Submitted to Physical Review UCRL-19714

Preprint
e. &

-CEIVED
LAWRENCE
RADIATION LABORKTORY
MAY 18 1970
RARY AND
1 C‘G‘S‘ENTS SECTION /UL TIFACTORIZATIONS AND THE FOUR-REGGEON
< PO VERTEX FUNCTION IN THE DUAL RESONANCE MODELS. 1.
Loh-ping Yu
February 22, 1970
AEC Contract No. W-7405-eng-48
4 A
TWO-WEEK LOAN COPY
g, This is a Library Circulating Copy
l which may be borrowed for two weeks.
' {1 For a personal retention copy, call
‘ Tech. Info. Division, Ext. 5545 :
. J .

PIL6T-TEDN

LAWRENCE RADIATION LABORAT()R?;
% UNIVERSITY of CALIFORNIA BERKELEY

P



DISCLAIMER

This document was prepared as an account of work sponsored by the United States
Government. While this document is believed to contain correct information, neither the
United States Government nor any agency thereof, nor the Regents of the University of
California, nor any of their employees, makes any warranty, express or implied, or
assumes any legal responsibility for the accuracy, completeness, or usefulness of any
information, apparatus, product, or process disclosed, or represents that its use would not
infringe privately owned rights. Reference herein to any specific commercial product,
process, or service by its trade name, trademark, manufacturer, or otherwise, does not
necessarily constitute or imply its endorsement, recommendation, or favoring by the
United States Government or any agency thereof, or the Regents of the University of
California. The views and opinions of authors expressed herein do not necessarily state or
reflect those of the United States Government or any agency thereof or the Regents of the
University of California.



-1- | , UCRL -1971k

I. INTRODUCTION
‘Koba and Nielsenl‘have shown that thelN-point»dual amplitude
can be represented in.a-?rqjectively_in?driant maﬁner by.associéting with
each external_particle»one‘KobaQNielsen'varéable X5 i=},2-'°N

(Fig. 1). The N-poinf‘amplitude takes the form?

- - -, .-1
o o 1 : ij
B (py»Pps-By) = [ lu.. ,
eLTet o N (x; - x ij

N
1#& i 1+2) 1<i<g
ifa LT
a-2 (1)
where X, =0, Xo= 0, vxc =1, and
s . . j ] -, - - .
ij IR T R j+l (xi J+l)(x 1 igf

The usual multiperipheral parameterization of the n-point function

| 1 N-1 |
- a-1
B, (Pl, N ‘[- i ldu l l ! l (1 - uli) .
i=2 - .

-pripj+l

A P TR

2=1i<j<N-2
is then in the particular projective "frame" X) =0, X, = 1, X = 0.
Another useful form can be obtained2 by choosing xl‘= o, X = o,

X, = l; thus the N-point function has the form
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1T ™

T

/1§1/ (gi B Xi+2)a+bpi+12 . Y
i =0 :

1£N-1

s

For later convenience, we denote the integrand of Eq. (k4) by

..... 2bp.‘p.vN_l '
Xyl ]/(X T % ’ qqﬁ*Tf Ox; - x40+
: 2<1<J o<i
._a_b(pie+pi+le)_l A a+bpi+12
ey = %) . A (x; - %55
=2 (5)

1%N-l
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II. SINGLE FACTORIZATION
To do the éingle factoriZation of the N-point function, we
divide the Koba-Nielsen variablgs X. i=1,2, ++,N into two sgts,
s i:l;g,-;-,M, and Zj; j:M+l,M+2)---,N, (Fig. 2). We explicitly“

choose three projective "frames" X, Y, and Z. They are defined by

X

el
i
ﬁ
ol
il
'_l
i
O

)Ql\]-+i5 Xi) ) v '1:1)2).'.)N)

Y : yM+l‘: %, yM = l; yl = 03 yM+l+i = V.o i:l,2,°",M? (6)

Z : zM,: ©  Zy T 1, Zy = 0; ZN+i = J=1,2,+++ ,N-M+1.

