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ABSTRACT
We have developed a simplifiedAmodei of a cell cohsisting of a series
of linked reVe?sﬁblevénzymatic reactions‘dependenﬁ on the céncenﬁration df a
single externai_éubstrate. The generalAmathematical solution for this systém
of reactions‘is pfesented.' This‘general solution cqnfirms the concept of a
rate limiting step, or "ﬁastériréactionf, in biological systems as first

proposed by Blackman.lsx The'maximum'fafé'of afproceSs consisting of a series

of éonsecutive enzymatic reactions is determined by, and equal to, the

maximum ratevof_the slowest forward reaction in the series.
Of practical interest in modeling the growth rate df cells -are three

cases developéd from the géneral mode. The simplest special case results in .

1,2

-'umax[S] » )

B + [s]

. , B , v ‘
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where is'the.specific growth rate,'timei_l; uméx is.ﬁhe maximum specific
growth_rate, tiﬁé—i; [S]“is'thg concentrafion of the éxfernal limiting
substrate, méss/#olume; and B .is a constant, maés/Voiume. The Monod
equation results when the maximﬁm fofward rate of one éhzymapic reacﬁion
in the cell is mﬁch_less ﬁhan the maXimum.forward rate of any other enzymatic
reaction. \ |

More~reaiiétic is the case where the maximum forward rates of mére
»than one enzyméfié reacﬁion are slow. When two slow enzymaﬁic reactions are
separated ffom‘egch other by any number of fast reactions that overall éan

be described byliarge equilibrium constant, the Blackman form resultsi

U= [S]/4a, when [S] < A “max

and U Moo when [S] > A T

vhere A is a constant, mass X time/volume.

A third case is that in which two sléw enzymatic steps are separated
by an equilibrium constant that is not large. Unlike the Monod»and Blackman
forms, which‘contain only two arbitrary constants, this model contains three

arbitrary constants:
Sl = pA +
(sl =u [N

where the épecific growth rate, Yy, is implicitly expressed. The Monod
Blackman-férmé are special cases of this third form.

Twelve sets of experimental data from the_literature were examined.
The Monod equation gave poorer fit of the daté than the Blagkman form in
nine of the twelve cases, as determined by a non-linear least-squares fitting

technique.
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Tt is concluded that workers modeling the gfowth of microorganisms
should not acCept\tﬁe Monod'equation without quéstion,gas{many apparently‘

do today.



1- . UCRL-19959

I. INTRODUCTION -
Currentfkinetic analysis of the groﬁth of microorgaﬁiSmS,'both
batch-wise and continuous culture, is primarily based on the'relétionship

between limiting substrate concentration and growth rate first propsed by ‘

Monod:l’2
- umax[S] ‘ . :
W= 5 TsT . | - (1)
where U = specific”gfowth rate, time"l; u -=,makimum'specific growth

max

raté,itime_l;.'[s]=~limifing substrate copcentraiion, mass/volume;i
B = a constaﬁf; mass/vélume. vThis Ménod equation, as itvis usually called,
is analogou$ to the Michaelis-Menten eduation, which expresses thé relation_
between substfate and rate in a single enzymatic reaction. |
Several ériticisms of the Monod equation'have_béen raised fhat Willb
not be considefea here; having to do with‘required mainfenanct energy,
suﬁstraﬁe inhibitio'n,5 and effects of cell density.6 These p&fticﬁlar criti-
ciéms, if valid, wiil alsq.apply toithé équations:given in thnvrést of this
‘paper. More important is the faét, recognized by Mbr}od,2 that the above
equation describes an’oversimplified ﬁodel. As»will be shown later, much
of the experimental data in the literature, including Monod's original data,
fails to fit thé simple hyperboiic form of Egq. (l)ﬁ.
Sevéfal ?mpiricél relatiqnships havé been proposed. _Theée.have not
been widely.used by workefs coﬁcerned with fhe kihetics of growth of micro- -

organisms. The form proposed by Teissierrr is:

no
~

H= umax(.l - ¢
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where k is an arbitrary\conStant, volume/mass . This form is not easy to
handle mathematically,'buﬁ some wofkers-find that their data is better fit by

this form8’9 than by the Monod equation. Another correlation was proposed

by MoSerlO that contains, instead of two, three arbitrafy.constantS, umax’ B,
and r: i r
’ Umax[S] : ' .
= mer_ (3)
B + [s]

The three arbitrary cdnstants allow this form to fit a greater variety of
curves. _waever,'Powellll points out that this model may be unrealistic at

very low substrate concentrations, since

0, if r < 1,

It

® at [S]

it

du/dl sl

0 at [s]

1

while . au/d[sl] 0, if r >1.

Simble diffusion is probably not'imbortant in the trénspoft of large
. organic subétrate molecules such as sugars ihto é cell, sincevﬁermeaseé are
.necessary fof the transport of these molecules. Buﬁ‘diffﬁsion may be impor-
tant for sméller molecules where no permeases exist.

The.éaSé of simple diffusion followed byva single irreversible
_Michaelis—Méntenvenzyme has been treated by sev}eralbworkers.ll’le’13
The resistance to diffuéion may be the cell wéll,Athe cell membrane, cytoplasm,
or a combination of these. The model is shown diagrammatically in Fig. 1.
as a cell that contains a resisteance to the diffusion into the'cgll_of external

substrate of concentration [Se]. The cell'contaihs a single irreversible

Michaelis-Mentén reaction, which produces the product, new cellular material.

§
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The éolution to thiS'problém is given, for éxample, by Reiner's
Eqﬁation XI. 3),;3 where the velocity of thé enzymatié,reactidn, V, is
implicitly exp?gssed. Reiner's solution maybbebmade méfe,general by noting
thaf there is:nbt-necessarily é one-to-one correspondence ‘between. substrate
consumption and new cell material forméfioﬁ.~ A yield coefficient, Y,.relating

U to V, may be introduced. The following form is obtained with u implicitly

expressed: -

s] = B, M o
[S]' Hrax ~ M kcaY : o )
where ké is thé_Substrafe mass transfér coefficient‘bé£Ween the bulk liquid
phase ahdvthe cellsinterior,\where the substrafe is consﬁmed, 1ength/ﬁiﬁe;
Y‘is the yieidbcoefficient for ihe substrate and microorganism invqueétion,'
cell Volume/mass sgbstrate; and a Ais the surface area/cell volume. If,
as 1is generally:assﬁmed, the denominétbr of the last term, kCaY,.can be
considered'fé Be constant, this.eqﬁation has the same fqrm as the three
constant model proposed later in this paper. However, the three éonstant
model propoSed iater resﬁlts from a different situation, whefé diffusion is
not considered to be a limiting faétor.

Reinerl3

also presents the kinetics of disaﬁpearance of substrate
when there ié'a'permease followed by a Micﬁaeiis—Menten enzymatic'reaction. 
His model éoﬂsiders leakage out bf the cell to be in direct proportion to
the internal éubstrate.concentration. In order td convert substrate utiliza-~
tion, v, to specifié growth rafe, U, a yield coefficient, Y, mu;t be inserted

into Reiner's Equation XI. &). There are a total of five arbitrary constants,

making this model of little use in correlatingvekperimentai data.
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II. A SIMPLIFIED MODEL OF A CELL

Oﬁr simplified mbdelqu a ééll’consistsvof N consecutive revefsible
Michaelis—Menﬁén enzymaticlreactions.. The model is bversimplified in thét
double subsifates, gdeﬁzymes, and ailosteric effectébafeAnot considefedQ
The case of a single enzymefsubstréte compiek undergoing successivevtrans-
formations;'aéldeScribed by.ﬁearOn,lu should not.be confused with this- case
in-which thé'product of each.enzymaﬁic_reaction is tﬁe substrate for the nekt.
-There is one external limitihg substrate, S. The model is described bj thé

following éystemS‘of N equations:

+ B > ' > +
S+ E - SE, 2 P+ B
b 1
Ky k)
K k!
) > _
>
Py + B, o> PE, /= P, *E,
: o
Koo ko
: (5)
o t
P . +E o P _E “n >P +E
n-1- - n < n-1"n <— n n
K K - :
-n “en
k k!
N N
X . — . .
Py-1 ¥ By 2 Py-1By Py * By
-1 ) .
K x kN

E denotés'the enzyme, P denotes the products of the enzymatic reac-

tions, and k denotes the rate constants. P, 1is the final product, considered

N

here to be new cell material. Catalysis occurs -in the substrate-enzyme com-

plexes, such as Pn lEn . In this general case no reaction steps are considered
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to be‘irrevefsible; irreversibility‘is approaéhgd.only_by virt;e of a large
negaﬁive free energy change.
The Vélocity of the ‘nth reaction, vn, isvfoﬁnd 5y assuming that
steady state}isiébtained. Steady state may be assuméd evenvif we consider
‘an autocatalytié process such,as balahéed'cellular growth, if wé express
venzyme conéentratibns per.unit Qf cellular volume. The SOlutiOnlS‘iS given
hefe with vh implicitly expressédg

