from the Holstein process. 

Recent calculations by Swihart of the non local surface resistance of 

. -1 
Pb below 100 cm are in very good agreement with our data. This indi-

cates that strong-coupling superconductivity theory can explain features 

in the surface impedance due to real phonons (the Holstein absorption) 

as well as virtual phonons· (the steep absorption edge above the energy 

gap). Thisrepresents a possible method for obtaining information on 

the phonon density.of states in materials which cannot be easily investi-

gated by the standard method of superconducting tunneling. 
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APPENDIX 

A. A Fast Fourier Transform Program for the IBM 1620 

This Appendix contains a description and printout of FCOOL, a 

fast Fourier Transform program written ·for the IBM 1620 computer. The 

local availability of this facility allowed us to rapidly obtain the 

frequency spectrum of one experimental run before proceeding to the 

next one. A previously existing program, which calculated the spectrum 

point-by-point using Eq. L9}, was limited to an interferogram length 

of 300 points and an output length of 200 points; calculation of this 

spectrum required 720 seconds of computing time. The program described 

here is capable of calculating a 256 point spectrum from-a 512 point 

interferogram in 40 seconds. 

The fast Fourier Transform 
. 16 

program is based on an algorithm 

invented by Cooley and Tukey. 
. 18 

Connes gives an excellent descritpion 

of the steps involved in the computation of the spectrum by this tech-

nique. 

The core storage limitations of the IBM 1620 required the program 

to be broken up into three subprograms, COOLA, COOLB, and COOLC. The 

main program FCOOL calls each of these subprograms in sequence, and the 

auxiliary disk is used to store the data during the intermediate stages 

of computation. 

Subroutine COOLA reac;l.s in the data, ten points to a card, and 

computes the interferogram. Although the Cooley-Tukey algorithm 

requires the number of input points to be an integral power of two, 

interferograms of arbitrary length can be read in, and COOLA extends the 

data to the next highest power of two with zeros. The computation of 

the frequency spectrum occurs in subroutine COOLB. The spectrum is 
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plotted out as a hiStogram by COOLe. 

The Cooley-Tukeyalgorithm calculates the complex Fourier Transform, 

and thus requires an N point complex interferogram consisting of N/2 real 

and N/2 imaginary points. The output consists of N/2 sine transform 

points and N/2 cosine transform points. For the real, symmetric inter

ferogram obtained in our experiments, N/2 of the input. points would 

consist of zeros, and the sine and cosine transforms· obtained are, 
. :., 

respectively, antisymmetric and·symmetric about th~·N/4th output point. 

The maximum v8.J. ue N=-51.2 imposed by the memory of the IBM 1620 allows a 

maximum interferogram length of 256 points and computes a maximum of 

128 spectral points when only the Cooley-Tukey algorithm is used. How-

ever, the subroutine COOLB utilizes the symmetry of the sine and cosine 

transforms of the real interferogram to allow the interferogram and 

spectrum lengths to be doubled. The first half of COOLB calculates the 

N/4 significant sine and cosine transform points of an N-point real 

interferogram. These are then reordered in the second half of COOLB to 

obnain an N/2 point cosine transform. A description of this. method is 

. b ··C 18 glven y onnes. 
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PROGRAM FCOOL 

THIS PROGRAM CALCULATES THE FduRIER TRANSFORM OF A REAL INTER
FEROGRAM USING THE COOLEY-TUKEY FAST FOURIER TRANSFORM ALGORITHM. 
THIS PROGRAM UTILIZES THE SYMMETRY OF THE COSINE AND SINE TRANSFORMS 
OF THE REALINTERFEROGRAM. AND CALCULATES ONLY THE COSINE FOURIER 
TRANSFORM OF THE IN~UT DATA. MAXIMUM NUMBER OF OUTPUT POINTS IS 
ONE~HALF THE NU~BER OF INPUT POINTS. INPUt DATA FORMAT IS AS FOLLOWS 

MIN-MAX CARD ••• NUMBER OF FIRST AND LAST OUTPUT POINTS. FORMAT(214) 
TITLE CARD ••• DELTA IN MM. FORMAT,!F5.3). COMMENTS 
DATA. TEN POINTS PER CARD. FORMAT!'iOF7.2) 

IF NUM8ER OF INPUT POINTS is NOT A POWER OF TWO. THE DATA ARE 
EXTENDED TO THE NEXT POWER OF TWO WITH ZEROS. ARE SQUARED JAY 
"1ARC"l 1970 TARG 

DEFINE DISK!IO. 900) 
FIND!I)' 
SAM:: COSFll.) 

