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:SPINORS FROM VECTORS
(o - o A “C. Garwin
Lawrence Radiation Laboratory’
‘University of California
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 March 18, 1970

ABSTRACT
Working in géneral‘at.fixéd time, we construct
spinor quantities out of vectors. The méthods usedAafe

not diréctly applicable to dynamical fields.
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Vprocedures considered already in the literature.
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I. INTRODUCTION
There has long been a strong feeling in physics that theofies
should-inVolve as few unmeasurable quantities as possible. In recent
yéars this principle ﬂés been applied to the quéstibn of whether it
might be pbssible to write theories of spinor fields (which cannot be

meaSured‘directly)-wholly in terms of vector and tensor currents (whose

matrix elements are measurable) which are either constructed from the |

fermion fields, or whose properties (commutation relations, etc.) are

‘specified by some theory of their oWn.l’2 The problem then is whether

the underlying fermion field can be reconstructéd from the bosonic
operators.

© ‘In this paper we wish to present some work we have done on the

. construction of spinor fields from vector fields (in isospin,

3-dimensionial Euclidean, and Lorentz spaces) throﬁghout space but at

a fixed time, and mention the difficulties involved in extending our

‘approach to the case of dynamically evolving fields. Our work provides

then a simple kinematical precursor to the dynamical reconstruction

51
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II. SPINORe OUT bE.VEcToRs IN A,E-DIMENSIONAL FUCLIDEAN SPACE

Indthie and the nextdseetdon;nefcenstruct»§eVeral spinor |
fields fron vectqr'fields; Theseveonstrnctiené are ali kinematical.'
(or geometrical); they have no_dynanical eontent.e3jwefare considering
the cqnstfnction of the fields peint by pOint in_Sﬁdce? considering no
relationé that might.exist among'the‘fiélds at different points in
time.

Thedfirst.caee thet we shall consider is the coneﬁruction'of'
spinors from 3-vectors. The vectors in this case can ne considered to
be in either isospin space or ordinafy 5-dimensional Euclideandspeée,
wiih the resnlting_spinefs in‘the appropidate'spaeeQ‘ |

The procedurévused here ie jnst.fhe neualﬂéeyiey-Klein
ermalism8 which we regularly use. to move from repieéentatione'of 0(3)
to those‘of SU(2). Since this procedufe amonnﬁeiﬁo.determining'the
parametersdspecifying the rotation of a Coordinane.SYStem Wevnust use
twe.lineérly independent vectors (since a'singlen§ector does not determine.
a coordinate system), whdch'ne censider,as.having:fotated from a
reference set of vectors. These'we take. to be‘one.vectof‘alongtthe
x-axis and another in the xy-plane at the appropriete angle (the‘
1engthsAof the vectors and the_angle between.tnem:are invariant under
rotation, so this reference'syetem is determined nniquely). vWe then |
calculate thevCayley-Klein parameters for this.rotetiénvand tﬁé(two
columne.of the 2X2 Céyley-Klein matrix- provide>ue Qithiéwo Q—Sninors
(which are not independentﬁaeach contains all'thevinformation snecified

by the rotation).
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ZWevtake our two vectoré‘to be V. - and

1= (e Y1y’ V1z)
- i :
v,y = (Vgx’vgy’vgz)° Our reference set of vecto;s.ls then
1 ' , e :
W, = [(v 2)?—,O,O] and W, = (a,b,0) where 8% +b° = v 2’_and
1 N1 _ 2. : o
N AN A & -2
. .o L _ v, 5 .
a(v.2)2 =V, -V, |this imples a = —l———é- and b° - v, ° - L 2
L 1 2 (v 2)5 _ 2 v 2
_ v 1 ' 1
Then we must solve for the Cayley-Klein parameters:
1z V1- Y-
Y1+ iz g
Yoz Voo \ e Yoo
Voo = ' = Q o Q (2)
_ Vor TVog Yo+ TVog
' a B _
: 2 2
Q = s 5 = Ot*, B = 'Y*a fal + ’Y' =1.
: Yy o ' '
. | - (3)
We find:
2 1 g vl;(a + 1ib) _ - by
= - == - T ‘
2ib 2= 2\5 :
%)
2o, Iy (5)
. 2ib 2+ - 2\5
(VI )
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' Then B and . & may be found from Eq. (5). We have thus

constructed our two 2-spinors, namely

I (6)