[Pn](VBn

+v )+ K'v
] - n nn

- ’ ' . - E]
n-1 | Kn/xn(an vn)

[P

" where [Pn] and [Pn_l] are concentrations of species. P and P

n—l;
mass/volune ; 'VFn = kgEg , the maximum forward rate, mass/time/volume;
VBn = k_nEf‘;' the maximum backward rate, mass/time/vdlume; Es »is the

total amount of the. nth enZyme; mass/volune; Kh = (k _+ ké)/kn ,
K

mass/volume; K&.= (k- + kn)/k_n , mass/volume. Noﬁe that VFn’ VBn’ L

-n
and Kn are related to the equilibrium constant for the transformation of

P to P, K 0’ through the so-called Haldane relationéls

A1l of the individual reactions give equations of the form of Eq. (6).
We obtained the solution for the whole system of N equations by realizing

that at steady state v = VTV, T e VS ... = VN, and by making

successive. substitutions until the concentration of S, [S], is related only

to v and [Pn] the concentration of final product. If P is a cellular

N

‘constituent and cellular growth is balanced, then [Pﬁ]'is’constant with time

(when expressed per unit of cellular volume). The solution is:
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0
N Koo ;ﬁ' <V By ;¥ v) [PN] ;E; (Vg* V)
[S]f - :ngl n ,Ki_l' - +_' T ’ (7)
: :gg' = (VFl ) - TT i;'( Fn-v)

=] Ti-1 _ on=1"

where VBO 1is defined equal to zero, and Kg/Kb.is defined equal'to one.

If, for example, we have three enzymatic réactioﬁs, N = 3, and:

[s] = v . K2v(VBl+ V). A , ;KBV(VB1+ v)(vB2+_v)
(VFl- v) Ki - _ ) A,Kl Kg - |
[P ] (V + v)(V + v)(V +:;)‘:: D
' KlK K » » . - . ®
et Un - ) (V) (Ve ¥) |

Ir oﬁévﬁishes to convert Eqs.'(7’ and (8) to .[S] és s function of u
by using the relation u = Yv, then these new equations would be of éxactly
the same form with the same number of arbitrary constants;

Eqs.»(?) and (8) include the case where a permeaseffunctiqnsbto'
'bring substrétetinto the cell. A berﬁease is simply a "directional“ enzyme,.

using its active site to move substrate in one direction.
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'III. THE MASTER REACTION CONCEPT
In Eq. (7), the maximum rate of forming new cell material is set by,
and cannot exceed, the smallest V. , since [s] approaches infinity as v

approaches thé émallest VFn

cannot occur in a sequence of chemical reactions of higher than zero-order

. Such a rate limiting step, or "master reaction",

(see Denbighjgg_gl,l6 for a discussion of first-order chemical systems). But

17

as Perret has.pointed oﬁt, a réﬁe limiting.stgp must occur in é sequence‘of
enzymatic reactions, since an enzymétic reactioﬁ becomes zero-crder with
. respect to thé'concentration of its substrate'when the enzyme is completely
_satﬁrated witﬁvits substrate. .BlackmanlB is usually‘given crediﬁ for the
mastervreactidn concept when he stated in 1905 without. proof, “whehlalprocéss:g
' is conditioned as to its rapidity by a‘number of separate factors, the rate
of the frocess is limited by the pace of the 'slowest' factor". Thé Validity
of this stétement has been questioned by Burtonlg, Mbnodg, and others.
Burton, argﬁing on the basisrof first-order transformations, concluded ﬁhat‘
; rate 1imi£ing_step cannot exist in a sequence Of consecﬁtive reactions at,
stgady state. | |
| Unfortunately, Burton's dismissal of Bléckman's axiom has been

accepted b& many workers in the biological sciences as the final word on

this matter, despite Perret'sl7‘criticism that it was based 6n‘irreversible‘
uncatalyzed first-order reactions. Iikewise, the statement of Monod,2

"A master reaction could take control only if its rate were very much slower
than that of all the bther reactioﬁs", has also served;to misleéd workers
"in biology. Equation (7) provides a mathematical prdof for Blackman's axiom,

which Blackman himself did not offer.
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Care ﬁust.be used not to cérry'the master‘féaction céncept too far..
Even.though thé élowést reaction éetS'the maximum réﬁe at'ﬁﬁich the overall
processrmay.pfoceed; it dées notventirély defermine_thé'felaﬁionship of
overall rate éS;a function of substrafe concentratioﬂ; At low sub;trate
concentrétidnsvmore than one of’the-reactions in thevséries may influence
the overall ra_nté . | | |

An excepfion té.the master feaction concept'does exisf. Consider
two parallel reéction sequences.pfoducing the same product. Two enzymes,
one in each df the parallei séquénées, must reagh their maximum rates before

the'process‘reaches its maximum rate. But if we treat these two limiting

steps as a éingie enzyme, then the above arguments hold. Similar situgtions’

result when there are more than two parallel sequences produéing»the.éame'

product.
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Iv. A’SINGLE SLOW ENZYMATIC REACTION:: THE MQNOD EQUATiON
Equation (1), the form for specific growth as a fﬁnctioﬁ of substrate

concentrafion éﬁégested by Mbnod;¥;2 will afise_from the géneral form, Eq. §7),
in two aifféreht'pases. The firét éase, which_will:ﬁot:ﬁe‘examined further,
occurs when gliifhe arbitrary éonsténts (the V and"K. valﬁes) ére of the
same order df hggnitude, But fortuitously have the righf'values SO that Eq. (7)
collapses ihfo the Monod fdfm. The probability'of»fhié;occurring is sﬁall.

| The?sééond‘caée,ariseé when the maximm forward velocity of‘one‘of
the enzymatic‘feactions is much‘émallér thﬁn any'of_the othér'ehzymatic
reactions, and:thefe is avlarge négativé standard free'energy éhange Between
this slow reﬁcfion and the ultimate pioduct'formation of new celi matefial.;
A negative Standérd free energy change between the slow step and thé‘formation
of product.is likely, since the probability of the last enzymatic éfep of
ﬁhe series‘being the slow one is small, and since neggtive sﬁandard free
energy changes are associated with spontaneous biochemical réactiOns. Since
all reactions,afe assumed to Be very fast and reversible, excépt'for the one
slow reaction, the substrates and producté of tﬁe fast réactiohé can be
assumed to bé’in equilibrium with each other. This'means thﬁt‘all irreversi-
bilities occur in the one slow reaction.

The Monod equation can be found from the general form, Eq. (7), or

from the following, using the above assumptions:

L . ' . > ’
S. Pl < > P2 < Pn-l 7 v (9a)

k k! , ~(9p)
P _,+E —">P .E —">P +E  (the slov step)
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.>P . (9¢c)

For Reaction (9a) there is an equilibrium constant relating the
concentratlons‘of. § and P _., _[Pn_l] = Kéq [S] g ?or Rea?tlon (9¢)
there is a similar relationship,_[PnI = [PN]/K;q.’ However, since a large

negative standard free energy change has been assumed for this step, 'K'

_ Teq
approaches infinity, and [Pn] approaches zero. As . [Pn] approaches zero,
the rate of the back reactionvassociated'with k:n also approaches zero,
and the last step in Reaction (9b) may be treated as an irreversible one;
therefore:

v = Fn" "n-1 _— (10).
This is the irréversible Michaelis-Menten equation. Making use of the equili-
brium relation for Reaction (9a) and the fact that ail'thé new velocities

are equal, the Monod equation is obtained relating overall rate to substrate
concentration: -

VFn[S]

= (11)
VEIsT + Kn/Keq

where K.n/Keq is an épparent Michaelis constant, which will_be smaller the

larger KQQ' becomes. Ke can be expected to increase as n 1increases
AR /

because of the usual negative standard free energy change associated with

biological processes.
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V. THE CASE OF TW_OfSLOW ENZYMATIC REACTIONS: T}EE T}{REE CQNSTANT FORM

| 'I‘his»;ase assumes tha,t two enzymatic ‘reé.ctions ha,ve‘ slow ma.x1mum
forward rates. As in the pré§éding case it will‘ bé assumed that all other
enzymatic reacti_bﬁs are fast and in éqﬁlibrim_n, and that ithere is a large

| negative s‘tandarvc.i‘;free ‘.energ:y" change (and hénce a large equilibrium constant )
between the second slow eniymatié réé.ction and the ’:fo.rmatioﬁ of PN; new cell

material. The system ist

! . < > ; y . L] -
5 > P < P, < > < >P | (12a)
, k. kK, - o :
P +E < 'n-1Fm <o P * By . (12v)
k k
“m-l -m
P < > P < > .. <—> T ,. - (12¢)
0 a4l dees
- » ) ' .
, ko k. ‘ ,
_ o _
PLtE = Pn_lEn TP YE (124)
k Tk
-n -n
‘ > . : » .0 : i
P < Py S ceeee <> Py | (12e)

For Reaction (12a) there Vis an equilibrium constant relating the

concentratlons of S and P [ I = K, [S] A similar relation holds for.

l’

Reaction (12¢), [Pn_l] = Keq{ Pm] [Pn]‘ approaches z‘e“ro; ‘beacuse. of the large

eguilibrium constant assumed for step (12e). »The irreversible Michaelis-Mentén

equation results:.

