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STUDY OF A MULTLELEMENT REGENERATIVE EXTRACTION 
SYSTEM FOR THE BERKELEY 184-INCH CYCLOTRON* 

Arthur C. Paul 

Lawrence Radiation Laboratory 
University of California 

Berkeley, California 94720 

May 1970 

ABSTRACT 

This paper discusses the matrix-method calculation of the properties 

of a'three -element regenerative extraction system for a synchrocyclotron. 

It is shown that the three-element-system stability calculation can be con-

veniently: parameterized in matrix formalism separating the perturbations 

strengths from the field geometry. Both linear and nonlinear perturbation 

can be employed with a computer code written to track particle vectors 

and calculate stability tables from the single-turn matrix for a multiele- 

ment' extraction system. The particle -tracking includes simulation, of the 

effect of acceleration during regeneration. Several extraction systems are 

considered and comparison is made with the results of numerical integra-

tion of the exact equations of motion in the measured magnetic field of the 

184-inch cyclotron. 

INTRODUCTION 

During the extraction-improvement studies 

for the Berkeley 184-inch synchrocyclotron 

we have considered three -element regenerative 

extraction systems. The motivation behind the 

three-element system has been to effect effi-

cient radial extraction while preserving verti-

cal stability for all turns through the regenera-

tor. Two calculational methods have been 

used: exact integration of the equations' of 

motion in the magnetic field 1  and the matrix 

method of LeCouteur 2 . This paper describes 

our work using the matrix method. In order 

to study the regenerative effect of these three-

element systems, we have extended the stan-

dard two-element equations for the stability 

criteria in matrix formalism and show that a 

separation of the perturbation strength from 

the geometry (location of the perturbations) is 

possible. 

The geometry of the extraction system 

considered in this,'report is shown in Fig. 1. 

The perturbations Q, Q 2 , and  Q 3  begin at 

radii r 1 , r 2 , and r 3  and are separated by 

angles a, f3, and y  respectively. These pertur-

bations are considered superimposed on the 

normal weak fo'cusing field of the cyclotron. 

The effect of field perturbations on regen-

eration is studied by calculating the matrices 

for the several field regions comprising a turn. 

The single turn product matrix can be used to 

track a given particle vector one or more turns, 

or provide information on stability from the 

value of the trace of the matrix. 3  The matrix 

transforms a particle vector ( ) where x' 

= dx/d6, 0 being the azimuth formed by the right 
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handed polar coordinate system (x, z, ). We 

define the field index describing the field fall-

offas 

- dBp 
-.TRT B.0  

where p  is the radius of curvature, PC/eB, 

for a particle of momentum P in field B z on 

the median plane. The perturbations produced 

by a peeler, regenerator, or additional extrac-

tion elements is represented by a matrix which 

produces a deflection of the particle without 

displacing the trajectory 

(x\ 7.1 0\/X 

xt) 
= -9 	)  -001) 

(z\ = (1 0\ (ZOO

I)
t) \Q 	 Z 

Here 03  is the strength of the Ith perturbation 

of width 6., 0. = -ni6.. Note that Q  has 
3 	3 	33 

the sign of the field gradient: 

P(Q.) = ( 
	) 

The effect of the weak focusing cyclotron 

field of azimuthal extent a. is given by the fol-

lowing matrix: 

/ 	 1 
I COS va. 	- sin va. 

A(o.) = 	
V 	 3 

.\-v sin va 	cos vci. 
3 	 3 

	

where v = s[ for vertical motion and v 	JTi1 

for radial motion. A complete revolution about 

the cyclotron is simulated by the product of 

the matrices in the order encountered: 

A(Zir) = A(y) P(0 3 ) A(p) P(0 2 ) A(a) P(Q 1 ) 

This single turn matrix represents the 1effect 

of the three perturbations Q 1 1 Q, and 0 3  

separated by angles a, f3, and ' in the cyclo-

tron (Fig. 1). Radial or vertical stability 

requires that the trace of the matrix be less 

than 2. Calculating the trace, we obtain: 