M-1+3°

The Y frame specifies the left-hand M+l-point amplitude, the 7 frame
specifies the right-hand N—M+l—point'amplitude, and the X frame
specifies the N point amplitude as a whole. The following equations

relate the X frame to the Y,Z frames,

X, = 7. i=1,2,+--,M,
1
xj-= yQth’ ' . ij+lJ.")N) , (7)
o _ M

Y

t 1s the variable associated with the propagator of the factorization
channel. The Yo is equal to the product of all the usual multiperipheral
. parameterization variables belonging to the Y framé, i.e., '

' . . . CoLn. 2
Vo = Upplyst Uy - Substituting Eq. (7) in (L), we obtain
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BN(p14‘f"Pﬁ) - I'g &y M+l ~}r,I‘]’ azy {ZN M+l

ML M
M M+l
y . . l
N G R S o .~
- b dtt (L -t) ~-| 1} (1 - tz ) - 5
C o i=1 =M+l ' (8)

. - . - 2 — . ¢ 3 0 - N 2
where s) = (p) £ Dy + ot ¥ py) = (pyy * +pyg), and
a + bpi2 =0, i=l, 2 +++,N. From now on, we will drop the 2b
‘factor in p, ~pj.. To factorlze Eq. (8), we. expand
i.pj ' o . 3
1 - ¥y tz ) as the exponent of a logarithm” and
1=1 J=M+1 , - .

. I
-1ntroduce the harmonic oscillatqr operators an,an. Hence

i=1 Jj=M+1
" N R
= (0]exp }: 2. E p.z.* t 8
(n)2 e Jd J
n Jj=M+1
¢ €Xp Z "'":I?_' . Z piyi IO> . C (9)
n n i=1 ’

Substituting (9) into (8) and defining

ey o) = lof) ) Do)

D
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ve then find the single factorization result (Fig. 3),

v : - o o | | a
, (Ongg(a)lx ) = jsrdzj{Z)(O]eXP Z -r |>\ ) s
. | R | | B —M+l (10.1)
D(Rg,sl) = (10.2)‘
oN |Ggg(a+)‘l_0)' = (10.3)

To record the ordering of the particles on the side which has been
- removed, we keep a dot on each factorized reggeon in such a ﬁay that.

" the dot lies between x, and Xy ”
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' III. SECOND FACTORIZATION
A. Planar Case
~ We start from Eg. (10.1), let M = O, and divide Z: B .

i=1,2,--+,N into Wos T, vy SO0 that

'WL_'_l = oo, | wL = l, wl =.o’
Ve = % Vi T 1, Vg = 0,
Zl = oo, 22 = l, ZN-: O,

and so,

w

2
Zi = i=1,2, »L,

i

T e (11)
: 3 2L+1
=

Substituting Eq. (11) into Eq. (10.1), we find

olaH @), = aw, (0. 1+ | xdv.-(v]- d e
(2)'%) e _fﬂwi ra'” Y
| ‘ L N .. _b'p' a L . W n.
(- T])a—l” i ’l_/r(]_ - w-invj) . J'<O|GXP Z "':1_' Z pl(%) |
' i=l  J=L#l | L ) )

* i P3<W'gn"j)n ) - " (12) -

J=L+1



To introduce the

1T

i=L, j=L+1

Olow g ).

Therefore, if we

m%mw
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operator ag, we observe, from Eq. (12), that

-pi.p .

- winvj) J
a

I 2: (:—{) E P. (wznv {n)
n2 a

: J=L+1
-N_ B +

an n A Ra _ an
T p. (v.) 7 jj- " - {exp Z T

n< J J : n2

| =

j=L+1

L+l

-%»WZ%X:()|M e

define, from Egs. (12) and (13),

(OlGE%%(a) D(R )85 ) Ggég(a a)lx )

]

(hylalada ) )

we find the second factorization result. (Fig. 4)

| a, ‘ _ R
(u IG§§§<a+-,a>lka> = Jraw G | S 2N e ®

exp

n i=1

L+l
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where ;wi¥lo= w, Woo=1, W = 0. The expression Eq. (14) is identical

to the formula of Fubini et ala,h s1nce, in terms of Chan varlables,
Vit ey 24 | ! il

By employing a technique similar to that used in Eq. (13), we can also
.introduce bm'operator instead of a;, and we find the second

factorization expression

e
(olcgﬁ,g(a,bn ) - [ndw ) <o|exp(ab)o .