10 CALL COOLA' 
CALL COOLA 
CA,LL COOLC 

S~NSE ~WITCH I ON FOR MULTIPLE SETS OF DATA 

IF!SENSE-SWITCH 11 10.20 
20 CONTINUE 

CALL EXIT 
END 

SUBROUTINE COOL A 

C SUBROUTINE, COOLA READS IN DATA. AVERAGES LAST TEN POINTS TO 
C OBTAIN I(INFINITY). AND CALCULATES THE INTERFEROGRAM F(DELTA) 
C 4.*DELTA*(I(DELTA) - I(INFINITY)). 
C 

DIMENSION COMM(19). DATUM(IO). DATA(520) 
NUMRER = 0 
AVE = 0 
READ 1. MIN. MAX 
REA~ 2. DELTA. COMM 
PRINT 4. COMM 
PRINT '; 

10 READ 3. DATUM 
PRINT 6. I)ATUM 
DO 30 I = I. 10 
IF (DATUM(I)),50. 50. 20 

20 NUMRER = NUMBER + 1 
30 DA~A(NUM3ER) = DATUM(I) 

GO TO 10 ' 
50 J = NUMBER - 9 

DO ~O r =~. ,NUMBER, 
'60 AVE ::AVE + DATAfIr 

AVE = .I*AVF.: 
J = () 
~n Rn r = 1. NUMAER 
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DATAII) = 4.*DELTA*IDATAII) - AVE) 
80 CONTINUE 

N ;, 1 
81 Ml= 2**N 

IFINUMBER ~ Ml) 82. 82. 83 
83 N' ~ N + 1 

GO TO 81 
82 MUM~ER = NUMRER + 1 

DO .90 I = MUMBER.Ml 
96 DATAII) '" 0.0 

C JO ~ 2**M = NUMBER OF INPUT POINTS ROUNDED OFF TO NEXT HIGHEST 
C POWER OF TWO. 
C 

C 
C 
C 
C 

C 

JO = 2**N 
LUCY = JO/2 + 1 
DATA(1) = DATAllI *.5 
INDISK = 1 
RECORD IINDIS~) N. MIN. MAX. JO. LUCY. DELTA 
RECORD IINDISK) COMM 
L = 0 
DO 100 1= 1. Ml 
L = L +.1 
DATU"1IL) = DATAU) 
IF 110-L) 100. 101.100 

101 RECORD I1NDISK) 6ATUM 
L :;: 0 

100 CONTI N UE 

102 

L, '" L + 1 
DO 102 I ~ L. 10,. 
DATUMII) = 0.0 
RECORD (INDISK) DATUM 
PRINT ~08 

1 FORMAT (214) 
2 FORMAT (IF5.~. 18A4. 1A3) 
3 FORMAT (10F7.2) 
4 FORMAT IIH1. 16X. 19A.4) 
5 FORMAT 114HOINPUT DATA IS) 
6 FORMAT I1H • 16X. 10FI0.I1 

308FOR~AT 11~HOOUTPUT ~ATA IS) 
.RETURN . 
FOND 

SUBROUTINE COOLB 

C SUBROUTINE COOLB CALCULATES THE COSINE FOURIER TRANSFORM USING 
C THE COOLEY-TUKEY ALGORITHM IN A PROGRAM OBTAINED FROM MERTZ. 
CINTEGRATION WITH FIRST POINT ONE-HALF OF ITS INPUT VALUE 
C 

