(B mj

/s
J

- Submitted to Physical Review UCRL-20089
Preprint

NONLINEAR IONIC POLARIZATION

RECEIVED Charlie Harper
LAWRENCE oay
it ABORATCR
RADIATION L August 19, 1970
- QCT - T1970

LIBRARY AND
DOSUMENTS SECTION

AEC Contract No. W-7405-eng-48

- |
TWO-WEEK LOAN COPY

This is a Library Circulating Copy
which may be borrowed for two weeks.
For a personal retention copy, call
Tech. Info. Division, Ext. 5545

LAWRENCE RADIATION LLABORATORY
UNIVERSITY of CALIFORNIA BERKELEY

b

68002-T¥DN

>,

7)



DISCLAIMER

This document was prepared as an account of work sponsored by the United States
Government. While this document is believed to contain correct information, neither the
United States Government nor any agency thereof, nor the Regents of the University of
California, nor any of their employees, makes any warranty, express or implied, or
assumes any legal responsibility for the accuracy, completeness, or usefulness of any

_ information, apparatus, product, or process disclosed, or represents that its use would not
infringe privately owned rights. Reference herein to any specific commercial product,
process, or service by its trade name, trademark, manufacturer, or otherwise, does not
necessarily constitute or imply its endorsement, recommendation, or favoring by the
United States Government or any agency thereof, or the Regents of the University of
California. The views and opinions of authors expressed herein do not necessarily state or
reflect those of the United States Government or any agency thereof or the Regents of the
University of Cahforma




~ UCRL-20089

NONLINEAR JONIC POLARIZATION . .
" Crarlie Harper!

N Lawrenééyﬁéaiation Leboratory
_ University of California
Berkeley, California 94720

© August 19, 1970
ABSTRACT

The derivation of an. explicit expression for the .
ionic contributibné'to the nonlinear eléctric;polarizaﬁiqn"
for second and third~harmbnicAgeﬁeratiqn 6f‘light i$ présentéd.
The ionic polafizations obt@ined arexﬁo first'order in thef
anharmonic potential energy inithé'dipqle homent.approximation.
In contrast to the usual éemiclaésical or quaﬁtum-mechanical.
perturbation app?oach, we have ﬁséd many-time temperatﬁre—’

dependent Green's functions.
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I. INTRODUCTION o

The theory of second‘harmonic generation (SHG)'of'light involresv
the process of annihilation_of two'light quahta and the creation of
one new'photonfwith twice the‘energy. This effect was f1rst observed by
Franken‘et al.l 1n 1961 and stimulated cons1derable 1nterest in nonllnear
optical effects. The availablllty of 1ntense llght fluxes from laser
sources makeSIPOSSible the experimental observation of such higher;order
effects in the laboratary. | o

Second harmonic generation of.liéht wa.s first‘discussed'fromba

5 in'1962- the

theoretical'point'of view by Armstrong é£°a1}2 end.Kieinman

method used in those 1nvest1gatlons was that of quantum—mechanlcal pertur-’

bation theory. . A descrlptlve rev1ew of optlcal harmonics and nonllnear

Phenomena has been given by Franken and Ward.LL d(Also see the-recent raper
5) . v .

One interesting aspect of'nonlinear opticalbproblems is
celculating‘the nonlinear electric polarization for SHG and third harmonic
generation (THG) of light. In general, this polarization results from
contributions due to electronic motion withdn atoms (or molecules) and
forced vibrations of ions in an anharmonic potential.

In this paper, we use the s1mp11fied model proposed by Armstrong
et al.l and calculate the ionic contributions (1on1c polarlzatlon) to the
nonlinear electric polarization by use of many-time temperature dependent
Green's functions. It is found tbat the nonllnear ionic polarization in -
terms of the many-time Green's functions gives rlse to express1ons for

both SHG and THG contrlbutlons. In Sec. II, the nature of the model

used and the approprlate Green s_functions‘are discussed. The calculation

~of the nonlinear ionic polarization is presented and discussed in Sec. IIT.
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1I. HAMILTONIAN FOR THE SYSTEM
1 L ‘
Following Armstrong et al., a given molecule in- the 1sotropic
system is treated as a. collection of three 1ndependent one-d1mens1onal
anharmonic oscillators. The Hhmiltonian of this simplified system in

the absence of radiation is.