L+l
teof T Y n(E)] W e LJZC)
L : - )
where (éﬁ)b»%.ji: aﬁbn,‘
: n=]1
and

<o|a§1>(a>|x> <o|e(wg<ab> D(R,,5,)" G(v)o)lo

B.-Nonpianar Case
From Eq. (10 l), with M = 0, we change to the projective

frame (Flg 5),

)
N

1l

o

o -l -0, (Q<i<w-n. '-
and relabel z!'s so that

[N S "o "oy _

Zy = 2, =% 2, Zi 41 1, z. = ZL'l =0
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or .

to_ ot = gz o
L7 "N+ T PNel-Led T PleLad

Then Eg. (10.1) becomes

(OIG(l))(a)b\ Y = jﬁdz;[zl'\}ﬁolexp. z __r; Z ‘ o

) . | (16)

Carrying out the factorization as~before,’We find the seéond—faétoriZed

M+ l—point tree (Fig. 6)

(OlGé%% 2, b>lkb = Jrﬂdw ‘WM+1 (o] exp : ?ﬁz?g .
.. - nm .
m(2)- e 5_* E z
E:.-_- %ii ) W - Wy I N Wi n ‘Ka> (17)
n® P\ T M Ty gt |
l%L) | " | - |
where |
'B (X) Z ( )( ()" m x? s | v | (18)

and
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As a consistency check, we may remove all bottom legs in Eg. (17) by

setting L = 1 in Eq. (17); we find

. W. . W. - W . .
‘L-1 m L+l L n :
B ( > o C———————-‘_> —=> 9 smoe W P
nm\_ w L Wri1 T Yp-1 . nm . 2

L

o R A W A T N _9 ‘2
AL+ T M- I T W

Hence Eq. (17) does reduce to the planar case, Eq. (15). However, we can

equally well remove all "top" legs in Eq. (17) by setting. I =. M
in Eq. (17), we then find an GXPTGSSIOH with both dots on the other

sides Qf the two excited legs. (Flg. 7), as compared with (Flg. Ly,

(W) >

(OIG(E)(a b)| = ]ndw {W +l (Olexp mBnm .M l)

S : wa -, n- *
Xfﬂfp Z pr Zw?pi{i:t—”?}-) 'N?

1#M) I _ (19)

where wy .. =, w,o=1, w-=0. We can verify that Eq. (19) is-

related to Eq; (15) simply by a projective. transformation wi'; 1- W
in Eq. (19) plus two "twisting" operations on both of the excited légs.

To see this, we first change frame inZEq. (i9)-from wM+l = oo, 'wM =1,
= o, W, =1, W= 0; i.e., w, =1 - wi, We then

=0 to w 1 M
5,6

hal M+1

use the following identities
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oG ><>m<l-,;

o
—~
=
»
S—r

I

nm

| ) (20.1)
= Z( )( ) y x s -
i (:1 )C;l)(_)rwﬂ = 5, (20.2)
n=0 o
nZ; %_3@(1 0T ;Engnxn. , (20.3)
_a—n = (-1) Z %0 (2)(5) (20.4)
‘Eh ‘% -(f+)f} anT+ , | o l} (20.5)
Qn) = exp<z E’Ii
| = ’ | ‘(Oo 6)
R POIORR|
i=1 et
©lehH™ = o, (20.7)
.TT1X>_ = Ix

PO (20.8)
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Then, clearly, Eq. (19) becomes

, , - ) 2
(OIG(W) &y - ‘[ndw LW" (Olexp(ab) §: ;% g piwim
. m . i=1
o 'M+1 X .
e z: n2 Z;_ <; j> | .. '(21)
1#M) | '

which is analogous to Eg. (15), except_thatvthe'states Ixa); lxb>
are twisted. This is the expectéd'result, sincé excited—pérticle lines
with :the dots‘onvopposite sides are related to each other by the

‘twisting operator.
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~ IV. THIRD FACTORIZATION

4

we start from the second factorlzed tree, Eq. (lh), and change

from the frame'»wal =-§, Wy T 1, ‘wl = 9' to the new frame, M+l = oo,
w =1, wy=0 (Fig. 8). From Eq. (1), we get
-  .1 K v ‘ . - L M
el = [ Gy les) (o
| nM*lv i-w\ ] |
X (l - w ) eX'p Z “_;_- Z Pl T Xa> - (1L1)
) - NS4 -
. . o :2 . ‘:' ’
We then divide wi inﬁo' Tsio Sj,_aﬁd 'nf'as'béfore:
. 5% Sral T L Sm T 0.,
PR B
ind S .
r
' 1
W =7 i=1,2,+++,L ,
i
;; W, = 1”53? .J = L+l .
E ; :. . . E
i L+1-
: L L
? " ~ Therefore, in terms of‘ri,sj,andv 1, Bq. (14') becomes



X exp

where, agaln,

It 1s 1nterest1ng to see how Eg.

r“,.,

three-reggeon vertex

r

L+l

-16-

(23) can reduce to Sciuto's

UCRL-1971k

(23)

