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ABSTRACT 	. 

We present the results of an experimeitto study the 

reaction.s 1rp. ., .ini-N at incident momenta of 456, 505 and 

552 TeV/c in a hydrogen bubble chamber. The most prominent 

features of the data in the ii - irn final state are a high-

mass peak in the M 2 ( JT+1r_) spectrum, (which moves upward in 

mass and becomes less significant as the incident momentum 

increases), and /\ production. We show that the 

• 	 enhanCement can be explained by the introduction of an 

• 	 I: = J = 0 irir interaction, and investigate two forms for ,  

this interaction. Within the framework of an isObar model, we derive 

values of. the tN partial wave inelasticities and compare these i.dth the 

predictions of itN elastic phase-shift analyses. It is shown that the 

branching ratio rN 	gA: eN of the P11  partii wave depends strongly 

on the assumed form of vic fihal state interaction. • 
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I. Introduction 

This paper describes the analysis of new data on the reactions 

p - 	p and it p -+ iotN (chiefly xttn) at incident momenta of 456, 

505, and 552 MeV/c. 

In previous studies of these reactions at similar energies [i] {2] 

i a broad enhancement was observed, at about liOO Movie 2  , in the. t ,c 

mass' spectrum which was absent in the ir
.•0 

 distribution. It has been ir 

a principal purpose of this experiment to Obtain 'euffiàient statistical 

accuracy to enable a detailed analysis of these final states to be made 

and to find an explanation of this effect. At the same time'theanaly-

sis, provides information, which was previously lacking, on the partial 

wave inclasticitics and branching ratios of the irkT system in the mass 

range 18 to 11 02 MeV/c2 . 	(work in. progress will extend the range 

to 100 to 1520.) At these energies the only inelastic channels are 

to three-body final states, with consequent uncertainties in inter-

pretation, owing to the need for a model if useful' information is to 

be obtained. Pion-nucleon s-channel processes are expected to domi-

nateat these low energies; there is no evidence of the presence of 

exchange mechanisms, and so they have not been considered in the analy-

sis. The socalled "isobar model" {I is used here. 

In the model coherent production of TOA and No is assumed, where 

a is an I = J = 0 state of two pions. The formulation of. this model, 

and its itherent difficulties, are discussed in section IV. The data 

are described in section II-; the elastic differential' cross-section and 
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inelastic crosssectjon determination are dealt with in 

section 11.2. Section III gives the results of a model-

independent moments analysis. The isobar model is fitted 

to the data in section V. In section VI predictions are 

made of irN partial wave inelasticitjes and compared with 

those of elastic phase-shift analyses and in section VII 

the P11  branching ratio is calculated. Section VIII 

summarises the conclusions of this work. 

II. Eerjmentc1 details and data 

11.1 	The experjent 

The Saclay lo litre (o cm) hydrogen bubble chamber was 

exposed to incident negative pions at the NTh9OD accelerator of 

the Rutherford High Enerr Laboratory in November 1966 and April. 

1967. In the exosure 145,000 pictures were taken at 456 Mev/c, 

5 9 000 at 505 Mev/c and 45,000 at 552 Mev/c. 

Especially at the lowest momentum 1  contamination of the 

beam with electrons and muons was a serious problem and 

to eliminate electrons in the run at 45 6  MeV/c a 1/8" Pb 

foil was put in the beam at an intermediate focus. A 

bending magnet removed degraded electrons from the beam 

before it entered the bubble chamber. 

Scanning and measuring of the lower momenta film were 

done at Oxford University Nuclear Physics Laboratory; the 

552 14eV/c exposure was processed at the Lawrence Radiation 

Laboratory, Berkeley. Measurements at both laboratories 

fT 
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were made with image plane digitisers having setting 

accuracy about seven microns on film. 

The reactions giving rise to two-prong events are 

	

IT+p 	1r+P 	 (1) 

	

ii-  +p 	. 	1T+p+ir° 	( 2) 

	

.+p 	4 	_+++ 	(3) 

Of these the elastic scattering (1) is most common and reaction (2) 

is the rarest, having only about one-fifth the number of events of reac-

tion (). The cross-section for four-prong events is very small (less 

thantun events seen), and contanrination of reaction (2) by cases of 

- 0.0 
it pi it is entirely negligible. 

The film with the lower momenta incident pions was 

prescanned to select examples of the reaction irp 4 iirn 

among the much more numerous elastic scatterings; criteria 

based on bubble density and curvature of the positive 

tracks readily permitted elimination of events with proton 

rather than 	tracks. In case of doubt the event was 

measured 	In all such situations, kinematic identification 

of the tracks provided an unambiguous selection. Since, it 

is not posbl to selact eAamples of 	p 	°p using 

only. visual criteria and it was not feasible to measure 

all events (. . 20,000 at 505 11eV/c, 	35,000 at 456 eV/c) 

the data at these two momenta are restricted to the 

channel and, In the 505 MeV/c data, a sample of other events randomly 

selected. This group includes elastic scatters and a small number of 

0 production events. 
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All events were measured in the film with 552 11eV/c 

incident pions. Those data contain events in both Inelastic 

channe1s, as well as elastic scatters. Part of the film 

was scanned twice to provide a measure of the scanning 

efficiency for different classes of events. A:fter eliminating 

events not satisfying incident track momentum and entrance 

angle criteria, those outside the chosen fiducial volume 

and with confidence level < 1%, there resulted the numbers 

of events, in the various final states, listed in Table I. 