Trace A(Zir) = 2 cos va cos vp cos vy 

- 2 sin va sin vp cos vy 

-2 cos va sin v3 sin v'1 

- 2 sin va cos v13sinv-y 

+ Q.
1 	

sin va cos v cos v'.1' 

+ Cos va sin vp cos vy 

- . sin va sin vp Sin v'.1 

+ cos vecos v3 sin vy) 

+ Q 2  (- cos va sin v3 cos vy 

+ cos va cos v13  sin vv 

- v sin va sin v3 sin v'y 

+ 	sin va cos vp cos v) 

+ 03 (1 cos va cös v sin vv 

- v sin va sin v13 sin v'y 

+ 	sin va cos v13  cos vy 

+ V  cos va sin VP cos vy) 

+ QQ(!z  sin va sin vp cos vy 

+ 	cos va sin vp sin v'.1) 

+ 13 	
sin va cos v13  sin v'.j 

+ V  2  cos va sin v13  sin v') 

+ 23 (!2 cos va sin vp sin v•'1 

+ -z sin va sin Vp cos v) 

+ Q 123 (-3 sin va sin vp sin vy). 

Considerable insight into this horrendous ex-

pression can be obtained by decomposing the 

trace into the sum of vector elements W. ob-

tained by the matrix product of a perturbation 

matrix, F, and a geometry vector, G. 

Trace A(2IT) = EW. 

 Pjk Gk 

2 0 	0 	0 	0 	-2v 2  -2v 2  -2v 2  

0 -0 -Q1 	1 	1 	
0 	0 	0 

0 -Q2 02 	2 	02 	0 	0 	0 

0 -03  Q3  -0 3 	0 3 	0 	0 	0 

0 0 	0 	0 	0 	0 0 102 0 102 

0 0 	0 	0 	0 	Q 1 Q 3  0 

0 0 	0 	0 	0 	0 20 3 0 20 3 0  

00 	0 	
0 -Q 1  Q  2  Q  3 	 ü 	0 

V 

a 

I 
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COS Va! COS v3 cos vy 

cos va sin vp cos vy/v 

coB va COB v3 sin v-y/v 

sin va cog vp cos vy/v 

sin va Sin v3 sin 

COB Va! Slfl vf3 cos .v.y/v 2  

sin va sin vp cos v-y/v 2  

sin va cos v13  Sin v/v 2  

The geometry vector G depends on the azi-

muthal location of the perturbations and the 

weak focusing strength of the cyclotron field 

while the perturbation strengths enter in an 

8x8 matrix of simple structure. The advant-

age of this representation is that for a given 

geometry, the effect of change in perturbation 

strengths can be readily evaluated. 

If we consider the usual two element sys-

tem made of perturbations Q and Q2  separated 

by angles a and 3, we obtain, after elimination 

of zero elements: 

2 
2 0 	0 -2v 	cos va cos vp 

	

= 0 -Q 1  -Q 1  0 	cos va sin vp/v 

o -Q 2  -Q 2 	0 	sin Va cos v13/v 

o o 	0 Q 1Q 2  sin va sin vp/v 2  

This gives the usual expression for the trace 

of a regenerator-peeler system 4 : 

Trace = 2 cos v(o!+) - ! ( Q 1 +Q 2 )sin (a+p) 
QQ 	

V 

+ 	sinvasinv  

The radical trace is 	= 2.258 and
3 	

the 

vertical trace is 	W 	= 0.069 1, this then 
j 	zj 

gives regeneration without vertical instability. 

Given TR  the desired value.of the trace 

of the radial matrix, and the strength of one 

regenerator and peeler, say T, Q and 

the value of Q 2  required to produce Tr  can be 

calculated from the expression 

L = ZVr (g6+g7+g8) 

K=g 2 +g 3 +g 4 -g 5 . 