_ v [P 1 ) '
} Fi n-1 _
vﬁ'-’[—r—_'P e . (13)
- n
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For Reaction (12b), however, irreversibility ié not assumed, and the
15 ' ' . ' |

back reaction must be considered:

Vv_ k[P ] -V Km[_Pm]‘

v = Fmnm "m-1" "~ Bm (14)
) + + )
_ m _Kﬁ[Pm—l] Kh[P;] KﬁKm
Msking use of the equilibrium relations and rearranging the above two
equations, théy becomé respectively:
SN VnKn/K; | '
m V T e .
. Fn n : , ,
[P 1( REEY
P v + v + K v
[ ] m Bm m m m A'(16)

T T T, =,

Substituting Equation (15) into Equation (16), and since at steady state

vV =v_ =v:
m n
KK vV, o+ K v :
610 e DT s T o
o eq eq m Fm - " 'Fn , eq = Fm ;

Equation{(l?)‘has five arbitrary constants and hence is of iimited value
in fitting éxperimental daﬁa. Two morevaSSumptioﬂs will be made in order to
reduce Eq. (17) into a more usable form with only three arbitrafy constants.
and V |

These assumptions are that V are large in comparison to 'VFn'

Bm m

With these assumptions the first slow enzymatic reaction is largely responsible
for setting the effective Michaelis constant, while the 'second slow reaction

corresponds to the slowest of the enzymatic reactions in the chain7 Tt is
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unlikely that avéingle enzymétic’reaction sets both of'these quantities,
as the preViQﬁs ¢ase that yieided the Monod‘equétién assumed.
The above‘assuﬁptions are reasonable. The’reéction that sets the

effective Miéhaelis cbnétanf would be expected to bccuf eafly in»the series
" of reactions;ibecéuse in geﬁeral,theVeffeCtive Michsaelis ‘constant decreases

(and Keq incrééses) the farther a step is frém'the beginning.of the series.

It is also pfobable_that the slowest enzymatic reaction occurs after this

step, since there a£e éo many eﬁzymatic_reactions ihvo;ved.in cell growth.

Eq. (17) reduces to:

If VBm and VFmv are lgrge ;n comparison with VFn,
: KKV, v K : .
n m Bm m : L,
= B e . .
Bl = e x kv W, -V K v - g

eqgeqgm Fm Fn

Equation (18)vh33 three arbitrary consténts and is of the same fdfm as Eq. 4y,
the case where simple diffusion is‘important. Therefore one cannot distinguish
between thesg.two different cases on the basis of curvevshape.

Even th§ugh the above three cbnstaﬁtvform will be used later in the
fitting of experimental data, where it is called "the three constant form";
other three constant forms are possible. |

For instance, if Kéq, the equilibrium constant between the twg slow

reactions, is very large, we obtain from Eq. (17):

[S] - m i wh [S] <' m Fn .
. Keq (VFm - v) -en Kgq '(VFm - VFn)
v | (19)
[Sl = o - ,. when [s] > KF & Fn— 7
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EQuation (19) results in avMichaelis-Mentén shépéd curvé_at'iow_substraté
concentrationé,.but-a sharp bend to fhe:saturated rate occurs when .VFn is
reached. Johnsbn,?o'without mathematical suppért; haé“posﬁulated*that this
form might be'expééted in a series of enzYmatic.reéctioﬁé'ébhtéiniﬁg two
slow enzymatié feacﬂions'ﬁidely'sepéréted from each othérn Among'the twelve
sets of data thétTWe have examined, this beﬁavior was not_found5

Howevef, for photosynthesis in thé.alga Chlorella, behdvior closé to
the model expressed by Eq. (i95 has.been féund. Figure 2 shows the light

response curves of photosynthesis that were obtained by Myeré and‘Grahamgl

for Chlorells grown at differing spécific growth rates. All éets of daté
give nearly the same inifiél curve shapes, but the light saturated'piategﬁs
bend shérply from theé initial curve. Similarvdata gathered_in our laboratory22
are shown in Fig; 3. | |

The kinetics of photésynthesis are complicated, éince the two light
v reactions iﬁvolved in photosynthésis must be considefed.~vThislcase is
22

treated elsewhére.

A third possible three constant form results from Eq. (17) when VBm

and VFn arevsmall compared to VFm:
' KnKm v2 ‘ Km :
[s] = - + v . (20)
Ko oKeq X" Fu (an - v) Koo 'Fm

Equation (20) is exactly the same form as Eq. (18) except that v2

replaces Vv 1in the first term on the right side.

iy
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VI. THE BLACKMAN FORM
If, in Eq. (18)._Kéq" becomes very large because of a large negative

standard free energy change between the two slow reactions, then:

. K - K Ve

[s] = R;Ljf—f'v , when [8] < Fasaw

: eq Fm B 8 eq Fm
(21)
: K V. o

[s] = = , when [s] > 2"

. - K _V
eq Fr

This form vas first proposed by Blackman,l8 withoui mathéﬁatical justificaﬁion,
for the rate of photosynthesis,as a function of carbon.diOXide_concentration‘
or light intenéity. The model gives first-order béhavior with respect to
substrate concentration that, as substrate conceﬁtration ié increased, suddenly
changes ﬁo Zéro—order behavior.

:A saturéted rate muét result, sinée no matter how large K;q becomés,;
therfirst tefmlqn the right hand side of Eq. (18) approaches infinity as v
approaches VFﬁ}. A large Value for ‘K;q can be expecﬁed if‘the two conﬁrolling
enzymatic reactiqns are not situateavclose together in the reaction series.
Since hundredg,.if not thousands, of enzymatic reactions are involved within
the cell, thislébrt of behavior can be expected often.

There is & simple physical explanation for the Sharp_bréak in the
Blackman form. . Since the equilibrium constanﬁ K;q is Vefy large, thelprodugt
of the first slow enzymatic reaction, Pm’ is present at a concentrati?n
approaching.zerq} being instantly swept away by the fast reactions bétﬁeen
thé two slow steps. The secbnd slow réacﬁion keeps éacé‘with'the'first and

exerts no influence on the first reaction until the substrate cqﬁCenﬁration is



-16- . UCRL-19959

raised to the;paint'where the second slbw étep ié‘wdrkihg ?£ its maximum rate.
Noﬁ the concenfrations'of intermediates'in.thé chéip 5éﬁyeéﬁ the two slow
reactions risevﬁntil theAnet.rate.of thévfirst>slp§_reéétion‘is'equal £o the
maximum rate.of thé secbnd s1§ﬁ»reaction. Thus,-thé'sharp,chahge from first-
-order to zero—drdér behavior-occurs because tﬁe sééond slow feaction exérts
no effect bh.the first SIOW'étep until the méximhm*rate of thé second is

reached. When this point- is reached, the second step completely controls.
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| VIT. ANALYSTS OF EXPERIMENTAL DATA

The thfee'forms that will be'te3£ed égéinst_twelve sets éf data are
given‘by'Eqs.»ﬁll); (215 and (18), which réprgsent_the‘Mbnod, Blackman, and
three constanf_fdrmé, respecfively. Wé‘how introduce_%he;yield ¢oefficient,
Y (relating substrate consumptibnAtO'ceii matefial prddﬁction), to express
the equations in ﬁermé of‘specific growfh.rate, u, rathér phan.rate of
substrate conéumption; V. Inﬁroduciﬁg tﬁeryield coeffigientndoes not change
the form or the nﬁmber oflafbitrary constants in the equations.

Equatioﬁ:<ll), the Monod equation, becomes: |

(5] = —HE__ e

umafo H

or equivalently:

el

Ll=—ra——+—B‘ ' ' .(23)

.Where umax = YVFn’ a.nd B = Kn/Ke'q. .

A property of the Monod equation is that the slope of the tangent to
the curve at % hmé; must be % of the.initial slope (where [S] and u are zero).
This can be used as a rough check to see if data fit the Monod equation,

Equation (21), the Blackman form, becomes :

[s]

HA when [S]A%’Auﬁax
| (1)
[s]

o ., when.[S] >'Auméx
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or equivalently: -

:[SI/A-, when [S]I< Au :"

(25)
- , ] >
u pmax , when [9] Auma_x .
vhere u = YV, , and A = Kh/XKquFm,°

An alternate way to express the Blackman fqrm so that a continuous
function is obtained is:

u - u

[Sl,='Aﬁ + e o (26)
L ) max ’

where € is very much smaller than A. In the computer fitting of data
50 A . _ o

€ was set equal to 10

Equation (18), the three constant form, becomes:

[S]= ua + — 2 (@D

or equivalentlyf

B+ s - ‘/<B san o+ (512 - ban _ [s]
U= — — e (28)

. » . . . 1 L
where MW= YVp ., A= Km/YKqu , and B=KKV,/ Ko oKeqnrm

The negative square root must be taken in Eq. (28) in order to have a physically

meaningful situation.