MO
>
L2

1 | 2 2\
H—é- (——+mwolri)‘—

"X; Y: _ . v v ' ‘ —X) Y;

A=x,y,2 -

(1)_
The last two terms in Eq (l) represent the ‘anharmonic part of the
potential in. which the ions osc1llate. The interaction of the system

W1th radiation in the electric dipole approx1mat10n is given by

H R . ey ri.Ei e 5 (2)

i=x,§;z
where
E - o + i€ . I )
yThe general eqpation of motion for many-time Green s functions

for nonlinear transport coefficients in- the energy representation is

niG . (B; A)p = Ef-Gn([B’A]?_A)E + eml([B,H]; A, ()

where.

.Gl([B,A]; A)E' = (.'['B,'A]‘)E_;‘ , )
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ahd

G (B3A)g '_= ‘_(( B; A )‘)E'_-"- A o (6)

 An ensemble average is indicated by (---), and ((-- -+)) denotes Fourier

7

transform of the many-tlme Green s function.

In our spec1fic case, the contrlbutlons of the 'x’ component of

. second- and third-order polarizability due to‘the*_x component of tho 

electric field will be calculated. The‘appropriate Green*s functions

are
B ‘m=2; N #0500, =0 = (SHG),
Gn+l"(-x"."x)w = Ar ' S ;
€0 n = 3; xx;l-O;nX;éOv‘(THG).
" S (7)
Equation (4) now becomes
naGn+l(x; x), = é% Gh([xglx}; x), * ([x, H ] %), (8)
where . v .
b2 . N _ .
- X 22 XY L
H = ey +om Op X - 3T X T X - (9)

On substituting H - from Eq. (9) into Eq. (8) and evaluating the required

commutation relations, we obtain

1 “(10)

ann+1(X; X)w .= a; anl(Px; X)w H h=1,
where
(P x) - - A 8(G ) —‘i m o e G (x3 x)
n+1 5 27 n X 0x n+l'TT Tw
' 2 s N
P Gg (5 1), ¢ A 000 0),

(11)
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A delta function of the form in Eq. (11) will be used throughout this

paperﬁ”it is defiﬁédiby

o v
The system of dependent equations iniEqs. (10) and (11) will be solved
for Gﬁll(x; xlb by evaluating'the higher;order.Greeh'S'fUnctions,.
| s | 5 | , e
Gn+l(x 3 x)w and Gn+l(x ; x)w » to zeroth o?der in N and. n
respectively.
The explicit_eXPression'fbr;lGn+l(x2;.x)w-“tovzeroth order in
N, is (see Appendix A for details) - - }
/ =€ A X A S/ .
L Ces(e,) 2
Gn+1(X2§ Xy =7 Uy ‘:f'g 35, 1 ¥ .
: : - (2my )71 () - Wy 1 ()" - by ] (nw)(hp)1
- bs(cy) .
(2rm, )™ (o) [ (n0)" - oo
where
Xk = n-1. S ()
For the épecial case of second harmonic generation, we have (n = 2;‘the
lowest order nonlinear effect) =
| o ' 1 : - . \
G, (x7; %), ® s o (15) !
5 @ 2 (2mm )2((1)2 - 2)2 :
x’ 0 T0x ' 6

where terms involving vl/we  ha9é been neglected. The system.ofvequations

for the required Green's functions, Egs. (10) and (11), reduces to



N
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- X .. (16)

The nonlinear ionic polarization in this case is

2 <2iwt
e .

fmﬁglmﬁ)€—JLv<l)v ,.%é . -
b RETC R SO S SRS
o MRS , c (17)

The- express1on for the ionic: contrlbutlon to the electrlc pélarlzatlon
in SHG, Eq. (17), was obtained by Armstrong et a1.t using quantum
mechanical perturbatlon theory and by Tanaka et al.6 using many—time
temperature-dependent Green's functions. v |

" We now ‘extend “the Green's fuﬁétibn’meﬁhOd and Obtain'the.
ionic contribution to:the electric polarization in THé. ln this case,
we must retainvthe , term in Eq. (ll) and calculate‘ Gh(x, x)