7

Since we are unable to factorize thé ¢, leg without

assuming the factor (r - ——:> to be in the R frame (oppos1te the 8§

-frame), we therefore con31der the case T =

r

0

= of

in Eq (23), we get B

(rig. 1o)

Substituting

i
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2 A -a. -1 -0l =L
(3),. a\ _ - 01 ) 12
.O!Gh(R)’(a.,b,c) My )= CENE | (1 _ ry)

XC 0 -

X {0]exp ;ﬁ-@lrl )| e ) ab - r)
‘- v n
b ' z c
oS 216, v p0 - )N Y (D e nf L
n2 b) 2 1 ¥ 1 2
m N £=1 )
a e c
n -n ‘ [ -n Y/ £~y
ey 20 - o vn,0 T Y (5) x4
n £=1 "
A, | ,
X ) . (24)
1A '
7

Tn order to remove the external scalar leg (i.e., rg) in Fig. 10,
we then go to the pole position of the aoi variable and look at the

residue given by Eq. (24). We can rewrite Eq. (24) in the following

form*
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A 0
a “+ + a -
e a3t vt ey |02 )=
(R) b
O A
C C
= 0 -1
X drl r, (1 -~r

exp{:
n

Y

: b
Z ~p o+ (a5 o+ Z T
7 22 1 . . O, me

+

» a : 0
Y Fles +p( - r) T @e) g (0] (25)
.n . ' . XC :

We observe that the last factor { } in.Eq. (25). is a three-reggeon vertex
if N — 0. To get the three-reggeon vertex _W(B)(a,b,c) from Eq.

(25),_weuthus take the limit p, -0, and write

Ny 0
1im x% G_(5)(a+,b,f,c)|o% ) _,
—O\O ) A
Po= Ve c
_ oN |0
= 1lim x,i v(p,)- D'(R_,R_) - w(_5)(a-+,b+,c) o2 . (26)
27 . a’" ¢ : b
But under this limit the discussion of the factorization must then be .

modified, since the mass of leg 2 is no lbnger_equal to that of the

other legs. The relevant modification is given in the appendix. As
Py -:O,.the ordinary vertex function V(pe) becomes fhe unit operator

and éo 'D'W(5)(a+,b+,c) becomes a well-defined guantity. From Eq.

(25) and Eq. (26), we obtain the c,-leg propagator

"
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- , 1 Oy L . -bpl,g-l' Ry R, ,
D (Rc,s3) = dr, r, (1 —,rl), | ,-- r, (1 - rl) , (27)
: Jo o
and Sciute's three-reggeon vertex (Fig. 11)

OIW'(B).(a,‘b,c) ;z

- Olexp[plc + (a,b)o + Db+ (b,e) + pla + (a,c)+] x% , (28)
, , _ \
' : ‘ c

where pé = p3.

Another interesing thrice-factorized tree (Fig. 12) can also be

- obtained easily by directly factorizing Eq. (1%) in a general projective

frame, similarly to what we did in Eq. (16) and Eq. (17). It takes the

following_fdrm (Fig. 12):

o R
7 ' A ‘ €y S*
O‘G(R)(a,b,c) >\b = dI‘ {RR+l O|exp ——_12__' 4. l l
‘ N e 1;4R+l - i-1
R . I _ \D ¢ R+l L m
Y exp(a,b). e P Tra1 T LN G T
X exp(a, o %P Z RS - T B\ T
: ’ ‘ m? L-1 L+1 . L i
: m i=1
(14L)
) ' . -n
v, (a) L . Z O P N
ﬁd ;2 mg T L o nr nz rLfl -
(29)

(cont.)
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(cont. ) . : - ' - E
R+l -n . : A
: r : , .
}: ) TLAL ), 4 B
“% T-n I :
‘ D=1 ;, SR R ’ ,
1#L+l) : ' '

X I‘L_l - I‘L I'L+2 - I'L+l a
-1 " o Tt = T/

SR C(29)
A o
Where
B (x) = E: <’j><; ;) (-)" m xt }:(: >(;L) (1 - x) .
o | - ' (30)

The reason why we are interested in Eq. (29) will be clear in the next

section. As a consistency check, we let R = L -2 in Eq. (29). We

get
-1~ 1 1-”L+ij>
- s
“p-1 T o I Ty
m Tr+1 S (n) ( )m m A;
: rL Bnm o m - m rL+l T

therefore Eq. (29) does reduce to Eq. (23), as it should.

r

i
i
'
|
i
i
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V. FOURTH FACTORIZATION

Beginning with Eq. (23) (Fig. 9b), we change to the new frame

-0, r. =1 (N=1+),

B o ) |
. r' - ! ) o it .
L rN rN-l 1 ri j)
= LT 1 - t - 1 .
1; ‘ rN ri, 1 rN—l

Substituting this in Eq. (23%), and factorizing as before, we then obtain

" the four-times-factorized tree (Fig. 13)

ol am,e,4,)

R g gt
it
=
&
=
T
O
Y
i
oy
=1
o ™
M=
Lo}
H
=
’_J
.