DIMENSION OUTII0). DATA(520) 
INDISK = l' , 
FETCH IINDISK) N. MIN. MAX. JO. LUCY 
INDISI( = 4 
FIND (INDISK) 
J = 0 

310 FETCH (INDISK) OUT 
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IF I J - JO.I .311. 311. 312 
311 DATAIJI = OUTIII 
320 (O~TINUE 

GO TO 310 
312 INDISK =4 

FI~D IINDISKI 

( THE FOLLOWING (OMPUTES A JO/2 ORDER FOURIER TRANSFORM. OBTAINING 
( JO/4 (OSINE AND JO/4 SINE OUTPUT POINTS. 
( 

( 

J = 1 
DO 105 I ~ 1. JO. 2 
IF I I-JI iOI. 102. 102 

101 TE~PR = DATAIJI· 
TEMPI = DATAIJ+l1 
DATAIJI :: DATAIII 
DATAIJ+U = DATAII+lI 
DATAl I I :: TE~PR 
D~TAII+l) ~ TEMPI 

102 M = JO/2 
103 IF U":M) 105. 105,104 
104 J = J-M· 

M = M/2 
IF IM-:n 105, 103. 103 

105 J = J + M 
MMAX :: 2 

106 IF IMMAX - JO, 101.110,110 
101 IST~P = 2 * MMAX 

AMAX = MMAX 
THETA 6.28318531/AMAX 
SINTH:: S1NFITHETA/2.' 
WSTPR ~ -2.*S1NTH*S1NTH 
WSTP1 :: S1NFITHETAI 
WR = 1. 
WI= O. 
DO 109 M = 1, MMAX. 2 
DO 108 I = M, JO. ISTEP 
J = I + MMAX 
TEMPR = WR*DATAIJ' - WI*nATAIJ+lI 
TEMPI" WR*DATAIJ+l) + WI*DATAIJI 
DATAIJ, :: DATAl I I - TEMPR 
DATAIJ+l' ~ DATAI1+11 - TEMPI 
DATAl I' = DATAl I I + TEMPR 

108 DATAII+I) = DATAI1+I) + TEMPI 
TEMPR = WR 
WR = WR*WSTPR - WI*WSTPI + WR 

109 WI = WI*WSTPR + TEMPR*WSTPI + WI 
MMAX = ISTEP 
GO TO 106 

( THE JO/4 (OSINE AND JO/4 SINE TRANSFORMS ARE REORDERED TO OBTAIN 
( A JO/2 ORD~R (OSINE FOURI~R TRANSFORM OF THE JO INPUT POINTS. 
c 

110 DATAll1 = DATAII) + DATA(2) 
DO 150 I = 'I. Luci, 2 
J = )0 + 2 - I 
TEMPI I - I 
TI='MP~ =. In 
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W~ = DATA(I) + DATA(J) 
WI", fDATA(I+ll + DATA(J+1))*COSF(3.1415"926535*TEMPI/TEMPR) + 

l(DATA( I) - DATA(J))*SINF(3.14159~6535*TEMPI/TEMPR) 
DA T A (I) .. (WR+ WI) *.5 

150 DATA(J) = (WR - WI)*.5 
L = 0 
J ~ ~AX - MIN + 1 
00 'BO I = 1. J 
L = L + 1 
M = 2*MIN ~ ~ + 2*1 
OUT(L)'~ DATA(M) 
IF CIO-L) 330. ~40. 330 

340 RECORD (INDI$K) OUT 
PR I "IT 309. OUT' 
L = 0 

330 CONTINUE 
L = L + 1 
00 350 I = L. 10 

~50 OUT ( t) = 0.0 
P~INT ~09. OUT 
RECOR~ CINDISK) OUT 

309 FOR~AT C1H • 16X. 10F10.1) 
RETURN 
F:ND 

SUBROUTINE COOLC 

C SUBROUTINE COOLC PLOTS OUT ~HE SPECTRUM FROM MIN TO MAX. THE 
t VERTICAL SCALE CONTAINS 100 RESOLUTION WIDTHS. 
C 

DIMENSION DATA(256). COMM(19). LIST(50). DATUM(lO) 
S~rN = 0.0 
SMAX = 0.0 
INDISK = 1 
FIND (INDISK) 
00 10 I = 1. 50 

10 LIST!I1 = 0 
FETCH(INDISK) N. MIN. MAX. JO. LUCY. DELTA 
DEN " 2**N - 1 
NUMBER = ~AX - MIN + 1 
DEN" 5./(DEN * DELTA) 
FREQ MIN - 1 
FREQ = 2.*FREQ*DEN 
NN = 1 
FETCH (INDISK) C~MM 
PRINT 2. COM,., 
INDISK '" 4 
FIND (IND.rSK) 