- Tr 2g 1 +L+(Q 1 +Q 3 )K_Q 1Q 3(g 6 +g 8 ) 

-1 
K+Q 1(g 7 +g 8 ) _Q 3(g 6 +g 7 )+Q 1Q 3 g 5 v 

where g  are the elements of the geometry vec-

tor G evaluated with v = V = The trace 

in the vertical plane produced by this value of 

is obtained from 

T 	2h-2v(h+h+h) 
z 	I 	z6 78 

- (h2 +h 3 +h4 -h5 ) ( Q 1 +Q 2 +Q 3 ) 

+ Q 1Q 2(h 7 +h 8 ) +.Q 1Q 3(h6 +h 8 ) 

+ Q 2 Q 3(h6  + h 7 ) - Q 4 Q 2Q 3h 5 v 2  

where h. are the elements of the geometry 

vector G evaluated with v = v = 'Jn. This z 
equation simplifies to a straight line when 

plotting T z vs. Q 2  (Fig. 3): 

T = a + bQ 2  

S 

1.984 2 	0 	0 

= -.05116 = 	0 +.4 	. 
r 

.07673 0 	-.6-. 

.2486 0 	0 	0 

.6480 2. 	0 	0 

-1.902 0 	-.4 	-.4 

= 2.853 0 	.6 	.6 

-1.500 0 	0 	0 

a = 2h1_ 2 v z (h6+h7+h8) 	 - 

- (h2 +h3 +h4 -h5 ) (Q 1 +Q 3 )+Q 1Q 3(h6 +h8 ) , 

b = Q 3(h6 +h7 ) + Q 1(h 7 -t-h 8 ) 

- (h2 +h 3 +h4 -h5 )(Q 1  +Q 3 ) - Q 1Q 3 Q 5 v 2  

-1.908 -.00296 
In order to be able to calculate extraction 

0 -.09598 
properties for machines which consist of a 

0 -.03 191 
more complicated sequence of regions than 

-.24 -1.0361 
provided by the three Courant-Synder matrices 

-0.080 .5.590 
AM, BM, and CM provision is made to cal- 

0 . 90818 
culate the AM, BM, and CM matrices from an 

0 3.8471 
unlimited number of submatrices when using 

-.24 6.250 

Here Q and Q 2  are positive for a rising field 

and negative for a falling field. From the.fiéld 

of the 184-inch cyclotron, Fig. 2, we have 

= -0.4, Q = 0.6, v = 0.98, v 	= 0.2, 

a = 90 deg and p = 270 deg giving: 
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the 16. element of the computer code REGEN. 

Each submatrix is defined by the angle of 

bend ,, the field index n, the perturbation 

strengh Q, and spiral angle X. The sub-

matrices have the form 

	

cos vr, 	.. 	 sin vr, 

	

sinv, + Q tanX 	cos v 

where v = 	for vertical motion or equals 

JNF1--n for horizontal motion and Q has opposite 

sign in the two planes. These submatrices 

take the form of wedge-focusing matrices 

when = 0, 

( 	1 	 0 

	

±Q tanX. 	I 

and the form of the Courant-Synder matrix 

whenQO,LO: 

(cos vr 	 -- sin vr, 

	

sin v 	cos v 

When n is negative or greater than I the sin 

and cos are replaced by their hyperbolic 

counterpart for vertical and horizontal motion 

respectively. 

It is evident that an extraction system of 

four or more elements can be studied by ury-

ing these elements into the AM, BM, or CM 

matrix by the use of-a 16. element. 

TRACKING OF PARTICLES 

Modification must be made to the matrices 

if particle vectors are to be tracked in the 

presence of acceleration. The effect of accel- 

eration is to increase the radius r of the 
eq 

reference trajectory by a small amount da 

brought about by the increased rigidity of the 

particles with increased energy. A particle 

enters the jth perturbation of strength Q if 

its radius r = r 
eq 

 + x exceeds the starting 

radius of the perturbation, r.. If r is less 

than r j,the  perturbion has no effect and is 

represented by a unit transformation. The 

angular deflection produced by a linear 

perturbation is given by the amount of penetra-

tion into the. perturbation: 