-
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A ﬁon-lipéar least squares itérative pr0cédure‘Wés uéedvfo determine
the constants Qf.besf fit for the thfge forms, Thé cbmputer program used
was a Lawrence-RadiatiQh Laboratgry Compufer Library pfogram, E2 BKY LSQVMT.
The minimization'ﬁrocedﬁre is‘an itefativé gradient method that ﬁses a variable
metric.23v Subroutines must be furnished by the user giviﬁg the fitting funétiéns
and their firsﬁ derivétiﬁes with.fespect,tO'thé fittiné constanté. The sub-
routineé ﬁsed;arg,given in Appendix I. The quaﬁtity to be minimized is. the

sun of the squares of the efrors,'SUMSQ:

suMSQ = igl (Mg = P85 By A,-B)]? wei.ghti. R (29)
where F is thé fittihg.functibn, éoifesponding.to eifhér.ﬁhevMbnod, Biackmén,
or three constan£ forms, énd N ié the number of aéta points. ‘The wg}ghting_ _'
faéfor; Weighti; was set equal to 1.0 in ail cases. ‘Equation (é9) assumes
that the indépeﬁaent variable, Si’ is well known, and thgt‘all scatter is in»
tﬁe dependent ﬁafiable, ﬂi. Ihis is probably a reasonaﬁie assumption for the
data examined.

Table‘I,Shows'the results corresponding ﬁo the best fit to each of
the three mgdels for the twelve sets of data examined; The arbitrary constants
“max’ A, and Bvare given along with three criteria for goodness of fit:
(1) the sum of the.squares of the errofs, SUMSQ, v(g) the standard deviation,
's. d., and (3) the modified coefficient of determination, CObﬁT;v Tﬁe‘sﬁm
of the squares of the errors is probably the best criterion to.use in comparihg

the appropriateness of each of the three models against a given set of data.‘

Indeed, this is the quantity minimiied in determining the arbitrafy constants.
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The standard deviation, s,'d.,'wés"defined by:.'

S. dv = swsq . (30

where 4. f. is;the degrees of freedom available in the‘fitting-fuctions;
d. f. = 2 for the Monod and Blackman forms; and 4. f. = 3 for the three
constant form.

. i/ .
The modified coefficient of determination, CODET, is equal to the

o : R : _
"explained variation' divided by the "total Variation".gtv CODET is defined
h :
ere as N s
(Ui»— u)~ - SuMsqQ :
copET = o — o (31)
- ‘ o o T
DT
=17 |

where | is the average of the ui values, | = iﬁ ui/N. ATﬁe reader is referred'
té Appendix II for the problem of defining a ;;ifficient of determination for
non—lineér equéinns, such as encountered'here with all threé equation forms.

Appépdix‘III gives tﬁe Fortran iV computer progrém used in determining
all three of fhé-above statistical quantities. ‘Appéﬁdix IV gives the twelve
sets of examined data points. | |

The cases given in Table I will now be discussed indi&idually. The
data were examined using the same units for the variables as appear in the
original articleé, so that the reader may check»the resulté against the
original artiélés. bTable II gives the units for the numbers appearing in
Table T. It should be kept in mind whilevlooking at.the_following data that
the three constant form will alwaysigive better fit than the Moriod or Blackman

forms since it includes the Monod and Blackman forms as special cases.
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A. Monod's Glucosé Data
Theée datal are often gquoted as suppértrfor thé‘Msnod equation.
Hgﬁever, the Blaékman and three constant forms; as sthn}in Table I and
Fig. b4, fit theﬁe data betfer; In_obtaining these data}IMonod used sugar

substrate solutions of known initial concentrations. A very dilute suspension

of Escherichia céli was ‘then allowed to grow over aﬁ‘intervai'shbrt enough so
that an insignifiéént amoun£ of substréte was coﬁsUmed. Khoﬁing the time
inter?al, Monod was abie to éaléulate growth rates in divisions per ﬁour (the
specific growth'rafe; U, - (Qﬁ 2) (di§isions/hqur)).‘HThis séme technique was
used by Monod_in:the next two seﬁs.of experimenfal.data.

The beét:fit of the Monod equation gave.an effective Michaelis constant,
B, Qf.il.97 mg/l (el). This'is threé timeS'higher than the value éuggested by
Monqd.l> It is clear? however, that these data do not fit the lMonod equationf

B. Monod's Mannitol Data

These data,l also on E. coli, are given_in'Fig. 5. and again fit the
Blackman and tﬁree constant forms better than the Monod equation. Howe?er,
this set of dafa.is not ideal, since theré'are no daté points in the region
between very low and very high values of U.

C. Monod's Lactose Data

" Even though Woax for E. coli is reached at higher concentrations of
lactose thanxwifh glucosevof mannitbl, the Monod equation form again gives the
worst fit of the data.1 This case is shown in Fig. 6.

D. Nitrate Data of Shelef, Oswald, and Gelueke

These data,9 taken on Chlorella pyrenoidosa 71105 at 35° C in'continuqus

culture, had nitrate as the only limiting substrate. Ths data given in>Fig.>T
show that the Monod equation is better than the Blackman form, but that the three

constant form fits the data best.
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E. Arginire Data of Novick
25

These results from an E. coli mutant are-fit wé1l by the Blackman

form. (Fig. 8),1 .

F. Tryptopharne Data of Novick and Szilard
' 26

Similar to the preceding, these data” on E. coli mutant strain B/1,
limited by tryptophane, fit the Blackman form much better than the Monod
equation (Fig. 9).

G. Phosphsate Data of Hinshelwood

These data, T taken on Bact. lactis aerogenes with phosphate limiting,

were obtained by~takiﬁg taﬁgeﬁts from the batch growth curve és it went from
the eXponentiél.into the stéﬁionary‘phése. Separate experiments to determine
the yield coefficient, Y, allowed an estimation of the concentTation of sub-
strate, while the slopes of the tangents gavé the growfh fate. Best fit is
given by thehBléékman and three constant forms, which fall on top of each
other (Fig. 105;;

H. Schaefer Glucose Data

The leW’growing.Mycobacterium tuberculosis is growth limited by

glucose, ex@ept at very'high concentrations;28 The effective Michaelis

constant is some 500 times larger than fof E. coli. This is one of the three
cases where the Monod equation gives better fit than thé Blackman form (Fig. 11).
The data were 6btained by a methdd similar to the oﬁe used by Monod.

I. Johnson Oxygen Data

. ' 20 .

The data presented are one of three sets obtained by Johnson. 0 ‘All
three sets have similar form, differing only in the saturated rate. The data
shown in Fig. l2‘were obtained using an oxygen electrode to follow the concen-

tration of oxygen as a function of time in a closed syétem cornitaining the
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organism Candida utilis. Oxygen consumption rates were obtained by taking

tangents from‘the resulting curve. In this case (Fig. 12) énd the following
cases the dependent variéble is thebconsumption (or’prddustion) of oxygen, a
quantity.thathhould be pfoportional t0~£he Spgcific growfh rate.