The 528 examples of irlr°p, at the highest momentum, were 

selected using the standard techniques of selection based 

on consistency of the measured quantities with thë.appropriate 

kinematical constraints. In cases where the identification 

was ambiguous between an inelastic mode and an elastic, 

the event was assigned to the elastic category. These were 

small enough in number so that there is no significant 

contamination, or loss, of events in the .irir°p data 

No physically significant biases were discovered, in a 

thorough search, except in the elastic scattering data, in 

which extreme forward and backward scatters are sometimes 

difficult to see. The elastic scattering data In section 

11.2 are given after correction for scanning losses. The 

correction is reliable except for cos@ > 0.9 ( is the 

scattering angle in the centre of mass). A fuller account 

of the experimental details is given elsewhere [6]. 

11,2 The Elastic Scattering and_Crossssction_Normaiisaton 

n figures 1an 2 the distributions in case for elastic 
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scatters at the two higher momenta are shown 171. 

To obtain total cross sections for inelastic reactions, 

we normalize to the elastic scattering differential cross 

sectiOns of Ogden et al. [9]. This procedure is more reliable 

than incident beam track counting, first because of the 

unknown contamination of electrons and muons in the beam and 

second the relative scanning efficiencies can be evaluated 

better than the absolute. 

The cross-section in the range -0.9 < cos < 0.5, which is least 

affected by scanning losses and varies slowly with incident momentiun, 

was Interpolated between the Ogden data. The results nre given in 

Table II. For information, we include the 156 MeV/c inelastic cross-

sections from the compilation of Yodh [io]. Our values at the higher 

momenta are in excellent agreement with the data of this co:Dilation. 

II.3 The three-body final states 

A two-to-three-body reaction is described in its 

centre-of-mass by five kinematic variables (ignoring spin). 

We choose a right-handed axis system in the final state, 

with the x-axis along the outgoing nucleon, and the z-axis 

along2N  x l uhere 	and 	are the outgoing nonenta 

of the nucleon and ii , in IT v-  n, or 1r in IT ii P. 

Five independe'it yariables are 

, the centre-of-mass energy 

m12 	, the invariant mass of particles 1' and 2; 
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, the invariant mass of particles 2 and 3; 

cos G , where0 is the polar angle of the incident ( with respect 

to the axes described above; 

th ainiutha1 angle of the incident 

The angles have been used by previous authors [u] [12) [13) 11 1 J [15] [16]. 

• Other variables may also be defined, viz. 

m13 	the invariant mass of particles 1 and 3,vith 

2 	2 	2 	 2 	2 	2 
m +m +m = s+m +m +m 

12 	23 	13 	 1 	2 	3 

and cos 1 , cos
29  

E) 	cos9 	the cosines of the, production 

angles of the three final-state particles. By production 

angle we mean the angle, in the centre-of-mass, between 

the directions of the incident ir and the outgoing particle. 

Figures 3, 1, and 5 show the Dalitz plots for the iTirn 

state at each of the three energies. At all energies a strong 

concentration is seen at large vir effective mass and large 

vTh effective mass. Projections on the Dalitz plot axes, 

the irv and v-n masdistributions, and, for completeness, 

the 1r+n  mass2 distributions, are shown in Figs. 7,  8, II, 

an.12. The peaking at high irir mass is evident at all 

three energies. The irn distribution shifts toward high 

masses at the higher momenta. These features of the mass 

spectra were already prominent in the early results of Kirz, 

Schwartz, and Tripp [1) and led to speculation about a 
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possible I =0, J= 0 pion-pion resonant final-state 

inte.raotion. A difficulty with this simple interpretation 

is that no clearly defined peak above a continuous background 

appears in the mass distributions. Indeed the maximum in 

thelrlT+ mass spectrum moves with incilent energy so that 

it is not possible to deflné.a mass forthe conjectured 

resonance. A more sophisticated formalism, including effects 

of both v-n-  and v-N final state interactions, is required for 

a satisfactory interpretation of the data. 

Figures 6 7and 8 show the 552 T'iev/c v-  v-°p Dalitz 

plot and effective mass distributions. Compaied to the 

vir+n data, there appears considerably less evidence for 

final state interactions. Neither the irir or v--N mass 

dstrbutions show,  strong peaking. This indicates that any 

strong mr interaction must he in the isotopic spin zero 

state. Differences among the pion-nucleon mass spectra in 

the two final states can be simply understoodas a feature 

of the production of the A (1236) resonance. Isotopic spin 

conservation selection rules strongly favour production of 

the negatively charged isobar and so strongest peaking in 

the irTh mass spectrum, as observed. 

The distributions in the angles 	and ID the 

angles of the incident pion direction with respect to the 

1 body-f)Xed 11  axes defined above, and the production aigles, are shown in 

Figs. 9 to 12. Both the itrn and it°p data are presented. Ho strong 

departures from isotropy in the. cos distributions are noted. However, 

theazimithha1 angular distributions are strongly non-isotropic and Un-

sytetric, even at the lowest 
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energy of the lr_lr+n state. This non-isotropy is also present 

in the 	distribution for the irv-°p data but is perhaps. 

not as clearly established because of the severe statistical 

uncertainties. An immediate conclusion is that at least 

two angular momentum states of opposite parity contribute to 

the pion production. 

The production angle distributions show no strong forward 

or backward peaking. This suggests that an s-channel model 

will be particularly simple and involve only a few partial 

waves 	There is no reason to consider t-channel models. 

III. Model independent analysis 

Some indication of the magnitude of the various initial 

state angular momentum waves present may be inferred, 

independently of any dynamical assumptions, from the coefficients 

in an expansion of the production intensity in a series of 

rN spherical harmonics. With the variables 	, 

ci 	, fl 

n-N 711T 	 used here, this ic 
t 

W(G ,m) = 	JW(m,m)YK((, 
1.

