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n has length L, end extends from xn

EFFECT .OF DRIFT TUBE TOLERANCES ON 'THE ELECTRIC-FTELD
DISTRIBUTION ALONG THE LENGTH OF AN ALVAREZ CAVITY*

Klaus Halbach
Lawrence Radiation Laboratory
University of California
Berkeley, California 94720

ABSTRACT

~ An analysis is presented that shows how small random errors of drift tube
diameters, lengths, and positions perturb the electric field distribution in an
Alvarez cavity. The field distribution due to the tolerances is calculated from the’
change of the resonance frequency of individual cells, taking the correlation of the.
detuning of adjacent cells into account. For all cells, the rms field errors and P
their correlations are calculated. From this is deduced the maximum rms tilt and the

-most probable distribution of the error fields throughout the cavity. The change of

the resonance frequency of the whole cavity is also calculated. Using a different
representation, the rms values of the Fourier coefficients of the field, and their
ccrrelations, are given.
Introduction

In order'fo'obtain a sufficiently consthnt synchronous phase of the particles
in an Aivarez cavity, one can allow only very small deviations of the electric field
strength from its design value along the length of the cavity. We describe here the
procedure that was used to calculate first order effects of errors in drift tube

dimensions and locations on the field strength distribution in the eight cavities

'camprisihg'the SuperHilac.l Since the effects of systematic errors follow trivially

from the;forﬁulas given below, we discuss only the effects of random errors. The
effects of the tolerances are expressed in two different ways: First we calculate
direct1y~thelrms distributipn of the field strength errors, and then, following.a
suggestion by F. Selph and L. smi-,k_x, the rms values of the Fourief ‘coefficients
describing the -error field distribution. Altheugh the second method of descripfion
could be considered more'adequafe for the specific éroblem diéeuséed here, the Pirst
method is outliﬁed in detail since it is>also applicable’ to many other problems,

‘Model and Notation

Our cavities operate in the O-mode and are terminated at each end by half a

" drift tube. We divide the cavity of length L 1nto cells 1abelled , 2+ -N. Cell -

1 to x n? where X1

the centers of two adjacent drift tubes from one end of the cavity (xoso; xN=h).

and x, are the distances of



The drift tube tolerances lead to local errors of the resonance frequency,
_ and the relative deviation of the electric,fieid from its average value, y(x) =

E(x)/E, is related to the local relative error in resonance frequency u(x) =

&o(x) fw 't‘,hroughz ‘ |
a®y(x)/ax® = x? (u(x) - 'a) .o . @
B f wax/L, |

end for our 1ightly loaded cavities we use for K° the value3
*=200p, o I (2)

where A is the vacuum wave length_gorresppndmg the frequency. Eq. (1) is of course
only an»a.pproxima.tion, but describes very well %he longb ra.ngé effects of interest
here. From Eq. (1) follows for y, saﬁisfyingfy(x)dx = O and y'(o')' = 0 (and

consequently also y'(L) = 0):

y{x) = Kzgfxu(t)v_(x-t)dt - 'ii %2_- (./-I' u(t) (.I'_;E)_z. df,. - %2 'ii) /I.‘ | (3)
[+ o . i

Within each cell, the relative error of the resonance frequency 1s assumed constant
aud will be expressed in terms of the o_iime_nsidna.l and positional errors of the drift

~ tubes. It i8 convenient to express u(x) through

N . : .
B R
‘ ul/L fdr:f <x<x o .' o B
v_(%) S (uv)
' = 0' for xn-1>_x> X,
wemom e
. This gives for s
\luz a,n. - E (5)

Method Of Direct Calculation Of Field Errors
We 'calculate y for all x, and define a colummn vector y through
ym=y(xm). m=0,1, 2+« « N, | (6)
Since the model does not describe the fine structure of y(x) well, it would not be

meaningful to calculate y(x) at more than the N+l chosen points. Defining also &

L
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colurm vector & with cdmponents &, ¥ can be expressed by

y =‘ M a. . : B . » (7
The elements of the matrix M are obtained from Eq. (3)2
' 2 2 .2 2 ' : ¥
M =(2_ . »(L;c»n) B %’x:_ - izf_m__‘,, Le(x - e )- S(xm'cn)_) k2 : : (ga) |
e, = (xn_lf x)/2 | - o - o N - (8v)
=lforx>0 o . S | , o
- 8(x) L ; o 1 (8c)
, =0 for x<0 : : ' .