. An important result found by'Jshnson is.that”COntinuous and batch~data
cannot be difectly.éompared. The'éonfinuous>culture data of JohnsOn suggested
that the Monod equatlon almost perfectly fit the data, while batcn experlments
of the type mentloned in the prev1ous paragraph ‘gave results very close to the"
Blackman form.. Johnson explalned this on the basis of adaptatlon of the yeast' s
oxygen~saturated resplratlon rate accordlng to the oxygen concentration under
which it is grown in contlnuous culturef In Johnson's bafch~ty§e experiments,
however, thé ysast did not have.tims to adapf. Myers.énd Grahamgl alsoAfOund
that adaptation phenomena iﬁ algae pfevént the direct comparison.of batch and
continuous culture data. o

J. The Carbon Dioxide Data‘of van der Honert

29

These .data were taken on the blue-green alga Hormidium'flaccidum'

and result in.é curve close to the Blackman form. Only one set of van der

Honért‘sAdaté is shown in Fig. 13. The'ofher two sets, taken at a lower tem-

perature and a lower light intensity, also closely approximate the Blackman form.
K. The Carbon Diokide Data of Eﬁerson and Green

Emerson and Green's dataBO give a reSuit similar to that found by

van der Honert above, in that the Blackman form'gives much better fit than the

Monod equation. - These data were obtained on Chlorella pyrenoidosa in M/25
phosphate buffer, pH 4.6, at 25° C in a Warburg type respirometer with light

intensity not limiting. The results are shown on Fig. lL.
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- L. The Carbon Dlox1de ‘Data of Whlttlngham

:These data3; were taken on the same algal specles and under the same
experimental coudrtions as the preceding data of Emerson and Green.30 The
only experlmental difference was that Whlttlngham used a recordlng 1nfrared
spectrophotometer (reclrculatlng the gas) to measure carbon dioxide concentra-
tion. The results are similar in that the saturated rates of photosynthe51s
are nearly thedsame' However, the'initial‘siope of thie data (Fig. 15) is
higher than it uas for the data of Emerson and Green (Fig..lh)f Also,'theSe
deta fit the Monod equation almost perfectly, in contrast to the'breceding data,
which fit the Blackman form. o

Slnce the algae were the same spec1es and the experlmental conditions
were the same, one must wonder why these experlmental results dlffer vThe
answer may be found by referring to an earlier work of Brlggs and Whlttlngham
They found that the effective Michaelis constent dropped as the carbon dioxide
concentratioh £o which the algae were acclimated durihgliheir growth was dropped.
VThus, we Suspect that the algae of Emerson and Green, shown in Fig. 1k, were
not grown under the same conditions as the algae used by Whittingham, ehown in
Fig. 15. Teleologically it is logical to expect that as the carbon dioxide
concentration during growth is dropped, that the algae would compensate by man-—
ufacturing more of the CO2 fixing enzyme, carboxydismutase; _This would be

expected to cause an increase in the initial slope of the curve.
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VITT. DISCUSSION AND CONCLUSIONS

The shape of the curve, growth raté'(or:eéuivalently respiration rate
or photosynthéﬁié'rate) aé a function of’subétrate'concéntration, can lead to
basic informaﬁiOn on the mechanisms assbciéfed #ifh ceilulafvgfowth.

For iﬁstance,:the magnitude éf B reiaﬁi&e tO'Aumax.in'the thrgé constént
form may.give»indiéation of the proximity/éf the two slow enzymatic reactions
to each,othér, since B approaches zero as the equiiibrium coﬁstgnt (K;q in
Eq. (18)) betwéeﬁ thesevtwo reactions ihéfeases. ~Recent daté’obtained by

Terui and Sugimot033 suggest that the availabliitylof electrons, which ulti-

mately come frbm organic substrate, sets the maximum rate of respiration in

thé yeasts Sacchafomyces cerevisiae and Hansenﬁla anomala. 'Howevef,_théy'
maihtain that the effective Michaelis constant is sét by thé éytochrome system
close to thé.point of oxygen utilization,-pefhaps by.cytochrbme oxidase.
Terui and Sugimoto argue.against_the possibility.of an oxygeﬁ diffusionilimita_
tion as wasfﬁfoposed by Johnson;20 The fact that Terui‘and Sugimoto obtain
curve shapes épproaching the Blackman.form supports their argument that the
two controlling enzymatic steps are widely separated from each other.
ThévEléckman form may be approached more often among -individual cells
than is inaicafed by data obtained on unsynchronized populations of cells.
The cells iﬁ‘unéynchronized cultgres are not identical. ~If all cells as Indi-
vidgals obey;the Blackman form,'bﬁt thevpargmefers umax and‘A varj (perhaps
bécause of_different enzyme conéentrationsvat different life cyéle stages),
then.a summation of individual. contributions is obtained. This summation is
not of the Blackman form, but is rounded in the tfansiﬁion from first-order.

to zero-order behavior. This could be why much of thé'examined‘data; such as “
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that of Johnsén_shown in Fig. 12,.show rounding in the‘transition région.

The thi?d arbiffary constant in the three constaﬂt~fo£m allo&s us to fit such
data well, eVeh,though_the‘reason for the rounded shape ﬁay not be the mechan-
istic interpfeﬁatibn used to derive thé threé'consﬁant form.'

Anothé} problem in aséribing avmédel-td a particluar organism gfowing
on>a particular.sﬁbstrate ié caused by adaptive pheﬁomena: the time required
for an organismito adapt to a néw eﬁvironment. Fér this reason batch.cﬁlture
data cannot be used to'predict céntinuous éulturevpérformance, or vice versa.

. - e , 20 . . .
This has been demonstrated experimentally by Johnson'O with Candida utilis

L - : . 2 .
and by Myers and Graham with Chlorella ellipsoidea. 1 The reason is simple:

cells in contihuouévculture haﬁé sufficient time td‘édépt their enzyme levels
to their en#irdhmént, but cells grOwiné in batch cuiture do not. Thus,
Johnson's Candida, growing with oiygen as the limiting substrate in continuoﬁs
culture, exhibited apparent‘Monbd_equation behaviér. However, cells takep
from.cohtinuoué.culture at any given steady stafe approximated Blackmén
behavior. Adéptation effects do not appear to haVevbeen.fully appreciated in
various studiéé.conéefned with the kinetiés OfvmiCroorgénism growth. |

It ié ibgical to wonder what the effect of braﬁching in biochemical
pathways has upon the results preseﬁted here. The basié system expressed by
Reaction. (5) assumed a linear sequence_ih the formation of new cellular material -
from substrate. Branching and nétwork reaction schémes have been discussed
by Perret.17 Branéhing should have a minimum effect on the resulté pfesented
here, since the slowest.reaction determines the maximum rate of growth, regard-
less ¢f the branch it is in. HEWever, if there are two or more branches leading
to the same product, then a single SIOW'stép in one_of'these branches will not
limit cell growth, since there are one or more other paths leading to the same

product.
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Equations (7) and (8) show how a master reaction can arise in cellular

growth. In the’discussion of the master reaction concept it was pointed out

"that the slowest énzymatic reaction in the cell determines the maximum possible

growth rate 6f the éeil. One mighf won&ér why the cell dcesn't adjust its
enzyme 1evelsvé6 that all reactioﬁs.havé the-séﬁe maximum rate. There are at
least two réaéohs.

If a cell is‘growing in‘aﬁ:extfemély low concentration ‘of the limiting
Substratev(at a ibw growth rate), it has'reasoﬁ to wént to ﬁanufacture large
numbers of permease sites for that substrate so ﬁhat it might absorb that
substratebatvas high a rate as possible. But this cell would be expected to
maqufacture small amounts of the internal énzYmes éssociated with gfowth;
since it cannqt grow at é fast rate anyﬁay. Taking this geil'and‘placing if
in a environment with high concentfatioﬁs of all substratés should result in
the decréase of the number of permease:sites and én increase in the enzymes
associated Wigh growth; éince it is now abie to grow at .an increésed rate.
Such an adaptive response would be beneficial to the organism if it is gding
to be able to compete and survive according to the Darwinian law of survivalr
of the fittest.. Such adaptafionvhas been found experimentally in the case of
21’22 In this case of algae |
limited by light, chlorophyll is analogous to the permease sites mentioned
above, since’chlorophyll (and‘tq g lesser extent other pigments such as the :
carotenoids) is responéible for trapping the substrate,'light. In Chlorella
the chlorophyll content was found fo bé higher by a factor of three or four

when the algae were grown at low intensities, compared to cells grown at high

light intensities.
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It has been ehown that all enzymatic reactions in a metabolic sequence

3 points

do not proceed_at'more or less the same maximum forward rates. Racker
out that some of the enzymes of glycolysis exceed by hundreds of times the
concentration one would think would be needed. The cell is not foolish, however,
and the purpose of these seemingly'higheconcentratidns is to ensure that these
enzymatic steps are both fast and reversible. Mahler and Cordes3S discuss
this point in their chapter on the metabolism of carbohydrates:

The initial and final reactions in most metabolic sequences, be

they anabolic or catabolic, are frequently rigged in such a fashion

as to render them virtually irreversible thermodynamically; i.e.

they possess AG® ' values (which we recall as the standard free energy

change at pH 7) equal to < <4 kcal/mole. Teleologically the reason

for this is not hard to understand. It provides for easy flux

through the pathway and minimizes the possibility of a logjam of

intermediates somewhere along the line. The enzymes responsible

for these essentially reversible and unique steps have often been

referred to as pacemaker enzymes. -
Mahler and Cordes also discuss these pacemaker enzymes in regard to induction
and repression, and activation and inhibition:

We shall see that frequently the most sensitive points for controls

of this general nature are those that stand at the beginning or the

end of specific metabolic sequences i. e. the pacemaker enzyme men-

tioned earller

It was-previously noted that the general solution to a series of

reversible enzymatic reactions as given by Eq. (7) includes the case where a
permease functiqns to bring substrate into the cell. A permease is simply a
"directional" enzyme, using its active site and energy, probably in the form
of adenosine triphosphate, to move substrate in one direction. The model
presented here, Eq. (7) and subsequent simplifications, unlike the model of

Reiner13 previously discussed, does not allow for leakage of substrate from

the cell through '"holes" in the cell membrane by diffusion, but allows for
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leakage oﬁly by virtue of the reversibility of the enzymatic permease reaction.

