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‘Single-Phase Alternating-Current Circuits

Complex Impedance

Serieg Circuits

=

Differential Equation

di
LI +RL=E
‘Egg fk
_ E = EoeJ -Actual voltage is real part of this
Where fust L : :
et = cos wt + ] sinwt 7
W = Rotational Frequency = 2+11f
f = Frequency-cycles per second

Steady State Condition
ioej“m

i, = Complex = not necessarily real only

1 = -0

3

ai Just

jm&oe
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DISCLAIMER

This document was prepared as an account of work sponsored by the United States
Government. While this document is believed to contain correct information, neither the
United States Government nor any agency thereof, nor the Regents of the University of
California, nor any of their employees, makes any warranty, express or implied, or
assumes any legal responsibility for the accuracy, completeness, or usefulness of any -
information, apparatus, product, or process disclosed, or represents that its use would not
infringe privately owned rights. Reference herein to any specific commercial product,
process, or service by its trade name, trademark, manufacturer, or otherwise, does not
necessarily constitute or imply its endorsement, recommendation, or favoring by the
United States Government or any agency thereof, or the Regents of the University of
California. The views and opinions of authors expressed herein do not necessarily state or
reflect those of the United States Government or any agency thereof or the Regents of the
University of California. _
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Therefore

r di .
L Tt +Ri =%

Liwi of* + R1gedt = g it
leoL + Rlo = En
i, E + jwi] = B

Now
' Z = Impedance
7 = R + jwL
iZ=E
o o

Solving For i,

EO EO
°o” 7 R + julL

COMPLEX NUMBER

The
the
the
the

A complex number Z = X + jY consiste of a real part X and an imaginary part jY.

value of the number Z can be represented on the "complex plane® by a point having

coordinates X and Y. The length (@ of the radius vector from O to Z is called
"modulus", and the angle © made by the radius vector with the X axis is called
"argument™, -

x1s <

MAGINARY

°
REAL AXIS

Look At 3
7= ol .
=P EOS e + 3 sin §J = X2 + Yz = \Zl

noH

Pcos & + jpsin © X
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Multiplication of Impedances with Complex Notation
X+ JT = Prel®
= ' = ) je2
o =Xyt Iy = Poe
$ + o -
2122 - €l (ﬁzeJ(Ql @2) .

Returning Bo_

. 0 T Ay 12 .39
S E T | R+ jwl =_[R? + WAI? e

it

29

" Z

: Tan 8 = Wik
. Eo _ _-je R
Yo s 53 °
R* + WL
i= ioejw't _ Eo j{wt -0)

EVERY THING 1S SPINNING
AROCUND THE ORIGIN

L o O VOLTASE _LEADS
A\  CURRENT
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E,=Jwll, VOLTAGE DROP

THROVUSH
| | INDUCT ANCE.

VOLTAGE - DROP THROUGH RESISTANCE
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SmNusol DAL VOLTAGE

i % - ” g dide

= F.!»Oej:“"’t
= i ert C
Now_ f ‘ o
ldt = J1ige L. 3 odub
Dif’ferentlal Equatlon
di ﬁZ:"Ldt _ .
L a‘% + R + - = E j
~—Ljwi, ed¥t 4 Rloe‘]wb + iﬂf———— = Eoe‘]wt
Ljwi, + Ri 2 = E

ig E + J(WL - —:C—ﬂ = ;..o,"":v



«be
Impedance
' . 1
Z =R + J(OUL alverel

| It Is Interesting To Look At Current

With Small Value Of R Current Can Be Large

°==10

. Bo _ Eo
o T T 3 T2
. ‘JR + (WL - :BE)
, AW - ok
Tan & = ¥

R

e~J®
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Now Suppose The Resistance (R) Is Small, And The Rotational Frequency (w) Is

Such That :

wLa-JJCl-—=o or -wo=m-l——-
. Then /
12} =~

R + (WL - -;%5—)2 =%+ 0F =% = R

Resonant’ Frequency
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| Phase Angle (©) Between Voltage And Current

-8 = l -90°
| i

w —»
+© - 90°
"Q" Of A Circuit Or Element
N
R™ + (C)JL = -’635)
I 3 |
= ===} = R
(WL - ==5)
Then E B - . Ey V5., E z :
liol=' Q = 2 = 2 =(le)(—2-) = L= i = resonance
: i{Rﬁ t R R Yz "2 R 2 ’
e ’ ’ : * 1 AUJ

lo | RESONANCE

| RESONANCE

]
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Also
Wl = —l— = R
WG o
w. L =R ° "8
TTwen L 2 _ 1
W = Lo
w., W2 =B
w L
2__ .,2 _Rw ' = B
) L&é = 5= (uu-.uuo)(u)-i-wo) = =7

When the Resonance is fairly;éhafp so that the peak of the curve is approxi-
mately symmetrical about the resonant frequency (UJQ§

Then '
AwNZ(w- W, )

Also For Sharp Resonance

wirowy, S0 (wWtuw )2 w,

Therefore

(Wa=w,)(2w,) = R;f@ 2= wp)(w

D=

[l =)

"N is sometimes termed the "figure of merit" of a circuit, but is usually re-
ferred to simply as the "Q" of a circuit or element. ‘ "

Power Digssipated In This Circuit

Power = (Ei)(Real Parts) ,
° |z|=1/32 +.(QJL -

e

[
{
Q
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n
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il

L
Ego N

os(u)t - @)(cocudt)

coswt cos € + sinwt sin é] [EOQLUE]

= T_T [:és Lut cos O + sinwt coquut sin gﬂ

A



Now Average Values Of

cos?t = 1/2
sinudt cosLQt =0

Therefore

v
1]
o
o}
m
®

2 .
‘—"P_Erms fa

Expressing Thig In Termg Of The Current

rms rms
_ TR

P=1 I,,mle|cos e
_ T2

P = T R

Free Oscillation Of This System

L
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cos 8 = Power Factor

- R=l|z|cose

o

Charge Is Initially Stored In The Condenser

g.i 'l Q =
L : + Ri + c 0

. d2 o 1=94
LM +Rgg+g=0 dt
a+2 dt C ‘
Rearranging The Equation !

QEQ.+B§_Q'+Q_=0
gt?  Lat  cCL

B 2L b=

L . CcL 2L
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Then

2
a~g 49 ; .2 =
Y + 2b a1 +a Q=20

In This Case The Auxiliary Equation Is

m2 + 2bm + 82 =0

And The Roots Are

Osdillafion.Will Take Place When The Roots Of The Auxilliary Equation Are Imaginary

When
b &:a2
Denote

T bR - a® by =X
So That

m= =b * jx

2

Solution Of Equation

Q = eP¥(A cosxt-+ B sinoxt)

Initial Conditions

Q=Q
t = 00 C_ig =0
B dt
When t = O, Congtants A and B Can Be Evaluated
Q= bt(coso(t —& slnqt)
e 0(-\/2=b2 \/1 --(R
‘When
Lesen B
LC
azss> b
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Equation
| Ry

T '
Q=Qe 2 (cosudot * 0 s1nuJot)

-3
Qocosw st (e72L")

Q

2

Te=