X I 	X1 	 . 	r 	+x<r., 
3 

x' = xo 	eq 	 eq 
+(r +x-r.)Q. r 	+x -r. 

j 	3 	 j 

If the perturbation is linear, Q.  is constant; if 

the perturbation is nonlinear, Q= f(req+  x 

- r.). This may be represented by defining 

the third row of the particle vector to be dr 

= r 
eq 	j 

- r, the difference between the equilib- 

rium orbit radius and the starting radius of 

the perturbation: 

/x\ ft O.O\/Xo 

(x )=(_Q I -Q)( x 

\drJ \O 0 0J\d 

/\ ft o o\/zo  

( zJ= (Q 1 0 
)( 

z  

\oJ \o 0 iJ\o 

where Q = 0 if req  + x < r and Q = QJ  if 

r 	+ x r.. These matrices now will trans- 
eq 	 3 

form the particle vectors simulating accelera-

tion. Particle vectors should be tracked in 

conjugate pairs (0, xi), (x 0 , 0) for (z, 0), 

(0, z) until either x, x' or z, z' are greater 

than some maximum value or until the radius 

is greater than some maximum radius, R 
• 	 max 

or the number of turns exceeds some predeter-

mined maximum number. 

MATRIX RESULTS FOR THE 184-INCH 
CYCLOTRON 

Consider a particle starting with x = x' = 0 

and equilibrium radius r 
eq 

 less-than the start-

ing radii of the peeler or regenerator, r.. 

The particle vector (,) remains a null vector 

until the addition of da to the radius at each 

turn produced by acceleration brings the equilib-

rium radius up to r., then the vector (,) is 

excited by the matrix transformations. For - 

the 184-inch cyclotron we choose a peeler 

strength of -0.4 and a regenerator strength of 

0.6, (Fig. 2). Figures 4 and 5 show the results 
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of particle tracking with Q, = - 0.4, Q 2  = 0.6, 

0 3  = 0. a = 90 deg, 3 = 270 deg, y = 0, 

Vr = 0.98 and V = 0.2 in the radial and ver- 
z 

tical betatron phase space. Figures 4 and 5 

should be compared with similar figures ob-

tained by numerical integration of the exact 

equations of motion in the measured magnetic 

field of the 184-inch cyclotron (Figs. 6 and 7). 

Departure of the figures from each other for the 

last two revolutions results from the actual 

nonlinear 0 value shown in Fig. Z. Figure 8 

shows the projection of Fig. 7 onto the real 

z axis. The vertical blow-up seen on turns 

N-I and N, Fig. 8, can be understood by exa-

mining the motion of the particles in the verti-

cal trace space, Fig. 9, as the regenerator 

and peeler strength 0  vary over the values 

shown in Fig. 2 for n = 0.04, a = 90 deg, 

(3 = 270 deg and ' = 0. No vertical growth is 

observed until turns N-I and N, where the ver-

tical trace becomes greater than 2 because of 

the larger peeler strength, Q, encountered on 

the last two turns where the radius values are 

87.5 and 90.0 inches. The radial trace space 

is shown in Fig. 10, which shows that the last 

revolution does not contribute to regeneration 

since radial stability occurs. 

VERTICAL FOCUSING LENS AT RADIAL NODE 

We have examined the effect of placing a 

vertically focusing lens, Q 3 , at the radial 

regeneration node. The vertical and radial 

trace spaces are shown in Fig. It as funtions 

of lens strength for values of Q11 Q, and n 

appropriate for the turn under consideration. 

For a zero lens strength we have the values 

of the vertical trace for the various turns cal-

culated in the preceding section. As we change 

the lens strength the vertical trace can be 

made to increase or decrease in value for any 

given turn while maintaining radial instability, 

but nowhere is there a lens value for which the 

vertical trace is less than 2 for all turns. It 

then must be concluded that a vertical lens 

placed at the radial node cannot correct the 

vertical over-focusing produced by the peeler 

on turns N-I and:N. 