. For large organicvsubstrate molecules, such‘as sugars,}loés by diffusion

through holes is probébly unreasonablé, since sﬁth-hpleé are probably too
small. | | |

The rééults.bresenfed inlthis péper.stfongly suggest that the Blackman
and three consfant forms desérve.cidser attention by thdse'concerned’with_the
kinetics of bacterial growth. These eqﬁationsvmay be used in the examination
of both continuéﬁs and batch culture of microoréanisms in the same manner that
the Monod equation,has beeﬁ used in the,past.v Béfore any of,fhe_three models
can be applied;vit must be ascertained that wall growtﬁ‘is not-a problem in
the culture vessel and that'adequate'mixiﬁngf substrate is achieved'in the
casevof continuous culﬁure;‘ Corrections for substrate iﬁhibition; maintenance
energy,*andvceil density may be applied to the Blackman' and ihree éonstanf

forms as easily as they have to the Monod equation in the past.
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NOMENCLATURE -
microorganism surface afea,‘area/ce11IVOlume‘

a constant appearing in the Blackman and three constant forms,

- mass. time/volume

a constant appearing the Monod and thrée constant forms, mass/volume’

coefficient of determination

degrees of freedom

enzyme

_fittingffunction ﬁsed in LSQVMT computer program

reaction rate constant

mass transfer coefficient, length/time

- equilibrium constant

product

arbitrary constant in the Moser equation

\subStrate

stahdaid conditions

standard deviation

suﬁ.of the squares of the errors

arbitrary constant in the Teissier equation; volume/mass
velocity of a single.enzymatic reaction or a sequehce of éuch
reactions, mass/time/voluﬁe ”

maximum velqcity, either forward or béckward depending subscript,

of a single enzymatic reaction, mass/time/volume

.ueighting factor that may be used in LSQVMT

independent variable
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y dependeﬁt variable

Y yield;éqéfficient relating'CellulafJmaterial fofmatién.tq $ubstraﬁe
consumpfion; celi volumé/mass substrate. | | .

€ valué.éf Blthat yields thevBlackman form as a copﬁinuoﬁs function;

set egual to 10_20 in computer program, mass/volume .

u ~ specific growth rate, time“1

[ 1] ‘concentration of the item enclosed mass/volume
Superscripts.

© ‘total'amount of all states or forms-

! differentiates between equilibrium or rate constants

- mean value

Subscripts .

B . backWard

calce - caicﬁléted value
eq | equilibrium |
F forward

i indexing subscript

max maximum

1, 2,;..m.;.n{\.N ", numbher of the step in the Sequence'



10.

11.

12.

13.

1k,
15.
16.
17.
18.

19.
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Table II. - The dimensions for the twelve sets of data given in Table I.

ok
umax A B
Monod - lactose ' ' divisions/hr V.mg.';h? mg/%
_ v _ T . 2 divisions
Monod - mannitol. divisions/hr ' mg."h? mg/ %
» » _ £ -+ divisions ‘ ‘
Monod - lactose divisions/hr mg.-.h? mg/Q
, ' £ - divisions
Shelef et al. - nitrate - day’l v mg - day/% mg/R
. - : -1 L '
Novick - arginine hr - Y hr/2 Y/ -
Novick and Sziland - tryptophane hr_l Y hr/% , Y/%
. S ' e mM * hr
a1 : : 2
Hinshelwood p@osphate élVlSlOnS/hr T divisions mM/
: s e . M * hr
Schaefer - glucose divisions/hr — M/ 2
_ - %+ divisions
Johnson - oxygen : uM/&/min - min uM/ L
van der Honert - CO ’ 1atis its volh X 10° vol% x 103
rofenert = Lo relative units relative units ’
| o M - uf - h '
Emerson and Green - 002 u&/uL cells/hr u ,pz Szlls = uM/ g
s o M - R s hr
Whittingham - CO, - uL/ud cells/hr - “2 ﬁills Zoum/e

* v .
the gnits'of s.d. are the same as Umax’ and the units of SUMSQ are the same as

Umax'
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FIGURE CAPTIONS

Fig. No. .

1 The case of simple diffusion followed by .a single Michaelis-Menten

enzymatic reaction.

2 Photdsynthetic rate-as‘a‘functiOn of irradiance at 25°C as meééured
in Warﬁﬁrg buffer coﬂsisting‘of 0.19 M KHCO3 énd Q.Ol M Na2003.
The;fléské contained 0.12 mg dry weight per Emz of Chlorella'ellipsoidea.
Déta‘aré replo£ted from Myers and Graha.m.21 |

3 Photosynthetic raté as a function of irradiance at 25 C as measured

and 0.01 M Na,CO,. The

3 273"
flasks contained Chlorella ?yrenoidosa with 4.2 pg total cthrophyli

'in Warburg buffer consisting of 0.19 M KHCO

Pe_rvcvfn.2 Data from Dabes, Wilke, and Sauer,gg

L Doubling rate of E. coli at 37 C limited by glﬁcose concentration.
Data.from Monod.1

5 Doubling rate of E, coli at 37°C limited by mannitol COnceﬁtration!
Data from Monod.l

6 Doubiing rate of E. coli at 37°C.limited by lactose concentration.

Data from Monod.l

7 The épecifiC'growth of Chlorella pyrenoidosa.YllOS at 35°C‘in contin—
_vuoﬁs culture as a function of nitrate concentration as limiting '
substrate. The light intensity was above satﬁration. \Data from
Shelef, Oswald, and Golueke.”
8 The.éﬁecific growth rate of an E. coli mutant at 37 C as a function
of the concentration of arginine. Data frpm Novick.‘?5

9 The specific growth rate of E. ¢oli mutant strain B/1 at 37°C as a

. . . . 2
function of tryptophane concentration. Data from Novick and Szilard.
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Fig. No.

10

11

12

13

1k

15

Doubling rate of Bact. lactis aerogenes at_hOOC limited by phoéphéte
. o7

concentration. Data from Hinshelwood.

Doubling rate of Mycobacterium tubechlosiS at 38°C 1imitéd.by glucose

oD
<

concentration.and grown on Dubos' medium.' Data from Schaefer.

The rate.of oxygen uptake of Candida utilis at 30°C as a function of

oxygeﬁ concentration. The data presented here are for cells’grOWn at
6 M 02. Data from Johnson.20
The rate of photosynthesis of Hormidium flaccidum at 20§C as a function

29

0.97 X 10*

of CO2 concentration. Data from van der Honert.

The raté'of photosynthesis of Chlorella pjrenoidosa at'25°C in M/?S

phosphate buffer at pH 4.6 as a function of Co, concentration. Light
30

intensity was saturating. Data from Emerson and Green.

The rate of photosynthesis of Chlorella‘pyrenoidosa at 25°C in M/ 30

concentration. Light

31

phosphate buffer at pH 4.6 as a function of o,

intensity.was saturating. Data from Whittingham.
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APPENDIX I

'SubroutinéS'USed with LSQVMT, a Non-Linear Least Squares Iterative Procedure

The Mbnod Form

SURRQUTINE TABLE (F, n,x T,yM7) S
DIMENSTIAN X{2), G(2) '
IFL M 0F9, 7 ) PETURN
CF = XOGRT/(X(2) + T)
S00) = T2X(2) 4 T :
S5U2) = SXLVRT/OX(2) + T)e%>
RETURN '
END

The Blaékmaﬂ F;'orm )

SURTOUTIINE TABLE (FeGeXeTeMl)

DIMENSTON X(2)y 5(2) Co . :
AE(ML 70, 1 )’n TUPN _ ' -

LRS=SOATAES ((Lar-20+4X(1VAX(2) T I 597-4, XCLIRX(2IT))
ARE =(3a =2 e X1 D X(2) +T) :

F=(FRF~AFS )/ (2.#X(1))
v(l)=(X(’)*(X(Z)-(X(’)*ARF—c.*X(7)*T)/ARS)-ARF+ARS)/(2 *X(l)**Z)
502)1=0.55( 5, 5%ARF~T ) /ARS

2ETLRN |
END

The Three Constant Form

SUPRIUTINE TABLE (FeGeXgTeM])
NI4EHMSTAN K(3) 9 5(3)
CLE YL L EQe (1. ) RETURN
S OARS = (k(2)eT)H2D = 4 WX (])RX ()@Y
IF (4R36) 10s 1vy 20 '
T X(2) = veE=20 ¢ x(1)#x(3)
GO TO S . ' . o
2 AKS = SART(ARG) - o o -
-(fA(;)«T)-AH5>/(2,’x())) ) '
6 ( ‘)-((¢.“X(1)“X(3)¢T)/ARS-X(2)-roAR§)/(? “A(1)“O,)
G(;)—(].-(x(2)*f)/nn$)/(d.“x(1))
(1(1)—r/hkb
RE T s
Ffn
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APPENDIX IT