X exp Zanbn -

=
v:'m
\/5
o]
£
e
- =
1E
o]
}—l-
N AN
] ]
I
N’
= L3
AN NN
) ]
sl =
e |
\‘s<

g (75)
N W5'Wu£§:&kB (‘”2) K . By
Yo T Wy ry ;% ox W 5 B - ;%
M+l W - W m . m w. \m =
Lo (3) G () (o
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(cont.)

ZC)(M ——) G————) S
where wy . = o, Wy = 1, Wy = 0. We can s1mpllfy Eq. (31) by
changing to the projective frame wi = 0, wé’: o, wﬁ;; 1, i.e.,

| | 1w )l
wp o= Wy s Wy, Wy wi) o= EW' _Wb£+l)7

, t i M+l

Then Eq. (31) becomes the following expression (Fig. 13)

(o16) 2 ] T AT
1 N k .
‘SIG(W )(a b,c,d) ib = ﬂdw {WM+1} 0|exp E: ;g_E:pi
A k ° i=l
.. o k- o " \n
:'L' wM+l "k wM+l
e e by
W, - W 1 nn W,
i M+1 = i
v M+l .1 -t ‘e “ | ' ot ,ﬂ 4
o ¢Z _ w3 =W, w5 - W) dk
Xepd ) =1l ) vy \g7==7) "\ -
- sl ] 377 57 "wl/) K2
(i#3)

' k _— M+l:' , m
. y - w! ! b !
_ M+1 (1 wM+l)wj m . Vi v
B 1 - —= : : exp — Py -
£k w w! - w = i\ w
. 3 3 M+l ’ ma . 3

* W%;) Z Cm> ()% (1 - w1~'4+1 )" %—T{

k2

(32)
(cont.)
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- (32)

Since the minimum number of legs for the fourth factorlzatlon to be

fea31ble is flve, i.eo, M=k in Eq. (31), to get the four—

reggeon vertex, we consider the case M =14 in Eq. (31) (Fig. 14).

Set M = L “in Eg. (31); we get

' p)
-1 -a+bp, -2bp.°D
<01G(“g ab,c,d) >b> fdw awy d 12 Wy 2 173

. - n n
1_ Y _V-’:?—'-_W_z 1 - z@ _ (55)
X (PB t Dy, w3> <w2 -1 + P5 ( w5>. } | (cont. )

et o W\ [ - 0 N
Rl VAR BAVERAA N
Xélexp Z;%[p3 W): R W5><l'w2) W5]

e
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[P“PQ-O e ol

xem ;ab(-ff ' W(-—) o
(@) 3 7 (D) (e

. .——;)—;O e (2

: (M)gouﬁw ( )

(cont.)

S o
NH &

Sy
£

X | |
wq a _ .
(ﬂk)e "~ , .
e
Notlce,ln terms of Chgn Varlables, Wy = ulEulB’ w5 = u15' We are
interested in the poles of ale variables. Analogously to the three-
reggeon case, we therefore take the limit p, -0 in Eq. (33) and
write -
‘ A \ ' | |
lim O|G )(a b,c d) Xb = lim OIW(M)(a b,c,d)D"(R,,R ,s) )
(W) A N = L A ] 4’ e’ 4
d
: A
a
d ' :
x v )) My . - (34)
(Pu KC
A .

d
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We find

11 7
D (Rd,RC,SA)

L | - | | :
(T -ag,-14R, . -bp, -1+R - a(p,)-R
Moz g 3 e 3/ e

=‘]f du)5 Uiy (1 -uyg) (1: u12u15) 7

o . : ' - (35)

~and the'vfour_‘-reggeor»l vertex function
E . H -Of "l . -OC ‘l
() N 12 "oz
élw O N I T R
v o . v .