20 FETCH (INDISK) DATUM 
DO 80 I = 1. 10 
IF CNN - NUMBER) 30. 30. 90 

~O IF CDATUMCI) - SMIN) 40.40.50 
46 SMIN = bATU~CI) . 
50 IF CDATUMCI) ~ SMAX) 70. 60. 60 
60 SMAX = DATUM!I) 
70 DATA(NN) = DATUM!I) 
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80 NN = NN + 1 
GO TO 20 .,. 

90 51 99.IISMAX - SMIN' 
52 1. - Sl*SMIN 
NN 52 
"11 ::: (NN + 11/2 

'Y "12 NN + 2 - 2*M1 
"12 (2 - "12) * 2 
"12 70*10**"12 
DO 130 I '" 1 • NlJf'IBER 
NN Sl*DATA(I) + 52 
N1 = (NN + 1112 
1'12 ::: NN + 2 - N1*2 
DO 95 NN ::: 1 • N1 

95 LIST (NN) ::: 6767 
LIST ( "111 "" "12 
GO TO (100. 110) • 1'12 

100 LI ST (Nll . 6700 
GO TO 120 

110 LIST ( N 1 ) ::: 6767 
120 PRINT 1 • FREQ. DATA(II. LIST 

FREQ ::: FREQ + 2.*DEN 
DO 130 NN = 1. N1 

no LIST (NN) = 0 
1 FORMAT (lH • 1F7.2. 1F9.1. 3X. 50A2, 
2 FORMAT ( 1H1. 2X. 23HUNAPODIlED SPECTRUM FOR. 2X. 19A4.111' 

RETURN 
END 



-84-

REFERENCES 

1. Carl J. Ballhausen, Introduction to Ligand Field Theoq (McGraw-

Hill Co., Inc., New York, 1964); M . Tinkham , Group Theory and Quantum 

Mechanics lMc Graw-Hi 11 Book Co., Inc., New York, 1962). 

2. A. Abragam and M. H. L. Pryce, Froc. Roy. Soc. A205, 135 (1951). 

3. R. M. MacFarlane, J. Y. Wong, and M. D. Sturge, Phys. Rev. 166, 

250 (1968). 

4. J. Bardeen, L. N. Cooper, andJ. R~ Schrieffer, Phys. Rev. 108, 1175 

(1957) . 

5. D. M. Ginsberg and L. C. Hebel, in Superconductivity, edited by 

R. D. Parks (Marcel Dekker, New York, 1969), Vol. 1, Chap. 4; 

M. Tinkham, in Optical Properties and Electronic Structure of Metals 

and Alloys, edited by F. Abeles (North-Holland Publishing Co., 

Amsterdam, 1966), pp. 431-451. 

6. T. Holstein, Phys. Rev. 96, 535 (1954). 

7. A. B. Pippard, Metallic Conduction at High Frequencies and Low 

Temperatures, in Advances in Electronics and Electron Physics 

(Academic Press', New York, i954), Vol. 6, p. 1. 

8. C. K. N. Patel, in Lasers, edited by A. K. Levine (Marcel Dekker, 

New York, 1968), Vol. 2, Chap. 1. 

9. D. W. Faries, K. A. ,Gehring, P., L. Richards ,and Y. R. Shen, Phys. 

Rev. 180, 363 (1969). 

10. N. Van Tran and C. K. N. Patel, Phys. Rev. Letters 22, 463 (1969). 

11. J. Connes, Rev. Opt. 40,45 (1961); 40, 116 (1961); 40, 171 (1961); 

40, 231 (1961). 