The Calculation of the Coefficient of Determination, CODET

N
The "“total variation" in y is defined as I (yi —'i)g, where.y is the
N i=1 . )
mean y—Value; y = % yi/N. With least squares lines or curves of the form
i=1 . . .
’ 2 3 .
y =a+bx +cx + dx7 + ..... , 1t can be proved that:
- -2 _ S > .2
z:(yi -y) = z:(yi f ycali)_ + z:(ycalci -y) (a)

where ycalcibis the y—vaiue of the point on the least squares line,or curve
whose x-value is X5 The first term on the right in ihe ab@ve equation,
Z(yi - ycalci)g, is simply thevsum of the squares of the errors, SUMSQ, and
is also called the ."unexplained variation". The seéond term on the right,
Z(ycaléi - 5)2 15 called the "explaineq variation", since this is the variation
of. the poinﬁs ycalci on the line or curve. The ratio of the explained varia-
tion to the total variation, Z(ycalci —,§)E/Z(yi - f)g, is called the
"coefficient of determination", and it acts as a measure of goodness of fit,
reaching one wheﬁ all data fall on the curve and approachingvzero whenAthere
is no corrélétién. For a least squares line the éoefficient of determination
is equal to the square of the correlation coefficient, r.

However, the equations considered here (Monod, Blackmén; and three
constant) are not of the above form, and Eq. (a) does not hold. The more

general relation, which also holds for non-least squares curves, 1is:

Z:(,yi - 70 s

it

Z:((yi - ycalci) - (yClaci - §))2 v)

Z(yl - ycalci')2 + 22(3'i - ycalci)(yc_alci_ -y) + Z(ycalci- 7)°



P

-57- ' L UCRL~19959

- where the middle term on the right is not zero, which it was in Eq. (a).

For the three forms examined here, Eq. (b) is true, but Eq. (a) is not, so a

modified coefficient of determination, CODET, was defined as:

‘CODET = total variation ;.u?exPlalned variation ‘ (c)
total wvariation

E:(yii- §)2 - Z:(yi'— YCalci)?

.;,v.C’ODE‘I‘ = s

(a)

where ‘the unexplained variation is the sum of the squares of,thé errdrs, SUMSQ .
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APPENDIX III

Computer Program in Fortran IV for determining

the Statistical Quantities SUMSQ, s. d., and CODET

PROGRAY CANE (INDUT,OUTPHT)
€ THE THEZI CONSTANT FORM=GROXTH RATE AS A FUNCTION OF SURSTPATE CONC

NIUMINSIIN YDNATA(ST), X(5C), YCALC(SC)Y, FROFM(12),
ADZLAINIS Y, NELNESNISIY, NELY(S50), NDELYSN(SQ), CHAR(12)
PCAL MUMAY . :
REA&AN 3, (FORM(TIY, 1 = 1,12}
A FAAMAT (1284)
PEAN 7, (CHAR(IY, | = 1,12)
FOARMAT (12 AK) ’ )
PRINT. R, (CHAR(TI),y, I = 1,12)
B FORMAT (THY, 12a6)
REAN. Q, # Co :
Q FNRMAT (14) : ’
ITF (N 5N, )Y GO TN 68 o

~N >

PRINT 17, N .
10OFNRMAT (tHe, PTHTHE NUMRER OF NATA POINTS =, 14//7)
EEAN 115 (YOATA(I)s X(I)s I = LyN) :
1) FLEMAT (2F1°,7) :
pRIMNT 12
12 FO2MAT (19X, SHYNATA, V1X, 1HX//)
PRINT 14, (Y")ATA(I." X(I1Y, 1 = I'N’
1‘0 FORMAT "4‘. ;‘.3-50 ZX' :1305'
: PRINT 14, (FURMII), I = 1,129
16 FNRMAT (1HT, 1ZAK)

C THFE CALG'HATINN DF THE AVERAGE OF YDATA, YRAR
ysys = 0,
Ny 27 1 = Y,/N.
YSHM = YSUM + YNATA(I)
20 CONTINYE
YBAP = YSUM/N
PRINT 29, y4qapR v
22 FOPMAT (147, AHYBAF =, E13,5)
FIAN 22, MUMAX, A, R
23 FORMAT (2¢170,7)
PRINT 24, MJUAX, A, 8 . :
‘24 FORMAT (I1H7, THMUMAX =, E13,5, SX, 2HA =, F12,5, 5X, 2HB =, E13,5)

" C CHECKX. OF SHYM NE SNIIARES NF FRRNRS, SI1IMSN
(‘”MS‘) LY )
PO 3T 1 = 1,.N
YOALCLL) = ((R+ASMUMAXEX (] 1) =SQRT ({B+AMUMAX+X (T 1) R%2=4 (HAXMUMAXEX
(1Y) V /(2. %A)
NELY(T) = YNATA(]) = YCALC(I)
PELYSO(TY = (NZLY(I)) 4> -
SPMSN = SMSN + NELYSO(T])
38 CNNTINNIE
PEINT 32, SIIMSQ
32 FNRMAT (1HG, 34HSHYM QF SOIJARES NF ERRGRS, SUMSD, =, E13.5)

C CALCULATINY OF TOTAL VARIATION, NENQM
NENGYM = 3, - :
P04 1 = 1,N ’
NELMENCTI) = YDATA(I) - YRAR
PELOTSILY = (DELOEN(I))%%2
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)
\ . .
PENQO® = AINOM + AELPESO(T) |
4 CONTTINNIE . o
PRINT. 4%, NENOM -
41 FRRMAT (1M, P9HTHE TATAL VARIATION, NENOM, =, £13,5)
COTHE CALCULATION OF THE COEFFICIENT OF NDETERMINATION, CONET, AND THE
C COFEELATION CAEZFEICIENT, R : :
CONET = (NENNY = SYMSO) /NENDOM
R o= SORT(ANNET) :
DEINT 42, CANET , , : -
42 FORMAT ("H7, 424THE COEFEICIENT OF DETERMINATION, CODET, =, E13.5)
) POINT. 44, © oo . i :
44 FORMAT (147, 32HTHE COPRELATION CNEFFICIENT, R, =, E13.5/9
C THE CALCHLATION OF THE STANDASD DEVIATION, STNEV -
- STNIV = SORT(SUMSN/(N ~ 1)) ’
. PRINT 44, STDEV
LA FOEMAT (IH7, 32HTHE STANDARD NEVIATION, 'STNEV, =, £12.5)
G0 T 4
67 CONT INGF
Fl"q
oy

ot
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~ APPENDIX TV.

The Twelve Sets of Examined Data

REST FTT OF MCNOD GLUCOSE DATA  YDATASDIV/HR  x=MG/L

THE NEMRER O DATA POINTS = 27
YDATA . X
3.80007E=01 - 7,00000E+0Q0Q
1,17006E+00 3,00000E+01
1.36000E+00 6,00000E+0]).
1,1600uE+00 9,00000F+0]
1.,22000E+00 1,15000k +02
1,32000E+00 1.,35000L¢02
1.2R004E+00Q 1.590000E402
1.24000E+00 "1,60000E402
S.00001E=02 1,000006¢090
~.10002E=01 1.10000E+01
1.200C0E+ 00 3.800060kE+01
1.16002E400 ~ 7,30000E+0Q]
1.27000E+400 G L,B0000F+01
1.23000E+060 1.16000E+02
- 3,060007E=02 = 2,00000kE+00
5,60000E=01 = 1,20000k%0)
1.17004E+00 . 5,10000E+0)
1.17000:E+00 6,70000E+0]
1,29000E+00 R,50000E+0]
4,00000E=-02 1.00000E+00
%,30000E=01 1.,00000E+01
1.22000E¢00 "3,00000kE+0])
1.18000E+C0 5.,500008¢01
1,15000E+00 T7,00000E+0]
7.40000E=01 8,00000H*00
1,1S002E« 00 2.80000E+()

1,3800uE+400  5,00n000FE«0]
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THE NIIMRER OF CATA POINTS
YDATA

. 00001E=02
1.2200:€+00
1,0700:E+00
1,24000E00
1.,1200.:E400
4,00001£=02
9,5000°€~01
1.2500 :£+00
1,1200:E+00
1.27000E+00
1,03000€¢00
1,20000E400
1.,20004E00
Q,60002E=C1
- 1.2700uE+00
S.0000CE=02
1,22000E400
1.32000E400
1.19000E+00
RL,60001E=0]
1,2800°E+00
1,15000E+00
1.14000vE+0Q0
1.18007E+00
1.16000E+00
1.13000E+00
1.0000C0€E400
7.00004E=02
1.0000uE+00
1.0100:F+00