K  

M 	 . 
The expansion coefficients UK are functions of position in 

the Dalitz plot, In principle, a good representation of the 

experimental results is provIded by the dependence of these 

coefficients upon position In Dalitz plot. Also, differences 

in partial wavo contributions to 	production andA production 

may be noted by the variation of thene parameters from,. for 



instance, 1arge 7r7r maâs to large TrN mass, Unfotunately 

the statistical uncertainties in restricted, groupings of the 

data are too severe to permitconclusions, and so we only 

give the coefficients for the complete samples of data, 

Table III gives the values of the W 	and their errors 

for K 	5. All higher moments are, within the errors, 

consistent with zero. Those moments not given may be 

determined from the relations 

cM = (1)M w 

W 	= 0 if (K + N) is odd. 

The relationship between these coefficients and the partial 

wave amplitudes is not very transparent [ii] [ 12 ][i3]{ 14]. 

Only qualitative conclusions aboutthe contributing angular 

momentum amplitudes may be inferred from the values of 

these coefficients, it can be seen from Table IV, giving 

theconfidence levels that particular moments are zero, that 

all WK with K = 1, 2 are non-zero 	The W coefficiont is a 

sum of products of initial state angular momentum wave 

amplitudes, with each term a product of opposite-parity 

amplitudes. Thus the nClastic reacti one proceed from at 

least two initial- state states of opposite parity [ry], Only angular mooen-

tue states ulth J > L + 1/2 contribute to the 	moments. The m:ima'i total 

angular momentum with significant amplitude may be obteined directly from 

the knowledge of the maximulri value of K in the spberica.I harmonic ;eries. 
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As can be.seen from Tables III and IV, onlythose moments 

with K 	L. are significantly different from zero. There 

is therefore no need for both D 512  and F5/ 2 .waeS. In 

subsequent analysis we have considered only waves of J 	3/2. 

Iv. The Isobar Model 

IV.]. General remarks 

Because Of the low centre-of-mass energy, the natural 

formalism to consider is an s-channel partial wave analysis. 

The mass 2  spectra uggest that the irirn final-state is 

dominated by A resonance production, and perhaps a wir 

interaction. This situation suggests application of an 

isobar model". If the two-particle to two-particle amplitude 

is dominated by resonance s , (this is referred to as the 

"separable' approximation, since the transition amplitudes 

separate into a factor depending on the initial state only 

and one depending on the final state only,) then the two-to-

three particle amplitude can he expanded in a series which 

can be written diagrammatically as in figure 14, If one 

curtails the series at the first term one has the "isobar 

model" [18] [19]  [20] [21]. 

The second-order 'rescattering" graphs are usually small 

[22], except at low energies. Ariisovich and Dakhno [2] have 

suggested that the high-mass v-f ir peak in iT
+ 
 Vfl is due to 

destructive interference of the rescattering and isobar terms 

at low irir masses, Anisovich et al. [24] have fitted the 

data of Batusov etal. [25] with a series of terms, which 

include a 7m rescat;tering vertex but not TnT isobar proiuction. 
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A 
In this paper we fit the data using only the first-order 

(Isobar) terms. Any residual discrepanote s between the isobar 

modl predi etions and the data may he due to the rescattcr'i ag 

terms. 

In the formulation of the model used here, all angular 

othentum, isospin and interference effects are taken into 

account. Such models have been described by Deler and 

Valladas [15] and Narnyslowski, Razmi and Roberts [26]. The 

formalism used here is conceptually similar to that of Deler 

and Valladas, and so details of the derivation are not given. 

IV.2 Formulation of the Isobar hodel 

The production of an isobar of particles 1 and 2, with 

spin j 	 and orbital angular. momentum 	12 
 is described in an

12 
angular momentum base 	(12) 301, [26]  [27]..  We quantise 

12 = relative angular momentum of 1 and 2, 

12 = total angular momentum of 1 and 2, 

= relatije angular momentum of 3 and the (12) 

system in the overall centre-of-mass and 

J 	= total anguThr momentum [ 28 ]. 

The matrix element for production of a (12) •tobar 

involves only one value ofJ12 and 	12• 

Production of a (13) isobar is described in terms of 
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13 e 1-3 L'2 J. This basis is not orthogonal to 12 £12 L' 3  J. 

We are therefore 'double-counting' to some extent. The 

advantage of this schcme is that we simply make use of the 

isotopic spin relations between A - proc3ucti on in the 

I (n)n> 	basis and 	A nroduction in the 

basis. The three-body productioh amp1tude is then a sum 

of amplitudes for the three processes 

7rN IT A 	irN-ir L 	 ITN.VN 

	

+ N 	 L IT2  + N 	L 77n' 

Including all kinematic factors within the definition of the 

matrix element the differential crosssecticn is 

I JLL! 	
(i 	

2. 
i- 

m2  ôm2  hcos3 	 JLLI 
12 	23 	. 	. 	 . 	

+T 2 j I 

L. 	TThL . 	( a N) 
JLL' 

where the sum over final nucleon pin M s and average over 

initial spin N are indicated, The axis of quantization in 

each case is the z.-axis defined in. section 11.3. Each 

amplitude is to be understood as dependent upon f and YJ 

' 

though not explicitly indicated by the notation. Here T JLL  

are the partial wave projections of the T-ontrix for 

pr6c3uct.ion in the state with total isotonic spin I. J and 

L' have the meanings above and L is the relotive angular 

to 
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momentum in the initial state. TJLL'  are the amplitudes for 

production of an I = 0 0  3 = 0 dipion isobar, 	, (see section 

IV.4.) in the I= 1/2 state only. 