12. P. L. Richards, in Spectroscopic Techniques for Far Infra-Red, 

Submil1imetre, and Millimetre Waves, edited by D. H. Martin (North-



-B5-

Ho11~d Publishing Co. ,Amsterdam, 1967), Chap. 2. 

13. P. Fellgett, J. Physique 19, IB7 (195B). 

14. Y. Yamada, A. Mitsuishi, and H. Yoshinaga, J. Opt. Soc. Am. LR, 
17 (1962). 

15. K. D. Moller and R. V. McKnight, J. Opt. Soc. Am. 22, 1075 (1965). 

16. J. W. Cooley and J. W. Tukey, Math. of Computation 19, 297 (1965). 

17. H. Sakai and G. A. Vanasse, Fourier Spectroscopy, in Progress in Optics 

(North-Holland Publishing Co., Amsterdam, 1967), Vol. 6, pp. 261-330. 

lB. J. Connes, Computing Problems in Fourier Spectroscopy, in 

Proceedings of the 1970 International Conference on Fourier Spectroscopy, 

held in Aspen, March 1970 eTo be issued as AFCRL Report). 

19. F.J; Low, J. Opt. s~c.Am. 51,1300 (1961). 

20. E. H. PutleyandD. H. Martin, in8pectroscopicTechniques for 

Far Infra-Red,Submillimetre, and Millimetre Waves, edited by 

D. H. Martin (North-Holland Publi shing Co. , <Amsterdam, 1967), Chap. 4; 

R. A. Smith, F. E. Jones, and R. P. Chasmar, The Detection and Measure

mentof Infra-Red Radiation (Oxford University Press, London, 1968), 

Chaps. 3 and 4. 

21. R. C. Jones, J. Opt. Soc. Am. 43, 1 (1953). 

22. R. A. Smith, F. E. Jones, and R. P. Chasmar, The Detection and 

Measurement of Infra-Red· Radiation (Oxford University Press, 

London, 196B), Chap. 5. 

23. H. D. Drew and A. J. Sievers, Appl. Optics ~, 2067 (1969). 

24. P. L. Richards, Pure and A~plied Chemistry 11, 535 (1965). 

25. F. J. Low, Proc. IEEE 5.4, 477 (1966). 

26. E. D. Nelson, J. Y. Wong, and A. L. Schawlow, Phys. Rev. 156, 298 (1967). 



-86- '. 

27. J. Y. Wong, M. J. Berggren, and A. L. Schawlow, J. Chern. Phys. 49, 

835 (1968). 

28. A. Hadni, Phys. Rev. 136, A758 (1964). 

29. C. H. Perry, R. Geick, and E. F. Young, App1. Opt. i, 1171 (1966). 

30. J.-F. Moser, W. Zingg, H. Steffen, and F. KneubUhl, Phys. Letters 
, 

24A,411 (1967); J.-F. Moser, H. Steffen, and F .. KneubUhl, Phys. 

Kondensierten Materie l~ 261 (i968). 

31. G. C. Brackett, Ph.D. thesis, University of California, Berkeley, 

1970 (unpublished). 

32. G. A. Slack (General Electric Research and Development Laboratory, 

Schenectady, New York), private comm~ication, September 1968. 

33. D. S. McClure, J. Chern. Phys. 36, 2757 (1962). 

34. N. E. Kask, - L. S. Kornienko, T. S. Mandel' shtam, and A. M. Prokhorov, 

Fiz. Tverd. Telai, 2306 (1963) [English translation: Soviet Phys'. -

Solid State i, 1677 (1964)J. 

35. D. W. Feldman, D. C. Burnham, and .J. G. Castle, Jr., in Quarterly 

Scientific Report, Westinghouse Re:search Lab., Report No.4, 1964. 

36. 

37. 

38. 

39. 

F. R. Merritt, private communication,December 1967. 

F. S. Ham, Phys. Rev. 138, Al727 (1965). 

Z; Goldschmidt, W. Low, and M. Foguel, PhYs. Letters 19, 17 (1965) . 