M
N an . . | 1 m- = _ i
X Q|eXp Z ;%- [p)l + pB(l - ulZ) } + Z m—%lpB + pL(l - u12)

Z ‘. p Z % "
- + u + - + U, .

n

(ool £ a o z () e
;(nk)’ (: j) )kk E + (mﬂ)? <: j> ok b

L
%M_

xz ;o (36)
A .

D
5
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In®

where pL = p5, and Uy, = . We can then re-introduce Koba-Nielsen

S\Nﬁ

variables W), =@, Wy = 1, = u

3
EqUation (%6) looks aJJ!right, but we have to keep in mind the factor
'Rc—a(pB) | - , -
13 Al . in the propagator corresponding to the fourth
Yot1s - o

w, = O into Eq. (56) (Fié; 15).

o T Y2y My

1 -

leg (dk leg).
‘Another’interesting four-reggeon vertex (Fig. 16b) can be
derived_directly from Eq. (29). Directly féctorizing Eq. (29) again,

we obtain the four-times-factorized tree (Fig. 16a)

. N | y s
: a, ) — &
QIGE%g(a’b’c’d)'§;:>= //;d”i{ws+1) Olexp\—jia ;% :E: Py
. X . n.. :

[¢]
1=l
T (i4L)
W - - :wJ - W -n
X L+2 T YL+l LY
Y T ML Vi T W
Sfl w ' m w“ - W m
+ 2: _% p L+2 L+l L i
Eon? & A YL T e T i
(i£L+1)
S o S+1 k
c d W
) k 2
* Z _-{- Z Py ¥y * Z T; by W,
¥ £ 1:11 k k” i=2 . +
#n®g R TS e L
X e (ap)y+ ) A (LE B =) W
B B GV LN AT/ nE\ i ) T

(37)
(cont.)



-27- S UCRL-1971L

. . . . ‘ -n -n N
. z 9% ALJFQ T Yl " VB Y1 -
& (nk)E_k\\wL+2 - WL, wL+l. -nk WL ‘
b c W - W m W -
m 4 L+2 L+l L ) Y
* \3 W, . - W Bz \ W Y14l
- (me)® L+2 L L+l . ,
. ) . . m - m Ve . ' k .
{ E: Pt MM T Ya M 5 WL+£T> "2
+ T E—
= (mx)Z\_"L+2 1 "L+l mls \."L !
__c d Vo - W : W 1— W Ra{™a
£k £ L+l ~ TL+2 \ L-1 'L A
.+ —r W, £ e - — }\b 5
(ex)”  © : L L+ / \'L-1 L+1 c
Lk A i N
(37)
wheré w_ . = w, W, =1, w, = 0. By procedures similar to those used

S+1 ! _ .
in Eqs,'(35)z (3&),‘(35),’and (36),'we obtain the four-reggeon vertex

(Fig. 16a),

<[W( >(a b,c, d > [ _l(l - wév)-agj-l

: K | (38
: (cont.)
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C
(ng)

\ . ¢ 4 Y] n
X exp }: ahbnw2v + E: c,du,” + E: — B—nz(WQ)WQ
o - né

c
+ 2: —E—EI Bnk(w2) + ~E—£g B g(wg) +
2
=~ (nk) ms)
: M
. . b a 5
Y R L ] Y (38)
5 T-mk' 2 2 A
(mk )= c
mk A
_ da
S : 1l -u Rb_a(pB)
Again, we must keep in mind the factor T u.li s
712713
where Upp = Wos in the.propagator corresponding to the fourth leg
(CE leg). The cz—leg propagator 1is
D'.'(Rc’R'b’Sl&) .
L .
: -4 4, =1+R - -1+R +a o -
= du._ u 123 (1 - u (P3> % (1 - u, L u, L) (pB) "
13 713 13 12713 I
0 . S
(39)

It is interesting to observe that if we directly twist6 cy ‘and dk legs
in Eq. (36) without worrying about the aSymmétrical fourth leg"(dk leg

in Fig. 15), we get, from Eq. (36),
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| .
)4 » OC ‘l Of —l
<§|W( )(a,b,c,d) ;b. = dw, W, 12 (1 - w2) 25
A 0
an n bm m
X (0]exp Z;I [p), + P51 - wp)") Y £ [p + 9,1 - w)"]
n m

. a c ' | - 2 .
+ E: N B—nz(l -,w2) (1 - w2)n + }: —Efgg Bnk(l - w2)