IV,3 The irA Channel 

We write the isospin decomposition of irp -> ITA 1. 

JLL' 
T 

1 	I 	1 	3/2 	1 3/2 I 	JLL' 

q 
V  q 

	 q q' q' 	q q' 	13 	I 

where q, q and.a, 	are the 3rd components of isotopic 

spin of the incident ir, thitial and final nucleons and 

q1 , q2  are the charges of final state pions 1 and 2, and 

is made of 
17, 

and N. 

Factors containing the angular dependence of the 
JLL' 

P1 	(ir 	) are separated out as follows 

JLL I 	 JLL' 	 JLL' 
T 	(v-A ) = T . 	(s b , m ) 	f 	 l' 

• where the suffices 11 and M have been reinserted. T
3 1 1 
 (s , ni 

is a reduced matrix element of the Breit_!igner form for 

final state interaction together with an angular momentum 

barrier for s-production at total c.m, energy sT. 
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The form used here is [29][30 

	

r 	(9_) 
a 	

° ° 	° 

	

T( S 	

- 

1 	
P 	

(02  - W2. +1w [ 

where p is the momentum of the 	in the centrc-of-m&ss and 

q is the rpomentum of the uinal.ir and N in the ! rest--frame. 

The numerical factors are 

W
o 	1236 1eV 

	

fl0  = 	120MeV 

q0 	225 NeV/c. 

Only the proportionality sign as kept and kinematic factors 

depending only on s were not retained since we made one-energy 

fits and normalisationas takenfrom experiment. 

The angular dependence is in the term 

	

JLL 	
, 	where 	and 	are defined 

	

FMs 	 1 	 - 

above, In this section the x-axis is arbitrary except that it 

must be in the final-state plane. Other angles occurr'tng are 

= azimuthal angie.of 	in centre-of-mass 

= angle of the pion in the t Pest-frame defined 

as @= 0 with the two pions trav11ing in opposite 

directions in this frame. 
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These variables depend on 142 	M • 	 lIflt 	17'IT' 

Suppressing some coefficients, 

• JLL' 	 L 	J 	L' 	3/2 J 
• 	f 	= 	 C 	 C 

MM 	N N I m 	N N (N +11 ) t N +14 14 ' 	(N +14 S 	LS 	L 	L 	(L 
 ) s 
	L 

s 

1 	 3/2 
xC 

N' -.14 	N 	N' 
• 	 .S 	S 

X Y 	(, 	) 	Y 	 (/2,i) 
• 	 LM 	 .Lt(NL+M_N1s) 

• 	 x Y 	( e*,O)im d(MI - ) 
im 	 SS 

1 
x e 	- 

In table V the explicit forms for N = 1/2 for various 

partial waves are given. The notation used in labelling the 

partIal waves is LL' (2J) (21) ; if I = 1/2, the last term is 

omitted. Waves permitted by angular momentum and parIty 

selection rules are then 

SD1, PP1, PP3, DS3, DD3, 1)1)5, FP5 

and higher waves, for I = 112 and I = 3/2 

From this ang1edependent formula, the foil owing reiation 
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are deduced 

L ± ML ±M - N's is even 

N*sN±1 

JLLt 	 .JLL' 
() 	r 	(G, 	, 4' 19 e) = 	Cf  

MNs 	 -N-Ne 

N_MS 
x(-l) 

Further, waves differing in total angular momentum or parity 

do not interfere in the Dalitz.Plot or Its projections. 

Effective mass distributions depend strongly on the form of 

the angu1ar dependence of the decay distribution. For instance, 

because of the (1 + 3cose) decay angular distibu•tion of the 

isobar the spin - waves give irirmass 2  spectra sharply peaked 

at both  high and low ends. In 	 2 
fig. 15 the (mass) spectra 

due to various 	-production waves are shown for 552 MeV/c 
+_ 

IT IT fl. 

IV.L4 	The Ncr Channel 

A. 	The i-rn-  s-wave phase shift 8r0 

The wir interaction, o-, is described in terms of the 

I = J = 0 irir phase shift 6. There is, unfortunately, no 

reliable experimental information on mr phase shifts below 

500 11eV. Indeed, experimentally, mr phase shifts can he 

measured only in situations with one or both ir's off the mass-

shell. The method of gr'eat;est success has been the study of 
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the reactionp 	vvIN and 	using Chew-Low extra- 

polatons to isolate the one-pion_exchange contributions [31

[323. This work has indicated that 8 0o  passes near 900 near 

720 MeV total iTiT energy. It Is a matter of interest to determine 

the explicit dependence on energy, [32] [33] partIcularly near 

threshold where some theoretical calulatjons are available. 

However at low irir-masses there are so few data that no 

conclusions can be drawn [34]. The same defect holds in the 

theoretically cleaner study of K 1  decay [35]. Other methods 

such as the study of K- 3T [36], and 	3I7 decay [37] 

and the rates for K7r2 decay [3 8 ], are of ambiguous inter-

petation. 

Somedirection provided by theoretical arguments was 

followed. The work of Morgan and Shah [39] is of particular 

interest as it relates the irirphase shifts below 500 MeV to 

the width of the resonance at 720 11eV. Two extreme cases are 

distinguished, viz, a resononce width of about 200 MeV gives 

small ( <. 15 0 ) up to 500 MeV and a width ahout 800 8eV 

gives 8 00 rising smoothly from theshold up to 50 0  at 500 8eV. 