MAGNETIC BUMP BEAM STRETCHER 

As another example of the use of the com-

puter code REGEN is the calculation of the 

stability diagram and regeneration properties 

of a gradient coil used to stretch the beam. 

This scheme 6  calls for the acceleration of the 

beam into a field region that off-centers the 

beam so as to prevent its entry into the regen-

erator. The acceleration is then turned off and 

extraction accomplished by a slow reduction of 

the magnetic bump, slowly bringing the beam 

into the regenerator, large radial amplitudes 

first. Figure 12 shows the stability diagram. 

The area marked 'vertical instability" is the 

area for which the absolute value of the trace 

of the vertical matrix is greater than 2; the 

area marked "regeneration" is the area for 

which the radial trace is greater than 2 and the 

absolute value of the vertical trace is less than 

2. The effect on the stable area for various 

values of the gradient coil Q is indicated. 

This figure is obtained from the results of a 

three-dimensional map produced by varying 

the perturbations Q 
I '

Q Z 1 and 0 3  by the follow-

ing data: 

90.. 0. 270. .98 	.2 

3. 0. .8 .2 

5. 	2. -2. 1. .1 

5. 	1. -1.3 0. .1 

1. 	0. 

It will be noted that as the harmonic coil pushes 

the particles off center, out into the fringing 

field, the value of the strength of the fringe 

field increases (Fig. 2). When the orbits are 

out to about 85 in. , 
	

= 0.6, 0 3 	0, and 

we have vertical instability (Fig. 12). The 

action of the field under acceleration can be 

investigated by accelerating out to a radius of 

81.15 in. with the gradient bump Q2  on: 
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-.4 -.2 .6 81.2 	78. 	81.2 	81.15 

90. 0. 270. .98 	.2 

1. 	.1 .02 .1 .02 80.80 	1. 

The particle transformation is stopped when 

r = r 
eq 	 max 

+ x > R 	= 81.15. The accelera- 

	

tjon is turned off R 	set to 100 in., and 
max 

the vector transformation continued for an 

additional hundred turns: 

9. 	2. 	0. 

. 	4. 	100. 

100. 

Regeneration does not occur, since the trace 

of the radial matrix is less than 2 with the 

perturbation on. This is effected by the off-

centering of the.orbits so that they do not enter 

the regenerator. The perturbation is now 

turned off and the vector transformation con-

tinued for an additional twenty turns: 

	

3. 	-.4 	0 4 	.6 

	

10. 	.20. 

However, now regeneration occurs and extrac-

tion is accomplished, since the peeler strength 

is -0.4 and the regenerator strength is 0.6. 

DATA INPUT TO REGEN 

All data input to program REGEN is in 

8F10.0 format except for comments, which are 

in 8A10 format. The first number on a data 

input card specifies the type and is unique for 

the "type's of data that is being read on the 

card. A comment card must be preceded by 

a 13. card, otherwise data can be read-in in 

any order. Blank cards are ignored and may 

be used where desired in the data deck. Data 

cards are read in order until a 1. or 10. card 

is encountered, which causes the data struc-

ture so defined to be executed, after which the 

reading of data continues until another 1. or 

10. card is encountered. A 20. data card 

terminates the job. The appendix shows the 

operating instruction generated by the code 

along with some sample data. 

L X. XP. Z. ZP. R. CONJ. 

This data card specifies the particle or 

particles to be tracked in the previously defined 

matrix structure and initiates execution. If 

CONJ = 0, a particle is started in the radial 

and vertical phase spaáe at coordinates (X, XP) 

and (Z,ZP) at a radius R. R is used to deter-

mine the degree of penetration into perturba-

tions. If CONJ. 	1, six conjugate particles 

are tracked with radial and vertical phase-

space starting coordinates of (X, 0), (Z, 0), 

(0, ZP) and (0,XP), (Z, 0), (0, ZP). 

2. reg. SW. . d. g. 