= (nt)? ~ (nk)”
N S o) 0wt B
+ B (1 ~-w + B 1 -w 1l -w
‘m_zw(mz)_i mt 2 g (mk)2 2 & ;ccl
(k0)

Comparing Eq. (40) with Eq. (38), we see that they are identical expressions,

if P sPpsP5P), and (1 - w2) in Eq. (40) are substituted by p2’p3’phjpl
and LY respectively; as required.fordifferent labeling of wi's in

Eg. (38). The reason why we can ignore the factor

in passing the twisting operator QC+(—p5) to

Rc—oz(
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the left side of Eq. (36) 1is the same as in Canesqhi and Schwimmer's8
treatment on the_three-reggeon vertex case, since their derivation
doesn't depend on the form of the =z wvariable. 1In our case,

) ulB(l - ul2)
L-yotys

Finally, we apply the twisting operators QB+(—p5), Qd+(—pl)
to the b and;dk:legs in Eq. (38), then we end up with the completely

" symmetrical expression of the.four-feggeon vertex function (Fig. 17),
' VRN 1 S '
' a -0, =1 -, -1
ot (ab,c,a)™ ) - aw. w., (1 - w,) 2
L XC 2 2 2

n n T o mp g
X (o]exp z: ;%Kpl + D)W, ) + 2: ;%ipg +p (1 - wy) ]
ooom

+§-§—%C§>(-)zﬂwgz+ (knz(>()kk(l-w)

£
” a o | 5 3, B 1
n_f n m : k
exp —r B_, (w,) w, + —= B, (1 -w,) (L -w,) }
>( L (ne)2 - £72 2 2; (mk )2 km 2 2 'I o

()
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.To conclude, we see that the fourereggeon vertex function has a rather
simple form. However, the fourth-leg propagator has an asymmetrical
expression relative to the other three legs., Similar to the three-
reggeon vertex case, this asymmetrical fourth leg again indicates the

b

problemldf linear dependence. Unless we can fhuiahNAﬁoint,dual
amplifudé,whibh’automatically takes care of the problem of linear
dependence, we will not be able té get é completely factorizéble four-
reggeon vertex funcfion. On the other hand, the vertex composed of
at least one external scalar partiélé together with an arbitrary number of
factorized reggeons.is an exact expréésion. “This might give another
view of the problem of linear dependence; |

The géneralization to N-Treggeon amplitudé has béeh carried out,
but is still to be published. After completion of this wofk, we
understand_Carbone”énd Sciuto haVebalso obtained the four-reggeon
amplitude independently.

| With an exaétly similar technique, we obtain the completely

symmetrical N-reggeon amplitude. It takes the following form:

i) [T aw i
: 1N

N-1
1
N , (1) /N-2
“ n . N oo s ..
X exp E: 2: _;%__ E: Pying P.(1,1+l,1-l,Nf1-J)

i=1 n j=l

- (cont.)
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N i : N
a e . .
E: — = (;2:) (-1)"m Pm(i,i+l,i—l,if2)

N[ (i+1) _(i-1)

n m n,. .. . . L. .
E: . T P (1-l,1,1+2,1£DBnm[P(1—l,1,1+l,1+2)]
i=1 (nm)= '

X P(i-1,1,i-2,1+1)

=

(i+1) (i-2) . _
n & n ' '
T P (i-2,i,i+2,i+1) Bnm[P(i-E,i-l,i+l,i+2)]
— (nm)= : : e
i=
X P (i-2,i-1,i-3,1i+1)
N ar(11+l) aél_k) ] _ o
E: T P (i-k,i,i+2,i+1) Bnm[P(i-k,i-k+1,i+1,i+2)}
1__:1 (nm) . . : '
m,. . . ..
X P (i-k,i-k+l,i-k-1,i+1)
-
N[, (i4) (i-3+1)
E: n 2 Pn(i-g +1,1,1+2,i+1) Bnm[P(i-g +l,i-g +2,i+1,1i+2)]
™ 2(nm)=
i=1
m,. N . N . N.
X P (1-5 j*-l,l-g— +2,1~§,1+l)
Wy =0 Wy g = 1, Wy o= o,
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R ) | (A ) N
P(X,y’,Z,W) = & - w)(y - Z)

and N  1is assumed to be even. The superscript index of the operator

‘a, coincides with the Koba-Nielsen labeling.
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APPENDIX
When the four—mqmentum goes to zero, say pM 490{ the bootstrap