'wé are guéranteed that these objects transtrm as spinors by
the nature of the Cayley -Klein formallsm. In. partlcular the double-
valuedness characterlstlc of splnors is apparent from the functlonal
forms for « end Y (they are squere.roots of the_vector directions
involvedj: |

| To 1llustrate how these’ splnors contaln at least sone of the
1nformat10n glven by the original vectors we look.at the specigl,case ‘

where the vectors are orthogonal. Then we flnd»that

SN
v .
: 1 ‘ ‘
Re \7) = Re(X{ ?XE) = -(—;-?)—_‘_21: y ?l . ?2 = O (7)
1
-,
Im ? = Im(X{ 6} X2) = (V_e)—g 9 ?l . {?2 = 0 . (8)
e

We see that it is impossible to recover the lengths of the
vectors as we are in effect determining the angles of a rotatlon, which
does not depend on the,legnths of the vectors involved

This procedure can be used to construct fields by repeating the

constructlon at each point. One simply writes our vectors and spinors
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as functions of position X. Thus, for example, starting with v (%),

1
o’ 5;(23, wé;céhstruct exactly'ag above:
N - S .\ A
v N v \
. /(X)) :
x (%) = @ (9)
. I
L L @E® @)
- ’ch(ﬂ - 1. VQ_'(}_())' _ 1~ ( > (lO)

 oib(E) [(_vl(?))'vgjé
and simila?ly for ,YE(§3, Xg(iﬁ, etc.

.-Héwéver, the independencé of length of thé result is a s¢rioﬁs
drawback -if we are considering applyiné our methpd fo a realistic case
of Quantﬁm.fields; That is to say; theée spinorélcan dnly be used to
construct ‘unit vectors.

- " To 'see how we might get around this-difficulty'W¢ consider
'-forminé;vectoré from quartics in the. spinors. ' In particular we
' 9,10

consider two isovectors concocted by Bardakci and Halpern in

connection'with their work on the Sugawara model. These vectors are:
g = i(ufv - VTTau)~ = -2 m(ufv) (11)

Q; 87 = [(ﬁTTaV + GTTQﬁ) + h,c.][ﬁTV +h.c.] . (12)

Here ﬁi = Eijuj where eij is the 2-dimensional antisymmetric symbol

and h.c. stands for hermitian conjugate. It is evident that-'¢a and Sa
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do indeed transform as isovectors if u and y';transform as
isospinors;ealso‘ ¢a »end"sa are real and independent‘(there is ﬁo'
relation.emong the invariants, ¢2, Sg, and ‘"¢% §5. We ma& then solve V
for Vu ‘and v to obtaln spinors dependlng on, all six degrees of
freedom of the vectors. The solutlon in complete generallty is ratmer
formldable; ‘we shall perform the inversion 1nrone .particular coordinate
system to'show the important features. We may then rotate to a general
coordlnate system to obtaln the complete solutlon;‘

We.deflne new splnors f l’ 92 by:_

u = E (Ql = 9.2)-> o : B . o (15)

. _ _

v 3 (6, +6,) (.lh)_
'1

and go to the frame in whlch

RO

We shall then solve for

< > LBl o1 s

a = '_(1-_¢)

We find that
%

Nk

e 10 - o)z | an)
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73 (-0 (@ 9 - 25 1)

s i s? - B -wE L a8

_.This.demonstrates clearly thé'depehdenée df-the spinors on the
vecfbf‘anariAnts in contrast to the first case we considered. However,
tﬁe result“is SOﬁewhat awkward, to say the least,‘ahd its physical |
‘ mganinéiﬁﬁciéar. Mbreover; we still have not cdmpietely0301ved our
pfoblem‘bgqéuée fhough-not unit vectdrs, the vectors are still 5ouﬁded,
since‘thé‘épinérs;are.. | |

Th;.bbundednéss préblem isbeééily‘remOV¢d by inﬁrgdﬁcing‘

unbounded vectors defined in terms of the original vectors by:

g - £ (19)
¢
a s | - .
= 7 | (20)
or eguivaléntly:
| o
¢O¢ = ;L'é (1)
o |
& - 3—2 . : 5 - (22)

[€2]

- Thus we have a scheme involving vectors of arbitrafy length,
and spinors, with their mutual functional dependence evident at least

in principle.
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ITI. DIRAC SPINORS OUT OF L-VECTORS