Indicating the 'tra.'nspose of a vector or maﬁrix by the superscript T, we nbw forﬁ;

Yy yT and take the statistical avera.ge,' indicated by a ‘bars

Yy o= MAM, o o (o)

where

A = a_aTc

The convenlence of this formulation lies in the fact that the statistical aép‘ects of
the pro'biem are clearly separated from the system properties described by Mj that
Eq. (9) is_ea.s'ilyzeva.lua.ted by a computery and that the results are easily interpreted.

Calculation Of A

‘Because of the large ratio (up to 1:18) of our drift tube radius to cavity

radius, the existing fixed mesh computer programs for computati_on of the résonancé

-'freqﬁency of individual cells vcoﬁverged much too slowly to be _practical'. A new

program, RFISH, was developed by R. Holsinger, R. Yourd and the author to solve this
eigenvalue pioblem. From the axis to an intérmed.iate radius an overrelaxation method
is uéed in the virreg\ﬁ.ar triangular mesh used for evaluation of Metostatic fields,h'»
and the rest of the cavity is evaluated ‘with ana]jtical methodi. After the problem
has converged the prbgram also integrates Hz ﬁver the cavity volume and Ez-Hz'over the
surfacés of intéresﬁ 80 fha.t Slater's forinﬁlas -ca.n be used to cé.lcule;te t.hé shift of
the resonance frequency due to changes of the c#vity geometry. ﬁith the sensitivity"
coefficiehts, a.x; 18 & known linear function of tbhe changes” of length, radius, and
poaition of drift tubes n-1 and n, Conversely, the geometrical éha.ngea of drift tube
n appear only in the expression for &, and a'n+1' Since we ‘a.re dealing hére.on:Ly with__

random geometrical errors y B8 = 0 for]n-m|> 1, and a e, is known linear function



of the variarces of the geometrical tolerances for n - m= 0, %1,

Interpretation Of Results

To simplify the interpretation of the results, we do not print out the matrix

—

Y yT, but the matrix Y, defined as follows: _

The diagonal elements of Y are the rms value of y:

_2\1/2 ' :
Yo = (yn) . (10a)
The elements to the left of the diagonal are the correlation coefficients .
i (e 1< 1)
_— . =1/ o o .
Y=k, =55 -»(yzoyz) gm>n ' : : (10v)

mn = “mn
The elements to the right of the diagonal g:l.ve the rms value of the difference between

y at the two 1ocationsx

b =((ym'yn) ')1/2 (;é + y -2 Ym;'n)l/z; n<n. ' .(10c).

To find the meximum rms tiit, the computer program makes a search a.nd prints out the
largest value of Ymn for m < n. The i&rgest tilt always occurs, as one expects,
between the two en&s of the éa.vity. Table I shows the ina.trix Y for the second post-
stripper caVii:y of the SuperHilac; deseribed in Ref. 1. The assumed rms tolerances
for drift tube ra.dius, Jength and position are 0.1 mm, 0,3 mm, 1 mm. Figure 1 showﬁ
‘y(x )2 1/2 VS, X . We elso made for each cavity a camputer run for each of the
tolerances ind:.vidua.lly to obtain information about their relative inporta.nce. Com~
puter time on the CDC 6600 for each run is of the order 1 sec.

Since the values ¥, are due to many small errors, the central limit theorem

applies. This means specifically that for

Vp = Vot o | (118)
— —_— 1/2 . . .

Vo= Yo “Em OL/¥2) | o S (aw)

g -5 =72 . il | | O (ue)

To get a feeling of the shape of y(x) that one 'can expect, Fig. 2 shows
1/2

N Y C AL

Error Of Resonance Frequency Of Cavity

The relative error of the resonance freq_uency of the whole cavity due to the

e
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drift tube tolcrances is imp‘orte.nt because all our pover amplifiers are driven by
the same master oscillator. The relative frequency error of the whole cavity is
given byzz

M/m =1 = E a
From this follows for the variance of Aufw;

n,m

Fourier Coefficients of y(x)

Since dy(x)/dx_o for x-0 and x=L (Ref. 2), y(x) can be expanded into a well

converging Fourier series:
y(x) =Z £ cos (mkx); k = /L e o o ' (13)
From Eq. 1 one obtains for £

-—z —I—‘chos (mkx) < u(x)dx

Using Eq.'s (4) and introducing the column vector £ with components £ o’ One can write:

£mre e (1he)

¥ - m® kT, /2
As was done e.bove, we now form F and obtain

;r_"'. F A F . . L = (15)
Table IXI represents the results of this ccmputation for the cavity discussed above.
As in Table X, the matrix ff is not printed direct]y, but: printed are the squa.re
roots of the diagopa.l elements of ffT, and the correlation coefficients. . Only the
first few coefficients are of practical signifieance since the diagonal elements of
the printed.m_a.trix behave very nearly like m-z. The correlation coefficients 'a;'e _
fairly small, SO that they can be ’neg’lec'luzed for all. pra.cf.ica.l purposes. ‘Knowing this
from the computer results, 1t seems qnite possi’ble to obta.in results that are
sufficient]y a.ccurate for pra.ctical purposes by calculating f with a.na]ytica.l_v
approximations. |
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w N = O
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1.86-04

1.0E400
9.8E-01

9.36-01

‘8.1E-01

. 443E-01°

-4.9€-01
-9.1€-01
~9.5€-01
-9.3€-01

-B.9E-01

~8.8€E-0C1

1.58-05
1.76~04
9.96-01
9.5€-01
8.3E~01
4.6E-01
-4.8E-01
-9.28-01

-9.6E-01

. =9.4E-01

'~9.1E-01

=B8.9E-01

4.5E-05
3.26-05
1.56-04
9.8E-01
8.8E-01
5.3E-01
-4.3E-01
-9.1E-01
-9.8E-01
-9.76-01

-9.4E-01

-9,2£-01

-~ Table I Y - matrix for Alvarez cavity -

" 8.1E-05

© 7.0E-05
4.0€-05
1.2E-04
9.5E~01
Q.se-ox
-3.1E-01

. -8.7€-01

-9.8E-01
-9,8E-01
-9.,6€-01
-9.5E-01

4

1.2E-04
1.1E-04

8.4E-05

" 4.6E-05

. B.TE-05
8+4E-01
~6.2E-02

-T.4E-01

-9.1E-01
-9.6E-01
-9.5E-61
-9.4E~01

5

1.6E-04
1.5€6-04
1.3E-04
9.4E-05
5.06-05
5.56-05
4.TE-01
~2.9€-01
—6.95—01
-7.26-01
-7.6E-01
-7.7E-01

6

2.1E-04

2.0E-04
1.8E-04
1.4E-04

1.0E-04

5.26-05
4.6E-05
6.9E-01
3.8E-01

2.0g-01
1.0€-01 .

7.4E-02

2.56-04
z.ée-os
2.26-04
lf95-04
1.5E-04
1.0E~04

' 5.3E-05
. 7.3E-05

9.2€E-01

. 8.1E-01

T.4E-01
7.1E-01

"2.9E-04

2.8E-04
2.6E-04
2.36-04

1.96-04
1.5E-04
' 1.CE-04

5.1E~05

~1.1E-04
9.7€-01

9.2E-C1
9.0€E-01

3.2€-04
3.1E-04
2.9E-04
2.6E-04
2.3E~04

1.9E~04

1.4E-04
9.5E-05
4.6E-05
1.4E-04
9.9E-01

9.76-01

‘10

3.4E-04
3.3E-04
3.26-04
2.9E-04
2.5E-04
2.1E-04
1.7E-04
1.3E-04

. 8.16-05

3.7e-05

1.7€-04
1.0€+00

11

3.5E-04
3.4E-04
3.2E-04

'3,0E-04 .

2.6€-06
2.3E-04
1.8E-04
1.4E-04
9.5€-05
5.4E~05
1.8E-05
1.86-04

o
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Table II'V rms Fourier Coefficiénts and.Their Coi‘relation Coefficients
1 2 3 b
1. 1.7E-4
2, -1.58-2  4.3B-5
3. 9.4E-3  -9.6E-3 = 1.9E-5
Y.,  6.7B-3  8.38-3 -4.6E-3  1.1E-5



Fig. 1

Fig. 2

Figure 'CaBtioné

rms field errors vs. x/L

| /2 ‘

Y /Yoo and(yn i(()’n - ¥y, )2) )/ Yoo .
. _ 1 2 -
vs. x/L f_or Yoo = (yi) /
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resulting from the use of any information, apparatus, method, or
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~ such contractor, to the extent that such employee or contractor of the

Commission, or employee of such contractor prepares, disseminates, or pro-
vides access to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.
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