Several different perturbation typeB may 

be used at any of the regions Q 1 1 Q2 , and 

of Fig. 1. The type of perturbation to be used 

at perturbation reg. is specified by the value 

of SW and is given in the following table. D 

is the distance over which the perturbation may 

be nonlinearly turned on to the final value 

specified by the type 3. data card. J. = reg. 

1. 2., or 3. define X = (r 	+ x - 
eq 	3 

then 

r 	+x :0<r d<r 
eq eq eq 

SW .  

Name 
-r.<d +x-r.<d +x - r. 

- j 

1 Step 	. 0 Q. Q. 
function 3 3 

2 Exponential . 	 0 Q.( 1_eX)/(  1-e) Q 

3 Sine wave 0 Q.(S19X) Q. 

4 Linear 0 Q.(X) Q. 

S Quadratic 0 
2 

Q.(X 	
) 

33 
Q. 

3 
6 Cubic 0 Q.(X 	) Q. 

7 Power 	. 0 Q(),) 
. 	QJ 

3. Q . Q . Q . r • r . r 	r 
1 	2 	3 	1 	2 	3

. 
 max 

The data card specifies the perturbation 

strengths and starting radii for the three 

perturbation regions. The values of the 

strengths Q are related to the field gradient. 

by Q3  = (dB/dR.) (p/B 0) A6; 
rmax 

 is the maxi-

mum radius that particles being tracked may 

obtain at the entrance to Q 1 . 

0 

91 

ç.. 
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a. p. y. Vr•  V• 

This data card specifies the matrices to 

be used in transforming the particles through 

angles a, P, andy in degrees, where a is the 

angle between Q and Q, is the angle 

between Q 
2 
 and Q 3 , andy is the angle between 

0 3  and 	V and .v are the radial and verti- 

cal betatron frequenc.ies respectively. 

Region. Qrnin. Qmax. Qstep. 

This data card will cause the perturbation, 

Region, to be varied from Qmin to Qmax in 

Steps of Qstep where Region is 1., 2. , or 3.. 

The radial and vertical trace of the 

transfer matrix will be calculated for each of 

the Q values generated and a table of trace 

values produced. One, two, or all three. 

regions may be varied. The maximum num-

ber of values that the Q's can have assigned 

is 5000. If all three regions are to be varied. 

then n = [(QAmax - QAmin)/QAstep + 1]. 

[(QBmax - QBmin)/QBstep + 1]. [(QCmax 

- QCmin)/QCstep + 11 	5000. The order of 

the 5.. cards determines the order of variable 

in the table output. If the regions are desig-

nated as A, B, and C where A, B, C = 1, 2, 

or 3, then the data cards shown will produce 

the indicated table structure: 

QAmax QAmin. QAstep. 

QBmax. QBmin. QBstep. 

5. . C. QCmax. QCmin. QCstep. 

1. 

Each page of the table will be for a new value 

of variable A. Variable C will be horizontal 

across the page with a maximum of 14 points 

per page. If variable C has more than 14 

values, then more than one page will be gen-

erated. Variable B will run vertically down 

the page with 53 points per page. 

Variable A 

Variable C 

Variable B 

MN. R( 1,1). R(1, 2), R( 1,3). R(2, 1). 
R(2,2). R(2,3). 

This data card allows for the numerical 

input of the transfer matrices AM(a), BM(p), 

and CM(y). NM specifies which matrix and 

which plane is being read as follows: NM 	11 

radial AM matrix, MN = 12 vertical AM 

matrix, NM = 21 radial BM matrix, NM 

= 22 vertical BM matrix, NM = 31 radial CM 

matrix, and NM = .32 vertical CM matrix. 

CODE. VALUE. 

This data card specifies the output options 

to be used. 

CODE = 1. Value = orbit output step interval. 

CODE = 2. Value = 1. Print matrix with the 

5. element calculations. 

Value = 0. Stop matrix output with 

5. element calculations. 

CODE 3. Value = 1. Print matrix with 

vector tracking. 

Value = 0. Stop matrix printing 

with vector tracking. 

CODE = 4. Value = v TEST. 