We now leave our discuésion of 2~spih§is'to show how a similar
Qonétru¢ti§n can -be perfofméd invLorentz space (and by analogy in 6ther
_higher dimensional spé.ce_s)° The problem in this case is to start with
three linearlylihdepehdént,(with’respect to the Lorentz metric)
li-vectors (three vectors being needed to determiné a coordinate system
in h-space) and use.these £§ determine Dirac spinors by a method
analogéus~to the;Cayley—Klein formalismlappfopriate to Lorentz‘space.
The requiredAtechnique is in fact describedvinithe first.chaptef‘of
Streater éﬁd Wightm.an.12 The relevant equations are>(ndtation slightly

alteredj,Eqs. (23)-(28):

' 1 I R ' [
» X' + x Xl 1x2 X x'
x' = - . o =
: xl + 1X2 XO - X x+ X_
= Axal
a b X. + X X, = c*
0 ‘ 1
- K o (23)
c d xl + 1x2 XO - d
3 a b X+ a* c*
= " .
c d X, b Q
det A = ad - bec = 1. = ' (24)
5" (a) o (25)

v

%

{4
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« .' ' | » (_:.z ir" = _ . E v - - (26)

1
Tt

Lol
i

(the complex conjugate of A) (27)

1

<
-
~
B>
~
<

R |

N
I
M-

(28)

t
-

Equations (23) aﬁd (24) defermine the matrix A characteriéing
the Lorentz trahsformation taking a reference coordinate sysfem into
the céordinate system determined by our three lL-vectors. Equations (25),
(26), and (27) determine the matrix §' whose columns are spinors, and
Eq. (28) transforms to the more familiar representation of the Dirac
algebra (given in Bjorken and Drelll5). The columns of S(A) then
form the'usual four Dirac spinors thét'we are.accustomed to dealing
with.

jCalling our three'h-vectors N, p, and 0, requiring them to
be perpendicuiar, of unit spacélike interval, .and taking them to be

_ transf@rmations of %, ?, and ﬁ‘ respectivély, we obtain the

equations:



‘,0'.

3

i

] L

N -

MO

N

o

el o

2i

’

L
2
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(a™ +c*a + ab® + ca™)
Cx % * *
(be” +a™d +ad + be)
(-be* + a*a - ad”® + b7e)

(2™ - c*a + ap™ - ca¥)

(a* + c¥a.- ab® - cd*)

(be™ + a™a. - ad* - %)

(-be® + a¥d + ad™ - v¥e)

(2™ - c*a - ab™ + cd¥)
. | .
(aa* + cc® - bb" - dd%)

(ac* + a¥c - ba* - b¥a)

(mac* + a®c + ba* - )

(aa™ - cc® - bb* + dd*)

UCRL-19730

(29)

(30)

(31)

These twelve equations (six of which are independent), together with

Eq. (24), determine the matrix A (to an overall sign). Their actual

solution is pfohibitively difficult and we have not attempted it.

.

il
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Similar equations could also be written down for more general choices

‘of the three h-veétors, but here as in our‘first'eXample, the result

is independent of the invariants.

. The spinors determined by our L-vectors Qould also be obtained

. by finding the Lorentz transformation in the S0(3,1) representation

[as opposed to the :SL(2,C)  representation], deédmposing into a

product>of boost and rotation matrices, and subjecting the matrix

-8 déterminéd by the boost (as given in Bjorken and Drell) to a

similarity tfansformation with the rotation matrixléo determined. This
is ﬁhe éﬁalogue of doing our first case by determining the Euler angles-
of the rotafion and writing the Cayley—Klein paréﬁgters in terms of
them;‘-Thisbmethod‘of'finding the.spinors is unfértunately even messier
than the éne we héve presénted.

Now that we know how to construct spinors from vectors by the

above methodsvwe may extend the results to fields by performing the

construction point by point, as mentioned earlier; or perhaps specifying

some dependence of the spinors on position (such as a plane wave).
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IV. ~SUMMARY

_Wg“have'seeh how to form various qlassicalvspinor'fields from
: claséicai veétor fiélds, working at fixed timeo"wﬁén we try to extehd )
~our sdlution‘to dynamical fields (classicalvdf quéﬁfﬁm), we encounter
the problém of satisfying the constraints imposed.by the commutation
relationé (br Péisson bréckets),Iand“the,éqUafions of ﬁotioﬁ on the
fields involved. In fact, these constraints aré QUité'restrictive and
to the ﬁesﬁ of our knowledge thefebhaveAbeen only thrée>cases in which
spinorsbhavé.been_constructed from vectOré in'the‘context of a dynamical

: : . 5

.theory; these are the cases considered by Colemaq; Gross, and Jackiw,

by Prugovécki,u.and_mofe fofmally by Halperﬁ.5
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