For n = 3, Egs. (lO) and (ll) reduce to

3w Gu(x, x)(D = Ef;» Gh(Px’,X)(n o (18)

and
BQ G (P x) = ;i m oo 26 (x; x) +1i G (x5' x)
B xd Xy % Pox  Tu\E Xy My Sy\X5 Xy
The details for obtalnlng Gh(x ; x) -are given in Appendix B. From

. (B12), we note that
. L ! "  2, At v At(p 2 !
6,(75 x)y = 7 G Xy + AT RIBY T - £(E oy

A8 (R) 6 (B 1), + A (x) Gy lxs ), - o
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The primes on the coefficients in. Eq. (20) indlce.te that the coeff1c1ents

are evaluated for n =3, For example,

A 7_’.1,1;3. R o (1) %
The unprithed coefficients é.re ‘defined in.Appendix B. _ On. sub.stituting
‘Egs. (20) and (19) into Eq. (18), we obtaln o o -
| . o ' n 7 G(X’X)w-_+r' .
N 8'(e) |
where
T = 1 '. - u . ' '
: . »'nx[é .(}éPx)Bl A (PX' )al ]_ (23) ..
and
o) = wfm +3wn m AP -0 Zn +n Ax)
v X X X - x’  TOx X nx - _
' ' ' ' (24)
On multiplying the.;ight-hand side of Eq. (22) by exu EX5 e'5““t,
we obtain _a.' quantum-mechanig_ﬁaﬁl‘ epressibn~ . .. for the nonlinear ionic
polarization in THG.

o> >
'~
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APPENDIX A: FINDING G . (x°; x)
: . ‘n+l ST w

The details for calculating Gn+l(x2 ; xl)a) ‘to zeroth order in

\> A_  are presented in this Appendix. The 'equation' of motion‘for
X ’ ;
n+l(x ; x) is. :
2.y . 1. -' 2 .
ann+l-(x 5 X,)w = Z=C ({x x]; .)w “.+ Gn+1([x ’,HX]’ x)(D
i R -
= ;1"" n+l(XP 3 X) i (Al)
" ‘ ,
a. Finding Gn+i(xPX; x)w
R . 1 2 .
n+l(XP 3 X)y = - E—EGn(x? xX), # E; GrnJrl(Px 3Ry
‘ 2 2 S
- im a)ox Gn+l<x ; x)w . (A2)
ub, Finding Gn(x; X)a)
G (x5 x) = n Cp(Bes Xy s | S (a3)
where k=n - 1.
g c. Finding Gn(PX; X)cn
1
I : . o i 6(Gk) . | 2 ‘ | ‘ i
(! b = - ——t———— - i ’ 4 .
N | kan(PX, X)w . im o Gn(x, X)w - (Ah)

21 b'd Oxv

. Therefore Gn(x; X)co becomes

sc)
Gn(x; X)w = . k — (A5)

o m, [ (10)° - 0 B1
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d. Finding Gn+l(Px ;x)w
nmGn+l(Px ’ X')a) - on _G.ri-([Px ‘fx.]’_ x)a). * Gn+l([PxA ’Hx]’» x)a)
T - I
= -5 Gh(P 3 x)w - 2i m, oy '_Gn+1‘(x_Px‘.’ X)w
(A6)
Hence, B
| 5(a, ) o / |
s x) = =% s 2 6 (xs : AT
Gn(Px’ X)a) T kw 2n * mx‘ wa , Gn(x..’_ x)w» ? (A7)
: o . 16 (P x) | - : .
2. oooei x’ o - .2 P N
Gn+1(Px 2 x)w ST T o5 +omy Pox Gn+l(XPx"'x)a> ?
and .
Gn+l(XPx; x)w =
(270)" m (no) (i)
A9)
On substitut‘ing‘ Gn}l-(Xsz X)(D “into Eq. (A1), we obtain
'Gn+1(x25" X)w >= — 2 : -'2';"‘:((}1:) 2 , . ' - 1+ 2 .
A K . : . . &
-(21( mx), [(kw) T wa H ()™ - by 7] (nw)(kw) |
+ 5 5 5 (a10)
(2x m ) () (nw) [ (o)™ - by 7]
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‘For n =2, we obtain

it

L A
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| APPENDIX B: FINDING G (x5 x)