CODE = 5. 	 Page eject. 

Xmax. XPrnax. . Zrnax. ZPmax. 

This data card specifies the maximum value 

that the betatron oscillations are allowed to ob-

tain before the calculations are terminated. 

CODE. VALUE. 

This data card specifies input parameters 

to be used by the code. 

I 
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CODE = 1. Value = maximum number of 

revolutions. 

CODE = 2. Value = radial increment per re- 

volution produced by 

acceleration. 

CODE = 3. Value = starting radius of particles, 

REQ. 

CODE = 4. Value = Rmax, maximum radius 

allowed at entrance to 

perturbation before cal-

culations are stopped. 

10. N. 

This data card allows the orbit calculations 

to be continued for an additional N revolutions 

without redefining the particle vectors. 

Ii. N. 

This data card spec ifies that the .eigen-

values and eigenvectors of the transfer matrices 

should be calculated if N = 1,, and not cal-

culated if N = 0. 

I. J. K. 

This data card specifies that the matrices 

for each nonzero i. j, k region shall be read 

from binary tape, tape 8. The four horizontal 

elements 11, 12, 21, and 22 are read followed. 

by the four vertical elements U, 12, 21, and 

22 for each region specified. The input data is 

assigned to matrix AM for i, j, or k = 1, to BM 

for i, j, or k = 2, and to CM for i, j, or k = 3; 

i. e., the data card 12. 2. 3. 1. reads the 8 

elements for matrix BM, the 8 elements for 

matrix CM, and then the 8 elements for matrix 

AM, whereas the data card 12. 1. 0. 0. reads 

only the 8 elements for matrix AM. 

N. 

This data card must precede any comment 

or title cards in the data set and specifies that 

N such cards follow immediately. 

14. 	1. 

This card restores the internal constants 
to their initial values: 

r 0 	82. a.002 

= 0 Nrnax = 100 
r2 	= tO Perturbation SW = I 
r 3 	0 Perturbation d = 1 

= 0 JEIGEN = False 
Q 2 =0 Xmax=8. 

= 0 XPmax = 8. 

Zmax=4. 	. 

ZPmax = 4. 

Rmax = 100000. 

Unit multipliers for 15. element 

set to unity. 

15. 	CODE. VALUE. 

This data card specifies a unit change for 

the matrices AM, BM, and CM. 
CODE = 1. Value = multiplier of matrix 

element 11 
CODE = 2. Value 	multiplier of matrix 

• 	element 12 
CODE = 3. Value = multiplier of matrix 

element 13 
CODE = 4. Value 	multiplier of matrix 

element 21 

CODE = 5. Value = multiplier of matrix 

element 22 
CODE = 6. Value= multiplier of matrix 

element 23 

16. Reg. N. 

Alpha. K. • Q. Beta. 

Alpha. K. Q. Beta. 

Alpha. K. Q. Beta. N such cards. 

1 
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These data cards allow any or all of the 

matr ces AM, BM, or CM to be defined as the 

product of an unlimited number of submatrices 

defined by the angle of bend a, field index K, 

flutter Q,  and spiral angle P. Reg = 1, 2, or 

3 specifies region AM, BM, or CM. N is the 

number of submatrices into which the region 

is to be divided. 

LABLE. 

This data card causes the data following 

up to a 17. 0. data card to be stored in an 

array and tagged by the number lable. Lable 

can be any positive integral number greater 

than zero. A 14. element will.be  ignored by 

the 17. element. The data so stored can be 

executed by the use of the 18. element. 

LABLE. N. 

This data card causes the data named 

Lable stored by. the 17. data card to be exe-

cuted N times. Example: Calculate stability 

tables for several sets of auxiliary matrices 

read from tape 8. 

17. 	1. 

12. 	1. 	2. 	3. 

5. 	1. -2. 	0 	. I 

5. 	2. 	0. 	1. 	. I 

1. 

0. 

1. 	5. 

20. 

Terminates calculations. 

FOOTNOTES AND REFERENCES 

*Work done under the auspices of the U. S. 