condition a + bpM2 = 0 1is no longer satisfied, and the factor

N o 2
TT - #2)
i=2

i#N-1

atbp; 9

in Eq. (&) gives an extra contribution

v a+bp 2
of (1 - yM_fﬂ Mt Eg. (8). This extra factor will make the

factorization of V-1 and t unfeasible. To insure that this factor is
absent from Eq. (8), we have to modify the spectrum of the trajectories
in Eq. (8). We therefore go back to Eq. (L) and concentrate on the

troublesome factor _(xM_l - XM¥1)’ which is raised to the power

aM-l,M _.aM—l,M+l +'aM,M+l' If we assume the trajectories aM—l,M’

aM—l,M+l’ and aM,M+l have thellntergepts aM—l,M’ vaM—l,M+l’ and

aM,M+l' respecﬁlvely%_then

O-1,M T AM-1,me T O, M

- 2
e VS TRV VS VS R VS R VS TV T RV (&)

It is the extra power which complicates

.2
"M-1,M T FMMe T P-1,me1 Y PPy

the factorization. Therefore, we can demand

a,

. 2 o
M-1,M MMl T Pm-1,mer T PPy = O (3)

-

- for all values of ng. In particular, we are interested in the case

Py = 0. Thus, we obtain the condition

a

M-1,m T A T el T 00 | (c)

\
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Further conditions in Eq. (C) can be obtained by requiring the

M+l

propagators associated with the factorized channels and
' -1 M
to have the ordinary form -pM — 0. This leads to the requirement
S VI VR VIR VUG s Vi W VAL B o @)

Once we assign the intercept O to the trajectory aM M1’ the next
’ .

factor whose power contains the trajectory CVEYRE
: : - 4

O, M1 "%, M2 PO, M2

(x5 = Xyy0) ’ ' (E)

will have an extra power in Eq. (4). We can eliminate this

“OM, M2

extra power by assignihg an intercept 0O to the trajectory aM M2
. g M

while keeping the value a for the ihtercept of the trajectory

M1, M2

aM,M+2 .is

in Eq. (E). Then the next factor which contains the trajectory

-)O‘M,M+2'O‘M,M+5'O‘M+1,M+2+O(M+l,-M¥r5 - - (%)

(XM T Xz

We therefore again require to have zero intercept. Continuing

O, M43

such reasoning, we conclude that the trajectories (assuming Xy = o,

& 3’ 1=2,5, "M, J=M,M+1, - ,N-1 (G)
(1£3) |

must have the intercept zero, while all other trajectories have ‘the

intercept a. The requirement of Eq. (G) does not affect the final

result. Then our procedure 0f letting Py -0 is justified.
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FIGURE CAPTIONS

The N-point amplitude.

The Y,Z frames.

" The first factorization.

¢

The second factorization (planar).

The second factorization (nonplanar).
The second factorization (nonplanar).
Removing top legs.

The third factorization (planar).

‘The third factorization (planar).

The third faqtorizationv(planar).

Removing the r, leg.

2
Sciuto's three-reggeon vertex.
The third factorization (nonplanar).

The fourth factorization (planar).

Removing the wu'leg;

-The four-feggeon amplitude.

The fourth factorization (honplanar).
The four-reggeon'amplitude,

The symmetrical four-reggeon amplitude.



-39_

XBL703-2480

Fig. 1



~40 -

| IM+2
yM=! s n Y
o Im
\ Ym+1= D
Y
ZM =wv
Z
¥s NI

XBL703—2463

Fig. 2
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Fig. 3
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Fig. 4
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Fig. 6
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- Fig. 7
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Fig. 8
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Fig. 9a
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Fig. 9b
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Fig. 10
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Fig. 11
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Fig. 12
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. Fig. 13
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Fig. 14
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Fig. 16a
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This report was prepared as an account of Government sponsored work.
Neither the United States, nor the Commission, nor any person acting on
behalf of the Commission:

A. Makes any warranty or representation, expressed or implied, with
respect to the accuracy, completeness, or usefulness of the informa-
tion contained in this report, or that the use of any information,
apparatus, method, or process disclosed in this report may not in-
fringe privately owned rights; or

B. Assumes any liabilities with respect to the use of, or for damages

 resulting from the use of any information, apparatus, method, or
process disclosed in this report. ‘

As used in the above, "person acting on behalf of the Commission"
includes any employee or contractor of the Commission, or employee of
such contractor, to the extent that such employee or contractor of the
Commission, or employee of such contractor prepares, disseminates, or pro-
vides access' to, any information pursuani to his employment or contract
with the Commission, or his employment with such contractor!
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