The results of - a recent calculation by Lovelace using an 

amplitude of the Veneziano type gives wir phase shifts of 

this second form (with scattering length a 00  = 0.29 11T1) 

Two forms of 	-were used as wv -  final state interaction. 

factors In this work. First, a form having zero-scattering 

length, increasing approximately as q 3  from threshold (called 

here the C (cube) form) and secondly the Venëziano_Lovelace 

(V) form of 8 	 l3oth are referred to as a ostate without00 
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implying a low mass I 	J = 0 resonance. Figure 16 shows 

the energy dependence of the two forms used, p-meson production 

(I = J = 1 nir pair) was not considered. At the wir masses 

accessible in this experiment, ( 150  MeV/c) , it is now believed 

[391 [L.oJ that the p-wave phase shifts are small (below 5 
0 at 

500 MeV),. A second, post facto, -justification in ignoring 

p-production is that one can fit the iriT°p data, to which the 

Cr does not contribute, with vA production alone (see section V). 

The Watson final-state interaction [jo] factor in the 

production matrii element was used. That is, 

	

T a p q 	(cot Boo
- 

where Lt is the relative angular niomentum.of a and N, p is 

their relative momentum and q is the ir momentum in the dipion 

rest-frame, 

Isobar formalism for N 

	

In a manner similar to that for the v- 	process (section 

IV.3), we write the production amplitude for the 

	

irN - 	0N 

L_> 
mechanism. 

.JLL' 	 JLL' i 	JLL' 
T 	(cTh) 	= 	T . 	(s, mc,.) 	f. 	((3., 
Mils 	 . 
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JLL 	 L 	J 
f 	(). = 	C 	 c, 	•) 
r1M S 	 ML. 	ML N N 	L ML 

L' 	J 
(/2,1T) 

	

'M 'L 	 N 'L MS N 

with M'L 	M - 

= M+M. 

The x-ax.is in this equation is along the neutron direction. 

Table VI gives explicit forms for the allowed partial 

wave amplitudes, only from states of I = 1/2, 

SP1, PSi, PD3, DP3, DF5, FD5. 

V. 	Determination of Partial Wave Amjtudes 

V.1 	Fitting procedure 

Distributions in eight variables, the three effective mass 

squared combinations, cosG, 	and three production angles, 

were fitted. Theoretical distributions in these variables 

were obtained, using Monte Carlo techniques, for particular 

values of the complex amplitudes multiplying the factors discussed 

above, for the following set of partial waves: 

SD1, PP1, PP3, DS3 and DS33 [42] 

oi 	SP1, PSi. 	 . 	. 	. 
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Best-fit values of the amplitudes and phases were obtained 

by minimizing 

2 	
N ( 	No 	

2 

AN 
(theory) 

with the sum taken over all bins of the eight histograms. The 

theoretical distributions were normalized to the total number 

of events so that absolute cross sections were not included as 

data to be fitted. 
-o 

In making simultaneous fits to the v-  IT n and IrIT • P 

distributions at 52 NeV/c, the number of v- v-°p events was 

arbitrarily increased by a factor L. to give :the  two sets of 

data approximately equal statIstical weight [431. 

V.2 Resultsof fit with a- A Channel only 

Both irt an. oN channels were shown to be necessary 

because of the poor fits with predictions.of the isobar model 

without the d intermediate state. A fit with only v- j 	channel 

amplitudes was unsuccessful in two important respects. The 

high mass irI enhancement in the 1r+7rfl final state was not 

reproduced. No combination of partial waves yielded a high-

mass peaking without at the same time requiring a low-mass 

peak (see figure 15 and the remarks at the close of section 

IV.3). The absence of iterference, in the mass spectra, 

between waves of different J or P enables one to make this 

statement with confidence. Further, the branching ratio 

6(IrIrn)/ø(1rIT°p) at 552 MeV/c is not given correctly. The 
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experimental ratio is significantly larger than that 

obtainable from any partial wave, as shown in Table VII. No 

mixture of waves can produce the observed cross sections' 

ratio. 

It is clear that some mechanism other than 7T 	production 

contributes substantially to the n7Tn state and causes the 

distribution in theqi effective mass spectrum. Satisfactory 

fits were obtained to the n- pii-0  data however with the ir 

mechanism alone. Thus it is indicated that there is no 

significant effect due to -I = 1, J = 1 p-meson production so 

that the significant li7r final state interaction is likely 

in the I = 0 state, 

• V,3: Results of fit with 7TL and oN Channels 

	

• 	A sequence of fits to the data with the predictions of 

the isobar model following the procedure outlined above was 

made with both the C and V forms of irir phase shifts. This 

included 

	

1, 	a fit to both final states at 552  MeV/c. 

	

2. 	using the results of these fits as starting values, a 

fit to each data sot individually. 

This procedure should find in case (2) a solution similar 

to that in case (1), if it exists. Q,uestions of uniqueness 

have been evaded, 

	

• • 	In Figures 8 to 15 the-theoretical predictions using 

• best-fit parameters are shown superimposed on the experimental 
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histograms and in table VIJ1 the partial uave arpliud€"' 

and 	2 per degree bf. freedom of the fits are given. 

The normalisatjon is to one event in .,r+7r n at each 

energy (1.e.a 	= 1 if the reaction proceeds entirely through 

FF3 etc.). 

The parameters obtained in the fits are 

a 3  = FF3 amplitude 

aD3 = sum of DS3 and DS33 amplitudes 

D13 = DS3/(DS3 + DS33) 

• 	a51  = (SD1 + SP1) amplitude 

USD1 = SD1/(SD1 + SF1) 

a 	(FF1 + Psi) amplitude 
P1 

p 	= 
FF1 	

PP1/(PP1 + PSi) 

together with the phases of the various waves. These variables 

were chosen as theyare substantially uncorrelated, so that a 

simple calculation of the errors suffices [4-143. Since the 

phases show very little energy dependence, we do not quote them 

in the table. 