E. A. Vinogradov, N. A. Irisova, T. S. Maridel' shtam, A. M. Prokhorov, 

andT. A. Shmanov,. Pis'ma v Redaktsiyu ~, 373 (1966) [English 

transl., Soviet Phys. - JETP Letters ~, 252 (1966)]. 

40. G. M. Zverev and A. M. Prokhorov, Zh. Eksperim. i Teor. Fiz. 40, 

1016 (1961) [English transl., Soviet Phys. - JETP13, 714 (1961)]. 

41. M. Sauzade, J. Pontnau, P. Lesas, and D. Silhouette, Phys. Letters 



-87-

19,617 (19G6). 

42. A. R. Smith and R. W. Mires, Phys. Rev. 172, 265 (1968). 

43. M. A. Biondi, Phys. Rev. 96, 534 (1954). 

44. H.Scher (Bell Telephone Laboratories, Murray Hill, New Jersey), 

private communication, April 1970; BUll. Am. Phys. Soc. 12, 672 (1967). 

45. W. Shaw and J. C .. Swihart (Indiana University, Bloomington, Indiana), 

private communication, April 1970. 

46. M. A. Biondi, M. P. Garfunkel, and W. A. Thompson, Phys. Rev. 136, 

Al471 (1964). 

47. H. D. Drew and A. J. Sievers, Phys. Rev. Letters 19, 697 (1967). 

48 .. R. B. Dingle, Physica 19, 311 (1953). 

R. G. Chambers, Proc. Roy. Soc. (London) , Ser. A215, 

P. L. Richards, Phys. Rev. Letters 1, 412 (1961) . 

49. 

50. 

51. T. Holstein, Aim. Phys. eN. Y. ) 29, 410(1964) . 

481 (1952) . 

52. This approach was suggested by L. M. Falicov (University of California·, 

Berkeley, California), private communication, October 1969. 

53. .W. Lo. McMillan and J. M. Rowell, in Supercondlilcti vi ty, edited by 

R. D. Parks (Marcel Dekker, New York, 1969), Vol. 1, Chap. 11. 

54. M. A. Biondi, Phys. Rev. 102, 964 (1956). 

55. R. F. Gasparovic and W. L. McLean, Phys. Rev. (to be published). 

56. W. Shaw and J; C. Swihart, Phys. Rev. Letters 20, 1000 (1968); also 

(to be pub1i shed) . 

57. P. B. Allen (Bell Telephone Laboratories, Murray Hill, New Jersey), 

private communication, May 1970. 



-88-

Table I. Ge Bolometer Data 

s = 6xI04 v/W s = 7xI0
4 

v/W 'lJ. = 8 K 
m 

NEP = 9xIO-13 W/Hzl / 2 T =1.08 s K 

G = 5xIO-5 W/K T =1.30 K 
0 

R = 5.5xI05 rt T ~ 4 msec 
0 

R = 
L 

9xI06 n \) = 42 Hz 

I = 4.6 ).la I = 2.6 ).la B = 1 Hz op m 

e = 5.5xIO-~ V/Hzl / 2 Vol = 11 mm3 
s 



.. 

Table II. Calculated and experimental values (in units of cm-l ) of the zero-field energy splittings 

. . 1 . .3+ 4+ °1 and °2 and the g-factors for the low lYlng energy levels of the dlons Tl and V 

in Al
2

0
3

. Comparison with experiment is made for several values of the crystalline field 

parameters v and I:; and the J abn-Teller energy E JT' 

Sample v I:; EJT °1 °2 gOIl gOl glll gll g211 

TOO 120 200 44.98 104.21 1.16 0.0 -2.22 < 0.2 1.88 

T,3+ Al
2

0
3

:, ~.! 680 90 187 37.96 106.53 1.13 0.0 -2.30 < 0.2 1.93 

Experimental 37.8 107 1.11 <0.1 -2.00· < 0.1 

I 

970 195 320 27.93 53.15 1.59 0.0 -2.00 < 0.5 1.86 CD 
\0 
I 

Al
2

0
3

:V 
4+ 

750 290 333 27.80 53.20 1.60 0.0 -1.70 < 0.5 1.66 

Experimental 28.1 53 1.43 <0.2 -1.43 < 0.2 



-90-

FIGURE CAPTIONS 

Fig. 1. Far-infrared Michelson interferometer used in the frequency 

-1 range 2-350 cm • 
, . 