‘This Appendix is devoted to the presentatlon of" the detalls of

, -

flndlng G, ( 3, 3 _x)w to zeroth order in n, - The equatlon of motion

. . 3. | .
for Gn+l(x 3 X)cn ;s

I

m)Gn+J;(x35 X)a) _ 2_11;- .Gn(.[_).c;’x.];; .x).w. ',# .-' Gn([XB’Hx],‘; x.)a)

© 31 2 5. o ._5__
= G_.,(x P ; X)w_ + n

m n+l x° ° (x, X) (B1)
pe o

n+l

. . B 2 o
a. Finding Gn+l (x ?x’ _x)w

vn_an_Fl(x E; x)w = _gﬂ.Gn([x P ;;], x)w. + Gn+l([x P, H] x)

= e Byx) o+ 2 (xP,

2 nY ol w 'mx n+l ? )a)

1. . 2 3.
+ ‘E;'Gm_l(P 3 x) - im w G (x5,x) .o

On evaluating the various Green's functions involved in

Gn+l(XPx2 3 x)w » We obtain
| - . :‘ 2.. ) Al
_ o 21 Sy 5Gn(P ’ X)(D {-
X x'g'x)a) = 2 e K E?Gn(xpx;'x)a) E
, ) - 3 "] o

. 2 v

: 2i ® (P 3 x) - :
Ox n+1 . 2 4 .

* oo - 2,1 My Lox _anl(x ?x’ Xv)(b

2 m () - A

MO n+l(x’ x) 1 (35)
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~ When Eq. (B3) is substituted into Eq. (B2), one obtains

5 i[(_nm')2 - 3@0}(-2]%(:{2;'_;#)& - ke (xP 5 x), "
G (T B x) = - ‘ 5 o 2 2
2n(nw) [ (nw)* - T Oy 1 2 mX[(nr_D) =T @, ]
o | 2 5
. 6 i Gn(Px,-, X)a) . [ (o) - 3o, ]

| "e:r(;x»)[(m)?- 7%;]" ) () - 7 o, °]

. . '2 :
X 1- 2 2 2 ‘Gn+l(Px; X.)a)
L) -3 “ox- ]
. 2 - 2 = 2, 43, |
1 m L) - 3 oy “log, = 6 (75 x)
nw[»(m{“,- Twgl)
- ey -
|2l oy Crp (5 X)w‘ _ | L (BY)

[(aw)® - 7 @y B

On returning to Eq. (Bl), one finds

Gn+l(x3; x)w = A(xg) Gn+l(x2; x)(D + i A(XPX) Gn(xPX; x)@
o, .o . .
- A(Px ) Gn(PX 3 X)a) + 1 A(Px) Gn+l(Px; X)o.s
vax) e G K, ()
where
sl - 5w, %) o
A(XQ) _ ._Ox ;o (B6)

21 m B(w)
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Cto(m)

A(xP )' = : ,
x 21 mx2 B(w)
2 18
A(Px ) = 2"——$(—ﬂ m_ (.07 ) |
_ -3[l(nao)-2. -3 wagj ' - hclﬁof
A(I%) = 5 - {1 - 5 5T )
m_ Hlw) - 1 () - 3wy ]
S 2 . _é '
Ax) - 5 () ()™ - 5 @y 7] ?

m, plo)
and P

B = ) - 1¢-‘°§x2',<f’?’9)2 £ 9wy 7.

' Equa.:t.:i-on (B5) may be rewritt_en in the form
G (x3- x) =y G.(xg;‘x)' + A(i PY)B - A(P'eyx
n+l™ 7 Mo T Tt T T TP x 771

+ .i A(Px),Gn+i

where o
y = a6E) + g, MxR) - AR, o
e
1T @) m Lk - o 2100w) - 2 o ]
2 5(c,,)

+

2

(on )2 mx[ (1{(1))2 -2 woxe,}kk'w_

(75 x), + Ax) G (s %),

e

(88) |

(B9)

(10)

(Bll) _

P

(B12)

(B13)

(B1L)

L‘)f

e
e
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k' = k-1 =m-2, . (B5)

= x Tox - (m6)

P e (e el (o) - ay P
2
2m B, .
- _ kaOx 1 ;s (1317 )
: 2
2 w : . v
R - e (818)
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