The notation used is C and V for simultaneous fits to 

and iiir0p at 552 ieV/c, and C55, C50, CLL5, Cir0  for fits 

to one data set only. 

Examination of the graphs and 	per degree of freedom 

shows that whilst all the principal features of the data are 

accounted for by the nodel, there are some residual discrepancies, 
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In 

• 	particularly in the angular distributions. The sharp high 

v- n mass peak in the theory, but not inthedata, is probably 

	

• 	due to the neglect of the spread in bean momentum in the 

	

• 	Nonte-Carlo calculation. 

In all cases the C fits are better,  having smaller 

per degree of freedom, than the V fits. On these grounds 

one prefers variation of 800  with ini mass below 500 MeV which 

is more consistent with a tnarrowt  resonance (about 200 Hey 

wide), or with a small scattering length than with a broad 

one. However, this statement must be taken with some caution. 

Since the best fit is not a good fit, it is conceivable that 

a Vtype solution with some extra terms might prove superior. 

The fits to v- ir p alone have good X per degree of freedom, 

	

• 	justifying theneglect of p-production. 

VI, Partial Wave Inelasticities 

Using the fitted amplitudes of section V.2 and the 

cross-sections of section 11.2 One can predict the values of 

- 	2 for the various 7TIN partial waves. All the 

inelasticity is via the vvN channel [45 ] and predictions can 

be made for the unobserved. final states (7T°7T°n, 	
±O) 

using the isobar model. 

The inelastic scattering total cross section is given 

by 

= 	 + 	(1 	
2 

mel. 	k2 

where k = fl/p, p is the centre-of-mass momentum, and 7 is 



the Inelasticity parameter. 

Table IX gives the values of Jl - 	for the various partial Li 

/ waves, together with the 530 MeV/c resuits of the Saclay group [16] for 

comparison. Figures 17 and 18 show the energy dependence of F, -  r j  

from this analysis and from the CERN [8] experImental and theoretical 

and the Glasgow [471 A and B analyses. These results show that inelasti-

city is not well determined by the elastic phase shift analyses. In 

those computational procethu'es Tj is sometimes either artificially smoothed 

to 1, unphysically greater than 1, or disconnected [iii. The agreement of 

the predictions of this work with the (independent) work at Saclay is 

good. The eleastic scattering data do not prefer one set of values of 

over another, and so are not useful in determining the energy depen- 

denceof 
00 *  

VII. The P11  branching ratio 

Assuming that idl, icA, and eN are the only open channels, total 

amplitudes for decay of the P 11  intermediate state can be determined 

from these fits to the model. Since the inelastic processes are 

coherent, individual rates forthe ir and eN decays cannot be inferred. 

The relative fignitudes of the various decay amplitudes provide a 

measure of the coupling of the 
P11 

 isobar to the icA and oN even though 

the interpretation as decay branching ratios is tenuous at best. Fur-

ther, even ignoring the interference term in the decay intensity there 

Is still uncertainty in the interpretation of the relative uagnitudes 

of the 7rA and oN amplItes, since the maximum center-of-mass energy 

in this work does not reach the resonance maximum. Also, no attempt 

has been made to separate resonance from possible background amplitudes. 

Using the fitted PP1 and PSi amplitudes, ignoring the interference 

24 

I. 



between itA and eN, together with the CERN theoretical vaj.ues of the xN 

elat1c scattering phase shift 5, one obtains the branching ratios 

given in Table X. The "cross terms in the square of the sum of 

amplitudes is approximately 20% of the diagonal terms for the 

solutions, and consistent with zero for the "C" solutions. The ela-

tive couplings to gA and eN deduced from the fits depend strongly on 

the character of the object called "e". In the C olutions, the 

coupling is very small, whereas in the V solution the znmode is 

comparable in strength with aN, becoming relatively more important 

as the energy increases. 

VIII. Summary of ConclusiOns 

The "Kirz-aoornaly" [1], that is the high-mass peak in the 

spectrum in (p - xn, has been explained over a range of incident 

( momenta by the introduction of an I = J = 0 Tcg interaction. All 

the features of i(p -, tt0  have been fitted without any I = J = 1 

itc interaction. There is a discrepancy of marginal statistical 

significance between theory and experiment in the shape of the 

mass2  spectrum, the experimental spectrum being more sharply peaked. 

The data of the Saclay group [6} at 50 MeV/c show the same effect. 

Two types of energy dependence of 8 have been considered
00  

(figure 16). In the Veneziano-Lovelace form 10I 8 rises approxi-

mately linearly from threshold, passing through 900 
 near 720 14eV: 

the other form has 6 C)  rising from threshold as q for energies 

less than 450 11eV and would give a narrower resonance than the 

first form. It has not been necessary to invoke a resonance with 

peak in the mass-range investigated. The results favour the 

form as the X arc consistently better. 

25 
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However, some modifications retaining the basic Veneziano-type 

interaction thight give a better fit. The Veneziano fit, including the 

TZ mechanism, is far better than that of Roberts and Wagner P431 to 

fewer (lata. 	 - 

There is substantial A--product ion at incident momenta as low as 

456 14eV/c (1.39 McV centre-of-mass) rather far below the threshold for 

production of a A of mass 126 MeV. 

With the results of the fit to "isobar" model predictions, we 

have calculated partial wave inelasticities in the S, P11, P1, D1 , 

D33  partial waves, as a function of ener,r. 