3
X

2.00000E400
3,200U0Ee01
R,00000H*0]
1,10000E¢02
1,40000FE¢02
"1.0000CE+00
1,30000E01
5,50000E+01
R,50000k+01
1,06000E«02
1,23000F«02
1,37000t 602
1.RO0U0EQ)
4,90000E+0]
7.,60000t+01
1,00000E%00
2,00000t 01
8,00000E401
7.,30000E401
6£,00000L400
1,70000k00]
2,90000k* 01
3,R0n00E+01
4,50000E401 "
R,0NO00E*00
2.00000F %01
2,90000t401
1,00000E+00
5, 00000E+00
1.,30000E40]

HEST FIT nF MCNOD LACTOSE DATA® YDATA=DIV/HR

THE ‘NUMRER OF DATA POINTS

YOATA

7.00000E~02
190009E=01
7.2000)1E=01
9.20000E=01
1.13000€E+00
1,06000E400
1,05009E+00
7.00009E=02
4430005€=01
8,3000:€-01
1.N300CE+(0
1.09007E+00
9,40000E~01
1.02007E+00
4,00003E=02
2.5000:€=01
7,40000E-01
1,0900CE+00
1,0000UE+00
9,60002E=01
1.0R000E400
1,00000E«00
4,00007E=02
9,00000k=02
4,00000E=-01
€.10007E~01
R,40000E=01
A,60000E=01
1,06000E+00

29
X

2.00000E+00
9,00000F«00
2,90000t+01
4,30000E+01
Q,00000£+01)
1.14000E02
1,37600E+02
2.00000E+00
1,9N000k+01}
2.50000E+0)
9,40000F 01
1.14000Fk 02
1,246U00E+02
1,58000L+02
1,00000E+00
R,00000FE+00
3,00000€01
6,20000E«01
8,90n00E+0)
1,10000E«02
1.27000E402
1,44000E¢02
3,00000E+00
4,000C0E400
1,00000E¢01
3,000008+01
5,70000F«0})
8,00000te01
1,10000802

) KEST F1T OF MCHOD MANNTTOL LATA YOATA=DTV /R X=MG/L

X=MG/L

-UCRL-19959
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J
HEST FIT nf SKFIEF nITRATE DATA YOAIA:]/QAY YEMG/L . : o
THE NUMRFR OF CATA POINTS = 2, . ' ‘
YDA A . X
44,2700 '€+00 B,96000E+00
4,2Q00. 6400 . R, 7HO00E« DO
64,2300 Es00 R,260UCEe 0D
T4,2900E400 R, OHO(O0E«QQ
4,000 U0 T.95000E¢00
4,2200:E+400 T.42000E¢00
4.1500.€+00 6.60000Ee00
3.9900:E400 625000800
4,15000E+00 8452000t %00,
3,97000E+00 4,72000E400
3,400 E«0 3,72000k+00
31,4900 F+00 2., 7RON0DE«00
2.9800 400 2+35000E¢00
2.5900.0k00 1.9R000L+00
P+07007E+00 1.31000ke00
1.5500°E+00 9.07000E~01}
1.24005E+0G0  §5,24000E=01
93300 E=01} 4,9300CE=0]
3.9p002t=01 44,01000k-01
R,Bp00TE=G2 3,17000t=0}
SeTE00NE=0]) 1.96000k=0]
3.050008 =01 1401000F=01
T.03000E~-0Y . 5,30n00E=02
€.6000°E~-02 9,20000F=02
HEST F1T OF NCVICK ARGININE DaTa  YGATA=1/Hk  x=GAMMA/L
THE NUMBER OF CATA POINTS = 4
Ynata x
8.60000E=01 5.00000E+00
S,12500%€=01 " 1.00000E+00
2.,0700vE=01 2,91000E-01
4,88000E=02 Re60000E=(2
HEST FIT oF NCVICK TRYPTOPHANF DATA  YDATA=)/HP XSGAMMA /|
THE NIIMRFR OF DATA POINTS = 5 A : .
. YDATA . X
1.22007E=01 3.00000E=p1
1.8600:E=01 5,00000E~01
3,5500.E=01 1.00000F*00
A.48000E-0] 2,00000E+00
R,20007€E=01 5.0000Cke00
HEST FIT OF HINSHELwWUOD PROSPHATE 0ATA YDATA=}/HR  X=MOLF /L
THE NUMRER OF DATA POINTS = IS
YDATS : X ' » -
Q.17001E=C) 1.37000E=02
9,38000E~G} 6,70000F=03
9,26000E-01 3,58000E=03 . )
4,82000E-0) 7.85000t=-04 - .
2.28000E=-C1 4,73000E=04 ’ .
1e44000E-01 3.020006F =04
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_THE NUMBRER OF pATA POINTS

¥DATA
 £.B000 E=03
7.85G600E=03

9.03009E=03

2,0100uE=02
?2.60001E=02
2.9900:E=G2
3,27002€=02

BEST FIT OF SCHAEFER GLUCOSE

DATA  YUATAspIV/HR

7

X

< 6,30000E=03

6,9N000E~03
1,32000E=02
2.79000k=02
5.64000E=02
1,11700K=0]
2,79000k=0]

UCRLfl9959

XEMOLF /L

BEST FIT OF JOWNSCN 0(2) BATA  YNATA=MICRUMOLES/L/MIN .xzM]CROMULE /L
THE NUMRER OF NATA POINTS = 15 ‘ '
YDATA X

5.45000t+y0
S.10000E+00

1 9413004E=01
0.0100E=01

9,13000E=0] 4,5%59000k«00
9.,37000E~01 4,19000E+00
9,36000E=01 S 3,h4000E400
R,68009E=01 3,25000FK«00 -
R.T6007E=01 2,74000E400
P.92000E=01 2,37000E+00

R.30007E=0C1
7.9%000E=01
7.04000E=01

1.85000E+00
1.52500E%0¢
1.10200E+09

S,R0001E=01 R,28000t=0]
3.79000E=01 S,66000bk=01
?.90002E=CY 4,04006E=01
1.4400)E=01 2.02000E=01

BEST FIT of Van DER HONERT CO(2) DATA YOATASRFI «PsS, x=uILLIVOL. P/C

- THE NUMRFR OF CATA POINTS = 15
YOATA X

1.,20000E¢01
1,32000€+01
1.3600CE+0]
1.6200NE+01
1.92000E+0]
2.,05000k0}
2.56000€E+01
2,70000E+90]
3,07000E+01

479007 E+01
5.31000E¢G]
4.09005E+01
f.02001E+01
6.R9000E+ U1
7.3400uE401
9.1300"E+ul
9,0100"€E+01
9,9900CE+Q]

9,42000E+01 3,28000k+01
1,00100E+02 3,95000€E+01
1.00102E+02 4 ,85000E+01
1.00103E«02 5,06000E+01]

T7.83000E+0]
1.40300E«02

1.,00100€+02
1.00000E«02
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BEST FTIT OF EMFRSON CO(2) DATA  YDATA=MICROL/MICROL/HR Xx=MICROMOL E /L

THE NUMRER OF DATA POINTS = 1y

YDATA

S.4P00NE+LO
9,05000E+00
9,7500°E+00
1.,47300E+01
2.0p500E+ 0]
2.09300E+01
2.09300E+(C1]
2.0G6300E+01
2.0830NE+0]
2.10000E+01

X’

1 .R5000E+00

2,93000F « 00
4,31000E+00
S5.85000E+00
7.70000E+Q0
1.88000H* Q]
4,530uNE+ 0]

TLR2000F *+0)

1.28000k+02
1,68000H¢02

REST FITy WHITTINGHAM €O(2) DATA  YLATAZMICHOL/MICROL/HR  X=MIGROMOLE /L
THE NUGRFR OF DATA POINTS = n ' '

YDATA

1.8000"E+0)
V.6800 E«01
1,63001E+01
1,46000E+01
1,25001F«G1
1,18007E+0)
A,50004E+00
6.RB000UES Q0

X

1.00000F+01
3,70000E+GO
3,00000E400
2.,30000E+00
1,70000F«00
1,10000E+00

5 ,70000E=0]

4.30000E-01



LEGAL NOTICE

This report was prepared as an account of Government sponsored work.
Neither the United States, nor the Commission, nor any person actmg on
behalf of the Commission: 0 :

A. Makes any warranty or representation, expressed or implied, with

‘respect to the accuracy, completeness, or usefulness of the informa-
tion contained in this report, or that the use of any information,
apparatus, method, or process disclosed in this report may not in-
fringe privately owned rights; or ‘

B.  Assumes any liabilities with respect to the use of, or for damages

resulting from the use of any information, apparatus, method, or
process disclosed in this report.

As used in the above, "person acting on behalf of the Commission”
includes any employee or contractor of the Commission, or employee of
such contractor, to the extent that such employee or contractor of the
Commission, or employee of such contractor prepares, disseminates, or pro-
vides access to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.
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