Fig. 2. Block diagram of the experimental apparatus, including cryostat 

for low-temperature transmission measurements. 

Fig. 3. (a) Power spectrum of the measured signal after wide-band 

amplification. The coherent signal is represented by the spike at 

w ; the noise consists of a' "white" detector background and a 
o' 

-1 .'. 
contribution ~ W due to the amplifier. 

(b) Power spectrum after narrow band amplification in a 

region /).w
l 

centered at W . 
. 0 

(c) Power spectrum of a square wave of frequency w symmetric, 
o 

about zero voltage. 

(d) Power spectrum of the measured signal after phase detection; 

this is the convolution of Fig. 3b and Fig. 3c. 

(e) Power spectrum after a low pass filter of time constant 

T=RC. The noise power bandwidth is reduced from /).W
l 

to liT. 

Fig. 4. (a) Power spectrum of the signal after digital integration 

for a. time Tl . 

(b) The periodic sampling function used in our data acquisition 

and its power spectrum. 

(c) Power spectrum resulting from periodic sampling of the 

signaL The noise power in the shaded area will appear in the 

frequency region 0 -(2T
l

)-1 as a result of convolution with the 

sampling power spectrum in Fig. 4b. 
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(d) Frequency spectrum obtained by oversampling of the inter-

ferogram. . High frequency noise on interferogram appears as spectral 

noise in the region V -V . 
c max 

Fig. 5. Upper: Bolometer mounting geometry used in transmission 

experiment s . 

Lower: Schematic of bolometer circuit. C= heat capacity of 

bolometer and electrical leads. G= thermal conductance of leads. 

T = temperature of heat sink. P +P e iwt= power incident on 
s ·01 

bolometer. T= bolometer temperature. R= bolometer resistance. 

V= bias source. R
L

= bias current-regulating load resistor. 

Fig. 6. (a) Schematic of bOlometer-amplifier circuit. V= bias source. 

RL= load resistor. Ro= bolometer resistance. RI = input resistance 

of amplifier. 

(b) Equivalent circuit of Fig. 6a for purposes of noise 

analysis. e
L
= voltage noise in load resistor R

L
. e = voltage 

o 

noise- in bolometer R. E= signal. e = voltage noise in input 
o I 

resistor R
I

. i = grid current noise in amplifier. 
g 

of amplifier with terminals shorted. 

eA= input noise 

Fig. 7. Load curve (solid curve), and theoretical dc responsivity 

(dashed curve) of a Ge bolometer. 

Fig. 8. Current dependence of theoretical dc responsivity (circles) and 

theoretical ac responsivity (squares) at 42 Hz obtained from the 

load curve shown in Fig. 7. The solid curve is the experimental 

responsivity at 42 Hz for the same bolometer fitted to the theoret-

ical ac curve above. 10 ~a. 

Fig. 9. Experimental (points) and theoretical (solid lines) current 
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dependence of the NEP for the bolometer whose load. curve is plotted 

in Fig. 7. The upper and lower curves represent the NEP for load 

resistor temperatures of 300 K (our' experimental condition) and 

4 K, respectively, obtained from Eq. (23). 

Fig. 10. Cryostat containing superconducting solenoid for transmission 

measurements in a magnetic field. 

Fig. 11. 
. -1· 

Low-lying electronic energy levels of Al
2

0
3

:d . 

Fig. 12. Zeeman splitting o·f the 37.8 cm -1 line in Al203: Ti3+ in a 

magnetic field oriented parallel to the optic axis. The points are 

averages of several measurements of the transnUssion minima. 

Fig. 13. Zeeman splitting of the 28.1 cm-l line in Al203:v4+ in a mag

netic field oriented parallel to the optic axis. 