These results are only quaiitatively in agreement with those 

following from the CFH elastic phase shift analysis [8]. We find 

inelasticity in the S 1, P
13 
 and D13  waves at lower energies than 

that analysis. The increasing inelasticities obtained here are con-

8istent with the interpretation that P 1  and D,, waves resonate at 

energies higher than those available in the present experioent. 

The results of our analysis, and that of the Saclay group [46] 

from 50 to 760 14eV/c are compatible. 

We have derived values of the P11  branching ratios into -cN, icA, 

and aN where a is an I = 3 = 0 interacting grit pair. The 3tN branching 

ratiO is between 4% at 139 14eV and 6% at 102 14eV. The branching 

ratio between iZ and aN depends, not surprisingly, on the form of 

used. In the preferred form the Inelasticity is almost entirely 

through ofl: with the Veneziano-LovClace form of 8 the ratio of tA 
00 

to oW couplings is about uiiity and increases with ener. 
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FIGUIE CAPTIONS 

Fig. I. Elastic centre of mass scattering angular distribution at 499 

MeV/c incident r momentum 

Fig 2 Elastic centre of mass scattering angle distribution at 572 

MeV/c incident ( momentum. 

Fig. 3. Dalitz plOt for i(p -+ 1t1rn at 456 MeV/c. . 

Fig. 4.. Dalitz plot for. tp -. nrnat 505 MeV/c. 

Fig. 5. ]litz plot for rp iricn at 552 MeV/c. 

Fig. 6. 1litz plot for up -, utut °p at 552 MelT/c. 

Fig. 7. . Mass spectra at 552 MelT/c. Fitted distributions obtained 

with the ttcubefl  form of Ycg phase shift are superimposed on 

the experimental histograms.. 

Fig. 8. Mass2  spectra at 552  MeV/c. Fitted distributions obtained 

with the ttVeneziano  form of uct phase shifts are superimposed 

on the experimental histograms. . H 

Fig. 9. . Angular distributions at 552 MeV/c with "cube" fits. 

Fig. 10. Angular distributions at 552 MeV/c with t'Veneziano" fits. 

	

Fig. 11. Angular distributions and mass 2. spectra for itp -, 	n at 

505 MeV/c with "cube" and Veneziano" fits. 

2 	 - Fig. 12. Angular distributions and mass spectra for it p -* ir it n at 

46 MelT/c with "cube" and "Veneziano" fits. 

Fig. 13. Expansion of a 2 -. 3 body amplitude into isobar terms and 

triangle graphs. 	 . 	. 	 . 	. 

Fig. i4. Mass2  spectra from itL production in pure angular momentum 

waves for 	at 552 MeV/c. 
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Fig. 15. Mass dependence of 1t7C scattering phase shift 5 for the ticubell00 

and "VenezianO" forms. 

Fig. 16. Incident momentum dependence of the inelasticity Al - i for 

S11, P13, and P partial waves inferred from this work and 

the elastic phase-shift analyses of references [8] and [471. 

Fig. 17. Incident-momentUm dependence of the inelasticity 	
T, for 

D13  and D33  partial waves inferred from this work and the 

elastic phase-shift analyses of references [81 and [47] 
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rnomentum (NeV/c) Number of events after cuts 

entral Limits + - o 
ralue accepted 

ITp lrlrn Irpir 

552 536 - 566 6503 2241 528 

505 490 - 520 1965 

499 482 - 516 1386 298 47 

456 440 - 470 2591 

Film taken with a 1/8" lead sheet at a double 

focus of the beam to reduce electron contamination. 
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Table III 

1 rnoments intefrrat,ecl over the Dalit? Plot for rirn 

K N 	 456 MeV/ô . 505'1ieV/c 

1 1 	-.066±.0o8 + i(_.066±.008) _.055±.009 + i(_.079±.009) 

2 0 	 .020 ± .012 .023 ±.010 

.2 2 	.0062±.0061 + i(.018±.006) _.006±.006 + 	(_.008±.006) 

3. 1 	-.009 ±.005+ i(_.003±.005) .00I±.006 + i(-.013 ±.006) 

• 3 3 	.010.005 + i(_.001t005) .00±.006 + 	i(_.000±.o6) 

0 	 _.01t.007 -.019 ±.08 

2 	_.007±.005 + i(_.005±.005). _.002±.005 + i(.00 	± 	.005) 

1 • 	_.002±.005 + i(.010±.005) _.00i4.00 + 	i(.O(,4 ± 	.005) 

5.1 .003±.00 	+ i(_.003±.00) .008±.005 i(.0u7±.005) 

5 3 	.005±.00 	+ i(.003±.ou) .001±.005 + 

5 5 	.002±.004 + i(_.003±.004) _.009±.005 + i(-.003t.005) 
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Table III 	(corittnued) 

_______ over the Dalitz Plot at 552 ieVJc 

K P1 1T 4 1T21 lTlT0p 

1 1 .070±.009 + i(.080±.008) -.035±.019 + 	i(.038±.C17) 

2. 0. - -.001 ± .009 -.019 ± 	.019 

2 2 .012±.007 + i(.031±.007) .037±.01 + i(. 015:.cth) 

3 1 _.01±.006 + j(_.003±.006) .00±.oii + i(.001±.01) 

3 3 . 	.009±.005 + i(_.006±.06) .005±.012 + 	j(.037±.:12) 

0 .009 t .007 _.0131 .Ol 

2. .00±.005 + 1(.006±.0(;5) -.015±.u1i + i(.0C2±.010) 

. 00±.005 + £(.011.005) .0C9±.010 + i(_.006±.u1o) 