Atomic Energy Commission. 

A. C. Paul, Sidy of the Regenerative 

Extraction of the Berkeley 184-Inch Synchro-

cyclotron, Lawrence Radiation Laboratory 

Report UCRL-18211 (1968). 

J. K. LeCouteur, The Regenerative Deflec-

tor for Synchrocyclotrons, Proc. Phys. Soc. 

(London) B64, 1073 (1952). 

E. D. Courant and H. S. Snyder, Theory 

of the Alternating-Gradient Synchrotron, Ann. 

Phys. 3, 1(1958). 

Compared .with Eq. 17 of Ref. 2. 

• 5. See sectión.on Data Input to REGEN. 

6. Suggested by Hogil Kim, Modification 

Studies for the Berkeley 184-Inch Cyclotron, 

by D. J. Clark, H. Kim, E. R. MacKenzie, 

and 3.. T. Vale,. IEEE Transactions on Nuclear 

Science, NS-13 1  235 (August 1966). 
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Fig. 1. Geometry of the three-region ex- 
traction system. The center of the cyclotron 	

6 is at 0. The perturbations Q, Q, 03 begin 
at radii rj, rz,  and r 3  and are separated by 
angles a, P, and -y respectively. The matrices 
AM( ), BM(  ) and CM( ) transform the particle 
vectors through the angles a, 3, and y. 
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Fig. 3. Effect of lens placed at radial 
node. Here a40 deg, P =230 deg, 

= 90deg, Q1 = 0.6, Q3 = -0.4, and n= 0.04 
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Fig. 4. Radial phase space motion during 
regeneration calculated from the single-
turn matrix transformation of a null vector 
excited by acceleration into the extraction. 
system. 	 . 	. 

XI 

XBL 706- 3158 

Fig. 5. Vertical phase space motion during 
regene ration calculated from single -turn 
matrix for the radial motion shown in Fig. 4. 

V 
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(BL706-3159 
Fig. 6. Radial phase space motion calculated by numerical integration 
of equations for motion in magnetic field of 184-inch cyclotron. 
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Fig. 7. Vertical phase space motion calculated by numerical integration 
of equations of motion in measured magnetic field. 0 indicates azimuth 
of 116. deg center of regeneration. 
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Fig. 8. Vertical amplitude of typical particle as function of azimuth 
for last four revolutions during regeneration. 
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Fig. 11. Vertical and radial traces of transfer matrix as functions 
of lens strength at radial regeneration node for last five revolutions 
in 184-inch cyclotron. The matrices extend from 60, 116, and 168 
to.60 deg and were calculated numerically by orbit integration in the 
existing magnetic field of the 184-inch cyclotron for typical 730-MeV 
protons. Here V(m) indicates vertical trace, mth turn and R(m) 
indicates radial trace, mth turn. 
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Fig. 12. Stability diagram for magnetic bump beam stretcher. 
The lines are drawn for trace of matrix equal to 2. 0 with arrows 
pointing in direction of trace less than 2.0. The curves are marked 
H for horizontal and V for vertical for regenerator strengths R as 
indicated. The point marked X is the current operating point where 
radial trace is greater than 2 and the vertical trace is less than 2, 
R=0.6. 
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This report was prepared as an account of Government sponsored work. 
Neither the United States, nor the Commission, nor any person acting on 
behalf of the Commission: 

Makes any warranty or representation, expressed or implied, with 
respect to the accuracy, completeness, or usefulness of the informa-
tion contained in this report, or that the use of any information, 
apparatus, method, or process disclosed in this report may not in-
fringe privately owned rights; or 
Assumes any liabilities with respect to the use of, or for damages 
resulting from the use of any information, apparatus, method, or 
process disclosed in this report. 

As used in the above, "person acting on behalf of the Commission" 
includes any employee or contractor of the Commission, or employee of 
such contractor, to the extent that such employee or contractor of the 
Commission, or employee of such contractor prepares, disseminates, or pro-
vides access to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 
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