Fig. 14. Energy level diagram for Al
2

0
3

:dl illustrating the inclusion 

of the dynamic Jahn-Teller effect. The right side shows the decom

position of the free ion 2D level in the static crystalline field 

(Fig. 11). The left side shows the degenerate vibronic levels of 

a vibrational mode of energy hw in the cubic field. The inclusion 

of the crystalline field and the vibrational mode yields the "inter-

mediate" energy splittings 01 and 02' 

Fig. 15. 

Fig. 16. 

2 Low-lying electronic energy levels of Al
2

0
3

:d . 

Zeeman splittin~ of the 8.25 cm-l line in Al20
3

:v3+. The 

circles and squares represent experimental values for the magnetic 

field oriented, respectively, parallel to and perpendicular to 

the optic axis. Except where indicated by flags, the linewidth 

.,..1 
at one-half the peak. absorption coefficient is - 0.3 cm 

Fig. 17. Sample mounting geometry employed in the direct absorption 

.!i 
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experiments on lead. 

Fig. 18. Measured frequency-dependent absorptivity in superconducting 

(circles) and normal (squares) lead compared with the prediction 

of normal state anomalous skin effect theory. The limits of the 

error bars are plus and minus one standard deviation (75 per cent 

confidence). 

Fig. 19. Measured ratio of the absorptivity in superconducting and 

normal lead normalized to the high frequency limit AS/ ~=l . The 

limits of the error bars are plus and minus one standard deviation. 

Fig. 20. The Holstein absorptivities PNand Ps for normal and supercon

ducting lead, respectively, obtained from Eqs. (39) and (40). 

Fig. 21. Measured ratio (curve A) of the absorptivity in superconducting 

and normal lead compared with (curve B) a theoretical estimate of 

AS/~ which ignores the effect of the energy gap on the superconduct

ing anomalous skin effect absorption, and estimates of AS/~ with 

the surface absorption taken from the extreme anomalous limit 

(curve C) and the local limit (curve D )of strong-coupling super-

conductivity theory. Curve E is r:i (V-26) F(~26) "the square of 
o 

the electron-phonon coupling constant times the phonon density of 

states shifted in frequency by 26. Curves A,B, C, and Dare 

plotted on the same scale, but B has been shifted vertically for 

clarity. 

Fig. 22. 2 a F (v) for lead (solid curve) obtained by Rowell and McMillan, 
'0 

compared with Allen's estimate of Cl~rF (v) (dashed curve). 

Fig. 23. Measured As/ ~ for lead (points) compared with a theoretical 

estimate (solid curve) obtained from Eqs. '(45 ) and (46), including 
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a.~r F,(w) and the effects of superconducting coherence. 

Fig. 24. Measured AS/~ for lead (curve A) compared with Swihart's 

nonlocal calculations for RS/~ for diffuse (curve B) and specular 

(curve) reflection of conduction electrons from the surface. 

Fig. 25. Measured AS/~ for pure lead (circles) compared wit~ the 

measured AS/~ for an alloy of 1 per cent bismuth in lead. The 

data for the alloy are fitted to those for the pure lead in 

-1 the region around 50 cm ; the scale factor established by this 

fit may be in error by 5 per cent. 
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LEGAL NOTICE 

This report was prepared as an account of Government sponsored work. 
Neither the, United States, nor the Commission, nor any person acting on 
behalf of the Commission: 

A. Makes any warranty or representation, expressed or implied, with 
respect to the accuracy, completeness, or usefulness of the informa
tion contained in this report, or that the use of any information, 
apparatus, method, or process disclosed in this report may not in
fringe privately owned rights; or 

B. , Assumes any liabilities with respect to the use of, or for damages 
resulting from the use of any information, apparatus, method, or 
process disclosed in this report. 

As used in the above, "person acting on behalf of the Commission" 
includes any employee or contractor of the Commission; or employee of 
such contractor, to the extent that such employee or contractor of the 
Commission, or employee of such contractor prepares, disseminates, or pro
vides access to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 
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