5 1 .007±.005 +i(.001±.o5) . ,00±.009 + i(.008.009) 

.5 3 -.008t.00+  i(.001I.0c5) .005±.010 + i(-.01o.u09) 

5 5 -.00it.co  + i(.008t.005) .01±.609 + i(.UQO±oo9) 



• - 	 abie IV 

Confidence lev1s for the iypothesis that 

all WKH moments of a given K are zero within 

the statistics. 	 • 

K 1 2 4 5 

56 .000i .006 .12 .08 .60 

505 .00Oi .0 .15 .15 .LO 

552 .0001 4.0ool .20 • .10 35 

7r0p 	552 .015 	• .02 .03 .50 .75 
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Table vi 

-productaon from 	1 = The aryument of the soherical 

hannon1cDrejhroufhout 	x-axis alonl  the outoi 

nucleon 

Wave 	M Amplitude 

0 
SP1 

2 00 

2 
- 	

1 	* 
10 2/4 

Psi  

10 2f 

PD3 

-ì -  

- 	4 
DP3 

- (2Y 2 	- 
	

y 

21 -Y21) 

DF5 	-i  - 

- 	+ VT 	Y 2 ) 

- continued -. 
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- 	 (-y -F 2 -.  4
1 31 	 3-1 47 	 3-3 
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Table VIII 

Fit a3 
Dl3 a1 SiJ1 

a 1  P11  

C . 	 2. .28 . .86 .51 . 3 6 .71. .22 
1.09 ±.13 ±.17 ±.21 1.16 1.12 1.21 

C55 2.1 27 72 5 62 28 76 32 
±.07 ±O.5 1.11 ±l0 1.10 ±j) 

Cu 0  1.2 .29 .93 .68 .15 .32 
±.u8 1.29 t.C9 1.11 tJ9 

V 2.5 .19 .76 .70 .3 .35 1.0(; .50 
±.10 ±.09 1.09 1.20 .36 1.10 1.10 

• 	V55 2.8 .23 .64 .55 .LO 22 1.01 .18 
1.07 1.014 	. 1.12 ±.08 ±.15 1.05 1.03 

• 	Vn-°  1.14 .32 .80 .81 .16 .02 
±.05 ±.12 ±.(J8 •±.•ll .. 	1 1.01 

•C50 . 	 2.0 .38 .57 .53 .7 .21 .78 .25 
1.07 1.06 1.16 1.11 1.13 ±.05 ±.09 

V50 2.6 .314 .149 . 60 .314 .25 1.03 	. 146 
±.06 1.06 . 1.16 1.09 	• ±.20 ±.04 1.014 

C145 1.7 . 	 .35 .50 .141 .7 .23 .814 .21 
1.06. ±06 1 .114 1.10 1.10 • 	±014 1.07 

V45 2.14 .21 .140 .58 .30 	. .39 1.12 .143 
1.07 1.05 ±.16 1.11 ±•7  1.014 	. 
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Table IX 

Values of 1 - 	2 

11 F 11 P 13  D13  D 33  

C45 .114. t .03 .30 .03 	.13 ± 	.03 .07 ± .01 .14 ± .03 

C50 .24 ± .05 .43 ± .04 	.23 ± .04 .18 ± .04 .21 ± .05 

C55. .14 ± .07 .56 ± .05 	.21 ± 	.06 .27 ± .05 .32 ± .05 

C .35 ± .13 .48± .11 	.23 ± 	.09 .59 ± .11 .09± .09 

V45 .09 ± .03 .32 ± .05 	.08 ± 	.02 .08 ± .02 .08 t .02 

V50. .19± .05  .51 ± .02 	.22 ± 	.03 .16 j:.  .014 .15 t .03 

V55 .31 ± .03 .68 ± .07 	.19 ± 	.06 .30 ± .06 .31 ± .06 

V .24 ± .14 .63 ± .07 	.13 ± 	.08 .39 ± .05 .21 ± .03 

Saclay .17 .58 .08 .22 .36 
(530 
MeV/c) 
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TableX 

P branching ratios calculated 

from the fitsto the data. 

irN 7r cril 

C' 	solutions 

1340MeV •3 ± .05 .03 ± .05 .514 ± .05 

= 	1370 MeV .60 ± .10 .014 ± .12 .36 ± .12 

11400 NeV .63 ± .07 .09 ± .10. .28 ± .10 

11400 NeV .67 ± .18 .03 ± .20 .30 ± .20 

• . 	. 	(both states 
fitted) 

'V' 	solutions 

13140 h eV .L ± .17 .22 ± .17 	. .36 ± .17 
• 	 1370 kieV .50 ± .16 .23 ± .16 .27 ± .16 

11400 NeV .54 ±..10 .23± .10 .23 ± .10 

11400 NeV . 	.58 ± .09 .22 t .12 .20 ± .12 

(both states . 	. 
fitted) . . 
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This report was prejared as an account of Government sponsored work. 
Neither the United States, nor the Commission, nor any person acting on 
behalf of the Commission: 

Makes any warranty or representation, expressed or implied, with 
respect to the accuracy, completeness, or usefulness of the informa-
tion contained in this report, or that the use of any information, 
apparatus, method, or process disclosed in this report may not in-
fringe privately owned rights; or 
Assumes any liabilities with respect to the use of, or for damages 
resulting from the use of any information, apparatus, method, or 
process disclosed in this report. 

As used in the above, "person acting on behalf of the Commission" 
includes any employee or contractor of the Commission, or employee of 
such contractor, to the extent that such employee or contractor of the 
Commission, or employee of such contractor prepares, disseminates, or pro-
vides access to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 
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